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Part |
Ordinary Differential Equations



In this part, we discuss the standard numerical technigsed 1o integrate systems
of ordinary differential equations (ODES).



Chapter 1
I nitial Value Problem

An initial value problem (IVP) is a system of differentialustion

dx
T f(t, x(1)), (1.2)

X(t) = (x1(t), X2(t), ... xa(t))T, f € [a, b] x R" — R", together with specified value
x(a) = Xo, (1.2)

called the initial condition. We are interested in a nurmarapproximation of the
continuously differentiable solutior(t) of the IVP (1.1)—(1.2) over the time interval
t € [a, b]. To this aim we subdivide the intervgl, b] into M equal subintervals and
selectthe mesh points {5, 2]
. . b—
tj=atjh, j=01...,M, h:Ta. (1.3)

The valueh is calleda step size

1.1 Explicit Euler’sMethod

The simplest method to approximate IVP (1.1)—(1.2) wasséelby Leonhard Euler
in 1768. The idea of the method is straightforward: From ttiiail condition (1.2)
we know that at =ty = a the slope of the solution cundx/dt is f(to, Xo). There-
fore we can try to obtain the next approximation= x(t;) at a small timeh later
by addingh f(to, Xo) to X, namely

X1 = Xg+ h f(to, Xo) -

Now we can take another step forward in the same way, usingltipe f (t1,x1),
corresponding to the new tinte=tp+ h, i.e.,



Xo=X1+h f(tl, X]_).

The process is repeated and generates a sequaence ofxoiatsxy, ... xy that
approximates the solutiox(t). The general step of the Euler's method is [4, 5]

Xj+1 = Xj+hf(tj,Xj), (1.4)
tj+1:tj+h, ji=0,1,..., M—1

Notice that the Euler method (1.4)as explicit methogi.e.,x;j1 is givenexplicitly
in terms of known quantities such asand f (tj , ;).

From geometrical point of view, one starts at the pdigtxo) of the(t, x)-plane
and is moving along the tangent line to the solutk¢r) and will end up at the point
(t1,X1). Now this pointis used to compute the next sldigg, x1) and to locate the
next approximation pointy,xy) etc.

Example 1

Let us use Euler’'s method (1.4) to solve approximately a EriyP [1]
x=x, over te[0,1], x0)=1 (1.5)

The exact solution ig(t) = exp(t), so we can calculate the correct value at the end
of the time interval, i.e.,
X(1) =e=271828..

Let us find the numerical approximation of (1.5) for differstep size$={0.1, le-
2,1le-3,1e-4, 1eJhand calculate the difference between obtained numeri¢daéva
at the end of the time interval,q and the exact value The results are shown in
Table (1.1) The presented results demonstrate that theariioe end of interval is

Table 1.1 Numerical results, obtained by Euler's methhod for Eq.)1.5

h Xend |Xend— 1]
0.1 2.5937 0.12
le-2 2.7048 1.35e-2
le-3 2.7169 1.4e-3
le-4 2.7181 1.35e-4
le-5 2.7183 1.35e-5

propotional to the step site



Fig. 1.1 Numerical solution
of Eq. (1.6) over the interval

[0, 9] by the method (1.4) [
with the step sizén = 0.05
for four different initial values 2T s s 4 s e 7 & o
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Example 2

Now let us solve a nonlinaer IVP [1]
x=t—x%, over te[0,T], x(0)=xo (1.6)

for different values okg andT using the method (1.4). Figure 1.1 shows numerical
solutions of Eq. (1.6) over the time intervi@, 9] for four different initial values

X0 = {-0.7,0, 1, 3}. One can see that the solutions corresponding to diffeqent
converge to the same curve. But if we compute the solutiomdgra longer time
interval, sayt € [0,90( for, e.g.,xo = 0, the numerical solution starts to oscillate
from some time moment on (see Fig. 1.2 (a)) and the oscillaticharacter be-
comes chaotic. This effect indicate the instability of thdef's method at least at
the choosen value of the time step. However, the effect disans if we repeat the
calculation with a smalleln (see Fig. 1.2 (b) for details).

The presented examples raises a number of questions. dresefis the question
of convergenceThat is, as the step siretends to zero, do the values of the numer-
ical solution approach the corresponding values of theahamiution? Assuming
that the answer is affirmative, there remains the importeatdtiral question of how
rapidly the numerical approximation converges to the sautn other words, how
small a step size is heeded to guarantee a given level ofamycWWe discuss these
questions below.

1.2 Numerical errors

Generally there are two major sources of error associatédannumerical integra-
tion scheme for ODE'’s, nameltruncation errorandrounding error, which is due
to finite precision of floating-point arithmetic [4, 2].

For the sake of simplicity, let us suppose that the IVP (1) is posed for
the first order ODE, i.ex(t) is a scalar value.Thiecal discretization (truncation)
error of IVP (1.1)—(1.2) is the error committed in the single stegnit; tot; 1 and
is defined by [4]



1 .

£j+1:E(X(tj+1)fX(tj))ff(tj,Xj), j=0,...,M. a.7)

In addition, the integration schemedsnsisten{4], if
mtax||ej|| — 0, for hmax— O, (1.8)
i
wherehmax = max; hj andhj = tj 1 —tj.
The explicit Euler method (1.4) is based on a truncated Tadades expansion,

i.e., if we expand(t) in the neighborhood df=t;j, we get

2
Xt + 1) = X(t) () + 2 () + 19)

Thus, every time we take a step using Euler's method (1.4)nete a truncation
error of 0(h?), i.e., the local truncation error for the Euler method isgandional

to the square of the step sik@nd the proportionality factor depends on the second

derivative of the solution .

The local truncation error (1.7) is different from theobal discretization (trun-
cation) error g, which is defined as the difference between the true solatiathe
computed solution, i.e.,

e = X(tj) —Xj, j=0,....M, (2.10)

wherex(t;) denotes the exact solution on the sjegndx; stands for its numerical
approximation. The concept of the global discretizatiowieis connected with the

notion of convergencyf the method, namely, the numerical scheme is convergent,
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Fig. 1.2 Numerical implementation of the Euler's method for Eqg. J1o6er a long time inter-
val, T = 900 and initial valuexy = 0. (a) withh = 0.05, illustrating numerical instability of the
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rr}ax|\ej|| — 0, for hmax— O. (1.11)
i
Moreover, one can also say that the scheme posstserier of convergency, f

n}aXHejH < Khr%axa Pmax— 0, (1.12)
j

whereK is some constant value.

If we are interested in study of the behavior of the error famious step sizes we
can also consider thignal global error, which is the global truncation error at the
end of the integration intervald, b] [2], i.e.,

E(x(b),h) = x(b) — Xm. (1.13)

In most cases, we do not know the exact solution and hencerthediobal er-
ror (1.13) is not possible to be evaluated. However, if wdertgound-off errors, it
is reasonable to assume that the global error téime step igM times the local
truncation error (1.7), sinckl is proportional to 1h, E(x(b),h) should be propor-
tional to gj..1/h. For example, for the Euler’'s method (1.4) the accumulateat e
would be

hM b—a

%ZX// ~ MX//%Z = M h=

i
> 5—x"h=o(h)

M=z

E(x(b).h) =

=1

Thus, the explicit Euler method is of tffiest order of convergency
Let us consider two approximations, made by the method,(lisk)g the steps
sizesh andh/2. Then we obtain

E(x(b),h) ~ Kh, K = const

and h h 1 1
Hence if the step size in Euler’s method (1.4) is reduced kactof of 1/2 we can
expect that the final global truncation error (1.13) will kduced by the same factor

(see also Example 2 of Section (1.1)).

E(x(b),

1.3 Heun’s M ethod

We have seen that the Euler method (1.4) is not sufficientyiate to be an efficient
problem-solving procedure, e.g., the rate of convergenalng linearly with the
step sizeh, so it is desirable to develop more accurate methods. Teetidslet us
consider IVP (1.1)—(1.2). Integrating both sides of Eql)Ybver one time step from
t; totj 1 we obtain theexactrelation



X(tj 1) = X(t}) = / £(t, x(t)) dt. (1.14)

Now a numerical integration method can be used to approxithat definite inte-
gral in Eq. (1.14). From the geometrical point of view, thghtthand side of (1.14)
corresponds to the ar&under the curvé (t, x(t)), betweer; andt;, 1. For exam-
ple, Euler's method (1.4) consists of approximation of righnd side of (1.14) by
the area of the rectang® with the heightf (t;, x(tj)) and widthh, i.e., one obtains
Eq. (1.4), namely

Xj+1 =X+ & =X +h f(t), x(t)).

Clearly, a better approximation to the af®ean be obtained if we use the trapezium
with area

S = g<f(tj, X(tj)) + f(tjr1, X(tj+1))> )

yielding
h
Ko=)+ (f(t,-,x<tj>>+ om X(tj+1))> . (1.15)

Notice that the r.h.s. of Eq. (1.15) contains the yet unkneaiue xj ;. In or-
der to overcome this difficulty we use the Euler's approxiorat(1.4) to re-
place f(tj;1, X(tj+1)) with f(tj+1, Xj +hf(tj, X(tj))). After it is substituted into
Eq. (1.15), the resulting expression is callégun’s trapezoidor improved Euler's
method

h
Xj+1=Xj+ > (f (tj, X(tj)) + f(tj +h, Xj + h f(tj, X(tj)))> . (1.16)
The improved Euler formula [2, 1] is an example of a two-stagethod: First,
Euler's method (1.4) is used apeediction and then the trapezoidal rule is used as
acorrectioni.e.,

Yi+1 = Xj+hf(tj, x;), (1.17)
tj+1 = t] +ha
Xj+1 = Xj+hf(tj+1, ¥j+1)-

The local truncation errogj, ; for the trapezoidal formula (1.18) i€ (h%) as op-
posed tog(h?) for the Euler's method (1.4) [5, 2]. It can also be shown thoatef
finite interval, the global truncation error for (1.18) isumaled by&'(h?), so this
method isa second order methodndeed, if we take into acount only the local

error [3, 2]
3

h
giv1=—7X (t),

afterM steps the accumulated eriBfx(b), h) for the method (1.18) is



b—a
E(x(b),h)=-% 1—2x” ~ _TXN h? = 6(h?).

Again, if we perform two computations using the step stzasidh/2 we obtain
E(x(b),h)=Kh?, K =const

and 5
h h 1
E(x(b), 5) ~ KZ = ZE(X(b), h).
Thus, if the step size in Heun’s method is reduced by a fadtby®, we can expect
that the final global truncation error would by reduced byadaof 1/4.

Example 1

Use Euler’s method (1.4) and Heun'’s method (1.18) to soled\® for the ODE,
describing the behavior of the simple harmonic oscillator

$+w’x=0, x(0)=0, x(0)=vp, (1.18)

over the time interval € [0, T], and where the frequeney and initial velocityvgy
are given constants. The exact solution

X(t) = V—a(jsin(a)t). (1.19)

represents simple harmonic motion: sinusoidal oscilfetiabout the equilibrium
point, with a constant amplitude and a constant frequency.
First of all we rewrite Eq. (1.18) as a system of first-orderf2d

X=Y, (1.20)
y=-w’x,  x0)=0, y(0)=Vvo.
We begin with analysis of system (1.20) using the ideaghafse spac§/]. If we
multiply both sides of the first equation of (1.20) by’ x and both sides of the
second equation of the system yp@nd add the two together we get the following
relation
yy+ w?xx = 0.

Notice that the I.h.s. of the relation above is the time deie, so one can rewrite
the last relation as

d/1 1 1 1
a(§y2_|_é(,‘)2)(2) :0<:>§y2+ éwzxz:zll, (1.21)
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Fig. 1.3 (a) Phase diagramm for the linear oscillator (1.18), cpoeding to the different values
of the energyl; = {0.1,0.5,1,3} andw = 0.5. (b) Numerical solution of (1.18) over the interval
[0, 2077) by methods (1.4) (blue points) and (1.18) (red line) withgtep sizeh = 0.05. The black
curve corresponds to the exact solution of Eq. (1.18).

wherel; = const is usually called eonstant of motiomwr afirst integral which can
be interpreted as thenechanical energgf the system. From the geometrical point
of view, one can speak abophase curvethat form a set of ellipses in thehase
spacewith coordinatesx, y). These ellipses cut theaxis atx = ++/2I1/w and the
y-axis aty = ++/2l;. The origin of the phase plane corresponds to an equilibrium
point of the motion (see Fig. 1.3 (a)).

Now we can solve system (1.20) numerically, using approtiomanethods (1.4)
and (1.18) to the system (1.20). For the sake of simplisityclveosevy = 1,
w = 1, so that the exact solution of (1.18) is just) = sin(t), and integrate the
system (1.20) over the time interviak [0, 2071 with the time stegh = 0.05. Fig-
ure 1.3 (b) shows a comparison between two methods, indgcétiie much better
accuracy of the Heun’s method (1.18).

1.4 Runge-Kutta Methods

The Runge-Kutta methods are an important family of iteeativethods for the ap-
proximation of solutions of ODE's, that were develoved ard @900 by the german
mathematicians C. Runge (1856-1927) and M.W. Kutta (18844 We start with
the considereation of the explicit methods.

Let us consider the IVP (1.1)—(1.2). The family of expliciifiye—Kutta (RK)
methods of then'th stage is given by [5, 3]



m
X(tny1) 1= Xn+1:Xn+hZCiki, (1.22)
i=

where

kl == f(tn, Xn),
ko = f(th+ a2h, Xn + hB21k1 (tn, Xn)),
ks = f(tn+ a3h, Xn+ h(Ba1ki (th, Xn) + Ba2ka(tn, Xn))),

m-1
=]

To specify a particular method, we need to provide the imegéhe number of
stages), and the coefficients (for i = 2,3,...,m), B (for 1 < j <i < m), andg
(fori =1,2,...,m). These data are usually arranged in a co-céiletther tableau
(after John C. Butcher) [5, 3]:

Table 1.2 The Butcher tableau.

0
az| B
03|31 Bs2
Om|Bm1 B2 ... Brm-1
CiT C ...... Cn-1 Cm
Examples
1. Letm=1.Then
k]_ == f(tn, Xn)7

Xn+l = Xn+ hC]_ f(tn, Xn) .
On the other hand, the Taylor expansion yields
Xn+l =Xn+ hX}thr e = Xn+h f(tn, Xn) =+ ﬁ(hz) = C = 1.

Thus, the first-stage RK-method is equivalent to the exyiticler's method (1.4).
Note that the method (1.4) is of the first order of accuracyislve can speak
about the RK method of the first order.



2. Now consider the casa = 2. In this case Eq. (1.22) is equivalent to the system

ki = f(tn, Xn), (1.23)
ko = f(th+ a2h, Xn+hBatka),
Xni1 = Xn+h(Cr ki +C2k2) .

Now let us write down the Taylor series expansiox @f the neighborhood df,
up to theh? term, i.e.,

dx h? d2x

B dx|  h7ax 3
Xn+1*Xn+hdt tn+ 5 ae thFﬁ(h )
However, we know that = f(t, x), so that
d’  df(t,x)  9f(t,x) af(t,x)

T Ty T UL R

Hence the Taylor series expansion can be rewritten as

h? /of of
Xn+anhf(tn,Xn)+—< +f )

vr vr 3
530+ 5 +o(h?). (1.24)

(tn,Xn)

On the other hand, the terka in the proposed RK method can also expanded to
0(h%) as

af
+hBor f —— +0(h%).

of
ko= f(t h hBo1ky) =h f(t haz—-
2 (ta+a2h, Xn+hB21K1) (tn,Xn) +haz ot ox (tn,Xn)

(tn,Xn)

Now, substituting this relation fdt, into the last equation of (1.23), we achieve
the following expression:

+0(h3).
(tn,Xn)

of
+h?coBorf —

af
Xn+1—Xn =N (C1+C2) f (tn, Xn) +h*Co 00 — Ix

ot

(tn,Xn)

Making comparision the last equation and Eq. (1.24) we catevdown the
system of algebraic equations for unknown coefficients

ci+c=1,
1

020!2157
1

02[32115-

The system involves four unknowns in three equations. T)atrie additional
condition must be supplied to solve the system. We discugsauseful choices,
namely



a) Leta, = 1. Thenc, = 1/2,¢1 = 1/2, B21 = 1. The corresponding Butcher
tableau reads:

1/2 1/2

Thus, in this case the two-stages RK method takes the form
h
XrH,]_:Xn‘i_é f(tn,Xn)+f(tn+h, Xr‘|“"hf(tn7 Xn)) 3

and is equivalent to the Heun’s method (1.18), so we refelatstemethod to
as RK-method of the second order.

b) Now leta, = 1/2. In this case, = 1, ¢, =0, 21 = 1/2. The corresponding
Butcher tableau reads:

0
1/2|1/2
01

In this case the second-order RK method (1.22) can be wiken

h h
Xn+1:Xn+hf(tn+—,Xn+§f(tn,Xn))

and is called th&K2 method

RK 4 Methods

One member of the family of Runge—Kutta methods (1.22) isrofeferred to as
RK4 methodr classical RK methodnd represents one of the solutions correspond-
ing to the casen= 4. In this case, by matching coefficients with those of thddray
series one obtains the following system of equations [2]



Ci+C+C3+Cs=1,
Bo1 = ay,
Ba1+ B3z =

C202 + C303 + C404

Q
w

Co03 4 C304 + c4a7 =

Co03 4 305 + c4a5 =

IR OO, EFRPW RN

302332+ Ca( 0242+ 0343)

C302030B32+ C404(02B42+ 3f43) =

30232+ Ca(02 Baz+ 03 P43) =

Ca02B3243 =

NI

The system involves thirteen unknowns in eleven equatibinat is, two additional
condition must be supplied to solve the system. The mostulekbices is [3]

1
ar, = -

2’ B3l:0-

The corresponding Butcher tableau is presented in Tabld heStableau 1.3 yields

Table 1.3 The Butcher tableau corresponding to the RK4 method.

1/2|1/2
1/2| 0 1/2
1/0 0 1

1/6 1/3 1/3 1/6

the equivalent corresponding equations defining the cakRiK4 method:

h
Xn+1:Xn+é(k1+2k2+2k3+ ka), (1.25)

where



kl == f(tn, Xn),

h h
ko = f(th+ 5 Xn+ §k1)7

h h
k3: f(tn+—,Xn+§k2),

This method is reasonably simple and robust and is a good-@erendidate for
numerical solution of ODE’s when combined with an intelligadaptive step-size
routine or an embedded methods (,e.g., so-called Runge-kehlberg methods
(RKF45)).

Remark:

Notice that except for the classical method (1.25), one dsm eonstruct other
RK4 methods. We mention only so-called@Runge-Kutta method’he Brutcher
tableau, corresponding to this method is presented in Ta8le

Table 1.4 The Butcher tableau corresponding to th@3Runge-Kutta method.

0
1/3/1/3
2/3-1/3 1
111 11
| 1/8 3/8 3/8 1/8

Geometrical inter pretation of the RK4 method

Let us consider a curve(t), obtained by (1.25) over a single time step fréim
toth 1. The next value of approximation,, 1 is obtained ty integrating the slope
function, i.e.,
thyl
Xne1 — Xn = / £(t,x)dt. (1.26)
th

Now, if the Simpson’s rule is applied, the approximationtie tntegral of the last
equation reads [4]

thi1

/ f(t,x)dtz2(f(tn,x(tn))+4f(tn+h,x(thrg))Jrf(tn+1,x(tn+1))) . (1.27)



On the other hand, the valukg ky, ks andk, are approximations for slopes of
the curvex, i.e., k; is the slope of the left end of the intervkj, andks describe two
estimations of the slope in the middle of the time intervdleweak, corresponds to
the slope at the right. Hence, we can chob@g, x(tn)) = ki and f (th1,X(tht1)) =
ks, whereas for the value in the middle we choose the averagearfdks, i.e.,

h h. k+ks
f(th+ va(tnﬁLE)) =75

Then Eq. (1.26) becomes

h 4(ky + k
Xn+l:Xn+6(kl+%+k4)a

which is equivalent to the RK4 schema (1.25).

Stage versus Order

The local truncation error (1.7) for the method (1.25) carebémated from the
error term for the Simpson’s rule (1.27) and equals [4, 2]
x4
=—h .
fn+1 2880

Now we can estimate the final global error (1.13), if we supgbsat only the error
above is presented. Aftdd steps the accumulated error for the RK4 method reads

@ p
s X o b—"z‘)x“) h=o(h%).

E(x(b),h)=— Z h 2880~ 288

k=1

That is, the RK4 method (1.25) is of the fourth order. Now,Ustcompare two
appximations, obtained using the time ste@ndh/2. For the step size we have

E(x(b), h) ~ Kh?*,
with K = const. Hence, for the stép'2 we get

4
E(x(b), g) =K % ~ 1—16E(x(b), h).

That is, if the step size in (1.25) is reduced by the factomaf, tthe global error of
the method will be reduced by the factor of1B.

Remark:

In general there are two ways to improve the accuracy:



1. One can reduce the time stegd.e., the amount of steps increases;
2. The method of the higher convergency order can be used.

However, increasing of the convergency orgés reasonable only up to some limit,
given by so-calledButcher barrier[5], which says, that the amount of stagas
grows faster, as the orde In other words, for m > 5 there are no explicit RK
methods with the convergency ordee=am (the corresponding system is unsolv-
able). Hence, in order to reach convergency order five one needsapes. Notice
that further increasing of the stage= 7 leads to the convergency order= 5 as
well.

1.4.1 Adaptive stepsize control and embedded methods

As mentioned above, one way to guarantee accuracy in thewsobf (1.1)—(1.1)
is to solve the problem twice using step sibeandh/2. To illustrate this approach,
let us consider the RK method of the ordeand denote an exact solution at the
pointtn, 1 = tn +h by X, 1, whereax; andx, represent the approximate solutions,
corresponding to the step sizeandh/2. Now let us perform one step with the step
sizeh and after that two steps each of sig€. In this case the true solution and two
numerical approximations are related by

Xni1 = X1 +ChPT 4 g(hP2)
h p+1
Xny1 = X2+2C (§> + O (hP+2).

That is,

1 X1 — Xa2|
_ p+1 _
[X1 —X2| =Ch (l ZP) & C= -2 Phert”

Substituing the relation fa€ in the second estimate for the true solution we get
Xny1 = X2+ €+ ﬁ(hmz) ,

where
_ [xa—xqf
2P -1
can be considered as a conveniadicator of the truncation error. That is, we have
improved our estimate to the order- 1. For example, fop = 4 we get

X1 — Xp|

6
e o).

Xn1= X2+

This estimate is accurate to fifth order, one order higten thigh the original step
h. However, this method is not efficient. First of all, it recps a significant amount



of computation (we should solve the equation three timesel ¢me step). The
second point is, that we have no possibility to control the¢ation error of the

method (higher order means not always higher accuracy).

However we can use an estimatéor the step size contrphamely we can compare
€ with somedesired accuracyy (see Fig 1.4).

[Inputt,—, Xj, &, hj, j= 0)‘
|

— | Calculatex(t; +h;j, h )x(t,+h, )ands

’—ﬂ Double step sizehj ;1 := 2h; I

It,+1ftj+h, j=j+1

yes

—{ Halve step sizehj 1 = h—zl Reiterate the ste'}

Fig. 1.4 Flow diagramm of the step size control by use of the step dogibhethod.

Alternatively, using the estimatg we can try to formulate the following problem of tadap-
tive step size contrphamely: Using the given valueg andt;, find the largest possible step size
hnhew SO that the truncation error after the step with this step gmains below some given desired
accuracygy, i.e,

h p+l|X1—X2‘
ChPil < g new 2 " <.
Mhew < €0 & (7, 120 -9

1/p+1
&
hnew= h (?0) .

Then if the two answers are in close agreement, the appréiximis accepted. IE > & the step
size has to be decreased, whereas the relatiorgy means, that the step size has to be increased
in the next step.

Notice that because our estimate of error is not exact, wealdhaut some "safety” factor
B ~115, 3]. Usually,3 = 0.8, 0.9. The flow diagramm, corresponding to the the adaptive &tep s
control is shown on Fig. 1.5

Notice one additional technical point. The choise of therédserrorey depends on the IVP
we are interested in. In some applications it is convinierstetey propotional toh [3]. In this case
the exponent Ap+ 1 in the estimate of the new time step is no longer corredti@freduced from
a too-large value, the new predicted vahyg,, will fail to meet the desired accuracy, so instead of
1/p+ 1 we should scale with /P (see [3] for details)). That is, the optimal new step size loan

written as
1/p+1
ﬁ h(%) ’ € > &,

ﬁh(io)l/p £<§
S ) 0

That is,

(1.28)

hnew:
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Fig. 1.5 Flow diagramm of the adaptive step size control by use oftifye doubling method.
wheref is a "safety” factor.

Runge-K utta-Fehlberg method

The alternative stepsize adjustment algorithm is basecheerhbedded Runge-Kutta formulas
originally invented by Fehlberg and is calléte Runge-Kutta-Fehlberg methods (RKF{#5)4].

At each step, two different approximations for the solutitsa made and compared. Usually an
fourth-order method with five stages is used together witfifdirorder method with six stages,
that uses all of the points of the first one. The general forra fifth-order Runge-Kutta with six
stages is

ki = f(t,x),
ko = f(t+ azh, x+hBks),

5
ks = f(t+aeh,x+hz Bsik;) .
=1
The embedded fourth-order formula is
6
Xnp1 = Xn+h Zq k+o(h°).
i=
And a better value for the solution is determined using a Regtta method of fifth-order:
Xhi1 =Xn+h Zﬁ ki+0(h°)
i=

The two particlular choises of unknown parametrs of the webtre given in Tables 1.5-1.6.
The error estimate is

6
€= |Xnp1—Xppa| = ‘zl(Ci —¢ki.



Table 1.5 Fehlberg parameters of the Runge-Kutta-Fehlberg 4(5) adeth

1/4 1/4
3/8 3/32 9/32
12/131932/2197 -7200/2197 7296/2197
1 | 439/216 -8 3680/513  -845/4104
1/2 -8/27 2 -3544/2565 1859/4104 -11/40
25/216 0 1408/2565 2197/4104 -1/5
16/135 0 6656/12825 28561/56430 -9/50 2/55

Table 1.6 Cash-Karp parameters of the Runge-Kutta-Fehlberg 4(5hadet

1/5 1/5
3/10  3/40 9/40
3/5 3/10 -9/10 6/5
1 -11/54 5/2 -70/27 35/27

7/8(1631/55296 175/512 575/13828 44275/110592 253/4096
37/378 0 250/621 125/594 512/1771
2825/27648 0  18575/48384 13525/55296 277/14336 1/4

As was mentioned above, if we take the current $teymd produce an errar, the corresponding
"optimal” stephgy is estimated as
0.2
&ol
hopt = B h(%) ’

where g, is a desired accuracy aglis a "safety” factor, ~ 1. Then if the two answers are
in close agreement, the approximation is accepted.¥f & the step size has to be decreased,
whereas the relation < &, means, that the step size are to be increased in the next step.
Using Eq. (1.28), the optimal step can be often written as

0.2
&
Bh—%> ; £ > Eol,

hopt = 0.25
&
Bh<%> ;€< &l

1.4.2 Examples

1.4.2.1 Lotka-Volterracompetition model

The Lotka—Volterra competition equations are a simple rhadiehe population dynamics of
species competing for some common resource. For given tywolaiions with sizex andy the
model equations are [4]
x=ax(b—x—cy), (2.29)
y=dyle—y—fx),



Here, positive constanmtrepresents the effect species two has on the populatioreofegpone and
positive constant describes the effect species one has on the population ofespvo. Let us
analyse the system (1.29) using parameters

a=0.004 b=50,c=0.75d = 0.001 e= 100, f = 3.

Fixed points

Equations (1.29) have four fixed poirts’, y*):

b—ce bf-1
1-fc'cf-1

(0,0), (0,e)=(0,100), (b,0)=(50,0), ( > = (20, 40).

Linear stability

In order to analyse the linear stability of (1.29) one desitlee corresponding Jacobian

J_ ab—2ax*—acy —acx
- —dfy* de—2y*—dfx

Now one can calculatéfor all fixed point valuegx*, y*) and derive the eigenvalu¢as, A,) (see
Table 1.7).

Table 1.7 Eigenvalues and linear stability analysis for four fixedmsiof the system (1.29)
(x*y) (A1, A2)  stability

(0,0) (0.2,0.1)
(0, 100) (0.1, —0.1)
(50,0) (—0.2, —0.05)
(20,400  (0.027,-0.14) -

+ 4+

Numerical results

Table (1.29) indicates that the trivial fixed point, corasgiog to the case, that both populations
die out, is unstable. Furthermore, the fixed pdi2®, 40), corresponding to the case, that both
populations survive, is unstable too. That is, both pojpatwill neither die out or survive. Which
population will survive (or die out) depends on initial cai@hs ( see Fig. 1.6).

1.4.2.2 Predator-Prey Model

Now let us consider another model of Lotka-Volterra typejohtdescribes prey'sqf and preda-
tor's (y) population dynamics in the presence of one another. Eopstire:



X = ax—bxy, (1.30)
y = cxy—dy.
Herea > 0 andc > 0 are prey’'s and predator’'s growth rates wheréas 0 andb > 0 describe
prey’s and predator’s death rates respectively.
A typical numerical coefficients a@= 2, b = 0.02,c = 0.0002,d = 0.8.

The model (1.30) predicts a cyclical relationship betwerrdator and prey numbers. To see this
effect, first we find two fixed pointé<*, y*) of the system. The fixed points are

d a

(0,0), (E,B):(4-1§,102).
The Jacobian of (1.30) is
J— (afby* —bx* )
T\ cyt cx—d

Now one can calculate eigenvalues for both fixed points (ab&eTL.8). Furthermore, one can also

Table 1.8 Eigenvalues and linear stability analysis for four fixedmsiof the system (1.29)

(x*,y") (A1, A2) stability

(0,0) (a —d)  no, saddle point
(¢,8) (ivad, —ivad) neutral stable

calculate the first integral of the system (1.30):
cX+by— d?x — a_yy =0=V:=cx+by—-dIn(x) —aln(y) = const

The total derivative o¥ with respect to time reads

Fig. 1.6 Numerical solution
of (1.29) over the time inter-
valt € [0, 150 on the phase
plane(x, y) by the classical
RK4 method with the step
sizeh = 0.025 for different
initial values. Open red circles
denote unstable fixed points,
whereas filled red circles
represent stable fixed points.
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Fig. 1.7 Numerical solution of the system (1.30), calculated withARiethod. (a) Solutions on
the phase plane, corresponding to two different initialditons: (5- 10%, 120) and(3-10°, 107).
(b) A cyclical relationship between predator and prey nursbealculated for the initial condition
(5-10°, 120).

dav d a

5 = (c X)x(a by) + (b y)y(cx d)=0
That is, solutions of (1.30) can not leave levels\ofThis is illustrated on Fig. 1.7 (a), where
two numerical solutions, corresponding to two differeritia conditions (5 - 10°, 120) and (3-
10%, 107) are presented. The green point denotes the neutral stadatiggipint. Oscillations of both
populations, corresponding to the initial val{& 10%, 120) is presented on Fig. 1.7 (b).
Now suppose that prey’s growth rate is periodic in time, e.g,

a:=a(l+¢sin(wt)),

wheree € [0, 1) and let bew = . In this case, depending on control parameteuasiperiodic
or even chaotic behaviour can be expected. Figure 1.8aliestan example of quasiperiodic be-
haviour.

1.4.2.3 Forced oscillations: Pohl’s pendulum

The Pohl’s wheel is a rotating pendulum with electromagnbtake, spiral spring and variable
stimulation, which can demonstrate harmonic oscillatassvell as chaotic motion. The equation
of motion of the wheel reads

JP+Kd+Dop—Nsin(gp) =F sin(wt+ Q). (1.31)

Here¢ denotes the rotation angl&js a inertia moment of the pendulum about the axis of rotation
K is a damping constanb) stays for the torque per unit angel, and, finaly= mgrsin(¢) is a
projection of the variable stimulation’s moment is a external mass,is a radius of the wheel). In
addition,F sin(wt + Q) is an external forsing of the amplitudfe frequencyw and the free phase
Q.
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Fig. 1.8 Numerical solution for (1.30) calculated with RK4 method fbe cases = 0.4. Initial
condition is(5- 10%, 120). (a) Solutions on phase plane; (b) Quasiperiodic osalhatiof the preys
population; (c) The first return map.

In order to solve Eqg. (1.31) numerically we rewrite it to atsys of first order ODE’s. Substitution
X:=¢,y:= ¢, z:=t leads to the system

X=y,
y = —ay—bx+csin(x) +d sin(wz), (1.32)
z=1,
with .
Koy Db N F
a._J, b._J, c._J, d._J.

We solve the system (1.32) with the classical RK4 methodbjith the time stefn = 0.025 over
the time intervat € [0, 150. Other parameters are

a=0799, b=944, c=1468 d=21.
Furthermore, we use the frequency of the external forcings a control parameter. We start at
w = 2.5. The result is shown on Fig. 1.9 (a)-(c). Figure 1.9 (a) shtle solution of (1.32) on
the phase spad@, ¢'). One can see, that the solution corresponds to forced atieils with the
period one (see Fig. 1.9 (b) as well). Period one oscillatican also be recognised from the first
return map (Fig. 1.9 (c)). Now we increase the control pateameto w = 2.32. The results can be
seen on Fig. 1.10 (a)—(c). In this case the system osciltegeen two values, so one can speak
about period two oscillations (or about periode-doubliifgroation). Further increasing o leads
to second periode-doubling bifurcation and period fouillzdion sets in (see Fig. 1.11 (a)—(c)).
Finally, we increasev further and chaotic oscillations can be observed (see Fig.(&)—(c)). The
first return map, shown on Fig. (1.12) (c) indicates the $tmecof the chaotic motion: the'th
maximal value ofp is predicted by the — 1'th one.

1.4.2.4 Lorenz system

Let us consider the so-callérenz equations
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Fig. 1.9 Solution of Eg. (1.31) corresponding éo= 2.5. (a) Solution on the phase plane. (b) One
period oscillations on the, t plot. (c) The first return map.

X = o’(yfx)a
Y =TIX—X—Xz,

(1.33)

z=Xxy—bz

Hereo > 0 is Prandtl number, > 0 stays for normalized Rayleigh number, wherbas 0 is a
geometric factor. The functior(t) is propotional to the intensity of convection motioyt) is
propotional to the temperature difference between asngratid descending currents ax{t) is
propotional to the distortion of vertical tmperature p@filom the linear one.

This system was investigated by Ed Lorenz in 1963. Its p@pess to provide a simplifed model
of atmospheric convection [6, 7].
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Fig. 1.10 Solution of Eg. (1.31), corresponding to the periode-dimgobifurcation forew = 2.32.
(a) Solution on the phase plane. (b) Two period oscillatimmshed, t plane . (c) The first return
map.
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Fig. 1.11 Solution of Eq. (1.31), corresponding to the second peritmlebling bifurcation for
w = 2.3. (a) Solution on the phase plane. (b) Period four osailtegtion thep, t plane. (c) The first
return map.
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Fig. 1.12 Solution of Eq. (1.31), corresponding to the chaotic oatidh forw = 2.25.(a) Solution
on the phase plane. (b) Chaotic oscillations ongiheplane. (c) The first return map, indicationg
the chaotic regime.

Symmetry

The system (1.33) admits a symmetry

(X7 Y, Z) - (_X7 =Y Z) .

Fixed Points

The fixed pointdx*,y*,z") are

(a) x* =y* =z =0 - corresponds to the state of no convection;

(b)C* = (y/b(r—1), y/b(r —1),r—1) andC~ = (—+/b(r — 1), —/b(r — 1), r — 1) — correspond

to the state of steady convection. Note that both solutiaist enly forr > 1.

215
@



Linear Stability

The Jacobian of the system (1.33) reads

-0 o O
Xy, Z)=|o-7z -1 -x*
y* x* —b

(a) The trivial solution(x*,y*,z") = (0, 0, 0): In this case the matrid can be written as & 2
matrix,
-0 0
»=(75)

z=-bz
decoupled. The stability of (1.33) can be determined ugiegrace and the deteminantJaf

as an linearized equation faft) is

Sp(d) =-0-1<0, detd)=0(1-r)>0=r<1.

That is, the trivial solution is stableif< 1.
(b) Stability ofC* andC~: Consider the case> 1, so both nontrivial solutions exist. The charac-
teristic polynomial reads

A2+ (0+b+1)A%+(r+0)bA +2bo(r—1) =0.

The eigenvalues consist of one real negative root and a fednaeplex conjugate roots [6]. The
complex roots can be found using the angatz i w. Substitution into characteristic polynomial
leads to the expression for the crtical Rayleigh nuntper

H= Zfigfi, o>b+1

The third eigenvalu@s can be found as
A3=—(0+b+1)<0

That is, the nontrivial solution§™ andC~ are stable for

l<r<try, o>b+1

The nontrivial solutions loose stability g via the Hopf bifurcation. One can show that this
bifurcation is subcritical [6]. That is, the limit circleseaunstable and exist only for< ry.

Time behaviour for different’s

In his study, Lorenz chose the parameter values

With this choise the steady state becomes unstable at

a7
r:erl_gozzzm....
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Fig. 1.13 Solutions of the Lorenz equations (1.33), correspondingifferent values ofr. (a)

r = 0.5 - the origin is stable; (b) = 3 - the origin is unstable. All trajectories converge to ofie o
stable nontrivial fixed point€™ or C; (c) r = 16 -the basin of attraction arou@f andC~ are
no longer distinct.

@) (b) ©

Fig. 1.14 (a) Solution of the Lorenz equations (1.33) (inz) plane, computed at = 26. (b)
Solution of (1.33) at = 26 on the tree-dimensional phase space. (c) The Lorenz map.

The initial value wag0, 1, 0).
Now let us summarize what happens to the solutions of (1.8B)sincreased [6, 7]:

- 0<r < 1: The origin is stable node (see Fig. 1.13 (a)).

- 1<r < 24.74: The origin becomes unstable and bifurcates into a paiolotionsC™ andC~.
All trajectories converge to either one or another poine (Beg. 1.13 (b)). Atr =~ 13.926 the
origin becomes a homoclinic point, i.e., beyond this poiajectories can cross forward and
backward betwee@" andC~ befor settle down to them (see Fig. 1.13 (c)).

- 1 =2474: BothC™ andC~ become unstable via subcritical Hopf bifurcation.

- 1> 24.74: After initial transient the solution settes into irrégguoscillation and is aperiodic
(see Fig. 1.14 (a)). On the phase space, the time spent viegdear sets arour@™ andC~
becomes infinite and the set becoraestrange attractoi(see Fig. 1.14 (b)).



Lorenz map

Lorenz found a way to analyse the dynamics on the strangeetitr He has considered a projection
of the three-dimensional phase space on(the) plane. The idea was that if we consider tfid
local maximum of the functiom(t), z,, it should predictz, 1. To check this, one can estimate the
local maxima of the functiorz(t) and plotz,.1 versusz,. The resulting function, presented on
Fig. 1.14 (c) is now callethe Lorenz map

1.5 Predictor-Corrector Methods

The Runge-Kutta methods, introduced in Section 1.4 arerezfdo assingle-step methodbe-
cause they use only the information from one previous poiet/blve fromx, to X, 1. In addition
to single-step methods, there is also a broad class of sdaallti-stepintegration methods,
which use information at more than one previous point tovesti solution at next point.

The main advantages of Runge-Kutta methods (1.22) aretinattre easy to implement, rather
stable, and “self-starting”, (i.e., we do not have to tréwt first few steps taken by a single-step
integration method as special cases). On the other hangdrithary disadvantage of Runge-Kutta
methods (1.22) compared to multi-step methods is that thgyire significantly more computer
time than multi-step methods of comparable accuracy. Iritiadd the local truncation error of
a milti-step method can be determinated and a correction ¢an be included, which improves
the accuracy of the numarical approximatianeach steg2]. One of the example of multi-step
methods are the varioysedictor-corrector methodsvhich proceed by extrapolating a polynomial
fit to the derivative from the previous points to the new pdihé predictor step), then using this to
interpolate the derivative (the corrector step) [3].

1.5.1 The Adams-Bashforth-Moulton method

Again, let us consider IVP (1.1)—(1.2). Integrating botthesi of Eq. (1.1) over one time step from
th toth 1 we obtain theexactrelation (1.14):

i1
X(thy 1) — X(tn) = / F(t, x(t)) dt.
th

Now a numerical integration method can be used to approgirtie definite integral in the last
equation. The Adams-Bashforth-Moulton method is a muéipsmethod that proceeds in two
steps [2, 3]. The first step is calléie Adams-Bashforth predictofhe predictor uses the Lagrange
polynomial approximation for the functiofi(t, x(t)) based on the nodé€k,_3, fn_3), (tn—2, fa—2),
(tn-1, fn—1) @nd(tn, fn). After integrating over the interval,, tn. 1] the predictor reads

h
Pnt1=Xn+ 24 <—9 fa3+37fn_2—59f,_1+55 fn) . (1.34)

The second step the Adams-Moulton correctand is developed similary. A seecond Lagrange
polynomial for the functiorf (t, x(t)) is constracted. In this case, it based on the pdtpts, fr_2),
(tn—1, fa—1), (tn, fn) and the new poinftn;1, fnr1) = (thi1, fF(thr1, Prra)). After integrating over
the intervallty, th+1] the following relation for the corrector is obtained



h
Xni1 = Xn+ ﬂ<fn,275fn,1+19fn+9fn+1). (1.35)

Notice that the method (1.34)—(1.35) is not “self-startjnige., four initial points (tn, Xn), N =
0, 1,2, ,3 must be given in order to estimate the poifttsx,) for n > 4.

Error Estimation

The local truncation error for both predictor (1.34) andreotor (1.35) terms are of the order
0(h°), namely [2]

X(tn+1) = Pnt1 = ﬁ)x h°,
19
X(thi1) — Xni1 = fﬁ)x@ h°.

That is, for small values dfi one can eliminate terms with fifth derivative and the errdineste
reads

—-19
X(tn+1) = Xn+1 = 370 <Xn+1 - pn+1) . (1.36)

Equation (1.36) gives an estimation of the local truncaéoor based on thievo computed values
Prt1 andxn1, butx®,

Example 1
Solve an IVP
x=t2-x, x:=x0)=1 (1.37)

over the time interval € [0, 5] with the Adams-Bashforth-Moulton method (1.34)—(1.35pgshe
time steph = 0.05. The three startingy, X, andxz values can be calculated via the classical RK4
method. The exact solution of the problem is [2]

xt)=t?—2t+2—et.

The result of the calculation is presented on Fig. 1.15.



Fig. 1.15 Numerical so-
lution of Eq. (1.37) over

the interval|[0, 5] by the
Adams-Bashforth-Moulton
method (1.34)—(1.35) with the
step sizeh = 0.05 (blue open
circles). The exact solution of
the problem is depicted by the
red line.

——exact solution
[| © numerical solution







Chapter 2
Boundary Value Problem

A boundary value problem (BVP) is a problem, typically an OBa PDE, which has values
assigned on the physical boundary of the domain in which tthielem is specified. Let us consider
a genearal ODE of the form

XMW= f(t,x,x,x", .- x"D) telab] (2.1)
Att = aandt = b the solution is supposed to satisfy

ri(x(@x (a), - ,x" (@), x(b)x'(b), - ,x" V(b)) =0, 22

r(x(@)X (a), - ,x" (), X.(b) X (b), --- . x" V(b)) =0.

The resulting problem (2.1)—(2.2) is called&o point boundary value problefd].

In order to be useful in applications, a BVP (2.1)—(2.2) stddnewell posed This means that given
the input to the problem there exists a unique solution, Wwhigpends continuously on the input.
However, questions of existence and uniqueness for BVPsach more difficult than for IVPs
and there is no general theory.

2.1 Single shooting methods

2.1.1 Linear shooting method

Consider a linear two-point second-order BVP of the form
X'(t) = pt)X () +a)x(t) +r(t),  telab] (2.3)

with

X(a)=a, x(b) =B.
The main idea of the method is to reduce the solution of the BV/B) to the solution of an initial
value problem [5, 2]. Namely, let us consider two special $\fér two functionsu(t) andv(t).
Suppose that(t) is a solution of the IVP
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u’(t) = p(t)u'(t) +qt)u(t) +r(t), u@) =a, u(a)=0
andv(t) is the unique solution to the IVP
V(1) = p(t) V' (t) +q(t)v(t), v(a) =0, V(a)=1.
Then the linear combination
X(t) = u(t) +cwvt), c=const (2.4)

is a solution to BVP (2.3). The unknown constargan be found from the boundary condition on
the right end of the time interval, i.e.,

x(b) = u(b) +cv(b) =B = c= B—ub).

That is, ifv(b) # 0 the unique solution of (2.3) reads

—u(b
x(t) =u(t) + 2 V(g§ uit).
Example 1
Let us solve a BVP [2]
X (t) = %X(t) -0+ L 2.5)

x(0) =125, x(1) =—0.95.

over the time interval € [0, 4] using the linear shooting method (2.4).
According to Eq. (2.4) the solution of this equation has trenf

X(t) = u(t) 0-93%4)““%@),

whereu(t) andv(t) are solutions of two IVPs

1N 2t / 2 . / .
u'(t) = 1_qu(t)-&- e u(t)+1, u(0) = 1.25, u(0)=0
and
Vi) = 2L V) +—2ovt),  v©0)=0, V(0)=1
1+t2 142 ’ '

Numerical solution of the problem 2.5 as well as both dumstia(t) andv(t) are presented on
Fig. 2.1

2.1.2 Single shooting for general BVP

For a general BVP for a second-order ODE, the simple shoatiginod is stated as follows: Let



-=-u(t)
— V()
[ |=—x()

Fig. 2.1 Numerical solution
of Eq. (2.5) over the interval R Gt s
[0, 4] by the linear shooting °© 05 1 15 2 25 3 35 4
method (2.4).

X'(t) = f(t,x(t),X(t)), te[ab (2.6)
X(a) = o, x(b) =p.

be the BVP in question and Igft, s) denote the solution of the IVP

f(t,xt), X)), telahb 2.7
x@) = a, X(a)=s,

wheres is a parameter that can be varied. The IVP (2.7) is solved different values o with,
e.g., RK4 method till the boundary condition on the rightesigb) = 3 becomes fulfilled. As
mentioned above, the solutieqt, s) of (2.7) depends on the paramesetet us define a function

F(s) :=x(b,s)—B.

If the BVP (2.6) has a solution, then the functibiis) has a root, which is just the value of the
slopex (a) giving the solutionx(t) of the BVP in question. The zeros Bf(s) can be found with,
e.g.,Newton's methogB].

The Newton’s method is probably the best known method foriritneiumerical approximations
to the zeroes of a real-valued function. The idea of the ntethdo use the first few terms of the
Taylor series of a functiof (s) in the vicinity of a suspected root, i.e.,

F(s+h) =F(s)+F'(s1)h+ ().
wheres, is an'th approximation of the root. Now if one inseftts= s— s,, one obtains
F(s) =F(s)+F'(sn) (s—=).
As the next approximatios,, 1 to the root we choose the zero of this function, i.e.,

F(s)
F'(s)

The derivativeF’(s,) can be calculated using the forward difference formula

sy =t 89 Fis)

F(shir1) =F(s) +F'(s) (Sn1—) =0 = siy1 = — (2.8)
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Fig. 2.2 Numerical solution of BVP (2.9) with single shooting meth¢al) The FunctiorF(s) =
X(t,s) — 1 is presented. Green points depict two zeros of this fungctidhich can be found with
Newton’s method. (b) Two solutions of (2.9) correspondiagwio different values of parametsr
(the red line corresponds 3= —35.8, whereas the blue one —$e= —8.0).

whered sis small. Notice that this procedure can be unstable nearizombal asymptote or a local
extremum.

Example 1
Consider a simple nonlinear BVP [5]

x(t)?, (2.9)

over the intervat € [0, 1] and let us solve it numerically with the single shooting neetHiscussed
above. First of all we define a corresponding IVP

ﬂm:%m& X(0) =4, X(0)=s

overt € [0, 1] and solve it for different values of e.g.,s € [-100, 0] with the classical RK4
method. The result of calculation is presented on Fig. 2.20ae can see, that the functibits) =
X(t, s) — 1 admits two zeros, depicted on Fig. 2.2 (a) as green pomider to find them we use
the Newton’s method, discussed above. The method givesmnxamation to both zeros of the
functionF (s): s= {—35.8, —8.0}, which give the right slop& (0). Both solutions, corresponding
to two different values of are presented on Fig. 2.2 (b).
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Fig. 2.3 Numerical solu- o1r
tions of Eq. (2.10) over

the interval[0, 1] by sin- of

gle shooting method. First

three eigenfunctions, cor- hal \/
responding to eigenvalues

A= {7'[2,(27T)2,(37T)2} are 0 02 04 . 06 08 1
presented.

Example 2

Let us consider a linear eigenvalue problem of the form
X'+Ax=0, x0)=x1)=0, X(0)=1 (2.10)
overt € [0, 1] with the simple shooting method. The exact solution is
A=n’m, neN.

In order to apply the simple shooting method we consider eesponding IVP of the first order
with additional equation for the unknown functiarit):

X =y, y=-Ax, A'=0
with
x(0)=0, X(0)=1, A(0)=s.

wheresis a free shooting parameter. Here we cho®se{0.5, 50, 100}. Results of the shooting
with these initial parameters are shown on Fig. 2.3. One eanthat numerical solutions corre-
spond to first three eigenvalugs= {1, (2m)?, (37)2}.

Example 3

Consider a nonlinear BVP of the fourth order [4]
XD () — (1+t2)X' ()2 +5x1t)>=0, te]0,1] (2.12)
with
x(0)=1, X(0)=0, xX'(1)=-2, X"(1)=-3.

Our goal is to solve this equation with the simple shootinghmé. To this end, first we rewrite the
equation as a system of four ODE's of the first order:



)(1 = X2,

)(2 = X3, xl(O) = 17 X3(1) =-2,
X = X, x(0)0=0,  x(1)=-3,
X = (1+12)x8 —5%.

As the second step we consider correspondig IVP
Xé]_ = X2,
X’Z = X3, Xl(o) = 17 X3(l) =p,
X,3 =X, XZ(O):07 X4(l):q7

X = (1+12)¢ -5

with two free shooting parametepsandg. The solution of this IVP fulfilles following two require-
ments:

Fl(p7 q) L= X3(17 p, q) +2 = 07

F(p,a) 1 = x4(1, p,q)+3=0.

That is, a system of nonlinear algebraic equations shoulbhed to find(p, q). The zeros of the
system can be found with the Newton’s method (2.8). In thi®¢he iteration step reads

F(s)
DF(s)

S+1=S—

wheres= (p,q)", F = (F;, /)" and

is a Jacobian of the system and

OF  F(p+4p,q)—F(p,q)

ap Ap
9% _ F(p.q+A4q) —F(p. 9
aq Aq ’

wherei = 1,2 andAp, Aq are given values. Numerical solution of the problem in goesis
presented on Fig. 2.4.

2.2 Finitedifference M ethod

One way to solve a given BVP over the time interval [a, b] numerically is to approximate the
problem in question b¥inite differenceg4, 5, 2]. We form a partition of the domai, b] using
mesh points & to,t1,..., tn = b, where

. b—a .
ti=a+ih, h=—— i=0,1,...N.
N
Difference quotient approximations for derivatives carubed to solve BVP in question [5, 2]. In
particular, using a Taylor expansion in the vicinity of thargit;, for the first derivative one obtains



Fig. 2.4 Numerical solutions
of (2.11) over the interval
[0, 1] by single shooting
method. Parameters ar®p =
Aq = 0.05, the time step ‘ ‘ ‘ ‘
h = 0.025, initial shooting ° 02 04 06 08 :
parametergpo,go) = (0, 0).

a forward difference
X (t) = Mh’x(t') o). 2.12)
In a similar way one geta backward difference

X(t) —X(ti—1)

X(t) = »

+0(h). (2.13)

We can combine these two approaches and deroentral differencewhich yields a more accurate

approximation:

X(tir1) —x(ti-1)
2h

The second derivativé (t;) can be found in the same way using the linear combinationfiefreit

Taylor expansions. For example, a central difference reads

X ()= +0(h?). (2.14)

_ X(tiva) = 2x(t) +X(ti-1)

XJ/(ti) h2

+ 0. (2.15)

2.2.1 Finite Differencefor linear BVP

Let us consider a linear BVP of the second order (2.3)
X' =pt)X (1) +at)xt) +r(t), telab], x@=a, xb)=p.

and introduce the notatiox(ti) = X, p(ti) = pi, q(ti) = g; andr(t) =r;. Then, using Eq. (2.14)
and Eg. (2.15) one can rewrite Eg. (2.3)eedifference equation

)(O = a?
X1 = 2% +X-1 X1 X1

2 T
XN = B

+axn,  i=1,...,N-1,



Now we can multiply both sides of the second equation Witland collect terms, involving;_1,
X andx; 1. As result we get a system of linear equations

h h .
<1+ 5 pi)xi—1* (2+hP0i)x; + <1* 3 pi)Xi+1 =Kr, i=12..N-1
or, in matrix notation
Ax=Dh, (2.16)
or, more precisely
~(2+PPq) 1-5p 0 0 X hry— v
1+L2]p2 7(2+h2C]2) 17%[)2 0 0 X2 h2r2
0 1+9ps —(2+Pag) 1-Gps ... 0 x| h2rg
...................................................... 1- g PN—2 . .
0 0 1+gpN,1 —(24+h2gy_1)) \N-1 h2rn-1— W

h h
V1=a<§p1+1>, VN:B<1*EPN—1>-

Our goal is to find unknown vector. To this end we should invert the matéx This matrix has a
band structure and tsidiagonal. For matrices of this kind a tridiagonal matrix algorithnD(WA),
also known al§’homas algorithntan be used (see Appendix A for details).

Example

Solve a linear BVP [4]
=X'(t) — (1+1)x(t) = 1, 2.17)
x(—1) =x(1)=0
overt € [—1, 1] with finite difference method. First we introduce discregeaf nodes; = —1+ih

with given time stefh. According to notations used in previous sectipt) = 0, q(t) = —(1+t2),
r(t) = —1,a = B =0. Hence, the linear system (2.16) we are interested in reads

—(2+h?q) 1 0o ... 0 X1 h2
1 —(2+h2qp) 1 0 ... 0 X2 h?
0 1 —(2+Mg) 1 0 O B
.......................................... 1 : .
0 0 1 —(2+h2qN,1) XN—1 h?

The numerical solution of the problem in question is presgin Fig. 2.5.

2.2.2 Finitedifference for linear eigenvalue problems

Consider a Sturm-Liouville problem of the form

—X"(t) +q(t)x(t) = A v(t)x(t), (2.18)
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Fig. 2.5 Numerical solutions 0t
of (2.17) over the interval ‘ ) )
[—1, 1] by finite difference -t w05 9 05 !
method.

overt € [a, b] with

x(a) =0, x(b) =0.
Introducing notatior := x(t;), ¢ := q(ti), vi := v(t;), we can write down a difference equation for
Eq. (2.18)

X =0
—WMM—AM =0, i=1,...N-1,
xn = 0.

If vi # 0 for alli we can rewrite the difference equation above as an eigemypatbblem

(A—A1)x=0 (2.19)
for a tridiagonal matrixA
2 Q
vy Tv o Wy 0 0
=1 2 4% — 0
h2vy v, ' v h2vy o
0 -1 2 + B -1 0
A— h2v3 hvs " vz hlvg
....................................... m
0 0 o 2o &

h2vy_1 h2vy_1 ' WN-1

and a vectox = (xq, X2, ..., Xn_1)".






Appendix A
Tridiagonal matrix algorithm (TDMA)

The tridiagonal matrix algorithm (TDMA), also known alfiomas algorithmis a simplified form
of Gaussian elimination that can be used to solve tridialgeysiem of equations

ax_1+bix+cxii=y, i=1..n (A1)

or, in matrix form (a; =0, ¢, =0)

bicg O ... ... 0 X1 Y1
ap bz C ... ... 0 X2 Y2
0 a3 b3 C3 . 0 . = .
................ Ch—1 . .
0 ...... 0 a, by Xn Yn

The TDMA is based on the Gaussian elimination procedure andist of two parts: a forward
elimination phase and a backward substitution phase [3]ukeconsider the system (A.1) for
i = 1...nand consider following modification of first two equations:

Eq_,-bi—Eq_;-a
which relults in
(b1by — cr@2)x2 + CobiXg = b1ys — ays.
The effect is thak; has been eliminated from the second equation. In the sameanane can
eliminatexy, using the modifiedecond equation and the third one (fer 3):
(blbz — clag)Eqi:3 — ae,(mod. quz),
which would give
(b3(b1bz — c1a@2) — Cobraz)x3 + Cc3(bbz — Cra2)xq = y3(bibz — cra2) — (Y21 — y182)a3

If the procedure is repeated until the n'th equation, thé éagiation will involve the unknown
functionx, only. This function can be then used to solve the modified &gu#ori = n— 1 and
so on, until all unknowng are found (backward substitution phase). That is, we arergdor a
backward ansatz of the form:

Xi-1= Y% + Bi. (A.2)
If we put the last ansatz in Eq. (A.1) and solve the resultimgaéion with respect tg, the follow-
ing relation can be obtained:

45



—Gi Vi —aib;
- X1+ A.3
Xi ay+b i+1 ay+b (A3)
This relation possesses the same form as Eq. (A.2) if weifglent
—Gi Vi —aif
= i1 = . A.4
Vit ay+b’ Bi1 ay +b (A4)

Equation (A.4) involves the recursion formula for the cadfintsy andp; fori=2,...,n—1. The
missing valuey; and3; can be derived from the first £ 1) equation (A.1):

_Nn_&a __ &, 1 — 2
S |01’BZ*|01:s

The last what we need is the value of the functigrfor the first backward substitution. We can
obtain if we put the ansatz

Xn-1= Y*n+ Bn
into the last (= n) equation (A.1):

an(V%n + Bn) + bnXn = ¥,

yielding
¥ —anfBn
= anyh+bn’
One can get this value directly from Eq. (A.2), if one formatp
Xny1=0.
Altogether, the TDMA can be written as:
1. Set y=p1=0;
2. Evaluate fori=1,....n—-1
- . Yi—ap,
y|+1_aly+b7 B|+l aIMerlr
3. Set X4+1=0;
4. Find fori=n+1,...,2
Xi-1= Y% + Bi.

The algorithm admitg’(n) operations instead af(n®) required by Gaussian elimination.

Limitation
The TDMA is only applicable to matrices that are diagonaliyrghant, i.e.,

Ibi| > |ai| +c|, i=1,...,n.
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