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Part I
Ordinary Differential Equations



In this part, we discuss the standard numerical techniques used to integrate systems
of ordinary differential equations (ODEs).



Chapter 1
Initial Value Problem

An initial value problem (IVP) is a system of differential equation

dx
d t

= f (t, x(t)), (1.1)

x(t) = (x1(t), x2(t), . . . xn(t))T , f ∈ [a, b]×R
n → R

n, together with specified value

x(a) = x0, (1.2)

called the initial condition. We are interested in a numerical approximation of the
continuously differentiable solutionx(t) of the IVP (1.1)–(1.2) over the time interval
t ∈ [a, b]. To this aim we subdivide the interval[a, b] into M equal subintervals and
selectthe mesh points tj [5, 2]

t j = a+ j h , j = 0, 1, . . . , M, h =
b−a

M
. (1.3)

The valueh is calleda step size.

1.1 Explicit Euler’s Method

The simplest method to approximate IVP (1.1)–(1.2)was devised by Leonhard Euler
in 1768. The idea of the method is straightforward: From the initial condition (1.2)
we know that att = t0 = a the slope of the solution curvedx/dt is f (t0, x0). There-
fore we can try to obtain the next approximationx1 := x(t1) at a small timeh later
by addingh f(t0, x0) to x0, namely

x1 = x0 +h f(t0, x0) .

Now we can take another step forward in the same way, using theslope f (t1,x1),
corresponding to the new timet1 = t0 +h, i.e.,
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x2 = x1 +h f(t1, x1) .

The process is repeated and generates a sequaence of pointsx0, x1, x2, . . .xM that
approximates the solutionx(t). The general step of the Euler’s method is [4, 5]

x j+1 = x j +h f(t j , x j) , (1.4)

t j+1 = t j +h, j = 0, 1, . . . ,M−1.

Notice that the Euler method (1.4) isan explicit method, i.e.,x j+1 is givenexplicitly
in terms of known quantities such asx j and f (t j ,x j).

From geometrical point of view, one starts at the point(t0, x0) of the(t, x)-plane
and is moving along the tangent line to the solutionx(t) and will end up at the point
(t1,x1). Now this point is used to compute the next slopef (t1, x1) and to locate the
next approximation point(t2,x2) etc.

Example 1

Let us use Euler’s method (1.4) to solve approximately a simple IVP [1]

ẋ = x, over t ∈ [0, 1], x(0) = 1. (1.5)

The exact solution isx(t) = exp(t), so we can calculate the correct value at the end
of the time interval, i.e.,

x(1) = e= 2.71828...

Let us find the numerical approximation of (1.5) for different step sizesh={0.1,1e-
2, 1e-3, 1e-4, 1e-5} and calculate the difference between obtained numerical value
at the end of the time intervalxend and the exact valuee. The results are shown in
Table (1.1) The presented results demonstrate that the error at the end of interval is

Table 1.1 Numerical results, obtained by Euler’s methhod for Eq. (1.5)

h xend |xend−1|

0.1 2.5937 0.12
1e-2 2.7048 1.35e-2
1e-3 2.7169 1.4e-3
1e-4 2.7181 1.35e-4
1e-5 2.7183 1.35e-5

propotional to the step sizeh.



Fig. 1.1 Numerical solution
of Eq. (1.6) over the interval
[0, 9] by the method (1.4)
with the step sizeh = 0.05
for four different initial values
x0 = {−0.7, 0, 1, 3}.
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Example 2

Now let us solve a nonlinaer IVP [1]

ẋ = t −x2 , over t ∈ [0, T], x(0) = x0 (1.6)

for different values ofx0 andT using the method (1.4). Figure 1.1 shows numerical
solutions of Eq. (1.6) over the time interval[0, 9] for four different initial values
x0 = {−0.7, 0, 1, 3}. One can see that the solutions corresponding to differentx0

converge to the same curve. But if we compute the solution again for a longer time
interval, sayt ∈ [0, 900] for, e.g.,x0 = 0, the numerical solution starts to oscillate
from some time moment on (see Fig. 1.2 (a)) and the oscillations character be-
comes chaotic. This effect indicate the instability of the Euler’s method at least at
the choosen value of the time step. However, the effect disappears if we repeat the
calculation with a smallerh (see Fig. 1.2 (b) for details).

The presented examples raises a number of questions. One of these is the question
of convergence. That is, as the step sizeh tends to zero, do the values of the numer-
ical solution approach the corresponding values of the actual solution? Assuming
that the answer is affirmative, there remains the important practical question of how
rapidly the numerical approximation converges to the solution. In other words, how
small a step size is needed to guarantee a given level of accuracy? We discuss these
questions below.

1.2 Numerical errors

Generally there are two major sources of error associated with a numerical integra-
tion scheme for ODE’s, namely,truncation errorandrounding error, which is due
to finite precision of floating-point arithmetic [4, 2].

For the sake of simplicity, let us suppose that the IVP (1.1)–(1.2) is posed for
the first order ODE, i.e.,x(t) is a scalar value.Thelocal discretization (truncation)
error of IVP (1.1)–(1.2) is the error committed in the single step from t j to t j+1 and
is defined by [4]



ε j+1 =
1
h

(
x(t j+1)−x(t j)

)
− f (t j , x j) , j = 0, . . . ,M . (1.7)

In addition, the integration scheme isconsistent[4], if

max
t j

‖ε j‖→ 0, for hmax→ 0, (1.8)

wherehmax = maxj h j andh j = t j+1− t j .
The explicit Euler method (1.4) is based on a truncated Taylor series expansion,

i.e., if we expandx(t) in the neighborhood oft = t j , we get

x(t j +h) = x(t j)+hx′(t j)+
h2

2!
x′′(t j )+ . . . . (1.9)

Thus, every time we take a step using Euler’s method (1.4), weincur a truncation
error ofO(h2), i.e., the local truncation error for the Euler method is proportional
to the square of the step sizeh and the proportionality factor depends on the second
derivative of the solution .

The local truncation error (1.7) is different from theglobal discretization (trun-
cation) error ej , which is defined as the difference between the true solutionand the
computed solution, i.e.,

ej = x(t j)−x j , j = 0, . . . ,M, (1.10)

wherex(t j) denotes the exact solution on the stepj andx j stands for its numerical
approximation. The concept of the global discretization error is connected with the
notion ofconvergencyof the method, namely, the numerical scheme is convergent,
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Fig. 1.2 Numerical implementation of the Euler’s method for Eq. (1.6) over a long time inter-
val, T = 900 and initial valuex0 = 0. (a) withh = 0.05, illustrating numerical instability of the
scheme (1.4). (b) The instability desappeares for a smallerstep sizeh = 0.025.



if
max

t j
‖ej‖→ 0, for hmax→ 0. (1.11)

Moreover, one can also say that the scheme possessesthe order of convergency p, if

max
t j

‖ej‖ ≤ Khp
max, hmax→ 0, (1.12)

whereK is some constant value.
If we are interested in study of the behavior of the error for various step sizes we

can also consider thefinal global error, which is the global truncation error at the
end of the integration intervall[a, b] [2], i.e.,

E(x(b),h) = x(b)−xM. (1.13)

In most cases, we do not know the exact solution and hence the final global er-
ror (1.13) is not possible to be evaluated. However, if we neglect round-off errors, it
is reasonable to assume that the global error afterM time step isM times the local
truncation error (1.7), sinceM is proportional to 1/h, E(x(b),h) should be propor-
tional to ε j+1/h. For example, for the Euler’s method (1.4) the accumulated error
would be

E(x(b),h) =
M

∑
j=1

h2

2
x′′ ≈ Mx′′

h2

2
=

hM
2

x′′h =
b−a

2
x′′h = O(h)

Thus, the explicit Euler method is of thefirst order of convergency.
Let us consider two approximations, made by the method (1.4), using the steps

sizesh andh/2. Then we obtain

E(x(b),h) ≈ Kh, K = const,

and

E(x(b),
h
2
) ≈ K

h
2

=
1
2

K h≈ 1
2

E(x(b),h) .

Hence if the step size in Euler’s method (1.4) is reduced by a factor of 1/2 we can
expect that the final global truncation error (1.13) will be reduced by the same factor
(see also Example 2 of Section (1.1)).

1.3 Heun’s Method

We have seen that the Euler method (1.4) is not sufficiently accurate to be an efficient
problem-solving procedure, e.g., the rate of convergence scaling linearly with the
step sizeh, so it is desirable to develop more accurate methods. To thisend, let us
consider IVP (1.1)–(1.2). Integrating both sides of Eq. (1.1) over one time step from
t j to t j+1 we obtain theexactrelation



x(t j+1)−x(t j) =

t j+1∫

t j

f (t, x(t))dt . (1.14)

Now a numerical integration method can be used to approximate the definite inte-
gral in Eq. (1.14). From the geometrical point of view, the right-hand side of (1.14)
corresponds to the areaSunder the curvef (t, x(t)), betweent j andt j+1. For exam-
ple, Euler’s method (1.4) consists of approximation of right-hand side of (1.14) by
the area of the rectangleSr with the heightf (t j , x(t j)) and widthh, i.e., one obtains
Eq. (1.4), namely

x j+1 = x j +Sr = x j +h f(t j , x(t j)) .

Clearly, a better approximation to the areaScan be obtained if we use the trapezium
with area

St =
h
2

(
f (t j , x(t j))+ f (t j+1, x(t j+1))

)
,

yielding

x j+1 = x j +
h
2

(
f (t j , x(t j))+ f (t j+1, x(t j+1))

)
. (1.15)

Notice that the r.h.s. of Eq. (1.15) contains the yet unknownvalue x j+1. In or-
der to overcome this difficulty we use the Euler’s approximation (1.4) to re-
place f (t j+1, x(t j+1)) with f (t j+1, x j + h f(t j , x(t j))). After it is substituted into
Eq. (1.15), the resulting expression is calledHeun’s, trapezoidor improved Euler’s
method:

x j+1 = x j +
h
2

(
f
(
t j , x(t j)

)
+ f
(
t j +h, x j +h f(t j , x(t j))

))
. (1.16)

The improved Euler formula [2, 1] is an example of a two-stagemethod: First,
Euler’s method (1.4) is used as aprediction, and then the trapezoidal rule is used as
a correction,i.e.,

y j+1 = x j +h f(t j , x j) , (1.17)

t j+1 = t j +h,

x j+1 = x j +h f(t j+1, y j+1) .

The local truncation errorε j+1 for the trapezoidal formula (1.18) isO(h3) as op-
posed toO(h2) for the Euler’s method (1.4) [5, 2]. It can also be shown that for a
finite interval, the global truncation error for (1.18) is bounded byO(h2), so this
method isa second order method. Indeed, if we take into acount only the local
error [3, 2]

ε j+1 = −h3

12
x′′(t j) ,

afterM steps the accumulated errorE(x(b), h) for the method (1.18) is



E(x(b), h) = −
M

∑
j=1

h3

12
x′′ ≈−b−a

12
x′′h2 = O(h2) .

Again, if we perform two computations using the step sizesh andh/2 we obtain

E(x(b), h) = K h2 , K = const.

and

E(x(b),
h
2
) ≈ K

h2

4
=

1
4

E(x(b), h) .

Thus, if the step size in Heun’s method is reduced by a factor of 1/2, we can expect
that the final global truncation error would by reduced by a factor of 1/4.

Example 1

Use Euler’s method (1.4) and Heun’s method (1.18) to solve the IVP for the ODE,
describing the behavior of the simple harmonic oscillator

ẍ+ ω2x = 0, x(0) = 0, ẋ(0) = v0 , (1.18)

over the time intervalt ∈ [0, T], and where the frequencyω and initial velocityv0

are given constants. The exact solution

x(t) =
v0

ω
sin(ω t) . (1.19)

represents simple harmonic motion: sinusoidal oscillations about the equilibrium
point, with a constant amplitude and a constant frequency.
First of all we rewrite Eq. (1.18) as a system of first-order ODE’s:

ẋ = y, (1.20)

ẏ = −ω2x, x(0) = 0, y(0) = v0 .

We begin with analysis of system (1.20) using the ideas ofphase space[7]. If we
multiply both sides of the first equation of (1.20) byω2x and both sides of the
second equation of the system byy and add the two together we get the following
relation

yẏ+ ω2xẋ = 0.

Notice that the l.h.s. of the relation above is the time derivative, so one can rewrite
the last relation as

d
dt

(
1
2

y2 +
1
2

ω2x2
)

= 0 ⇔ 1
2

y2 +
1
2

ω2x2 := I1 , (1.21)
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Fig. 1.3 (a) Phase diagramm for the linear oscillator (1.18), corresponding to the different values
of the energyI1 = {0.1,0.5,1,3} andω = 0.5. (b) Numerical solution of (1.18) over the interval
[0, 20π ] by methods (1.4) (blue points) and (1.18) (red line) with thestep sizeh= 0.05. The black
curve corresponds to the exact solution of Eq. (1.18).

whereI1 = const is usually called aconstant of motionor afirst integral, which can
be interpreted as themechanical energyof the system. From the geometrical point
of view, one can speak aboutphase curvesthat form a set of ellipses in thephase
spacewith coordinates(x, y). These ellipses cut thex-axis atx= ±

√
2I1/ω and the

y-axis aty = ±
√

2I1. The origin of the phase plane corresponds to an equilibrium
point of the motion (see Fig. 1.3 (a)).

Now we can solve system (1.20) numerically, using approximation methods (1.4)
and (1.18) to the system (1.20). For the sake of simplisity wechoosev0 = 1,
ω = 1, so that the exact solution of (1.18) is justx(t) = sin(t), and integrate the
system (1.20) over the time intervalt ∈ [0, 20π ] with the time steph = 0.05. Fig-
ure 1.3 (b) shows a comparison between two methods, indicating the much better
accuracy of the Heun’s method (1.18).

1.4 Runge-Kutta Methods

The Runge-Kutta methods are an important family of iterative methods for the ap-
proximation of solutions of ODE’s, that were develoved around 1900 by the german
mathematicians C. Runge (1856–1927) and M.W. Kutta (1867–1944). We start with
the considereation of the explicit methods.

Let us consider the IVP (1.1)–(1.2). The family of explicit Runge–Kutta (RK)
methods of them’th stage is given by [5, 3]



x(tn+1) := xn+1 = xn +h
m

∑
i=1

ciki , (1.22)

where

k1 = f (tn, xn),

k2 = f (tn + α2h, xn+hβ21k1(tn, xn)),

k3 = f (tn + α3h, xn+h(β31k1(tn, xn)+ β32k2(tn, xn))),

...

km = f (tn + αmh, xn +h
m−1

∑
j=1

βm jk j).

To specify a particular method, we need to provide the integer m (the number of
stages), and the coefficientsαi (for i = 2,3, ...,m), βi j (for 1 ≤ j < i ≤ m), andci

(for i = 1,2, ...,m). These data are usually arranged in a co-calledButcher tableau
(after John C. Butcher) [5, 3]:

Table 1.2 The Butcher tableau.

0
α2 β21
α3 β31 β32
...

...
...

.. .
...

...
...

αm βm1 βm2 . . . . . . βmm−1

c1 c2 . . . . . . cm−1 cm

Examples

1. Letm= 1. Then

k1 = f (tn, xn) ,

xn+1 = xn+hc1 f (tn, xn) .

On the other hand, the Taylor expansion yields

xn+1 = xn +hẋ
∣∣
tn
+ · · · = xn +h f(tn, xn)+O(h2) ⇒ c1 = 1.

Thus, the first-stage RK-method is equivalent to the explicit Euler’s method (1.4).
Note that the method (1.4) is of the first order of accuracy. Thus we can speak
about the RK method of the first order.



2. Now consider the casem= 2. In this case Eq. (1.22) is equivalent to the system

k1 = f (tn, xn) , (1.23)

k2 = f (tn + α2h, xn +hβ21k1) ,

xn+1 = xn +h(c1k1 +c2k2) .

Now let us write down the Taylor series expansion ofx in the neighborhood oftn
up to theh2 term, i.e.,

xn+1 = xn +h
dx
dt

∣∣∣∣
tn

+
h2

2
d2x
dt2

∣∣∣∣
tn

+O(h3) .

However, we know thaṫx = f (t, x), so that

d2x
dt2

:=
d f(t, x)

dt
=

∂ f (t, x)

∂ t
+ f (t, x)

∂ f (t, x)

∂x
.

Hence the Taylor series expansion can be rewritten as

xn+1−xn = h f(tn, xn)+
h2

2

(
∂ f
∂ t

+ f
∂ f
∂x

)∣∣∣∣
(tn,xn)

+O(h3) . (1.24)

On the other hand, the termk2 in the proposed RK method can also expanded to
O(h3) as

k2 = f (tn+α2h, xn+hβ21k1)= h f(tn,xn)+hα2
∂ f
∂ t

∣∣∣∣
(tn,xn)

+hβ21 f
∂ f
∂x

∣∣∣∣
(tn,xn)

+O(h3) .

Now, substituting this relation fork2 into the last equation of (1.23), we achieve
the following expression:

xn+1−xn = h(c1+c2) f (tn, xn)+h2c2 α2
∂ f
∂ t

∣∣∣∣
(tn,xn)

+h2c2β21 f
∂ f
∂x

∣∣∣∣
(tn,xn)

+O(h3) .

Making comparision the last equation and Eq. (1.24) we can write down the
system of algebraic equations for unknown coefficients

c1 +c2 = 1,

c2 α2 =
1
2

,

c2β21 =
1
2

.

The system involves four unknowns in three equations. That is, one additional
condition must be supplied to solve the system. We discuss two useful choices,
namely



a) Let α2 = 1. Thenc2 = 1/2, c1 = 1/2, β21 = 1 . The corresponding Butcher
tableau reads:

0
1 1

1/2 1/2

Thus, in this case the two-stages RK method takes the form

xn+1 = xn +
h
2

(
f (tn, xn)+ f (tn +h, xn +h f(tn, xn))

)
,

and is equivalent to the Heun’s method (1.18), so we refer thelast method to
as RK-method of the second order.

b) Now letα2 = 1/2. In this casec2 = 1, c1 = 0, β21 = 1/2. The corresponding
Butcher tableau reads:

0
1/2 1/2

0 1

In this case the second-order RK method (1.22) can be writtenas

xn+1 = xn +h f
(
tn +

h
2
, xn +

h
2

f (tn, xn)
)

and is called theRK2 method.

RK4 Methods

One member of the family of Runge–Kutta methods (1.22) is often referred to as
RK4 methodor classical RK methodand represents one of the solutions correspond-
ing to the casem= 4. In this case, by matching coefficients with those of the Taylor
series one obtains the following system of equations [2]



c1 +c2+c3+c4 = 1,

β21 = α2 ,

β31+ β32 = α3 ,

c2α2 +c3α3 +c4α4 =
1
2

,

c2α2
2 +c3α2

3 +c4α2
4 =

1
3

,

c2α3
2 +c3α3

3 +c4α3
4 =

1
4

,

c3α2β32+c4(α2β42+ α3β43) =
1
6

,

c3α2α3β32+c4α4(α2β42+ α3β43) =
1
8

,

c3α2
2β32+c4(α2

2β42+ α2
3β43) =

1
12

,

c4α2β32β43 =
1
24

.

The system involves thirteen unknowns in eleven equations.That is, two additional
condition must be supplied to solve the system. The most useful choices is [3]

α2 =
1
2

, β31 = 0.

The corresponding Butcher tableau is presented in Table 1.3. The tableau 1.3 yields

Table 1.3 The Butcher tableau corresponding to the RK4 method.

0
1/2 1/2
1/2 0 1/2
1 0 0 1

1/6 1/3 1/3 1/6

the equivalent corresponding equations defining the classical RK4 method:

xn+1 = xn+
h
6

(
k1 +2k2+2k3+k4

)
, (1.25)

where



k1 = f (tn, xn),

k2 = f (tn +
h
2
, xn +

h
2

k1),

k3 = f (tn +
h
2
, xn +

h
2

k2),

k4 = f (tn +h, xn +hk3).

This method is reasonably simple and robust and is a good general candidate for
numerical solution of ODE’s when combined with an intelligent adaptive step-size
routine or an embedded methods (,e.g., so-called Runge-Kutta-Fehlberg methods
(RKF45)).

Remark:

Notice that except for the classical method (1.25), one can also construct other
RK4 methods. We mention only so-called 3/8-Runge-Kutta method.The Brutcher
tableau, corresponding to this method is presented in Table1.4.

Table 1.4 The Butcher tableau corresponding to the 3/8- Runge-Kutta method.

0
1/3 1/3
2/3 -1/3 1
1 1 -1 1

1/8 3/8 3/8 1/8

Geometrical interpretation of the RK4 method

Let us consider a curvex(t), obtained by (1.25) over a single time step fromtn
to tn+1. The next value of approximationxn+1 is obtained ty integrating the slope
function, i.e.,

xn+1−xn =

tn+1∫

tn

f (t,x)dt . (1.26)

Now, if the Simpson’s rule is applied, the approximation to the integral of the last
equation reads [4]

tn+1∫

tn

f (t,x)dt ≈ h
6

(
f (tn,x(tn))+4 f (tn+

h
2
,x(tn+

h
2
))+ f (tn+1,x(tn+1))

)
. (1.27)



On the other hand, the valuesk1, k2, k3 andk4 are approximations for slopes of
the curvex, i.e.,k1 is the slope of the left end of the interval,k2 andk3 describe two
estimations of the slope in the middle of the time interval, whereask4 corresponds to
the slope at the right. Hence, we can choosef (tn,x(tn)) = k1 and f (tn+1,x(tn+1)) =
k4, whereas for the value in the middle we choose the average ofk2 andk3, i.e.,

f (tn +
h
2
,x(tn +

h
2
)) =

k2 +k3

2
.

Then Eq. (1.26) becomes

xn+1 = xn +
h
6

(
k1 +

4(k2 +k3)

2
+k4

)
,

which is equivalent to the RK4 schema (1.25).

Stage versus Order

The local truncation error (1.7) for the method (1.25) can beestimated from the
error term for the Simpson’s rule (1.27) and equals [4, 2]

εn+1 = −h5 x(4)

2880
.

Now we can estimate the final global error (1.13), if we suppose that only the error
above is presented. AfterM steps the accumulated error for the RK4 method reads

E(x(b), h) = −
M

∑
k=1

h5 x(4)

2880
≈ b−a

2880
x(4) h = O(h4) .

That is, the RK4 method (1.25) is of the fourth order. Now, letus compare two
appximations, obtained using the time stepsh andh/2. For the step sizeh we have

E(x(b), h) ≈ K h4 ,

with K = const. Hence, for the steph/2 we get

E(x(b),
h
2
) = K

h4

16
≈ 1

16
E(x(b), h) .

That is, if the step size in (1.25) is reduced by the factor of two, the global error of
the method will be reduced by the factor of 1/16.

Remark:

In general there are two ways to improve the accuracy:



1. One can reduce the time steph, i.e., the amount of steps increases;
2. The method of the higher convergency order can be used.

However, increasing of the convergency orderp is reasonable only up to some limit,
given by so-calledButcher barrier [5], which says, that the amount of stagesm
grows faster, as the orderp. In other words, for m≥ 5 there are no explicit RK
methods with the convergency order p= m (the corresponding system is unsolv-
able). Hence, in order to reach convergency order five one needs sixstages. Notice
that further increasing of the stagem= 7 leads to the convergency orderp = 5 as
well.

1.4.1 Adaptive stepsize control and embedded methods

As mentioned above, one way to guarantee accuracy in the solution of (1.1)–(1.1)
is to solve the problem twice using step sizesh andh/2. To illustrate this approach,
let us consider the RK method of the orderp and denote an exact solution at the
point tn+1 = tn +h by x̃n+1, whereasx1 andx2 represent the approximate solutions,
corresponding to the step sizesh andh/2. Now let us perform one step with the step
sizeh and after that two steps each of sizeh/2. In this case the true solution and two
numerical approximations are related by

x̃n+1 = x1 +Chp+1+O(hp+2) ,

x̃n+1 = x2 +2C

(
h
2

)p+1

+O(hp+2) .

That is,

|x1−x2| = Chp+1
(

1− 1
2p

)
⇔ C =

|x1−x2|
(1−2−p)hp+1 .

Substituing the relation forC in the second estimate for the true solution we get

x̃n+1 = x2 + ε +O(hp+2) ,

where

ε =
|x1−x2|
2p−1

can be considered as a convenientindicatorof the truncation error. That is, we have
improved our estimate to the orderp+1. For example, forp = 4 we get

x̃n+1 = x2 +
|x1−x2|

15
+O(h6) .

This estimate is accurate to fifth order, one order higter than with the original step
h. However, this method is not efficient. First of all, it requires a significant amount



of computation (we should solve the equation three times at each time step). The
second point is, that we have no possibility to control the truncation error of the
method (higher order means not always higher accuracy).
However we can use an estimateε for thestep size control, namely we can compare
ε with somedesired accuracyε0 (see Fig 1.4).

Input t j , x j , ε0, h j , j = 0

Calculatex(t j +h j , h j ), x(t j +h j ,
h j
2 ) andε

ε ≪ ε0 Double step size:h j+1 := 2h j

ε > ε0 t j+1 = t j +h j , j := j +1

Halve step size:h j+1 :=
h j
2 ; Reiterate the step

no
no

yes

yes

Fig. 1.4 Flow diagramm of the step size control by use of the step doubling method.

Alternatively, using the estimateε , we can try to formulate the following problem of theadap-
tive step size control, namely: Using the given valuesx j andt j , find the largest possible step size
hnew, so that the truncation error after the step with this step size remains below some given desired
accuracyε0, i.e,

Chp+1
new ≤ ε0 ⇔

(
hnew

h

)p+1 |x1−x2|
1−2−p ≤ ε0 .

That is,

hnew= h

(
ε0

ε

)1/p+1

.

Then if the two answers are in close agreement, the approximation is accepted. Ifε > ε0 the step
size has to be decreased, whereas the relationε < ε0 means, that the step size has to be increased
in the next step.

Notice that because our estimate of error is not exact, we should put some ”safety” factor
β ≃ 1 [5, 3]. Usually,β = 0.8, 0.9. The flow diagramm, corresponding to the the adaptive step size
control is shown on Fig. 1.5

Notice one additional technical point. The choise of the desired errorε0 depends on the IVP
we are interested in. In some applications it is convinient to setε0 propotional toh [3]. In this case
the exponent 1/p+1 in the estimate of the new time step is no longer correct (ifh is reduced from
a too-large value, the new predicted valuehnew will fail to meet the desired accuracy, so instead of
1/p+ 1 we should scale with 1/p (see [3] for details)). That is, the optimal new step size canbe
written as

hnew=





β h

(
ε0
ε

)1/p+1

, ε ≥ ε0,

β h

(
ε0
ε

)1/p

, ε < ε0,

(1.28)



Input t0, x0, ε0, h, j = 0

Calculatex(t j +h, h), x(t j +h, h
2) andε

ε < ε0 The step is accepted;hnew := β h

(
ε0
ε

)1/p+1

, t j+1 = t j +hnew, j := j +1

hnew := β h

(
ε0
ε

)1/p

Reiterate the step

yes

no

Fig. 1.5 Flow diagramm of the adaptive step size control by use of the step doubling method.

whereβ is a ”safety” factor.

Runge-Kutta-Fehlberg method

The alternative stepsize adjustment algorithm is based on the embedded Runge-Kutta formulas,
originally invented by Fehlberg and is calledthe Runge-Kutta-Fehlberg methods (RKF45)[5, 4].
At each step, two different approximations for the solutionare made and compared. Usually an
fourth-order method with five stages is used together with anfifth-order method with six stages,
that uses all of the points of the first one. The general form ofa fifth-order Runge-Kutta with six
stages is

k1 = f (t, x),

k2 = f (t +α2h, x+hβ21k1),

...

k6 = f (t +α6h, x+h
5

∑
j=1

β6 jk j ) .

The embedded fourth-order formula is

xn+1 = xn +h
6

∑
i=1

ci ki +O(h5) .

And a better value for the solution is determined using a Runge-Kutta method of fifth-order:

x∗n+1 = xn +h
6

∑
i=1

c∗i ki +O(h6)

The two particlular choises of unknown parametrs of the method are given in Tables 1.5–1.6.
The error estimate is

ε = |xn+1−x∗n+1| =
6

∑
i=1

(ci −c∗i )ki .



Table 1.5 Fehlberg parameters of the Runge-Kutta-Fehlberg 4(5) method.

1/4 1/4
3/8 3/32 9/32

12/13 1932/2197 -7200/2197 7296/2197
1 439/216 -8 3680/513 -845/4104

1/2 -8/27 2 -3544/2565 1859/4104 -11/40
25/216 0 1408/2565 2197/4104 -1/5
16/135 0 6656/12825 28561/56430 -9/50 2/55

Table 1.6 Cash-Karp parameters of the Runge-Kutta-Fehlberg 4(5) method.

1/5 1/5
3/10 3/40 9/40
3/5 3/10 -9/10 6/5
1 -11/54 5/2 -70/27 35/27

7/8 1631/55296 175/512 575/13828 44275/110592 253/4096
37/378 0 250/621 125/594 512/1771

2825/27648 0 18575/48384 13525/55296 277/14336 1/4

As was mentioned above, if we take the current steph and produce an errorε , the corresponding
”optimal” stephopt is estimated as

hopt = β h

(
εtol

ε

)0.2

,

whereεtol is a desired accuracy andβ is a ”safety” factor,β ≃ 1. Then if the two answers are
in close agreement, the approximation is accepted. Ifε > εtol the step size has to be decreased,
whereas the relationε < εtol means, that the step size are to be increased in the next step.
Using Eq. (1.28), the optimal step can be often written as

hopt =





β h

(
εtol
ε

)0.2

, ε ≥ εtol,

β h

(
εtol
ε

)0.25

, ε < εtol,

1.4.2 Examples

1.4.2.1 Lotka-Volterra competition model

The Lotka–Volterra competition equations are a simple model of the population dynamics of
species competing for some common resource. For given two populations with sizesx andy the
model equations are [4]

ẋ = ax(b−x−cy), (1.29)

ẏ = dy(e−y− f x),



Here, positive constantc represents the effect species two has on the population of species one and
positive constantf describes the effect species one has on the population of species two. Let us
analyse the system (1.29) using parameters

a = 0.004, b = 50, c = 0.75, d = 0.001, e= 100, f = 3.

Fixed points

Equations (1.29) have four fixed points(x∗, y∗):

(0, 0) , (0, e) = (0, 100) , (b, 0) = (50, 0) ,

(
b−ce
1− f c

,
b f −1
c f −1

)
= (20, 40).

Linear stability

In order to analyse the linear stability of (1.29) one derives the corresponding Jacobian

J =

(
ab−2ax∗−acy∗ −acx∗

−d f y∗ d e−2y∗−d f x∗

)

Now one can calculateJ for all fixed point values(x∗, y∗) and derive the eigenvalues(λ1, λ2) (see
Table 1.7).

Table 1.7 Eigenvalues and linear stability analysis for four fixed points of the system (1.29)

(x∗ , y∗) (λ1, λ2) stability

(0, 0) (0.2, 0.1) -
(0, 100) (−0.1, −0.1) +
(50, 0) (−0.2, −0.05) +
(20, 40) (0.027, −0.14) -

Numerical results

Table (1.29) indicates that the trivial fixed point, coresponding to the case, that both populations
die out, is unstable. Furthermore, the fixed point(20, 40), corresponding to the case, that both
populations survive, is unstable too. That is, both populations will neither die out or survive. Which
population will survive (or die out) depends on initial conditions ( see Fig. 1.6).

1.4.2.2 Predator-Prey Model

Now let us consider another model of Lotka-Volterra type, which describes prey’s (x) and preda-
tor’s (y) population dynamics in the presence of one another. Equations are:



ẋ = ax−bxy, (1.30)

ẏ = cxy−d y.

Herea > 0 andc > 0 are prey’s and predator’s growth rates whereasd > 0 andb > 0 describe
prey’s and predator’s death rates respectively.
A typical numerical coefficients area = 2, b = 0.02,c = 0.0002,d = 0.8.
The model (1.30) predicts a cyclical relationship between predator and prey numbers. To see this
effect, first we find two fixed points(x∗, y∗) of the system. The fixed points are

(0, 0) ,
(d

c
,

a
b

)
= (4·103, 102) .

The Jacobian of (1.30) is

J =

(
a−by∗ −bx∗

cy∗ cx∗−d

)

Now one can calculate eigenvalues for both fixed points (see Table 1.8). Furthermore, one can also

Table 1.8 Eigenvalues and linear stability analysis for four fixed points of the system (1.29)

(x∗ , y∗) (λ1, λ2) stability

(0, 0) (a, −d) no, saddle point(
d
c , a

b

)
(i
√

ad, −i
√

ad) neutral stable

calculate the first integralV of the system (1.30):

cẋ+bẏ− dẋ
x

− aẏ
y

= 0 ⇒V := cx+by−d ln(x)−a ln(y) = const.

The total derivative ofV with respect to time reads

Fig. 1.6 Numerical solution
of (1.29) over the time inter-
val t ∈ [0, 150] on the phase
plane(x, y) by the classical
RK4 method with the step
sizeh = 0.025 for different
initial values. Open red circles
denote unstable fixed points,
whereas filled red circles
represent stable fixed points.
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Fig. 1.7 Numerical solution of the system (1.30), calculated with RK4 method. (a) Solutions on
the phase plane, corresponding to two different initial conditions:(5·103, 120) and(3·103, 102).
(b) A cyclical relationship between predator and prey numbers, calculated for the initial condition
(5·103, 120).

dV
dt

=
(
c− d

x

)
x
(
a−by

)
+
(
b− a

y

)
y(cx−d) = 0

That is, solutions of (1.30) can not leave levels ofV. This is illustrated on Fig. 1.7 (a), where
two numerical solutions, corresponding to two different initial conditions(5 ·103, 120) and (3 ·
103, 102) are presented. The green point denotes the neutral stable fixed point. Oscillations of both
populations, corresponding to the initial value(5·103, 120) is presented on Fig. 1.7 (b).
Now suppose that prey’s growth rate is periodic in time, e.g,

a := a(1+ ε sin(ω t)) ,

whereε ∈ [0, 1) and let beω = π . In this case, depending on control parameterε , quasiperiodic
or even chaotic behaviour can be expected. Figure 1.8 illustates an example of quasiperiodic be-
haviour.

1.4.2.3 Forced oscillations: Pohl’s pendulum

The Pohl’s wheel is a rotating pendulum with electromagnetic brake, spiral spring and variable
stimulation, which can demonstrate harmonic oscillationsas well as chaotic motion. The equation
of motion of the wheel reads

J ϕ̈ +K ϕ̇ +Dϕ −N sin(ϕ) = F̂ sin(ω t +Ω) . (1.31)

Hereϕ denotes the rotation angle,J is a inertia moment of the pendulum about the axis of rotation,
K is a damping constant,D stays for the torque per unit angel, and, finally,N = mgrsin(ϕ) is a
projection of the variable stimulation’s moment (m is a external mass,r is a radius of the wheel). In
addition,F̂ sin(ω t +Ω) is an external forsing of the amplitudêF , frequencyω and the free phase
Ω .
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Fig. 1.8 Numerical solution for (1.30) calculated with RK4 method for the caseε = 0.4. Initial
condition is(5·103, 120). (a) Solutions on phase plane; (b) Quasiperiodic oscillations of the preys
population; (c) The first return map.

In order to solve Eq. (1.31) numerically we rewrite it to a system of first order ODE’s. Substitution
x := ϕ , y := ϕ̇ , z := t leads to the system

ẋ = y,

ẏ = −ay−bx+c sin(x)+d sin(ω z) , (1.32)

ż = 1,

with

a :=
K
J

, b :=
D
J

, c :=
N
J

, d :=
F̂
J

.

We solve the system (1.32) with the classical RK4 method (1.25) with the time steph= 0.025 over
the time intervalt ∈ [0, 150]. Other parameters are

a = 0.799, b = 9.44, c = 14.68, d = 2.1.

Furthermore, we use the frequency of the external forcingω as a control parameter. We start at
ω = 2.5. The result is shown on Fig. 1.9 (a)-(c). Figure 1.9 (a) shows the solution of (1.32) on
the phase space(ϕ , ϕ ′). One can see, that the solution corresponds to forced oscillations with the
period one (see Fig. 1.9 (b) as well). Period one oscillations can also be recognised from the first
return map (Fig. 1.9 (c)). Now we increase the control parameterω to ω = 2.32. The results can be
seen on Fig. 1.10 (a)–(c). In this case the system oscillatesbetween two values, so one can speak
about period two oscillations (or about periode-doubling bifurcation). Further increasing ofω leads
to second periode-doubling bifurcation and period four oscillation sets in (see Fig. 1.11 (a)–(c)).
Finally, we increaseω further and chaotic oscillations can be observed (see Fig. 1.12 (a)–(c)). The
first return map, shown on Fig. (1.12) (c) indicates the structure of the chaotic motion: then’th
maximal value ofϕ is predicted by then−1’th one.

1.4.2.4 Lorenz system

Let us consider the so-calledLorenz equations
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Fig. 1.9 Solution of Eq. (1.31) corresponding toω = 2.5. (a) Solution on the phase plane. (b) One
period oscillations on theϕ , t plot. (c) The first return map.

ẋ = σ (y−x) , (1.33)

ẏ = rx−x−xz,

ż = xy−bz.

Hereσ > 0 is Prandtl number,r > 0 stays for normalized Rayleigh number, whereasb > 0 is a
geometric factor. The functionx(t) is propotional to the intensity of convection motion,y(t) is
propotional to the temperature difference between ascending and descending currents andz(t) is
propotional to the distortion of vertical tmperature profile from the linear one.
This system was investigated by Ed Lorenz in 1963. Its purpose was to provide a simplifed model
of atmospheric convection [6, 7].
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map.
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Fig. 1.11 Solution of Eq. (1.31), corresponding to the second periode-doubling bifurcation for
ω = 2.3. (a) Solution on the phase plane. (b) Period four oscillations on theϕ , t plane. (c) The first
return map.
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Symmetry

The system (1.33) admits a symmetry

(x, y, z) → (−x, −y, z) .

Fixed Points

The fixed points(x∗ ,y∗ ,z∗) are

(a) x∗ = y∗ = z∗ = 0 – corresponds to the state of no convection;
(b) C+ =(

√
b(r −1),

√
b(r −1), r−1) andC− = (−

√
b(r −1), −

√
b(r −1), r−1) – correspond

to the state of steady convection. Note that both solutions exist only for r > 1.



Linear Stability

The Jacobian of the system (1.33) reads

J(x∗ , y∗, z∗) =




−σ σ 0
σ −z∗ −1 −x∗

y∗ x∗ −b




(a) The trivial solution(x∗ ,y∗ ,z∗) = (0, 0, 0): In this case the matrixJ can be written as 2× 2
matrix,

J0 =

(
−σ σ
r −1

)

as an linearized equation forz(t) is
ż= −bz

decoupled. The stability of (1.33) can be determined using the trace and the deteminant ofJ0:

Sp(J0) = −σ −1 < 0, det(J0) = σ (1− r) > 0 ⇒ r < 1.

That is, the trivial solution is stable ifr < 1.
(b) Stability ofC+ andC−: Consider the caser > 1, so both nontrivial solutions exist. The charac-

teristic polynomial reads

λ 3 +(σ +b+1)λ 2 +(r +σ )bλ +2bσ (r −1) = 0.

The eigenvalues consist of one real negative root and a pair of complex conjugate roots [6]. The
complex roots can be found using the ansatzλ = i ω. Substitution into characteristic polynomial
leads to the expression for the crtical Rayleigh numberrH

rH =
σ +b+3
σ −b−1

, σ > b+1.

The third eigenvalueλ3 can be found as

λ3 = −(σ +b+1) < 0

That is, the nontrivial solutionsC+ andC− are stable for

1 < r < rH , σ > b+1.

The nontrivial solutions loose stability atrH via the Hopf bifurcation. One can show that this
bifurcation is subcritical [6]. That is, the limit circles are unstable and exist only forr < rH .

Time behaviour for differentr ’s

In his study, Lorenz chose the parameter values

b =
8
3

, σ = 10.

With this choise the steady state becomes unstable at

r = rH =
470
19

≈ 27.74. . . .
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stable nontrivial fixed pointsC+ or C−; (c) r = 16 -the basin of attraction aroundC+ andC− are
no longer distinct.
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Fig. 1.14 (a) Solution of the Lorenz equations (1.33) on(t, z) plane, computed atr = 26. (b)
Solution of (1.33) atr = 26 on the tree-dimensional phase space. (c) The Lorenz map.

The initial value was(0, 1, 0).
Now let us summarize what happens to the solutions of (1.33) as r is increased [6, 7]:

- 0 < r < 1: The origin is stable node (see Fig. 1.13 (a)).
- 1< r < 24.74: The origin becomes unstable and bifurcates into a pair ofsolutionsC+ andC−.

All trajectories converge to either one or another point (see Fig. 1.13 (b)). Atr ≈ 13.926 the
origin becomes a homoclinic point, i.e., beyond this point trajectories can cross forward and
backward betweenC+ andC− befor settle down to them (see Fig. 1.13 (c)).

- r = 24.74: BothC+ andC− become unstable via subcritical Hopf bifurcation.
- r > 24.74: After initial transient the solution settes into irregular oscillation and is aperiodic

(see Fig. 1.14 (a)). On the phase space, the time spent wandering near sets aroundC+ andC−

becomes infinite and the set becomesa strange attractor(see Fig. 1.14 (b)).



Lorenz map

Lorenz found a way to analyse the dynamics on the strange attractor. He has considered a projection
of the three-dimensional phase space on the(t, z) plane. The idea was that if we consider then’th
local maximum of the functionz(t), zn, it should predictzn+1. To check this, one can estimate the
local maxima of the functionz(t) and plotzn+1 versuszn. The resulting function, presented on
Fig. 1.14 (c) is now calledthe Lorenz map.

1.5 Predictor-Corrector Methods

The Runge-Kutta methods, introduced in Section 1.4 are referred to assingle-step methods, be-
cause they use only the information from one previous point to evolve fromxn to xn+1. In addition
to single-step methods, there is also a broad class of so-called multi-stepintegration methods,
which use information at more than one previous point to estimate solution at next point.

The main advantages of Runge-Kutta methods (1.22) are that they are easy to implement, rather
stable, and “self-starting”, (i.e., we do not have to treat the first few steps taken by a single-step
integration method as special cases). On the other hand, theprimary disadvantage of Runge-Kutta
methods (1.22) compared to multi-step methods is that they require significantly more computer
time than multi-step methods of comparable accuracy. In addition, the local truncation error of
a milti-step method can be determinated and a correction term can be included, which improves
the accuracy of the numarical approximationat each step[2]. One of the example of multi-step
methods are the variouspredictor-corrector methods, which proceed by extrapolating a polynomial
fit to the derivative from the previous points to the new point(the predictor step), then using this to
interpolate the derivative (the corrector step) [3].

1.5.1 The Adams-Bashforth-Moulton method

Again, let us consider IVP (1.1)–(1.2). Integrating both sides of Eq. (1.1) over one time step from
tn to tn+1 we obtain theexactrelation (1.14):

x(tn+1)−x(tn) =

tn+1∫

tn

f (t, x(t))dt .

Now a numerical integration method can be used to approximate the definite integral in the last
equation. The Adams-Bashforth-Moulton method is a multi-step method that proceeds in two
steps [2, 3]. The first step is calledthe Adams-Bashforth predictor. The predictor uses the Lagrange
polynomial approximation for the functionf (t, x(t)) based on the nodes(tn−3, fn−3), (tn−2, fn−2),
(tn−1, fn−1) and(tn, fn). After integrating over the interval[tn, tn+1] the predictor reads

pn+1 = xn +
h
24

(
−9 fn−3+37 fn−2−59 fn−1 +55 fn

)
. (1.34)

The second step isthe Adams-Moulton correctorand is developed similary. A seecond Lagrange
polynomial for the functionf (t, x(t)) is constracted. In this case, it based on the points(tn−2, fn−2),
(tn−1, fn−1), (tn, fn) and the new point(tn+1, fn+1) = (tn+1, f (tn+1, pn+1)). After integrating over
the interval[tn, tn+1] the following relation for the corrector is obtained



xn+1 = xn +
h
24

(
fn−2−5 fn−1+19 fn +9 fn+1

)
. (1.35)

Notice that the method (1.34)–(1.35) is not “self-starting”, i.e., four initial points(tn, xn), n =
0, 1, 2, ,3 must be given in order to estimate the points(tn, xn) for n≥ 4.

Error Estimation

The local truncation error for both predictor (1.34) and corrector (1.35) terms are of the order
O(h5), namely [2]

x(tn+1)− pn+1 =
251
720

x(5) h5 ,

x(tn+1)−xn+1 = − 19
720

x(5) h5 .

That is, for small values ofh one can eliminate terms with fifth derivative and the error estimate
reads

x(tn+1)−xn+1 ≈
−19
270

(
xn+1− pn+1

)
. (1.36)

Equation (1.36) gives an estimation of the local truncationerror based on thetwo computed values
pn+1 andxn+1, butx(5).

Example 1

Solve an IVP
ẋ = t2−x, x0 := x(0) = 1 (1.37)

over the time intervalt ∈ [0, 5] with the Adams-Bashforth-Moulton method (1.34)–(1.35) using the
time steph = 0.05. The three startingx1, x2 andx3 values can be calculated via the classical RK4
method. The exact solution of the problem is [2]

x(t) = t2−2t +2−e−t .

The result of the calculation is presented on Fig. 1.15.



Fig. 1.15 Numerical so-
lution of Eq. (1.37) over
the interval[0, 5] by the
Adams-Bashforth-Moulton
method (1.34)–(1.35) with the
step sizeh = 0.05 (blue open
circles). The exact solution of
the problem is depicted by the
red line.
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Chapter 2
Boundary Value Problem

A boundary value problem (BVP) is a problem, typically an ODEor a PDE, which has values
assigned on the physical boundary of the domain in which the problem is specified. Let us consider
a genearal ODE of the form

x(n) = f (t, x, x′, x′′, · · · ,x(n−1)) , t ∈ [a, b] (2.1)

At t = a andt = b the solution is supposed to satisfy

r1(x(a)x′(a), · · · ,x(n−1)(a), x(b)x′(b), · · · ,x(n−1)(b)) = 0, (2.2)

...

rn(x(a)x′(a), · · · ,x(n−1)(a), x(b)x′(b), · · · ,x(n−1)(b)) = 0.

The resulting problem (2.1)–(2.2) is called atwo point boundary value problem[4].
In order to be useful in applications, a BVP (2.1)–(2.2) should bewell posed. This means that given
the input to the problem there exists a unique solution, which depends continuously on the input.
However, questions of existence and uniqueness for BVPs aremuch more difficult than for IVPs
and there is no general theory.

2.1 Single shooting methods

2.1.1 Linear shooting method

Consider a linear two-point second-order BVP of the form

x′′(t) = p(t)x′(t)+q(t)x(t)+ r(t) , t ∈ [a, b] (2.3)

with
x(a) = α , x(b) = β .

The main idea of the method is to reduce the solution of the BVP(2.3) to the solution of an initial
value problem [5, 2]. Namely, let us consider two special IVPs for two functionsu(t) andv(t).
Suppose thatu(t) is a solution of the IVP

35



u′′(t) = p(t)u′(t)+q(t)u(t)+ r(t) , u(a) = α , u′(a) = 0

andv(t) is the unique solution to the IVP

v′′(t) = p(t)v′(t)+q(t)v(t) , v(a) = 0, v′(a) = 1.

Then the linear combination

x(t) = u(t)+cv(t) , c = const. (2.4)

is a solution to BVP (2.3). The unknown constantc can be found from the boundary condition on
the right end of the time interval, i.e.,

x(b) = u(b)+cv(b) = β ⇒ c =
β −u(b)

v(b)
.

That is, ifv(b) 6= 0 the unique solution of (2.3) reads

x(t) = u(t)+
β −u(b)

v(b)
v(t) .

Example 1

Let us solve a BVP [2]

x′′(t) =
2t

1+ t2 x′(t)− 2
1+ t2 x(t)+1, (2.5)

x(0) = 1.25, x(1) = −0.95.

over the time intervalt ∈ [0, 4] using the linear shooting method (2.4).
According to Eq. (2.4) the solution of this equation has the form

x(t) = u(t)− 0.95+u(4)

v(4)
v(t) ,

whereu(t) andv(t) are solutions of two IVPs

u′′(t) =
2t

1+ t2 u′(t)+
2

1+ t2 u(t)+1, u(0) = 1.25, u′(0) = 0

and

v′′(t) =
2t

1+ t2 v′(t)+
2

1+ t2 v(t) , v(0) = 0, v′(0) = 1.

Numerical solution of the problem 2.5 as well as both dunctions u(t) andv(t) are presented on
Fig. 2.1

2.1.2 Single shooting for general BVP

For a general BVP for a second-order ODE, the simple shootingmethod is stated as follows: Let



Fig. 2.1 Numerical solution
of Eq. (2.5) over the interval
[0, 4] by the linear shooting
method (2.4).
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x′′(t) = f (t, x(t), x′(t)) , t ∈ [a, b] (2.6)

x(a) = α , x(b) = β .

be the BVP in question and letx(t, s) denote the solution of the IVP

x′′(t) = f (t, x(t), x′(t)) , t ∈ [a, b] (2.7)

x(a) = α , x′(a) = s,

wheres is a parameter that can be varied. The IVP (2.7) is solved withdifferent values ofs with,
e.g., RK4 method till the boundary condition on the right side x(b) = β becomes fulfilled. As
mentioned above, the solutionx(t, s) of (2.7) depends on the parameters. Let us define a function

F(s) := x(b, s)−β .

If the BVP (2.6) has a solution, then the functionF(s) has a root, which is just the value of the
slopex′(a) giving the solutionx(t) of the BVP in question. The zeros ofF(s) can be found with,
e.g.,Newton’s method[3].
The Newton’s method is probably the best known method for finding numerical approximations
to the zeroes of a real-valued function. The idea of the method is to use the first few terms of the
Taylor series of a functionF(s) in the vicinity of a suspected root, i.e.,

F(sn +h) = F(sn)+F ′(sn)h+O(h2) .

wheresn is an’th approximation of the root. Now if one insertsh = s−sn, one obtains

F(s) = F(sn)+F ′(sn)(s−sn) .

As the next approximationsn+1 to the root we choose the zero of this function, i.e.,

F(sn+1) = F(sn)+F ′(sn)(sn+1−sn) = 0 ⇒ sn+1 = sn−
F(sn)

F ′(sn)
. (2.8)

The derivativeF ′(sn) can be calculated using the forward difference formula

F ′(sn) =
F(sn +δ s)−F(sn)

δ s
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Fig. 2.2 Numerical solution of BVP (2.9) with single shooting method. (a) The FunctionF(s) =
x(t, s)−1 is presented. Green points depict two zeros of this function, which can be found with
Newton’s method. (b) Two solutions of (2.9) corresponding to two different values of parameters
(the red line corresponds tos= −35.8, whereas the blue one – tos= −8.0).

whereδ s is small. Notice that this procedure can be unstable near a horizontal asymptote or a local
extremum.

Example 1

Consider a simple nonlinear BVP [5]

x′′(t) =
3
2

x(t)2, (2.9)

x(0) = 4, x(1) = 1

over the intervalt ∈ [0, 1] and let us solve it numerically with the single shooting method discussed
above. First of all we define a corresponding IVP

x′′(t) =
3
2

x(t)2 x(0) = 4, x′(0) = s

over t ∈ [0, 1] and solve it for different values ofs, e.g.,s∈ [−100, 0] with the classical RK4
method. The result of calculation is presented on Fig. 2.2 (a). One can see, that the functionF(s) =
x(t, s)−1 admits two zeros, depicted on Fig. 2.2 (a) as green points. In order to find them we use
the Newton’s method, discussed above. The method gives an approximation to both zeros of the
functionF(s): s= {−35.8, −8.0}, which give the right slopex′(0). Both solutions, corresponding
to two different values ofsare presented on Fig. 2.2 (b).



Fig. 2.3 Numerical solu-
tions of Eq. (2.10) over
the interval[0, 1] by sin-
gle shooting method. First
three eigenfunctions, cor-
responding to eigenvalues
λ = {π2 , (2π)2 , (3π)2} are
presented.
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Example 2

Let us consider a linear eigenvalue problem of the form

x′′ +λ x = 0, x(0) = x(1) = 0, x′(0) = 1 (2.10)

overt ∈ [0, 1] with the simple shooting method. The exact solution is

λ = n2 π2 , n∈ N .

In order to apply the simple shooting method we consider a corresponding IVP of the first order
with additional equation for the unknown functionλ (t):

x′ = y, y′ = −λ x, λ ′ = 0

with
x(0) = 0, x′(0) = 1, λ (0) = s.

wheres is a free shooting parameter. Here we chooses= {0.5, 50, 100}. Results of the shooting
with these initial parameters are shown on Fig. 2.3. One can see, that numerical solutions corre-
spond to first three eigenvaluesλ = {π2 , (2π)2 , (3π)2}.

Example 3

Consider a nonlinear BVP of the fourth order [4]

x(4)(t)− (1+ t2)x′′(t)2 +5x(t)2 = 0, t ∈ [0, 1] (2.11)

with
x(0) = 1, x′(0) = 0, x′′(1) = −2, x′′′(1) = −3.

Our goal is to solve this equation with the simple shooting method. To this end, first we rewrite the
equation as a system of four ODE’s of the first order:



x′1 = x2 ,

x′2 = x3 , x1(0) = 1, x3(1) = −2,

x′3 = x4 , x2(0) = 0, x4(1) = −3,

x′4 = (1+ t2)x2
3−5x2

1 .

As the second step we consider correspondig IVP

x′1 = x2 ,

x′2 = x3 , x1(0) = 1, x3(1) = p,

x′3 = x4 , x2(0) = 0, x4(1) = q,

x′4 = (1+ t2)x2
3−5x2

1

with two free shooting parametersp andq. The solution of this IVP fulfilles following two require-
ments:

F1(p, q) : = x3(1, p, q)+2 = 0,

F2(p, q) : = x4(1, p, q)+3 = 0.

That is, a system of nonlinear algebraic equations should besolved to find(p, q). The zeros of the
system can be found with the Newton’s method (2.8). In this case the iteration step reads

si+1 = si −
F(si)

DF(si )

wheres= (p, q)T , F = (F1, F2)
T and

DF(si) =

( ∂F1
∂ p

∂F1
∂q

∂F2
∂ p

∂F2
∂q

)

is a Jacobian of the system and

∂Fi

∂ p
=

Fi(p+∆ p, q)−Fi(p, q)

∆ p
,

∂Fi

∂q
=

Fi(p, q+∆q)−Fi(p, q)

∆q
,

where i = 1, 2 and∆ p, ∆q are given values. Numerical solution of the problem in question is
presented on Fig. 2.4.

2.2 Finite difference Method

One way to solve a given BVP over the time intervalt ∈ [a, b] numerically is to approximate the
problem in question byfinite differences[4, 5, 2]. We form a partition of the domain[a, b] using
mesh points a= t0, t1, . . . , tN = b, where

ti = a+ i h , h =
b−a

N
, i = 0, 1, . . . N .

Difference quotient approximations for derivatives can beused to solve BVP in question [5, 2]. In
particular, using a Taylor expansion in the vicinity of the point t j , for the first derivative one obtains



Fig. 2.4 Numerical solutions
of (2.11) over the interval
[0, 1] by single shooting
method. Parameters are:∆ p=
∆q = 0.05, the time step
h = 0.025, initial shooting
parameters(p0 ,q0) = (0, 0).
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a forward difference

x′(ti) =
x(ti+1)−x(ti)

h
+O(h) . (2.12)

In a similar way one getsa backward difference

x′(ti) =
x(ti)−x(ti−1)

h
+O(h) . (2.13)

We can combine these two approaches and derivea central difference, which yields a more accurate
approximation:

x′(ti) =
x(ti+1)−x(ti−1)

2h
+O(h2) . (2.14)

The second derivativex′′(ti) can be found in the same way using the linear combination of different
Taylor expansions. For example, a central difference reads

x′′(ti) =
x(ti+1)−2x(ti )+x(ti−1)

h2 +O(h2) . (2.15)

2.2.1 Finite Difference for linear BVP

Let us consider a linear BVP of the second order (2.3)

x′′ = p(t)x′(t)+q(t)x(t)+ r(t) , t ∈ [a, b] , x(a) = α , x(b) = β .

and introduce the notationx(ti ) = xi , p(ti ) = pi , q(ti) = qi andr(ti) = r i . Then, using Eq. (2.14)
and Eq. (2.15) one can rewrite Eq. (2.3) asa difference equation

x0 = α ,

xi+1−2xi +xi−1

h2 = pi
xi+1−xi−1

2h
+qi xi + r i , i = 1, . . ., N−1,

xN = β .



Now we can multiply both sides of the second equation withh2 and collect terms, involvingxi−1,
xi andxi+1. As result we get a system of linear equations

(
1+

h
2

pi

)
xi−1− (2+h2qi)xi +

(
1− h

2
pi

)
xi+1 = h2 r i , i = 1, 2, . . . N−1.

or, in matrix notation
Ax = b, (2.16)

or, more precisely




−(2+h2q1) 1− h
2 p1 0 . . . . . . 0

1+ h
2 p2 −(2+h2q2) 1− h

2 p2 0 . . . 0
0 1+ h

2 p3 −(2+h2q3) 1− h
2 p3 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1− h
2 pN−2

0 . . . . . . 0 1+ h
2 pN−1 −(2+h2qN−1)







x1
x2
x3
·
·

xN−1




=




h2 r1− γ1

h2 r2

h2 r3
·
·

h2 rN−1− γN




,

where

γ1 = α
(

h
2

p1 +1

)
, γN = β

(
1− h

2
pN−1

)
.

Our goal is to find unknown vectorx. To this end we should invert the matrixA. This matrix has a
band structure and istridiagonal. For matrices of this kind a tridiagonal matrix algorithm (TDMA),
also known alsThomas algorithmcan be used (see Appendix A for details).

Example

Solve a linear BVP [4]

−x′′(t)− (1+ t2)x(t) = 1, (2.17)

x(−1) = x(1) = 0

overt ∈ [−1, 1] with finite difference method. First we introduce discrete set of nodesti = −1+ i h
with given time steph. According to notations used in previous section,p(t) = 0, q(t) =−(1+ t2),
r(t) = −1, α = β = 0. Hence, the linear system (2.16) we are interested in reads




−(2+h2q1) 1 0 . . . . . . 0
1 −(2+h2q2) 1 0 . . . 0
0 1 −(2+h2q3) 1 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
0 . . . . . . 0 1 −(2+h2qN−1)







x1
x2
x3
·
·

xN−1




= −




h2

h2

h2

·
·

h2




.

The numerical solution of the problem in question is presented on Fig. 2.5.

2.2.2 Finite difference for linear eigenvalue problems

Consider a Sturm-Liouville problem of the form

−x′′(t)+q(t)x(t) = λ v(t)x(t) , (2.18)



Fig. 2.5 Numerical solutions
of (2.17) over the interval
[−1, 1] by finite difference
method.
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overt ∈ [a, b] with
x(a) = 0, x(b) = 0.

Introducing notationxi := x(ti), qi := q(ti), vi := v(ti), we can write down a difference equation for
Eq. (2.18)

x0 = 0

−xi+1−2xi +xi−1

h2 +qi xi −λ vi xi = 0, i = 1, . . . N−1,

xN = 0.

If vi 6= 0 for all i we can rewrite the difference equation above as an eigenvalue problem

(A−λ I)x = 0 (2.19)

for a tridiagonal matrixA

A =




2
h2 v1

+ q1
v1

−1
h2 v1

0 . . . . . . 0
−1

h2 v2

2
h2 v2

+ q2
v2

−1
h2 v2

. . . . . . 0

0 −1
h2 v3

2
h2 v3

+ q3
v3

−1
h2 v3

. . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . −1
h2 vN−2

0 . . . . . . 0 −1
h2 vN−1

2
h2 vN−1

+ q3
vN−1




and a vectorx = (x1, x2, . . . , xN−1)
T .





Appendix A
Tridiagonal matrix algorithm (TDMA)

The tridiagonal matrix algorithm (TDMA), also known alsThomas algorithm, is a simplified form
of Gaussian elimination that can be used to solve tridiagonal system of equations

aixi−1 +bixi +cixi+1 = yi , i = 1, . . .n, (A.1)

or, in matrix form (a1 = 0, cn = 0)




b1 c1 0 . . . . . . 0
a2 b2 c2 . . . . . . 0
0 a3 b3 c3 . . . 0
. . . . . . . . . . . . . . . . cn−1
0 . . . . . . 0 an bn







x1
x2

·
·

xn


=




y1
y2

·
·

yn




The TDMA is based on the Gaussian elimination procedure and consist of two parts: a forward
elimination phase and a backward substitution phase [3]. Let us consider the system (A.1) for
i = 1. . .n and consider following modification of first two equations:

Eqi=2 ·b1−Eqi=1 ·a2

which relults in
(b1b2−c1a2)x2 +c2b1x3 = b1y2−a2y1.

The effect is thatx1 has been eliminated from the second equation. In the same manner one can
eliminatex2, using the modifiedsecond equation and the third one (fori = 3):

(b1b2−c1a2)Eqi=3−a3(mod. Eqi=2),

which would give

(b3(b1b2−c1a2)−c2b1a3)x3 +c3(b1b2−c1a2)x4 = y3(b1b2−c1a2)− (y2b1−y1a2)a3

If the procedure is repeated until the n’th equation, the last equation will involve the unknown
functionxn only. This function can be then used to solve the modified equation for i = n−1 and
so on, until all unknownxi are found (backward substitution phase). That is, we are looking for a
backward ansatz of the form:

xi−1 = γixi +βi . (A.2)

If we put the last ansatz in Eq. (A.1) and solve the resulting equation with respect toxi , the follow-
ing relation can be obtained:
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xi =
−ci

aiγi +bi
xi+1 +

yi −aiβi

aiγi +bi
(A.3)

This relation possesses the same form as Eq. (A.2) if we identify

γi+1 =
−ci

aiγi +bi
, βi+1 =

yi −aiβi

aiγi +bi
. (A.4)

Equation (A.4) involves the recursion formula for the coefficientsγi andβi for i = 2, . . . ,n−1. The
missing valuesγ1 andβ1 can be derived from the first (i = 1) equation (A.1):

x1 =
y1

b1
− c1

b1
x2 ⇒ γ2 = − c1

b1
, β2 =

1
b1

⇒ γ1 = β1 = 0.

The last what we need is the value of the functionxn for the first backward substitution. We can
obtain if we put the ansatz

xn−1 = γxn +βn

into the last (i = n) equation (A.1):

an(γxn +βn)+bnxn = yn,

yielding

xn =
yn−anβn

anγn +bn
.

One can get this value directly from Eq. (A.2), if one formal puts

xn+1 = 0.

Altogether, the TDMA can be written as:

1. Set γ1 = β1 = 0;
2. Evaluate for i = 1, . . . ,n−1

γi+1 =
−ci

aiγi +bi
, βi+1 =

yi −aiβi

aiγi +bi
;

3. Set xn+1 = 0;
4. Find for i = n+1, . . .,2

xi−1 = γixi +βi .

The algorithm admitsO(n) operations instead ofO(n3) required by Gaussian elimination.

Limitation

The TDMA is only applicable to matrices that are diagonally dominant, i.e.,

|bi | > |ai |+ |ci |, i = 1, . . . ,n.
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