
Chapter 4
The Wave Equation

Another classical exampleof ahyperbolicPDE isawave equation. Thewave equa-
tion is a second-order linear hyperbolic PDE that describes the propagation of a
variety of waves, such as sound or water waves. It arises in different fields such as
acoustics, electromagnetics, or fluid dynamics. In its simplest form, thewave equa-
tion refers to a scalar functionu = u(r,t), r ∈ R

n that satisfies:

∂ 2u
∂ t2 = c2 ∇2 u . (4.1)

Here∇2 denotestheLaplacian in R
n andc isa constant speed of thewavepropaga-

tion. An even more compact form of Eq. (4.1) isgiven by

�u = 0,

where� = ∇2− 1
c2

∂ 2

∂ t2
is thed’Alembertian.

4.1 The Wave Equation in 1D

Thewave equation for the scalar u in theonedimensional case reads

∂ 2u
∂ t2 = c2 ∂ 2u

∂x2 . (4.2)

The one-dimensional wave equation (4.2) can be solved exactly by d’Alembert’s
method, using a Fourier transform method, or via separation of variables. To ill us-
trate the ideaof thed’Alembert method, let us introducenew coordinates(ξ , η) by
useof the transformation

ξ = x− ct , η = x + ct . (4.3)
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In thenew coordinatesystem one can write

uxx = uξ ξ +2uξ η + uηη ,
1
c2 utt = uξ ξ −2uξ η + uηη ,

andEq. (4.2) becomes
∂ 2u

∂ξ ∂η
= 0. (4.4)

That is, the function u remains constant along the curves (4.3), i.e., Eq. (4.3) de-
scribescharacteristic curvesof thewave equation(4.2) (seeApp. B). Moreover, one
can seethat thederivative∂u/∂ξ doesnot dependson η , i.e.,

∂
∂η

(

∂u
∂ξ

)

= 0 ⇔
∂u
∂ξ

= f (ξ ) .

After integrationwith respect to ξ oneobtains

u(ξ ,η) = F(ξ )+ G(η) ,

where F is the primitive function of f and G is the ”constant“ of integration, in
general the function of η . Turning back to the coordinates (x, t) one obtains the
general solution of Eq. (4.2)

u(x,t) = F(x− ct)+ G(x + ct) . (4.5)

4.1.1 Solution of the IVP

Now let usconsider an initial valueproblem for Eq. (4.2):

utt = c2uxx , t ≥ 0,

u(x,0) = f (x) , (4.6)

ut(x,0) = g(x) .

To write down the general solution of the IVP for Eq. (4.2), one needs to exspress
the arbitrary functionF andG in termsof initial data f andg. Using the relation

∂
∂ t

F(x− ct) = −cF ′(x− ct) , where F ′(x− ct) :=
∂

∂ξ
F(ξ )

onebecomes:

u(x,0) = F(x)+ G(x) = f (x) ;

ut(x,0) = c(−F ′(x)+ G′(x)) = g(x) .



After differentiation of the first equationwith respect to x one can solve the system
in termsof F ′(x) andG′(x), i.e.,

F ′(x) =
1
2

(

f ′(x)−
1
c

g(x)

)

, G′(x) =
1
2

(

f ′(x)+
1
c

g(x)

)

.

Hence

F(x) =
1
2

f (x)−
1
2c

∫ x

0
g(y)dy +C, G(x) =

1
2

f (x)+
1
2c

∫ x

0
g(y)dy−C ,

where the integration constant C is chosen in such a way that the initial condition
F(x)+ G(x) = f (x) is fullfield. Alltogether oneobtains:

u(x,t) =
1
2

(

f (x− ct)+ f (x + ct)

)

+
1
2c

∫ x+ct

x−ct
g(y)dy . (4.7)

4.1.2 Numerical Treatment

4.1.2.1 A Simple Explicit Method

The first ideais just to use central differences for both time and spacederivatives,
i.e.,

u j+1
i −2u j

i + u j−1
i

△t2 = c2 u j
i+1−2u j

i + u j
i−1

△x2 , (4.8)

or, with α = c△t/△x

u j+1
i = −u j−1

i +2(1−α2)u j
i + α2(u j

i+1 + u j
i−1) . (4.9)

Schematical representation of thescheme(4.9) is shown onFig. 4.1.
Note that one should also implement initial conditions (4.6). In order to imple-

ment thesecondinitial condition oneneeds thevirtual point u−1
i ,

ut(xi,0) = g(xi) =
u1

i −u−1
i

2△t
+O(△t2) .
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With gi := g(xi) one can rewrite the last expressionas

u−1
i = u1

i −2△tgi +O(△t2) ,

and thesecondtime row can be calculated as

u1
i = △tgi +(1−α2) fi +

1
2

α2( fi−1 + fi+1) , (4.10)

whereu(xi,0) = u0
i = f (xi) = fi.

von Neumann Stability Analysis

In order to investigate the stabilit y of the explicit scheme (4.9) we start with the
usual ansatz (1.21)

ε j
i = g jeikxi ,

which leads to the followingexpression for the amplificationfactor g(k)

g2 = 2(1−α2)g−1+2α2gcos(k△x) .

After several transformationsthe last expression becomes just a quadratic equation
for g, namely

g2−2β g +1= 0, (4.11)

where

β = 1−2α2 sin2(k△x
2

)

.

Solutionsof the equationfor g(k) read

g1,2 = β ±
√

β 2−1.

Notice that if |β | > 1 then at least one of absolute value of g1,2 is bigger that one.
Therefor oneshould desire for |β | < 1, i.e.,

g1,2 = β ± i
√

β 2−1

and
|g|2 = β 2 +1−β 2 = 1.

That is, thescheme(4.9) is conditional stable. Thestabilit y conditionreads

−1≤ 1−2α2sin2
(

k△x
2

)

≤ 1,

what isequivalent to thestandart CFL condition(2.7)



Fig. 4.2 Schematical visual-
ization of the implicit numeri-
cal scheme (4.12) for (4.2). t j−1
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4.1.2.2 An Implicit Method

One can try to overcomethe problemswith conditional stabilit y by introducing an
implicit scheme. The simplest way to do it is just to replace all terms on the right
hand side of (4.8) by an average from the values to the time steps j + 1 and j−1,
i.e,

u j+1
i −2u j

i + u j−1
i

△t2 =
c2

2△x2

(

u j−1
i+1 −2u j−1

i +u j−1
i−1 +u j+1

i+1 −2u j+1
i +u j+1

i−1

)

. (4.12)

Schematical diagrammof thenumerical scheme(4.12) is shown onFig. (4.2).
Let us check the stabilit y of the implicit scheme (4.12). To this aim we use the

standart ansatz
ε j

i = g jeikxi

leading to the equationfor g(k)

β g2−2g + β = 0

with

β = 1+2α2sin2
(

k△x
2

)

.

One can seethat β ≥ 1 for all k. Hencethesolutionsg1,2 take the form

g1,2 =
1± i

√

1−β 2

β

and

|g|2 =
1− (1−β 2)

β 2 = 1.

That is, the implicit scheme(4.12) is absolute stable.
Now, the question is, whether the implicit scheme (4.12) is better than the explicit
scheme (4.9) form numerical point of view. To answer this question, let us analyse
dispersionrelationfor thewave equation(4.2) aswell as for both schemes(4.9) and



Fig. 4.3 Dispersion relation
for theone-dimensional wave
equation (4.2), calculated us-
ing the explicit (blue curves)
and implicit (red curves)
methods (4.9) and (4.12).
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(4.12). The exact dispersionrelation is

ω = ±ck ,

i.e, all Fourier modes propagate without dispersion with the same phase velocity
ω/k =±c. Usingthe ansatz u j

i ∼ eikxi−iωt j for the explicit method(4.9) oneobtains:

cos(ω△t) = 1−α2(1−cos(k△x)) , (4.13)

while for the implicit method(4.12)

cos(ω△t) =
1

1+ α2(1−cos(k△x))
. (4.14)

One can seethat for α → 0 both methodsprovidethe same result, otherwise the
explicit scheme(4.9) alwaysexceedstheimplicit one(seeFig. (4.3)). For α = 1 the
scheme (4.9) becomes exact, while (4.12) deviates more and more from the exact
value of ω for increasing α. Hence, for Eq. (4.2) there are no motivation to use
implicit scheme instead of the explicit one.

4.1.3 Examples

Example 1.

Use the explicit method(4.9) to solve the one-dimansional wave equation(4.2):

utt = 4uxx for x ∈ [0, L] and t ∈ [0,T ] (4.15)

with boundary conditions

u(0, t) = 0 u(L, t) = 0.



Fig. 4.4 Space-time evolution
of Eq. (4.15) with the initial
distribution u(x,0) = sin(π x),
ut(x,0) = 0. 0
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Assumethat the initial positionand velocity are

u(x,0) = f (x) = sin(πx) , and ut(x,0) = g(x) = 0.

Other parametersare:

Space interval L=10
Space discretization step △x = 0.1
Time discretization step △t = 0.05
Amount of time steps T = 20

First one can find the d’Alambert solution. In the case of zero initial velocity
Eq. (4.7) becomes

u(x,t) =
f (x−2t)+ f (x +2t)

2
=

sinπ(x−2t)+sinπ(x +2t)
2

= sin(πx) cos(2πt) ,

i.e., the solution is just a sum of a travelli ng waves with initial form, given by f (x)
2 .

Numerical solution of (4.15) is shown onFig. (4.4).

Example 2.

Solve Eq. (4.15) with the same boundary conditions. Assume now, that initial dis-
tributionsof positionand velocity are

u(x,0) = f (x) = 0 and ut(x,0) = g(x) =











0, x ∈ [0, x1];

g0, x ∈ [x1, x2];

0, x ∈ [x2, L] .

Other parametersare:



Fig. 4.5 Space-time evolu-
tion of Eq. (4.15) with the
initial distributionu(x,0) = 0,
ut(x,0) = g(x).

Initial nonzero velocity g0=0.5
Initial space intervals x1 = L/4, x2 = 3L/4
Space interval L=10
Space discretization step △x = 0.1
Time discretization step △t = 0.05
Amount of time steps T = 400

Numerical solution of the problem is shown onFig. (4.5).

Example 3. Vibrating String

Use the explicit method(4.9) to solve the wave equation for a vibratingstring:

utt = c2uxx for x ∈ [0, L] and t ∈ [0,T ] , (4.16)

wherec = 1 with theboundary conditions

u(0,t) = 0 u(L,t) = 0.

Assumethat the initial positionand velocity are

u(x,0) = f (x) = sin(nπx/L) , and ut(x,0) = g(x) = 0, n = 1,2,3, . . . .

Other parametersare:

Space interval L=1
Space discretization step △x = 0.01
Time discretization step △t = 0.0025
Amount of time steps T = 2000

Usually a vibrating string produces a soundwhose frequency is constant. There-
fore, sincefrequency characterizesthepitch, thesound produced isa constant note.
Vibrating strings are the basis of any string instrument like guitar or cello. If the
speed of propagationc is known, one can calculate the frequency of the sound pro-



duced bythestring. Thespeed of propagation of awavec isequal to thewavelength
multiplied by the frequency f :

c = λ f

If the length of thestring isL, the fundamental harmonic is theoneproduced bythe
vibrationwhose nodesare the two endsof the string, so L is half of the wavelength
of the fundamental harmonic, so

f =
c

2L

Solutionsof the equationin questionaregiven in formof standingwaves. Thestand-
ingwave is awave that remains in a constant position. Thisphenomenoncan occur
because the medium is moving in the oppositedirection to the wave, or it can arise
in a stationary medium as a result of interferencebetween two waves traveling in
oppositedirections(seeFig. (4.6))
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0 0.2 0.4 0.6 0.8 1

−1

−0.5

0

0.5

1

0 0.2 0.4 0.6 0.8 1

−1

−0.5

0

0.5

1

0 0.2 0.4 0.6 0.8 1

−1

−0.5

0

0.5

1

n = 4 n = 5 n = 6

0 0.2 0.4 0.6 0.8 1

−1

−0.5

0

0.5

1

0 0.2 0.4 0.6 0.8 1

−1

−0.5

0

0.5

1

0 0.2 0.4 0.6 0.8 1

−1

−0.5

0

0.5

1

Fig. 4.6 Standingwaves in astring. The fundamental mode and thefirst fiveovertones are shown.
The red dots represent thewavenodes.



4.2 The Wave Equation in 2D

4.2.1 Examples

4.2.1.1 Example 1.

Use the standart five-point explicit method(4.9) to solve atwo-dimansional wave
equation

utt = c2(uxx + uyy), u = u(x,y,t)

on the rectangular domain [0,L]× [0,L] with Dirichlet boundary conditions. Other
parametersare:

Space interval L=1
Space discretization step △x = △y = 0.01
Time discretization step △t = 0.0025
Amount of time steps T = 2000
Initial condition u(x,y,0) = 4x2 y(1− x)(1− y)

Numerical solution of theproblem for two different timemomentst = 0 andt = 500
can beseen onFig. (4.7)

t = 0 t = 500

Fig. 4.7 Numerical solution of the two-dimensional wave equation, shown for t = 0 and t = 500.


