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Chapter 1

Introduction

Nonlinear dynamical systems play an increasingly important role in various areas of the classical

natural sciences as well as in engineering and technology. Systems of this class are, for instance,

used to model flows around airplanes or submarines as well as vibrations of mechanical structures

as studied in the field of engineering, currents in electrical networks examined in the subject

of electronics, and blood flow in the heart as well as neuron activity observed in biology. In

the fields of physics, the areas of application range from the description of climate related

phenomena over tracer diffusion in flow systems to the modeling of population dynamics in

terms of predator-prey interactions. All these systems depend on various parameters, which

can partially be controlled or monitored. A practical problem of main importance in studying

these models is to predict the critical values of parameters, at which considerable qualitative

changes of the dynamical behavior occur. These changes are often denoted as bifurcations. For

instance, a long-outstanding physical problem is to predict a description of the transition from

laminar to turbulent flows. Similarly, a vibrating structure can bifurcate from quasiperiodic

dynamics to chaotic motion, the latter being practically unpredictable and potentially leading

to the breakdown of the structure.

Chaotic systems are characterized by deterministic dynamics which are extremely sensitive

to initial conditions. Thus, chaotic systems appear to evolve randomly on a large time scale,

attributable to the exponential growth of uncertainties concerning the initial conditions. How-

ever, deterministic chaos does not include stochastic elements and is uniquely defined in terms

of the initial configuration, whereas nonlinearity is one of the main features and criteria for the

occurrence of chaotic motion. In the study of chaotic properties of complex dynamical systems,

Lyapunov characteristic exponents are of particular interest, being essentially related to the

exponential divergence of nearby orbits in the course of time.

Thus far, we have not explicitly mentioned that a system under investigation might be sub-

ject to external or internal fluctuations. It has emerged that fluctuations represent an integral

feature of real natural systems and play a decisive role in processes, which are close to a critical

bifurcation. In this regard, one particular distinguishes between regimes exhibiting either an

equilibrium or nonequilibrium state. Fluctuations in systems far away from equilibrium turn the
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challenging objective of bifurcations into the even more complex, and thus increasingly sophis-

ticated problem of nonequilibrium phase transitions. There are numerous examples of systems

in equilibrium and nonequilibrium states exhibiting transitions between phases of characteris-

tic spatial and spatio-temporal configurations. Observations of physical and chemical systems

display transitions between gas, fluid and solid phases of matter. Further prominent examples

include turning points in laser between the generation of ordinary and coherent laser light as

the supplied energy is changed, or transitions in ferromagnets, giving rise to either vanishing

or finite persistent magnetization. In case of the investigation of dynamical systems which are

subject to deterministic fluctuations, it is a widely accepted approach to identify a suitable

model in terms of a stochastic description. In this context, heavily fluctuating chaotic forces are

sometimes treated as stochastic perturbation, coupled to slowly evolving deterministic degrees

of freedom. Implementing a suitable stochastic approach for a deterministic system, it is often

possible to gain a deeper understanding of the underlying transport processes.

In the further treatment of the subject, we will denote transitions between differ-

ent characteristic spatio-temporal manifestations of systems far away from equilibrium as

nonequilibrium phase transitions. Relevant parameters, which can be used to monitor

and control the bifurcations, are hitherto referred to as control parameters. It might

be useful to introduce order parameters, denoting quantities which represent the actually

changing characteristics of the system in the vicinity of the analyzed phase transition.

Figure 1.1: Qualitative illustration of a bifurca-

tion (according to (Frank, 2005))

In this regard, figure 1.1 displays a typical qualita-

tive description of a hypothetical transition. A fur-

ther useful term in the investigation of complex sys-

tems is called self-organization, indicating a process

in which the internal organization of a system in-

creases in complexity without being guided by an

outside source.

In this document, we are concerned with an in-

vestigation of the ABCDE model, a low-dimensional

system which was developed to study the magneto-

hydrodynamic dynamo effect. Dynamo action is an

instability process in which part of the mechanical

energy is converted into magnetic energy by the mo-

tions of an electrically conducting fluid. This effect, observed for instance in the earth’s liquid

metal core, or at motions in the convective zones of stars, is believed to be the origin of the

magnetic fields of planets and many astrophysical objects.

This manuscript is organized as follows. The chief objective of this thesis is a closer examina-

tion of the nonequilibrium phase transition, which can be detected for a certain critical control

parameter value. To this end, chapter 2 entails a discussion of the actual model system, which

provides the foundation of this work, as well as an introductory presentation of experiments

aiming at the generation of dynamo action in a laboratory environment. The chapter opens
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with a reflection of relevant recent publications concerning the dynamo effect. Special attention

is devoted to outlining our motivation in the present research topic by presenting relevant ex-

perimental realizations of dynamo action. Furthermore, we briefly introduce the pure Lorenz

equations, building an integral part of the system under examination. Subsequently, we con-

template the ABCDE model as an approach to study the magnetohydrodynamic dynamo effect

by presenting the corresponding set of equations governing the convective system, and sketching

the basic structure of the deviation starting with the fundamental hydromagnetic equations.

Chapter 3 treats general dynamical systems and their representation by ordinary differential

equations. To achieve a basic understanding of deterministic dynamics, the corresponding part

opens with a section introducing some basic principles of dynamical systems theory. In the

following, we present some technical aspects of ordinary differential equations with periodic and

real bounded coefficients, respectively. Both special cases will become relevant in later sections

of this thesis.

In the following chapter 4, we present numerical results indicating the existence of a non-

equilibrium phase transition in the ABCDE model. Basic characteristics, such as phase space

projections, moments of certain relevant degrees of freedom, and characteristic exponents, which

govern the asymptotic dynamical behavior, are being examined for varying control parameter

values. Subsequently, in chapter 5, we focus on the determination of stationary solutions and

briefly introduce the concept of linear stability analysis. Thereafter, we conduct a numerical

linear stability analysis of the identified equilibria. In the subsequent chapter 6, we contemplate

the dynamical system’s behavior by means of analyzing the spectra of Lyapunov characteristic

exponents under use of various individual configurations. Firstly, the expected behavior of the

critical Lyapunov exponent is deduced from a simple model equation giving rise to a pitchfork

bifurcation. Subsequently, the underlying theory of Lyapunov characteristic exponents is being

introduced and applied to several different system configurations, including chaotic and periodic

behavior, the latter enabling us to develop a description in terms of Floquet’s theory. In a final

step, an alternative way to determine the dependence of the critical Lyapunov exponent on the

control parameter is presented, revealing the actual nature of the observed instability. Chapter

7 reports on a stochastic treatment of the assessed transition. To this end, some aspects of sto-

chastic calculus are briefly outlined. Using techniques of data analysis, we extract drift as well

as diffusion coefficients from long time series. Afterwards, we present an approach to reconstruct

the deterministic dynamics by means of a suitable stochastic Langevin process. The reliability of

our ansatz is scrutinized by examining quantities such as autocorrelation and probability density

functions. In a final step, we present numerical results concerning our stochastic reconstruction

of the deterministic dynamics, demonstrating the credibility of the chosen approach.

Summa summarum, chapters 2-3 provide an introduction into the general objective, as well as

a theoretical foundation. Chapter 4 essentially presents a reproduction of achievements foremost

discussed in Ref. (Friedrich and Haken, 1992). This survey serves as a basis and provides vital

incentive for further investigation. Chapters 4-8 contemplate novel results concerning the nature

of the observed instability and close with a part containing concluding remarks.



Chapter 2

Magnetohydrodynamic Dynamos

and the ABCDE Model

The aim of this thesis is to gain knowledge of a nonequilibrium phase transition which is observed

in a model describing the magnetohydrodynamic convection of a conducting fluid relevant to the

solar dynamo problem. At the center of our research activity is the so called ABCDE model, an

extension of the minimal convection system (Lorenz, 1963) to three-dimensional convective mo-

tions, which was foremost presented by R.G. Kennett in Ref. (Kennett, 1976). The significance

of Kennett’s model becomes evident when considering the disclosure of anomalously long-lived

magnetic fields, observed around many astronomical objects. One established attempt to de-

scribe this remarkable phenomena arises from dynamo theory, which is based on the idea that

the motion of a conductive body in the presence of a magnetic field results in a regeneration

of the ambient magnetic field. In case a conducting fluid is assumed to regenerate a present

magnetic field, the theory employs magnetohydrodynamic equations to investigate the fluid mo-

tions and the resulting dynamo action. One considerable phenomena, which has been reported

in experimental observations as well as in numerical studies, is the intermittent behavior of the

magnetic field close to the onset of dynamo activity. We shall remark that we will investigate

this feature in detail in later sections and clarify that a process switching abruptly from ex-

tended periods of stasis to strong intermittent bursts of large variation manifests intermittency,

also often denoted as on-off intermittency (Platt et al., 1992).

In recent years, several attempts have been carried out to numerically investigate and model

magnetohydrodynamic dynamos by systematic parameter studies of the governing basic hydro-

magnetic equations. We would like to refer the reader to Ref. (Christensen and Glatzmaier,

1999; Ponty et al., 2005) for extensive information on the numerical study of dynamo action

under certain individual conditions. A related bifurcation, denoted by the authors as blowout

bifurcation, of the underlying hydromagnetic equations at certain parameter values, has been

reported in (Sweet et al., 2001). Furthermore, we would like to mention the recent reference

(Zhou et al., 2007), presenting a study regarding on-off intermittency in a continuum system

driven by the Lorenz equation. Even though the dynamical behavior of the therein examined
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model equations shows similarities to the characteristics of the ABCDE system, one main at-

tribute, i.e. the feedback of the additional degrees of freedom onto the Lorenz subsystem, which

dramatically influences the system dynamics, is being neglected in the referred case.

The remarkable feature of the ABCDE model consists in the fact that it is able to account

for the generation of a convective dynamo by exhibiting linearly stable periodic solutions with

a non-zero magnetic field under use of certain parameter values, without assuming rotation

(Kennett, 1976). Moreover, R. Friedrich and H. Haken reported intermittent temporal behavior

of certain degrees of freedom close to a nonequilibrium phase transition (Friedrich and Haken,

1992). This further characteristic allows for a possible application in the study of magnetic

field excitations by chaotic motion of electrically conducting fluids. Experimentalists revealed

long-term changes in the level of solar magnetic activity, which shows intermittent behavior and

exhibits periods of nearly vanishing magnetic activity. We mention, for instance, the Spörer

(1460-1500 AC) as well as the Maunder minimum (1645-1715 AC), denoting time periods where

the sun exhibited strongly reduced magnetic activity (Eddy, 1977). Furthermore, investigations

of geomagnetic field reversals showed that polarity transitions are characterized by intervals

of directional change and reduced field strength. Besides the reversals of the earth’s magnetic

dipole field, the existence of heavy dynamic fluctuations of the magnetic field strength have been

revealed. The reader is referred to the review article (Bogue and Merrill, 1992) for an extensive

discussion of geodynamo theory.

2.1 Experimental Realizations of Magnetic Dynamo Action

The basic principle of ordinary mechanical dynamos producing electricity and magnetic fields

from mechanical motions can be denoted as one of the main accomplishments, which were

achieved in the field of physics during the 19th century. However, since the motions of all con-

stituents composing an ordinary dynamo, such as rotors and generated electric currents, are

fixed and almost inflexible, the existence of astrophysical magnetic fields cannot be described by

these means. Thus, experiments aiming at the production of dynamo action in laboratory en-

vironments evolved towards abolishing further geometric constraints. Experiments based upon

solid rotors but unrestrained electric currents have shown to exhibit dynamo action even in case

of steep mechanical motion (Lowes and Wilkinson, 1963, 1968). Thereby, the dynamo consisted

of two solid cylinders spinning at right angles to each other located in a block of metal. However,

whereas technical dynamos compose of arrangements of well-separated conductive constructional

elements, an astrophysical dynamo operates in a nearly homogeneous medium without ferromag-

netic properties. Thus, the dynamo effect, i.e. the generation and regeneration of a magnetic

fields by the turbulent motions of a an electrically conducting fluid, is believed to cause the mag-

netic fields of planets and many other astrophysical objects such as stars or even galaxies. An

important achievement concerning the experimental realization of fluid dynamos was achieved in

2000 with the presentation of results from two independent experiments in Karlsruhe and Riga

(Stieglitz and Müller, 2001; Gailitis et al., 2000). Both experiments utilize a spiral flow to stir
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liquid sodium, but differ in the geometry of the experimental setup as the Karlsruhe experiment

is based on a circular ”honeycomb” structure in which the liquid metal circulates in a vortex,

while the Riga experiment uses a single vortex in the center that flows back through a sur-

rounding tube which is itself embedded in a stationary fluid. In both experimental realizations

of dynamo action, the generated self-sustained fields exhibited simple temporal behavior with

a stationary field in Karlsruhe and an oscillatory evolution in the Riga approach. Since most

of the observations of dynamo processes in nature show a more complex dynamical behavior,

experimentalists undertook considerable efforts to implement flows exhibiting a higher degree

of turbulence by minimizing geometric constraints. As one example, we would like to mention

the Madison dynamo experiment (Nornberg et al., 2006), where the authors examined how tur-

bulence in a stainless steel sphere, filled with liquid sodium, changes the onset conditions of the

dynamo activity. Instead of a smooth transition from vanishing to growing fields, as predicted by

kinematic as well as mean field dynamo theory, the authors revealed that the transition is char-

acterized by intermittent bursts of the magnetic fields. The transient excitation pinpoints the

intermittent nature of a turbulent dynamo transition, whose theoretical understanding, within

the framework of a related model system, builds the main objective of this thesis. Recently,

the first experimental observation of dynamo field reversals, generated in a laboratory setup

which is based on the turbulent flow of liquid sodium, have been reported in (Monchaux et al.,

2006; Berhanu et al., 2007). The authors achieved dynamo action in the von Kármán sodium

experiment and proved the existence of a self-generating, statistically stationary dynamo, as well

as the occurrence of irregular reversals and excursions of the magnetic field. In this context,

especially the Kármán sodium experiment shows a high relevancy with respect to this thesis as

the geometric setup shows similarity and the experimental observations are in close agreement

with the results of our theoretical investigations.

The present introduction into experimental realizations of dynamo action shall give a rough

overview about this very active field of research and motivate our interest in a thorough under-

standing of the instability which we encounter when numerically studying the ABCDE model.

As can be concluded from the above description of corresponding experiments, the investigation

of instabilities leading to the onset of dynamo action provides a vital and extremely relevant

research objective.

2.2 The Lorenz Equations

The Lorenz equations form a significant part of the magnetohydrodynamic model under consid-

eration and shall therefore be introduced briefly in the present section. The Lorenz model was

foremost discussed by E.N. Lorenz in 1963 as an idealized model for the description of hydrody-

namic systems. Lorenz introduced the system of three coupled ordinary differential equations

when studying the flow, which occurs in a bounded layer of fluid with constant depth, when ap-

plying a uniform temperature difference in Cartesian direction ez between the upper and lower

surface. The fluid is assumed to be unbounded in the principal directions orthogonal to the
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boundary layers, i.e., in the directions ex and ey. For a derivation of the model motivated by

works of Rayleigh (1916) and based on a treatment of the hydrodynamic convection equations,

i.e., the Navier Stokes equations, by Saltzmann (1962), we refer the reader to the original article

(Lorenz, 1963). Since its discovery, this 3-dimensional set of equations serves as a paradigm

for chaotic dynamics and is still being extensively studied nowadays. For an exhaustive discus-

sion of the system dynamics, especially under the change of various parameter values, we refer

the reader in particular to Ref. (Sparrow, 1982). The nonlinear system of ordinary differential

equations representing the Lorenz model reads

ẋ = σ(−x + y)

ẏ = −y + (r − z)x

ż = −bz + xy ,

(2.1)

where the three positive parameters σ, r and b are proportional to the Prandtl number, the

Rayleigh number, and some physical properties of the model setup, respectively. The dots in

equation (2.1), and further on in this thesis, denote the derivative with respect to the time. The

quantity x is proportional to the velocity of the convective motion of the described fluid, and y is

proportional to the temperature difference between the descending and ascending currents. The

variable z is proportional to the distortion of the vertical temperature gradient from linearity.

Congruent signs of x and y indicate that warm fluid is rising and cold fluid is descending. A

positive value of z implies that the strongest gradient occurs near the upper and lower boundary.

In the following, we employ the vector notation x = (x, y, z), giving rise to the equivalent

representation of the Lorenz equations in the form ẋ = Mx. According to the choice of the free

parameters, the Lorenz equations exhibit a variety of characteristic solutions. In particular, it

shall be noted that the original parameter values σ = 10, r = 28, and b = 8/3 lead to chaotic

dynamics.

The Lorenz equations play a vital role in the study of the ABCDE model. However, since

a further treatment of the Lorenz system would go beyond the scope of this work, we mention

a few characteristics we shall need in the further treatment. a) Symmetry: The Lorenz equa-

tions exhibit the natural symmetry (x, y, z) → (−x,−y, z). Thus, non-symmetric objects, for

instance periodic orbits, occur in pairs. However, this property shall not be mentioned when

referring to periodic orbits in the later section 6.3.3. b) Divergence: The divergence of the flow

defined by the Lorenz equations reads ∇ · M = −(σ + b + 1). Hence, for positive parame-

ter values, a volume element V0 is being contracted exponentially fast ∼ V0 exp (−(σ + b + 1)t)

in the course of time t. c) Equilibria: For the standard parameter values under investiga-

tion, the Lorenz system exhibits three non-stable stationary points given by x0
1 = (0, 0, 0) and

x0
2,3 = (±

√
b(r − 1),±

√
b(r − 1), r− 1). The flow, linearized around the equilibria, exposes one

real, negative eigenvalue, and a pair of complex conjugate eigenvalues with positive real part.

c) Strange Attractor: The Lorenz system gives rise to chaotic motion, employing ordinary para-

meter values. The limit set, which determines the chaotic dynamics, is called strange attractor

(see section 3.1). Informally speaking, a strange attractor globally attracts trajectories while
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locally inducing mutual exponential divergence (Argyris et al., 1994). d) Lyapunov Spectrum:

As will be described in detail in chapter 6, chaotic dynamics can be categorized by means of

characteristic Lyapunov exponents. The Lyapunov spectrum of the Lorenz equations has been

extensively studied in (Wolf et al., 1984; Frøyland and Alfsen, 1984; Sandri, 1996), while we

cite (Ramasubramanian and Sriram, 2000) stating (λ1, λ2, λ3) = (0.9051, 0.0000,−14.5718). e)

Periodic Solutions: Under certain circumstances, the Lorenz equations give rise to periodic so-

lutions. We mention the existence of unstable periodic orbits at standard parameter values, as

well as the formation of an attracting limit cycle as the parameter r is increased.

2.3 The ABCDE Model

The relevance and topicality of the ABCDE system is given by the fact that it represents a low

dimensional model which is capable of generating dynamo action without assuming rotation.

Rather than replicating the derivation of the ABCDE equations from the underlying magneto-

hydrodynamic description in great detail, we prefer to sketch the general approach and outline

some important elements of the assertion. Although our main interest is in the chaotic na-

ture of the system’s solutions, rather than in the understanding of the corresponding convective

motions, we shall briefly introduce the physical background of the ABCDE model. For further

information on the derivation of this particular model system, the reader is referred to Kennett’s

original paper (Kennett, 1976).

Central to the construction of the ABCDE model is, similar to the Lorenz system, the con-

sideration of a layer of fluid with constant depth under the influence of a uniform temperature

difference between the upper and lower surface. The most significant differences manifest in the

extension of the model to three dimensional motions of an electrically conducting fluid, yielding

a convective dynamo which is able to account for stable solutions with non vanishing magnetic

amplitudes. The derivation is based on consideration of hydromagnetic and Boussinesq approx-

imations of the underlying basic magnetohydrodynamic equations describing the interaction

between the fluid motions and the magnetic field. Useful background information and suitable

mode expansions can be reviewed in great detail in Ref. (Chandrasekhar, 1981). Thereby, the

equations obtained in this manner, govern the model system by determining the velocity field,

the magnetic field, the idealized linear temperature profile and the actual deviation of the tem-

perature profile from this assumed linear form. The first two quantities are vector-valued, three

dimensional quantities, while the latter two variables exhibit scalar form. At this point, it shall

be mentioned that Kennett, in the subsequent deviation, only considers one component of the

actually three dimensional velocity field, and two magnetic field modes of the magnetic field

vector, respectively.

All quantities mentioned above are subject to a couple of boundary conditions specific for the

physical system under investigation. Taking these constraints into account, a suitable ansatz for

each component of the governing set of equations can be found in form of a suitable mode expan-

sion, which, after rearranging and subsequent averaging over the surface layer, leads directly to
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the primordial representation of the ABCDE model as contemplated in detail in Ref. (Kennett,

1976). The term ABCDE model stems from the original syntax denoting the five dependent

system variables, as specified above, by means of the characters {a, b, c, d, e}. If one introduces

new variables {b1, b2, x, y, z}, by simply rescaling the old coordinates via introduction of constant

multiplicative coefficients, the entire set of equations determining the ABCDE model reads in

the final, and for our treatment relevant form

ḃ1 = −εa1b1 + αxb2

ḃ2 = −εa2b2 + αxb1

(2.2a)

ẋ = σ(−x + y)− b1b2

ẏ = −y + (r − z)x

ż = −bz + xy .

(2.2b)

In the following, we will frequently refer to the two nonlinearly coupled subsystems given by the

two sets of variables b = {b1, b2} and x = {x, y, z}. To this end, we denote the two elementary

components as b variables, and x variables or Lorenz subsystem, respectively. Thereby, the

physical meaning of the variables constituting the Lorenz subsystem x is the same as described

in section 2.2 above, whereas b1 and b2 are associated with the amplitude of two magnetic field

modes, as outlined in Ref. (Kennett, 1976).

Sometimes it turns out to be convenient to utilize the following trivial definitions: the vector

X = {b1, b2, x, y, z} constitutes the whole set of variables, and further on the ABCDE system

can be expressed by

Ẋ = FX , (2.3)

where the matrix F defines the specific dynamical system according to equation (2.2). In a

later section, we will investigate solutions for the b subsystem assuming periodic coefficients,

i.e., with the matrix A(t), defined by

ḃ = A(t)b

A(t) =

(
−εa1 αx(t)

αx(t) −εa2

)
,

(2.4)

satisfying the relation A(t) = A(t + T ), where T denotes the time period. Moreover, in the

general case where A(t) exhibits chaotic dynamics, equation (2.4) clearly illustrates that we are

dealing with two degrees of freedom representing magnetic field modes which are driven by the

Lorenz set of equations via variable x. Though, one should bear in mind that we encounter a

feedback term of the b on the x subsystem, as represented in equation (2.2b).

In addition, following the treatment presented in Ref. (Friedrich and Haken, 1992), under

certain circumstances it has turned out to be convenient to introduce hyperbolic coordinates

(Zeidler, 1996), according to the transformation

b1 = r cosh(φ) , b2 = r sinh(φ) . (2.5)
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The motivation to introduce hyperbolic coordinates stems from the special geometric form of

the chaotic attractor when projected onto the b1-b2 plane. As we will contemplate in later

sections, the transformation into the new variables also makes sense in terms of numerical

stability and accuracy of the computations. Substituting expression (2.5) into the ABCDE

model, the subsystem of equations (2.2a) assumes the shape

ṙ = εr[−a1 + (a2 − a1) sinh2(φ)]

φ̇ = −ε(a2 − a1) sinh(φ) cosh(φ) + αx .
(2.6)

Due to the structure of equations (2.6), it is possible to directly obtain the subsystem’s char-

acteristic exponent, as will be discussed in section 4.1. Moreover, it shall be noted that the

substitution leads to a formal decoupling of the dependent variables; while b1 and b2 in (2.2a)

both depend on x, as well as the complementary variable b2 or b1, respectively, φ is independent

of r, and entirely determined by the evolution of x.

In analogy to the section focussing on the Lorenz equations, we shall make some general

statements concerning basic properties of the ABCDE model which will become relevant in

the further treatment. a) Symmetry: It is to be noted that due to symmetry properties of

equation (2.2), if X̃ = (b̃1, b̃2, x̃, ỹ, z̃) represents a solution, then X̃ = (−b̃1,−b̃2, x̃, ỹ, z̃), X̃ =

(b̃1,−b̃2,−x̃,−ỹ, z̃) and X̃ = (−b̃1, b̃2,−x̃,−ỹ, z̃) are also solutions. Thus, any solution of this

class might be defined in terms of only one particular solution. In this thesis, we restrict

ourselves as a matter of principle to the case where b1 > 0. b) Divergence: The divergence

of the flow defined by the ABCDE model reads ∇ · F = − (ε(a1 + a2) + σ + b + 1) = Σ(ε).

For strictly positive parameter values, a volume element V0 is being contracted exponentially

∼ V0 exp (−(ε(a1 + a2) + σ + b + 1)t) in the course of time t. Hence, the ABCDE model ranks

among the class of dissipative systems. c) Equilibria: Stationary solutions of the ABCDE

model and a linear stability analysis of the fixed points will be discussed in detail in chapter

5. d) Lyapunov Exponents: An extensive study of the spectrum of Lyapunov characteristic

exponents is presented in chapter 6. e) Coupling of Subsystems: The response of the b variables

to the Lorenz subsystem leads to a saturation of the magnetic field. Without this feedback term,

b1 and b2 would grow at an exponential rate.

Summarizing, the ABCDE equations represent an approach to model the enhancement of

magnetic fields by chaotic flows, an ansatz originating from the observation of astrophysical

bodies, which often exhibit rapidly rotating turbulent atmospheres. Due to the structure of

the set of equations given in (2.2), two general physically relevant solutions of the dynamical

system can be identified. We either observe b = 0 and x 6= 0, that corresponds to non-magnetic

convection, or we perceive b 6= 0 and x 6= 0, indicating self-sustained, dynamo induced magnetic

fields. Thereby, dynamo action may be called subcritical if dynamo solutions coexist at the

same parameter values with non-magnetic convection solutions, which are stable against small

magnetic perturbations, while solutions may be denoted as supercritical, if a small initial field

grows in the course of time.



Chapter 3

Dynamical Systems and Differential

Equations

Nonlinear dynamical systems play a central role in modeling complex phenomena, ranging from

communities competing for resources in theoretical biology over problems encountered in magne-

tohydrodynamic systems in the field of physics to mechanical questions discussed in engineering.

When dealing with continuous phenomena, a representation by ordinary differential equations,

i.e., relations that contain functions of, or derivatives with respect to, only one independent vari-

able, is often possible. The governing differential equations prevalently exhibit nonlinearities,

complicating an analytical treatment but being able to account for many properties observed

in natural systems, giving rise to, for instance, characteristic spatio-temporal patterns or quasi-

periodic and chaotic solutions.

Owing to the complexity of nonlinear dynamical systems, the present chapter shall only be

seen as a brief introduction providing essential knowledge, since a more comprehensive discussion

of the topic would go beyond the scope of this work. The instant chapter on dynamical systems

and differential equations opens with a section containing an introduction into the basic notions

concerning complex dynamical systems and their representation by differential equations. In

order to be able to understand the complex dynamics represented by nonlinear differential equa-

tions, it is instructive to discuss linear dynamical problems in the first place. Unlike nonlinear

phenomena where it is, irrespective of some special cases, impossible to derive a general solution

for a whole class of systems, linear systems can be treated in a more rigorous and comprehensive

way. Given the fact that we will numerously encounter problems involving linear homogeneous

ordinary differential equations of first order throughout this thesis, the following section 3.2 will

focus on the theory of this particular category of differential equations. Taking into account

the special form of (2.4), and the option to explicitly examine periodic solutions of the Lorenz

subsystem (2.2b), Floquet theory for ordinary differential equations with periodic coefficients

will be introduced. Furthermore, linear differential equations with real bounded coefficients

are briefly treated to inaugurate the decisive concept of characteristic exponents, providing an

important measure for the stability of a generated solution.
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3.1 Basics of Dynamical Systems Theory

From a general point of view, the theory of dynamical systems provides a framework to in-

vestigate the evolution of time dependent systems. Due to the fact that nonlinear dynamical

systems cannot be treated in a comprehensive way in this thesis, the reader is referred to relevant

literature, including an exhaustive theoretical treatment of nonlinear problems and associated

differential equations, for instance given in Ref. (Argyris et al., 1994; Hahn, 1967; Hartmann,

1982; Zwilllinger, 1989; Kamke, 1967; Sandri, 1996).

Some authors distinguish between stochastic and deterministic dynamical systems, whereby

the present contemplation is restricted to deterministic and finite dimensional dynamics. In

this case, the actual problem can often be described by sets of coupled ordinary differential

equations. Any differential equation of n-th order can be expressed by a system of n first order

differential equations. Furthermore, we restrict ourselves to autonomous systems, since any

nonautonomous set of n differential equations with explicit time dependence can be represented

by a n+1-dimensional set of equations, as a result of treating the time t as a dependent variable

and introducing the additional trivial evolution equation ṫ = 1. Therefore, in the following we

will focus on the class of differential equations which reads

ẋ = F(x) , (3.1)

whereby x(t) ∈ Rn denotes the state variable in dependence of time t. The function F : U → Rn

represents a vector field on an open set U ⊂ Rn and can be either linear or nonlinear in its

components. The space of the dependent variables x = {x1, . . . , xn} is usually referred to as the

n-dimensional phase space S of the system. A particular solution with initial position x0 ∈ U

at time t0 shall be denoted by p(t,x0, t0). The set {p(t,x0, t0)} : t ∈ Rn is denoted as trajectory

of the system in phase space, uniquely defined by the initial condition x0. The whole ensemble

of possible motions in phase space is also called flow. Given a distinctive point in phase space,

the corresponding system trajectory is fully characterized and its temporal evolution absolutely

deterministic.

Due to the complexity of most natural or model systems under investigation, one often

focusses the attention on the description of asymptotic evolutions as t → ∞, rather than on

finding a self-contained solution. An important concept for the characterization of asymptotic

behavior in phase space is the notion of a limit set. A point P is called an ω-limit point of x0,

if the trajectory visits points p(t1,x0, t0),p(t2,x0, t0),p(t3,x0, t0), . . . in phase space, such that

p(ti,x0, t0) → P as ti → ∞. The set containing all ω-limit points of x0 is henceforth denoted

ω-limit set Ω(x0). With the hitherto specified terms, it is possible to define an ω-limit set as

being attractive in case there exists an open neighborhood U of Ω(x0) such that Ω(x0) = Ω

for all x0 ∈ U . The set of all initial conditions x0 that approach Ω as t → ∞ is called basin

of attraction BΩ. At this stage it shall be mentioned that examples of limit sets include fixed

points, periodic orbits, limit cycles and attractors. However, the terms attracting limit set and

attractor do not exactly have the same meaning, as every attractor is an attracting limit set but

not all attracting limit sets are attractors. An attractor is a set to which a dynamical system
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evolves after a sufficiently long time. Trajectories which get close enough to the attractor remain

close for all time, even if they are slightly perturbed. Geometrically, an attractor can be a point,

a curve, a manifold, or even a complicated set with a fractal structure which is widely-known

as a strange attractor. The Lorenz equations, which build an integral component of the model

system central to this thesis, exhibit such a strange attractor under use of the original parameter

values (Lorenz, 1963; Sparrow, 1982).

A differential equation may give rise to only one or several attracting limit sets, each one

exhibiting a different basin of attraction. In the latter case, the choice of initial conditions de-

termines which limit set will be approached, i.e., one might encounter qualitatively deviating,

coexisting solutions under use of certain fixed parameter values. For observations of real sys-

tems and also corresponding numerical simulations, normally only attracting limit sets play an

exceptional role. Rather than discussing the wide field of dynamical systems theory in too great

detail, we shall list the following aspects which will become crucial to the further investigation.

In general, four basic types of limit sets can be identified, giving rise to four different kinds of

solutions for the underlying dynamical system (Argyris et al., 1994; Sandri, 1996).

Fixed Points A fixed point or equilibrium is a stationary, i.e., time independent solution

p0 = p(t,x0, t0), which fulfills the condition F(p0) = 0. Stationary solutions and their

stability properties under change of certain control parameter values can often be used to

characterize bifurcations of dynamical systems. Fixed points of the ABCDE model and

their stability are analytically and numerically investigated in chapter 5

Periodic motions A periodic motion is defined by a solution to equation (3.1) which holds

p(t,x0, t0) = p(t + T,x0, t0), ∀t, whereas T > 0 is called period. The analysis of periodic

solutions to a nonlinear complex dynamical system provides an opportunity to characterize

the coexistent chaotic motions. Periodic orbits and their contribution to the observed

instability are treated in detail in chapter 6, where we also employ results derived from

Floquet’s theory on differential equations exhibiting periodic coefficients

Quasiperiodic motions A quasiperiodic solution p can be written in the form p(t,x0, t0) =

p̃(ω1t, . . . , ωnt,x0, t0)) with p̃ being of period 2π in each argument and n ≥ 2. ω1, . . . , ωn

are real positive numbers that are rationally linearly independent and called base fre-

quencies. For instance, quasiperiodic solutions might arise if a free oscillator is under the

influence of a time-dependent force

Chaotic Motions Without stating a formal mathematical definition of chaos it can be said

that chaotic dynamics are at hand if the following properties hold: 1) Sensitive dependence

of the system on initial conditions 2) Convergence of the system in phase space to a strange

attractor 3) The motion exhibits bounded steady state trajectories in phase space, which

seem to show random behavior and do not belong to the first three kinds of solutions

introduced above. A well-known approach to explore chaotic dynamics is given in terms

of Lyapunov characteristic exponents which will be discussed in detail in chapter 6
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3.2 Linear Homogeneous Differential Equations

The theory of linear differential equations is well-known and can be reviewed in many books

and articles (Hahn, 1967; Hartmann, 1982; Zwilllinger, 1989). Many special cases including

differential equations with constant, periodic, quasiperiodic, or real bounded coefficients can be

treated partly in a considerably rigorous manner. However, in order to keep the focus of this

thesis, only the main results and notions which we shall need in the further discussion will be

introduced in the following. If necessary for imperative reasons, the reader is explicitly referred

to relevant literature.

In the present section on linear homogeneous differential equations, we consider n-

dimensional systems of equations exhibiting the general form

ẋ = A(t)x , (3.2)

where it is assumed that the matrix elements aik composing A represent continuous functions

of time t defined for all t ≥ t0, according to the treatment presented in Ref. (Hahn, 1967).

A system of n linearly independent solutions {x(1), . . . ,x(n)} is called fundamental system and

forms a basis in the space of solutions. The columns x(1), . . . ,x(n) can be assembled to build a

matrix X which satisfies the corresponding matrix equation

Ẋ = A(t)X . (3.3)

Owing to the fact that a solution belonging to a particular basis can be expressed as a linear

combination of elements of another basis, two distinctive bases X and Y can be related by a

matrix C, satisfying det C 6= 0, according to

Y = XC , (3.4)

where det denotes the determinant. The particular basis whose matrix representation resembles

the unity matrix for t = t0 is further on denoted by K (t, t0,A(t)). From the analytical treatment

presented in Ref. (Hahn, 1967), it can be deduced that the general solution of equation (3.2),

with repect to a particular initial condition x0 at t = t0, takes the form

p(t,x0, t0) = K (t, t0,A(t))x0 . (3.5)

Thus far, we have not specified the particular structure of A(t), which would be necessary to

derive a solution for an explicit differential equation by determining K (t, t0,A(t)). In general,

it is not possible to find a closed analytical solution to a given arbitrary set of equations of

the form (3.2). Hence, one often has to resort to numerical treatments of the underlying set of

ordinary differential equations. However, if A(t) exhibits periodicity, a more rigorous treatment

becomes possible. The solution matrix K (T, t0,A(t)) will play a major role in the investigation

of differential equations with periodic coefficients since its eigenvalues determine the stability of

the corresponding solutions as will be discussed in the next section.
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3.2.1 Equations Exhibiting Periodic Coefficients

One significant special case of (3.2) emerges whenA consists of periodic coefficients. We therefore

focus our attention on n-dimensional systems of differential equations in vector notation, which

read in the general case

ẋ = L(t)x , L(t + T ) = L(t) , (3.6)

whereas T is a positive valued quantity denoting the period. Analogous to the proceeding in

the general case, one is led to a corresponding matrix equation of solutions given by

Ẋ = L(t)X . (3.7)

Hence, employing the periodicity in L(t) and the general solution (3.5), another solution p(t +

T,x0, t0) = K (t + T, t0,L(t))x0 can be obtained by translating the variable t by one period.

Floquet theory, which is discussed for instance in Ref. (Haken, 2004; Hahn, 1967), accom-

plishes to obtain a generalized solution for differential equations of the form (3.6). The main

outcome implies that the solution consists of an exponential constituent, and a component with

periodic properties. Following the discussion in Ref. (Hahn, 1967), one is led to the following

final statement.

Theorem 1 (Floquet’s theorem) The general solution of a differential equation with periodic

coefficients exhibiting the form of equation (3.6) therefore is given by a linear combinations of

solution vectors

pj(t,x0, t0) = exp (σjt)q(j,i)(t) , (3.8a)

whereby

j = 1, . . . , r , i = 1, . . . , nj and σj =
lnµj

T
. (3.8b)

The characteristic exponents σj are called Floquet exponents and the numbers µ1, . . . , µr denote

the distinct characteristic roots of the matrix K(T, 0,L(t)), whereby r ≤ n. The multiplicity

of the elementary divisor associated with one particular µj is represented by the number nj.

The components of the vector-valued functions q(j,i)(t) are given by polynomials in time t with

periodic coefficients. q(j,i)(t) takes the general form

q(j,i)(t) = q(j)
0 (t) + q(j)

1 (t)t + q(j)
2 (t)t2 + . . . , (3.8c)

with the degree of each polynomial being at most equal to ni − 1.

In conclusion, the Floquet exponents determine the stability of the corresponding dynamical

system. It shall be noted that in general, equation (3.7) cannot be solved analytically, and one

has to resort to computer calculations in order to determine the solution matrix K(t, 0,L(t)).

The numerical determination of K(T, 0,L(t)) is straightforward and will be described in the

corresponding sections. In various paragraphs of chapter 6, Floquet’s theory is applied to obtain

explicit solutions for the b variables of the ABCDE model, when the Lorenz subsystem exhibits

periodicity. In this periodic regime, the equations defining the temporal evolution of the b

subsystem apparently can be treated in terms of Floquet’s theory.
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3.2.2 Equations Exhibiting Real Bounded Coefficients

As another particular class of differential equations, this subsection treats linear homogeneous

differential equations with real bounded coefficients according to Ref. (Haken, 2004). In order

to characterize the asymptotic behavior of solutions to the corresponding dynamical system in

the limit t → ∞, the concept of generalized characteristic exponents shall be introduced. To

this end, we consider the one-dimensional differential equation

ẋ = α(t)x , (3.9)

whereas α(t) represents an arbitrary continuous function of time, under the constraint that the

quantity α is bounded for 0 ≤ t < ∞ such that |α(t)| ≤ B, while B represents a positive valued

constant. Assuming that α(t) is real, the general solution therefore is given by an expression of

the form

p(t, x0, t0) = p(t0, x0, t0) exp
(∫ t

t0

dτα(τ)
)

, (3.10)

so that the temporal evolution of the integral in (3.10) determines the asymptotic behavior.

From a simple estimate, taking into account the boundary conditions as sketched in Ref. (Haken,

2004), it follows immediately that the limit

lim
t→∞

sup
(

1
t

∫ t

t0

dτα(τ)
)

= Λ , (3.11)

exists, satisfying |Λ| < ∞. Thereby, sup denotes the supremum (least upper bound), while Λ is

called generalized characteristic exponent and provides information on the behavior of solutions

as time approaches infinity. The existence of the limit (3.11) immediately implies that the

solution to (3.9) possesses an upper bound at each time t, given by

|p(t, x0, t0)| ≤ |C| exp (Λt + f(t)) , C = const. , (3.12)

whereas limt→∞ sup
(

1
t f(t)

)
→ 0. Hence, the generalized characteristic exponent has the same

significance regarding the stability of solutions of equation (3.9) as the Floquet exponent for

differential equations with periodic coefficients, treated in section 3.2.1. Like we have noted

in the introduction of this chapter, nonlinear systems exhibiting chaotic dynamics cannot be

treated in a comparably generalized way as the problems discussed above. However, there are

ways of categorizing solutions according to their stability behavior. To this end, the concept

of Lyapunov exponents will be introduced in chapter 6. Lyapunov characteristic exponents

represent a special case of generalized characteristic exponents and provide a framework to

understand the instability, which is detected in the ABCDE model for a critical control parameter

value. A direct application of the results stated in this section follows in parts 4.1, and 6.4,

respectively, where the critical generalized characteristic exponent for the b subsystem is being

investigated in detail, revealing the nature of the intermittent bursts of magnetic activity close

to the transitional state.



Chapter 4

Numerical Observation of the Phase

Transition

The present chapter contains a detailed numerical investigation of the ordinary differential equa-

tions associated with the ABCDE model (2.2). Thereby, special attention is paid to the exami-

nation of an instability, which is being encountered under use of certain parameter values. The

findings discussed in the present chapter constitute a reproduction of results which have foremost

been reported by R. Friedrich and H. Haken in Ref. (Friedrich and Haken, 1992), and provide an

important fundament of this thesis; the outcome and conclusions of the investigation presented

in Ref. (Friedrich and Haken, 1992) serve as chief motivation to contemplate the nonequilibrium

phase transition in more detail. Throughout the discussion and the following chapters present-

ing numerical computations, the classical parameter values r = 28, σ = 10, and b = 8/3, which

were used by Lorenz in his original work (Lorenz, 1963), are being employed. Under exceptional

circumstances, when for instance the Rayleigh number r is varied for the examination of limit

cycles in subsection 6.3.2, the temporary deviation from the basic convention is explicitly indi-

cated. The remaining parameter values are independently chosen and read a1 = 0.1, a2 = 0.2,

as well as α = 0.2. The system parameter ε is assigned a special status, since it serves as control

parameter. As a matter of principle, ε is chosen to be larger than zero. For large values of the

above defined quantity ε, the Cartesian norm of b vanishes in the course of time as the linear

dumping terms in (2.3) dominate the system’s behavior. When ε is reduced and approaches a

certain critical boundary, ‖b‖ starts fluctuating strongly in time. The critical parameter value

for which this instability arises shall be called εc in the following.

The present chapter is organized as follows. First, we will numerically examine the system’s

characteristic exponent that determines the onset of dynamo action as the control parameter

ε is varied. Second, we demonstrate the temporal evolution of some degrees of freedom close

to the transition, exhibiting strongly intermittent behavior. Finally, we assess the dependence

of suitable order parameters, represented by first and second moments of relevant degrees of

freedom, on the control parameter ε, and depict projections of exemplary trajectories in the five

dimensional phase space on several separable subspaces.
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4.1 The Characteristic Exponent Λ

The special structure of (2.6) allows an estimate of εc, denoting the critical parameter value

modeling the observed instability. By neglecting the back reaction of the newly introduced

variables r and φ on the Lorenz subsystem, an analytic expression for the behavior of r in the

course of time can be found. If one denotes the solution of the pure Lorenz system by x0(t),

and the solution of the angular variable by φ0(t), respectively, one is led to

r(t) = r(0) exp[Λ(t)t]

Λ(t) = ε

(
−a1 + (a2 − a1)

1
t

∫ t

0
dτ sinh2 (φ0(τ))

)
,

(4.1)

as has been shown in (Friedrich and Haken, 1992). Thereby, it is assumed that the time limit

Λ = limt→∞ Λ(t) exists. Together with the equations (4.1), this assumption implies that the

limit

< sinh2(φ0) >= lim
t→∞

1
t

∫ t

0
dτ sinh2(φ0(τ)) , (4.2)

is well-defined. From equation (4.1), one can conclude that r(t) vanishes in the course of time for

an characteristic exponent Λ < 0. Otherwise, the corresponding variable grows at an exponential

rate while fluctuating heavily, since the integral in (4.1), and therewith Λ(t), is a fluctuating

quantity. It should be mentioned at this point that for ε < εc, the back reaction of the b variables

onto the Lorenz subsystem x cannot be neglected in general. Hence, if one considers the actual

set of equations including back coupling, the unlimited growth of r is being inhibited due to the

dominating dumping terms.

Figure 4.1: Characteristic exponent Λ as function of the control parameter value ε for two different arbitrary

initial conditions denoted by (+, 2)

In the following, the characteristic exponent Λ has been determined numerically for various

control parameter values ε to assess the onset of instability. To this end, at first the Lorenz

subsystem x(t) has been integrated numerically together with the angular variable φ, using a

Runge-Kutta (4,5) integration routine with appropriate step size. Having obtained the evolution

of φ0 by this means, the characteristic exponent has been calculated according to equation
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(4.1). To exclude significant influences of initial conditions for the five dimensional system

on the calculation of the characteristic exponent, the same computation has been performed

for various starting conditions. For the sake of clarity, figure 4.1 shows only the result of the

computation for two randomly chosen initial conditions. The characteristic exponent Λ appears

to be a continuous function of ε. The critical parameter value is estimated to be approximately

εc = 5, indicated by the zero-crossing of the characteristic exponent. As can be reasoned from the

outcome of the computation, the basic properties of the characteristic exponent do not depend

on the choice of initial conditions for the integration of the underlying differential equations.

The findings confirm the numerically obtained critical parameter value that leads to the onset

of instability, as has foremost been reported in Ref. (Friedrich and Haken, 1992).

4.2 Time Series of the Variable r

The present section focuses on the surveillance of time series of the variable r. According to

the observations presented in the previous section 4.1, one expects to perceive a qualitative

change of behavior when ε approaches the characteristic threshold εc. In accordance with the

(a) (b)

(c) (d)

(e) (f)

Figure 4.2: Time series of variable r(t) for different values of ε. (a) ε = 2, (b) ε = 3, (c) ε = 4, (d) ε = 4.5, (e)

ε = 5, (f) ε = 6. Close to the onset of magnetic dynamo action, intermittent temporal behavior can be identified
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expectation, examining time series of the variable r for different values of the order parameter

ε, an instability of the system can be observed for a characteristic value of εc = 5. To this end,

the set of nonlinear ordinary differential equations expressed in hyperbolic coordinates (r, φ) has

been numerically integrated. Figure 4.2 presents time series of the system variable r for various

values of the control parameter ε. Apparently, r(t) fluctuates heavily around a certain mean

value as long as the control parameter is chosen to hold ε < εc. In this regime, the back reaction

of the {r, φ} variables on the Lorenz subsystem cannot be neglected and results in a prevention

of the unlimited growth of the variables {r, φ}, or {b1, b2}, respectively. When ε approaches

its critical value εc from below, intermittent behavior of r(t) can be monitored. Strong chaotic

bursts of activity alternate with periods of vanishing activity. The closer ε approaches its critical

value from below, the longer these periods of evanescent activity become. However, r vanishes

rapidly in the course of time as the control parameter exceeds the critical threshold and takes

a value above εc. At this point, we would like to highlight that, as addressed in section 2.1,

several experimental observations have revealed intermittent temporal behavior of magnetic

field modes close to the onset of hydromagnetic dynamo action and magnetic field reversals.

Clearly, a qualitative change of behavior is witnessed in the ABCDE model for varying control

parameter values, while the system shows strong intermittency close to the transitional point.

Using the denotation introduced in chapter 1, we thus encounter a process of self-organization

when crossing the threshold to dynamo action.

4.3 Phase Space Projections and Moments of the Variable r

Supplemental information about the nature of the observed transition might be found by ex-

amining projections of phase space trajectories onto miscellaneous subspaces. One outstanding

feature in this regard is the robustness of the Lorenz attractor for the regime ε < εc. In this

domain, the back reaction of the b variables onto the Lorenz subsystem cannot be neglected,

and intuitively might lead to a destruction of the pure strange Lorenz attractor. However, taking

note of figure 4.3 illustrating a projection of the attractor onto the Lorenz subspace and the x-y

plane, respectively, the topology persists and only marginal perturbations of the pure Lorenz

attractor can be discovered. As ε takes on its critical value, the perturbations cease to exist and

vanish entirely for a value significantly larger than εc due to the increasing back coupling.

Analogous to figure 4.2 monitoring the intermittency of the variable r(t), projections of the

attractor onto the b1-b2 plane in figure 4.3 clearly indicate dramatic behavioral changes as the

control parameter ε is varied. When choosing ε < εc, the persistent structure of the attractor

becomes evident. Near the critical value εc, one can anticipate the regime of intermittency

which becomes evident when examining r in the course of time. However, investigating the

characteristic temporal evolution for control parameter values ε > εc, the order parameter

‖b(t)‖ vanishes as the time t approaches infinity.

Apart from the examination of phase space characteristics, the behavior of moments of the

hyperbolic variable r in dependence of the control parameter ε can be assessed via numerical
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(a)

(b)

(c)

Figure 4.3: Projection of five dimensional phase space on the Lorenz subspace (first column) and projection

onto the x− y plane (second column). Thereby, the control parameters read (a) ε = 2, (b) ε = 4.5, (c) ε = 7

integration of the ABCDE equations. Figure 4.5 shows the moments 〈r(t)〉 and 〈r2(t)〉 as a

function of ε. Apparently, both moments decrease smoothly as the order parameter approaches

its critical value from below. This observation indicates the existence of a nonequilibrium phase

transition according to the definitions given in Ref. (Frank, 2005; Haken, 2004). Comparing

the graphs with figure 1, the attribution of control and order parameters, respectively, becomes

evident. Moreover, the onset of magnetohydrodynamic dynamo action is directly reflected in
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(a) (b)

(c) (d)

Figure 4.4: Projection of attractor onto the b1-b2 plane for (a) ε = 2, (b) ε = 4.5, (c) ε = 5.2, (d) ε = 7

Figure 4.5: Smoothly decreasing moments 〈r(t)〉 and 〈r(t)2〉 in dependence of the control parameter ε

figure 4.5. Given the numerical study presented in this chapter, it is alluring to investigate the

nature and immediate origin of the encountered nonequilibrium phase transition. The remaining

chapters are being devoted to a detailed analysis of the underlying dynamical processes, as well

as a stochastic treatment of the instability. However, the next chapter discusses stationary

solutions of the ABCDE equations and their stability properties.



Chapter 5

Stability Analysis of Equilibria

A conventional approach to study qualitative macroscopic changes of complex systems is given

by the assessment of stability properties of the governing solutions. An orbit in phase space,

describing the temporal evolution of the underlying dynamical process, is said to be stable if

nearby orbits remain in a neighborhood of the reference trajectory. Assuming that all adjacent

trajectories within some small initial distance, ξ(t0) → 0, are repelled from the reference tra-

jectory for t > t0, the dynamics are referred to as unstable. A generalized method to study

nonlinear dynamical systems based on the investigation of Lyapunov characteristic exponents

is discussed in detail in chapter 6. However, at this point, we shall focus on the examination

of stability properties with respect to stationary solutions. The analysis is straightforward and

provides first impressions of the nature of the perceived instability. We utilize the well-known

result stating that the stability of nonlinear dynamical systems can sometimes be disclosed by

consulting the corresponding linearized system of differential equations. Hence, we first have to

evaluate the fixed points of the five-dimensional system of differential equations employing sim-

ple analysis. Subsequently, we have to explore the linearization of the basic relevant differential

equations (2.2) and apply a linear stability analysis regarding the system’s stationary solutions.

The present chapter is organized as follows. To characterize the nature of the potential equi-

librium solutions in a more precise manner, several different definitions of stability are briefly

introduced in the following section. Furthermore, we outline the basic concepts of linear stability

analysis of stationary solutions, and highlight its significance with respect to the disclosure of

stability properties of hyperbolic fixes points. Subsequently, the stableness of the equilibrium

points of the set of equations defining the ABCDE model, given in equations (2.3), is being ex-

amined. As far as possible, analytic expressions for the eigenvalues of the correlative linearized

system, evaluated at all identified equilibria, are being presented. In addition, numerical cal-

culations of the eigenvalues of the corresponding Jacobian matrix allow conclusions concerning

the stability of equilibria of the dynamical system under investigation as the control parameter

ε is varied. We show that the analytically derived results fully correspond to the numerically

determined eigenvalues. However, we disclose that the stability of neither fixed point alters

when the control parameter is varied within the relevant predefined interval.
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5.1 Linearization of Dynamical Systems and Stability of Equi-

libria

In the following, systems of first order ordinary differential equations without explicit time

dependence, i.e. autonomous systems, are being considered. The set of equations (2.3), building

the foundation of this thesis, ranks among this type of systems of coupled nonlinear ordinary

differential equations. For extensive information on the stability analysis of dynamical systems,

as well as on the linearization of nonlinear problems and the assessment of stability of equilibria,

the reader is referred to Ref. (Haken, 2004; Argyris et al., 1994; Hahn, 1967). Expressed in

vector notation, a first order n-dimensional system exhibits the form

ẋ = f(x) whereas f(x) =


f1(x1, . . . , xn)

...

fn(x1, . . . , xn)

 , x =


x1

...

xn

 . (5.1)

The vector-valued function f(x) thereby can be linear or nonlinear in its components. A partic-

ular solution to (5.1) shall be consecutively denoted by x(t). Fixed points or equilibria x0 are

constant solutions, which therefore satisfy the characteristic equation 0 = f(x0). To characterize

how trajectories behave in the vicinity of these stationary solutions x0, the following definitions

of stability shall be introduced.

Definition 1 (Lyapunov Stability) An equilibrium x0 is stable in the sense of Lyapunov,

if for every open neighborhood V of x0 there exists another open neighborhood U ⊆ V of x0,

such that x(0) ∈ U implies that x(t) ∈ V for all t > 0. Thereby, the trajectory x(t) does not

necessarily need to approach x0 in the course of time.

If the fixed point x0 is not stable, it is called unstable.

Definition 2 (Asymptotic Stability) An equilibrium x0 is denoted as asymptotically stable

if it is Lyapunov stable and the open neighborhood U can be chosen such that ‖x(t) − x0‖ → 0

as t →∞ for all x(0) ∈ U .

Definition 3 (Exponential Stability) The fixed point x0 is regarded as exponentially stable

in case there is an open neighborhood U of x0, and a constant d > 0, such that ‖x(t) − x0‖ <

exp(−dt) as t →∞ for all x(0) ∈ U . Since all exponentially stable equilibria are asymptotically

stable, they are also stable in the sense of Lyapunov.

One useful attempt to investigate the stability of a particular dynamical system’s equilibria is

given by a linearization of the governing system of equations. Supposing that x0 is an equilibrium

of (5.1), let x(t) = x0 + ξ(t). Thereby, ξ(t) represents a small perturbation of the stationary

solution obeying ‖ξ(t)‖ � 1. Substitution of this ansatz into (5.1) yields, after expansion of the

function f in a vector valued Taylor series

ẋ0 + ξ̇ = f(x0 + ξ) = f(x0) + J f(x0)ξ +O(‖ξ‖2) , (5.2)



5 Stability Analysis of Equilibria 25

whereas J f(x0) denotes the n×n Jacobian matrix of the differential equations evaluated at the

fixed point x0. O(‖ξ‖2) represents terms of second and higher order in the components of the

vector ξ. Therefore, choosing ‖ξ‖ → 0, the first term in the Taylor expansion dominates the

behavior of the series, and one obtains the linearization of (5.1) at the equilibrium point x0 as

ξ̇ = J f(x0)ξ . (5.3)

When λ is a real eigenvalue of the Jacobian J f(x0) with the corresponding eigenvector u, the

general solution of (5.3) can be expressed in the form

ξ(t) = cu exp(λt) , c = const. . (5.4)

In case of a pair of conjugate complex eigenvalues λ1,2 = α ± iβ with complex eigenvectors

g = v ± iw, the general solution to (5.3) exhibits the form

ξ1(t) = exp(αt)(v cos(βt)−w sin(βt)) , ξ2(t) = exp(αt)(v sin(βt) + w cos(βt)) . (5.5)

Hence, in both cases the real parts of the Jacobian matrices’ eigenvalues, Re(λ), determine

the asymptotic behavior of the solutions. In the following, the stability of equilibria is being

treated in the case of non degenerate fixed points, i.e., when neither of the eigenvalues of the

corresponding Jacobian has zero real part. In this case, the corresponding fixed point is named

hyperbolic equilibrium, and subsequent to the computation of the eigenvalues of the Jacobian

matrix evaluated at the stationary solution, one can state whether the equilibrium is stable.

Proposition 1 (Stability of hyperbolic fixed points) Let x0 be a fixed point of the inertial

differential equation (5.1) and all eigenvalues of J f(x0) be strictly negative, then the equilibrium

is exponentially, and therefore asymptotically and Lyapunov stable. If at least one eigenvalue is

observed to have positive real part, then the equilibrium x0 is unstable.

5.2 Fixed Points of the ABCDE System

In this section, the fixed points of the ABCDE model, i.e. the equilibria of the underlying set

of ordinary differential equations (2.3), are being investigated. Stationary solutions of the five

dimensional system can be obtained by finding solutions X0 = (b0
1, b

0
2, x

0, y0, z0) of the equation

F(X0) = 0. Hence, under the assumption that b1 > 0, the five stationary points are given by

X0
1 =



0

0

0

0

0


, X0

2,3 =



0

0

±
√

b(R− 1)

±
√

b(R− 1)

R− 1


, X0

4,5 =



√√√√a2εσ
α

(
R

1+
ε2a1a2

α2b

− 1

)

±

√√√√a1εσ
α

(
R

1+
ε2a1a2

α2b

− 1

)
± ε

α

√
a1a2

±
√

a1a2εR

α
“
1+

ε2a1a2
α2b

”
R

1+ α2b
ε2a1a2


. (5.6)
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The first three fixed points X0
1,X

0
2, and X0

3 emerge from the trivial partial solution b0
1 = b0

2 = 0,

and represent the three equilibria of the unperturbed Lorenz system (Sparrow, 1982). The

remaining stationary solutions X4 and X5 depend on the critical control parameter ε. For the

notable value of ε = α2b(R − 1)/(a1a2), which yields ε = 12 for the standard parameter values

under investigation, X4,5 pass into the stationary solutions X2,3. Reminiscing the relevant phase

space diagrams presented in figure 4.4, one can, admittedly vigorously evaluating, state that the

corresponding unstable stationary points roughly enframe the projection of the attractor onto

the b1-b2 plane.

5.3 Linear Stability Analysis of Stationary Solutions to the

ABCDE System

Having computed the stationary solutions of the ABCDE system, the stability properties of the

fixed points shall be examined subsequently according to the theoretical framework presented

in section 5.1. If a critical change of characteristics occurs for a parameter value close to εc,

this observation would shed new light on the kind of bifurcation which constitutes the main

motivation of this work. The eigenvalues of the linearized ABCDE system are evaluated at

arbitrary position in phase space X = (b1, b2, x, y, z) and can be calculated, using the Jacobian

of F , as the roots of the characteristic polynomial k(λ), which is defined by the expression

k(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣



−εa1 − λ αx αb2 0 0

αx −εa2 − λ αb1 0 0

−b2 −b1 −σ − λ σ 0

0 0 R− z −1− λ −x

0 0 y x −b− λ



∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 , (5.7)

where |. . .| denotes the determinant. Since it is in general not possible to factorize the above

polynomial to find an expression for the characteristic roots in analytic form, the stability of

the five stationary points are addressed individually in the following subsections.

5.3.1 Fixed Point No. 1 (X0
1)

In the first case, the characteristic polynomial can be calculated easily by inserting X0
1 into (5.7).

Utilizing the Laplace expansion of a matrix determinant, the resulting polynomial reads

(εa1 + λ)(εa2 + λ)(b + λ)
(
λ2 + λ(σ + 1) + σ(1−R)

)
= 0 , (5.8)

which, due to the factorization property, directly yields the five eigenvalues of the linearized

system evaluated at the fixed point X0
1, given by the expressions

λ1 = −εa1 , λ2 = −εa2 , λ3 = −b , λ4,5 = −σ + 1
2

±

√(
σ + 1

2

)2

+ σ(R− 1) . (5.9)

Hence, for the ordinary parameter values and the relevant interval from which to choose the

control parameter ε, there are five real eigenvalues, while one is positive, and the rest is negative.
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Figure 5.1: Eigenvalues of the linearized system at

fixed point X0
1 in dependence of ε. The notation is

as follows: λ1 (+), λ2 (5), λ3 (♦), λ4 (2), λ5 (4)

Therefore, taking into account the statements

made in section (5.1), X0
1 is an unstable fixed

point and does not change its stability proper-

ties when varying the control parameter within

the predefined bounds. For the sake of comple-

tion, figure 5.1 shows a numerical calculation of

the above analytically determined eigenvalues in

dependence of the control parameter ε. As can be

concluded easily, the numerical calculations are

consistent with the results of the exact treatment.

Thus, the first fixed point does not seem to have

an influence on the detected phase transition, as

its instability property persists when varying ε.

5.3.2 Fixed Points No. 2 and 3 (X0
2, X0

3)

Analogous to subsection (5.3.1), and succeeding the substitution of X0
2,3 into equation (5.7), the

resulting expression can be simplified by Laplace expansion, giving rise to

(
(εa1 + λ)(εa2 + λ)− (αx0

2,3)
2
) ∣∣∣∣∣∣∣∣


−σ − λ σ 0

R− z0
2,3 −1− λ −x0

2,3

y0
2,3 x0

2,3 −b− λ


∣∣∣∣∣∣∣∣ = 0 . (5.10)

Replacing x0
2,3 by the corresponding stationary solution component stated in equation (5.6), the

first factor of (5.10) immediately leads to the two real eigenvalues

λ1,2 = −ε(a1 + a2)
2

±

√(
ε(a1 − a2)

2

)2

+ α2b(R− 1) . (5.11)

Figure 5.2: Eigenvalues of the linearized system at

fixed points X0
2,3 in dependence of ε. The notation

is as follows: λ1 (5), λ2 (♦), λ3 (4), λ4 (2), λ5 (+)

Evaluating the right hand side of expression

(5.11), we obtain λ1 > 0 and λ2 < 0 in case

the control parameter fulfills the condition ε <√
α2b(R− 1)/a1a2, i.e. if ε < 12. Otherwise, one

would observe two real, negative eigenvalues. The

second factor in equation (5.10) is independent

of the control parameter ε, and characterizes the

eigenvalues of the linearized ordinary Lorenz sys-

tem, evaluated at the corresponding fixed points.

Citing the results stated in Ref. (Sparrow, 1982),

the third eigenvalue is found to be real and to hold

λ3 < 0, while the two other eigenvalues λ4,5 are

complex conjugate and satisfy Re(λ4,5) > 0. Fig-

ure 5.2 depicts the numerically computed set of
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eigenvalues determined at the stationary points X0
2 and X0

3. In conclusion, three eigenvalues of

the linearized ABCDE system at the equilibria X0
2,3 exhibiting positive real part can be iden-

tified (note that only the real parts of the eigenvalues are plotted). For the relevant values of

the control parameter ε, there exists no eigenvalue which crosses the imaginary axis. Since none

of the eigenvalues discloses a vanishing real part, it can be concluded that the equilibria X0
2,3

remain unstable when varying the control parameter ε.

5.3.3 Fixed Points No. 4 and 5 (X0
4, X0

5)

After substituting X0
4,5 into equation (5.7), the obtained expression can be simplified by elemen-

tary row operations on the matrix, and subsequent Laplace expansion of the matrix determinant

to yield

k(λ) = −σx0
4,5

∣∣∣∣∣∣∣∣

−εa1 − λ αx0

4,5 αb0
24,5

αx0
4,5 −εa2 − λ αb0

14,5

b0
24,5

c2/σ b0
14,5

c2/σ c1 + (σ + λ)c2/σ


∣∣∣∣∣∣∣∣ , (5.12)

whereas c1 and c2 take the values

c1 =

(
y0
4,5 +

(r − z0
4,5)(b + λ)
x0

4,5

)
c2 =

(
x0

4,5 +
(1 + λ)(b + λ)

x0
4,5

)
.

However, the resulting characteristic polynomial (5.12) cannot be factorized without diffi-

culty, and thus, as a result, gives rise to a fifth-order polynomial equation in the variable λ.

Figure 5.3: Eigenvalues of the linearized system at

the fixed points X0
4,5 in dependence of ε, denoted by

(+), (2), (5), (♦), (4)

The roots of the characteristic polynomial have

been calculated numerically, and figure 5.3 dis-

plays the resulting eigenvalues in dependence of

the control parameter ε. Notice that only the real

parts of the eigenvalues are plotted, and that there

exist two positive conjugate complex eigenvalues.

Hence, the plot shows three negative real-valued,

and two conjugate complex eigenvalues with pos-

itive real part on the ε interval under investiga-

tion. Therefore, it can be concluded that X0
4,5

are unstable fixed points and do not change their

stability behavior when the control parameter ε is

varied.

In summary, we have shown that under the

assumption b1 > 0, the ABCDE system gives rise

to five stationary fixed points. Carrying out a linear stability analysis of the obtained equilibria,

it has emerged that no qualitative change can be detected for control parameter values close to

the characteristic threshold εc, indicating the onset of hydromagnetic dynamo action. Hence,

the following section will focus on the mighty concept of Lyapunov characteristic exponents to

reveal the nature of the nonequilibrium phase transition.



Chapter 6

Lyapunov Characteristic Exponents

Tremendous sensitivity of solutions on initial conditions is one of the main properties commonly

consulted when defining chaotic dynamical systems. The concept of Lyapunov characteristic

exponents provides a commensurate measure for the average divergence or convergence of nearby

trajectories in phase space. Since the orientation of the initial separation vector in S is arbitrary

and can lead to different separation rates, one can observe a whole spectrum of Lyapunov

exponents. Thereby, quite frequently the largest exponent is of utmost importance, since it

determines the stability, and thereby the predictability of the investigated dynamical system.

Thus, a positive characteristic exponent also serves as a measure for the apparent stochasticity

of actually deterministic chaotic motion. In summary, it is possible to define a criterion for

chaos with the help of Lyapunov exponents, since it can be shown that chaotic systems need

to expose at least one positive-valued exponent. Hence, a positive Lyapunov exponent usually

serves as an indicator, notifying that a system under investigation exhibits chaotic dynamics.

In the context of the whole thesis, the present section plays a major role since the observed

nonequilibrium phase transition can be characterized in terms of the dependence of the largest

Lyapunov characteristic exponent on the control parameter ε.

The present chapter comprises the following topics. The first section of this part contains

an example, designed to describe the expected behavior of the critical characteristic exponent,

when a related bifurcation which can be examined under investigation of a trivial model equation,

occurs. Section 6.2 provides general information on the algorithm used to compute the whole

spectrum of Lyapunov characteristic exponents for the five-dimensional ABCDE system. In

part 6.3, various explicit numerical results concerning the calculation of the Lyapunov exponent

spectrum are being presented. Moreover, the distinctive contribution of various periodic orbits of

the Lorenz subsystem up to period four, and the effect of high Rayleigh numbers r, on the onset

of dynamo action is being clarified. Besides, explicit analytical solutions to the variable b are

being derived by means of Floquet’s theory on differential equations with periodic coefficients.

The present chapter closes with an alternative approach to compute the critical characteristic

exponent by a suitable coordinate transformation, resulting in a sound description of the nature

of the observed nonequilibrium phase transition in the ABCDE model.
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6.1 An Example and the Expected Behavior

Before introducing the theoretical concept of Lyapunov characteristic exponents, and computing

the leading as well as the whole spectrum of exponents, it might be helpful to recall well-known

results from related trivial model systems, exhibiting bifurcations as a control parameter is

varied. One famous example for the change of structural instability is to be briefly introduced

in the following. Since the back reaction of the b variables onto the Lorenz subsystem prevents

the unlimited growth of ‖b‖ in the course of time, it is intuitive to consider an equation of the

form (Friedrich and Haken, 1992)

ẋ = εx− |γ|x3 = F (x) . (6.1)

Equation (6.1) also serves as a description of the sliding motion of a ball in vase (Haken, 2004).

The corresponding stationary solutions, x0, read x0
1 = 0 in case ε < 0, and x0

1 = 0, as well

as x0
2,3 = ±

√
ε/ |γ|, for a control parameter value ε > 0. Thus, we obtain one equilibrium

for negative ε, while two additional stationary fixed points arise when ε becomes positive.

Figure 6.1: Potential of sliding ball in vase

for ε > 0 (dashed line) and ε < 0 (solid line)

This outcome can also be followed easily by visualiz-

ing the behavior of the corresponding potential when ε

changes sign, as displayed in figure 6.1. In order to in-

vestigate the stability of the fixed points more formally,

one makes use of results from linear stability analysis

and renders the hypothesis

x(t) = x0 + δx(t) , (6.2)

where δx(t) is assumed to represent a small perturba-

tion. Substitution of ansatz (6.2) into equation (6.1),

and subsequent expansion of the differential equation’s

right hand side in a Taylor series leads to the linearized differential equation given in the form

˙δx = JF (x0)δx , (6.3)

where only the zeroth and first order terms are kept, and JF (x0) = ∂F
∂x |x0 . Evaluating (6.3) for

the three fixed points therefore yields one stable solution, x0
1, for ε < 0, as well as one unstable

solution, x0
1, and two stable solutions, x0

2,3, in the case ε < 0. Considering only the stable fixed

points, one is led to the following representation of equation (6.3)

δẋ =

{
εδx ε < 0

−2εδx ε > 0 .
(6.4)

The exponent Ω, which determines the stability of the corresponding solutions, becomes imme-

diately evident, and we directly retrieve

Ω =

{
ε ε < 0

−2ε ε > 0 .
(6.5)
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A graphical representation of (6.5), such as shown in figure 6.1, clarifies the expected de-

pendence of the exponent Ω on the control parameter ε. Apparently, the exponent exhibits

a characteristic behavior close to the transitional point at ε = 0, when Ω approaches zero.

6.2 Definition and Calculation of Lyapunov Characteristic Ex-

ponents

Figure 6.2: Exponent Ω as a function of the

control parameter ε close to the bifurcation

A n-dimensional dynamical system possesses a spec-

trum of n Lyapunov exponents, corresponding to all

principal directions in phase space. The reader is re-

ferred to Ref. (Parker and Chua, 1989; Pesin, 1977;

Haken, 2004) for an exhaustive introduction and con-

tinuative information on the numerical computation of

Lyapunov characteristic exponents.

For the investigation of nearby trajectories in phase

space, one might consider a small n-dimensional hyper-

sphere of initial conditions. The hyper-sphere can be

characterized by a set of principal directions e1, . . . , en.

After a suitably short period of time, the chaotic dy-

namics will have deformed the hyper-sphere into a hyper-ellipsoid, contracted along some axes,

while stretched along the others. Thereby, the average asymptotic exponential rate of con-

vergence in any principal direction defines the Lyapunov spectrum λ1, . . . , λn. Arranging the

characteristic exponents, as well as the deformed principal directions defining the hyper-ellipsoid

according to their value in decreasing order (λ1, . . . , λn; e1, . . . , en), every Lyapunov exponent

λi can be assigned to one particular axis ei. Therefore, the largest Lyapunov exponent, cor-

responding to the most rapidly expanding direction in phase space, dominates the dynamical

system’s behavior.

At this point it shall be outlined that for the sake of computational efficiency, the algorithm

discussed later in this section is based on the temporal evolution of an hyper-parallelepiped in

phase space. The algorithm, which has been applied to obtain the results presented in the present

chapter, follows the program code developed in Ref. (Wolf et al., 1984), and will be contemplated

in the following. Furthermore, the reader is referred to Ref. (Sandri, 1996; Benettin et al., 1980)

for supplementary information regarding the determination of Lyapunov spectra based on the

Gram-Schmidt orthonormalization procedure.

In order to formulate the above idea in a formal manner, one considers a n-dimensional

continuous-time dynamical system

ẋ = F(x) , (6.6)

together with the same notation as established in section 3.1. Before discussing the computation

of the whole spectrum of Lyapunov exponents, we focus on the investigation of the largest



32 6.2 Definition and Calculation of Lyapunov Characteristic Exponents

Lyapunov exponent λ. Thus, consider two trajectories in phase space S, which initial positions

are given by two nearby points x0 and x0 + u0, where u0 represents a small perturbation. In

the course of time, the initial perturbation in tangent space will evolve according to

u(t) = p(t,x0 + u0, t0)− p(t,x0, t0) = Jx0p(t,x0, t0)u0 , (6.7)

whereby the solution p has been linearized to obtain the last term. Hence, Jx0p(t,x0, t0) denotes

the Jacobian of the solution vector, evaluated at the position x0. As the time t approaches

infinity, two trajectories starting at x0, and x0 + u0, respectively, will diverge or converge

exponentially. Thus, the largest Lyapunov characteristic exponent is defined as

λ(x0,u0) = lim
t→∞

1
t

ln
(
‖u(t)‖
‖u0‖

)
= lim

t→∞

1
t

ln (‖Jx0p(t,x0, t0)u0‖) . (6.8)

If λ(x0,u0) > 0 we observe divergence, while two nearby trajectories exhibiting λ(x0,u0) < 0

converge with the average exponential rate defined in (6.8). Oseledec showed that the limit (6.8)

exists for almost all initial points x0 ∈ S, and that it is equal to the largest Lyapunov exponent

λ of the dynamical system for almost all perturbation vectors u0 (Oseledec, 1968).

As has been contemplated in detail in Ref. (Parker and Chua, 1989), it can be shown

by substituting p(t,x0, t0) into (6.6) and subsequent derivation with respect to x0, that the

temporal evolution of the perturbation vector u(t) follows the so called variational equation,

V̇(t,x0, t0) = JxF(p(t,x0, t0)) V(t,x0, t0) , V(t0,x0, t0) = In , (6.9)

whereas V(t,x0, t0) is the Jacobian matrix of p(t,x0, t0), evaluated at x0, i.e., V(t,x0, t0) =

Jx0p(t,x0, t0). Moreover, we have x ≡ p(t,x0, t0), JxF denotes the Jacobian of F evaluated at x,

and In is the n-dimensional identity matrix. The variational equation represents a time-varying

matrix-valued linear homogeneous differential equation. It can be interpreted as a linearization

of the vector field along the trajectory p(t,x0, t0). Since the coefficients in the variational

equation depend on the evolution of the original system (6.6), the variational equation changes

if the trajectory does. Hence, to calculate the maximum Lyapunov exponent, we append the

variational equation to the original system and simultaneously solve the combined system{
ẋ

V̇

}
=

{
F(x)

JxF(x) V

}
, (6.10)

where the initial conditions x(t0) = x0, and V(t0,x0, t0) = In have to be implemented. Car-

rying out the above sketched numerical integration for a sufficiently long time period with an

appropriate step size using the standard Runge-Kutta integration routine, it is straightforward

to directly obtain the maximum Lyapunov characteristic exponent defined by equation (6.8)

taking into account Oseledec’s theoretical results mentioned above.

The above definition (6.8) only pertains the largest among the whole spectrum of Lyapunov

characteristic exponents. To understand complex chaotic dynamical systems in greater depth, it

might sometimes be useful to compute estimates for the whole spectrum of Lyapunov exponents.
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To this end, definition (6.8), which refers to the evolution of a perturbation vector between two

initial positions in phase space, can be generalized, taking up the initially introduced idea

of observing the temporal evolution of a p-dimensional volume in the tangent space, whereas

1 ≤ p ≤ n. To this end, consider a parallelepiped U0, spanned by the p linearly independent

vectors u1, . . . , up in tangent space. The Lyapunov exponent of order p is then defined by

λp(x0, U0) = lim
t→∞

1
t

ln (Volp(Jx0p(t,U0, t0))) . (6.11)

Thereby, Volp denotes the p-dimensional volume in tangent space. One main result stated in

Ref. (Oseledec, 1968) says that

λp(x0,U0) = λ1 + . . . + λp =
p∑

i=1

λi(x0,ui) , (6.12)

whereas each Lyapunov characteristic exponent λi corresponds to one of p linearly independent

vectors ui. Thus, λp equals the sum of the p maximum Lyapunov exponents of order p = 1.

Analogous to the calculation of the largest Lyapunov exponent, the combined system (6.10) has

to be numerically integrated to track the evolution of the parallelepiped of initial conditions in

phase space. In an attempt to compute the matrix V for large times t, one encounters serious

numerical problems, since the columns of V rapidly align with the dominating, i.e., largest

Lyapunov exponent. One well-known solution to this problem is the successive implementation

of a Gram-Schmidt orthonormalization procedure, executed after sufficiently short integration

periods. The method has foremost been discussed in (Benettin et al., 1980; Wolf et al., 1984)

and will be shortly introduced in the following.

Consider the set of linearly independent vectors U0 = {u1, . . . ,up} of initial conditions

in phase space. The Gram-Schmidt orthonormalization generates an orthonormal set V0 =

{v1, . . . ,vp} of p vectors, with the property that V0 spans the same subspace as U0. The

formulae following Gram and Schmidt read

w1 = u1

v1 = w1/‖w1‖

w2 = u2 − 〈u2,v1〉v1

...

wp = up − 〈up,v1〉v1 − . . .− 〈up,vp−1〉vp−1

vp = wp/‖wp‖ ,

(6.13)

where ‖ . . . ‖ denotes the Euclidean norm of a vector, and 〈. . .〉 defines the corresponding scalar

product. Furthermore, it is shown in linear algebra that the volume of the parallelepiped spanned

by {u1, . . . ,up} can be calculated according to

Volp (u1, . . . ,up) = ‖w1‖‖w2‖ . . . ‖wp‖ . (6.14)

With all necessary quantities introduced, we turn to the actual numerical computation of

the Lyapunov spectra which can be described as follows. We start with determining the initial



34 6.3 Lyapunov Exponent Spectra of the ABCDE Model

condition of the n×n matrix U0 ≡ (u0
1, . . . ,u

0
n) representing the n-dimensional volume in phase

space as U0 = In. The initial condition x0 for the original system (6.6) is chosen in the basin

of attraction of the limit set under study. Furthermore, equation (6.10) is integrated for a

sufficiently short time interval dt to obtain

x1 = p(t0 + dt,x0, t0) and U1 ≡ (u1
1, . . . ,u

1
n) = V(t0 + dt,x0, t0) U0 . (6.15)

Subsequently, the set of vectors U1 = {u0
1, . . . ,u

0
n} is being orthonormalized using the above

prescription to obtain V1 = {v0
1, . . . ,v

0
n}. In the following, we construct the matrix V1 =

(v0
1, . . . ,v

0
n) and repeatedly integrate the combined system (6.10) for the short time period dt

under the new initial conditions {x1,V1} to obtain {x2,V2}. This orthonormalization-integration

procedure can now be reapplied to the system k times. During the k-th step, the p-dimensional

parallelepiped increases its volume V olp according to (6.14) by a factor ‖wk
1‖‖wk

2‖ . . . ‖wk
p‖.

Hence, the definition of the p-th order Lyapunov exponent (6.11) leads to the expression

λp(x0,U0) = lim
k→∞

1
k dt

k∑
j=1

ln
(
‖wj

1‖‖w
j
2‖ . . . ‖wj

p‖
)

. (6.16)

Since we are interested in the n first-order Lyapunov exponents, under consideration of expres-

sion (6.12), one can obtain the p-th first order Lyapunov characteristic exponent by subtracting

λp−1 from λp. Thus, the whole spectrum of Lyapunov exponents can be obtained according to

λp(x0,up) = lim
k→∞

1
k dt

k∑
j=1

ln
(
‖wj

p‖
)

, (6.17)

where one has to choose 1 ≤ p ≤ n. Thereby, of course the limit k → ∞ cannot be reached,

but the plausibility of the quantities can be easily assessed by checking the convergence of λp

for large time scales k dt.

It shall be mentioned that the approach presented above represents just one methodology

out of many attempts to tackle the problem of numerically determining the whole spectrum of

Lyapunov characteristic exponents. A comparative study of computation of Lyapunov spectra,

utilizing different algorithms, can be found in Ref. (Ramasubramanian and Sriram, 2000).

6.3 Lyapunov Exponent Spectra of the ABCDE Model

After introducing the theoretical basis for the computation of the whole spectrum of Lyapunov

characteristic exponents, some preliminary statements about the properties of the spectrum can

be made before explicit results are being presented. (a) The ABCDE system ranks among the

class of dissipative systems, as can be easily verified by showing that O ·F = Σ(ε) < 0 where F is

defined in (2.3), and Σ is called phase space contraction rate, as determined explicitly in section

2.3. Thus, provided that p = n, the sum in (6.12) will be equal to Σ, and therefore negative

since dissipation implies a contraction of phase space. In contrast, for a Hamiltonian system

the sum of Lyapunov exponents would yield zero since in this case the volume in phase space
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is invariant. (b) Moreover, it can be stated that at least one Lyapunov exponent will vanish,

since the ABCDE model represents a continuous time dependent dynamical system exhibiting

an attractor and basin of attraction whose trajectories do not contain a fixed point (Haken,

1983). The zero exponent corresponds to the slowly changing magnitude of a principal axis in

phase space tangent to the direction of the flow.

In the following subsections, a generalized investigation of Lyapunov characteristic exponent

spectra will be presented together with a treatment of some special cases including periodicity.

6.3.1 Spectrum for the Chaotic Regime

The results of a numerical computation of the Lyapunov characteristic exponent spectrum is

presented below. Thereby, the original parameter values (Lorenz, 1963) have been applied

together with a1 = 0.1, a2 = 0.2 and α = 0.2. Implementing the algorithm which has been

discussed in section 6.2, the five Lyapunov exponents have been computed in dependence of the

control parameter ε. The corresponding plot is displayed in figure 6.3. The spectrum has been

calculated with and without back coupling of the b variables onto the Lorenz subsystem x in

equation (2.2). For the sake of clarity, both cases are treated independently in the following.

However, in the domain ε > εc, the exponents of both cases merge into each other since the

back reaction can be neglected due to the evanescent magnitude of b1 and b2. Moreover, in

both cases, one can clearly identify the zero exponent λ2, as predicted a priori following Haken’s

argumentation (Haken, 1983). It shall be noted that
∑5

i=1 λi = Σ(ε) corresponds to the phase

space contraction rate, and thus constitutes another possibility to re-examine the implemented

algorithm’s numerical accuracy. One can distinguish the following characteristics of the two

Lyapunov spectra which have been superimposed printed in figure 6.3.

(a) Lyapunov characteristic exponents without back coupling If one considers only

the exponents which were obtained by neglecting the back reaction, clearly the three Lyapunov

exponents λ1, λ2 and λ5, which are associated with the pure Lorenz system, can be identified.

Since the Lorenz equations do not exhibit a dependence on ε, the exponents remain constant

when the control parameter ε is varied. Furthermore, the computed values for the pure Lorenz

subsystem are in close agreement with literature values reported in Ref. (Ramasubramanian and

Sriram, 2000)(see also section 2.2). Besides the exponents which are associated to the Lorenz

equations, λ3 and λ4 can be assigned to the b variables. The exponent λ4 remains negative on

the whole interval of ε values, and does not contribute to the instability. The behavior of λ3 as

a function of ε is entirely identical to the characteristic exponent of the b subsystem, which has

been determined in section 4.1, and in turn, in section 6.4. The results of the present numerical

calculation have therefore been validated by various independent sources.

(b) Lyapunov characteristic exponents with back coupling Considering the case

when the response is turned on, in the domain ε < εc, the exponents that can be related to the

Lorenz subsystem, as anticipated, also show a dependence on the control parameter ε. Moreover,

all Lyapunov exponents decrease in absolute value, |λi|, compared to the case when the feedback

is neglected, indicating a saturation of the system. As has been observed in chapter 4, the back
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Figure 6.3: The five Lyapunov exponents in dependence of the control parameter ε. (a) ◦ signals no back

coupling of the b onto the x variables. (b) (+) denotes results obtained when considering back coupling. Special

attention should be paid to the influence of the back reaction on the behavior of the critical exponent λ3

reaction of the b variables onto the x subsystem prevents the unlimited growth of ‖b‖. The

same characteristic behavior is represented by the nature of λ3 in dependence of the control

parameter; for ε < εc, the exponent λ3 retains a negative value due to the back coupling onto

the Lorenz subsystem. For ε = εc the characteristic exponent λ3 approaches zero. Since the

Lyapunov characteristic exponents presented above represent a time average, or more precisely,

an asymptotic limit value (see equation (6.17)), the explicit temporal evolution of the largest

characteristic exponent associated with the b variables in the vicinity of εc is being treated in

detail in section 6.4.

In conclusion, apparently the instability reported in chapter 4 is closely connected to the

behavior of λ3 in the vicinity of the critical control parameter value ε = εc. The critical Lyapunov

exponent shows a dependence on ε, which is very similar to the case we encountered when
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investigating the related trivial model system that has been discussed in section 6.1. To fully

understand the nature of the intermittent bursts of activity, one has to focus its attention on

the explicit temporal evolution and fluctuation of the Lyapunov characteristic exponent λ3. To

this end, an alternative way to calculate the critical Lyapunov exponent is being presented in

section 6.4. However, at first, the following subsections investigate the contribution of periodic

orbits to the instability and underline an explicit application of Floquet’s theory on ordinary

differential equations with periodic coefficients.

6.3.2 Spectrum in Case of Limit Cycles

Chapter 2, presenting the ABCDE model, opens with an introduction of the Lorenz equa-

tions. The set of coupled ordinary differential equations, which was developed by Lorenz

in 1963 when simplifying a system of fluid convection equations, serves as a paradigm for

nonlinear deterministic systems exhibiting chaotic dynamics. As has been addressed in

section 2.2, the Lorenz equations may give rise to stable knotted periodic orbits if the

Rayleigh number r is increased. Via a sequence of Feigenbaum-type period doubling bi-

furcations, together with symmetry breaking bifurcations for increasing values of r, the

strange attractor which is observed for r = 28 evolves into a limit cycle (Sparrow, 1982).

Figure 6.4: Projection of attractor onto x-y plane

in the case of high Rayleigh numbers (r = 350 for

upper, and r = 148.5 in case of lower diagram)

Figure 6.4 shows phase space portraits of two

different limit cycle. It shall be noted that the

whole ABCDE system, including the back cou-

pling term, has been integrated for the present

investigation. The feedback of the b variables

onto the Lorenz subsystem does not destroy the

structure of the attractor for high Rayleigh num-

bers. However, for realizable values of the order

parameter ε, numerical simulations show that for

r < 100.5, the limit cycle might be destroyed as

displayed in figure 6.5. The goal of the present

section is to investigate an exemplary Lyapunov

spectrum for a high Rayleigh number r. In this

case, due to the periodicity of the x variables,

analytic solutions for b can be found by means

of Floquet’s theory. Applying the algorithm for

the general calculation of Lyapunov exponents in

case of the explicit Rayleigh number r = 147.5,

the spectrum displayed in figure 6.6 has been ob-

tained. In this case, a bifurcation occurs for a crit-

ical value of εc ≈ 0.4. Above the threshold ε > εc,

we observe one zero, and four negative characteristic Lyapunov exponents. This observation is

in agreement with the expected behavior of Lyapunov exponents in presence of an attractive
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(a) R = 100.5 NBC (b) R = 100.5 WBC

Figure 6.5: Projection of attractor onto x-y plane for r = 100.5. Comparison of computation with (WBC) and

without back coupling (NBC) of the b variables onto the x subsystem

limit cycle (Argyris et al., 1994). The characteristic exponents behave discontinuously at the

critical value εc, and for parameters ε < εc, we monitor one positive (λ1), two zero (λ2, λ3), and

two negative (λ4, λ5) Lyapunov characteristic exponents. Thus, the bifurcation of the ABCDE

system of differential equations encountered for r = 147.5 gives rise to hyper-chaotic dynamics

closely below the critical control parameter value ε = εc.

Figure 6.7: Hysteresis of the variable 〈r〉,
which is shown in dependence of the control

parameter ε whereby r = 147.5

Bifurcations of the kind observed in in the present

section are often accompanied by hysteretic behavior

(Haken, 2004). The investigation of the first moment

〈r〉 clearly shows a hysteresis when increasing and sub-

sequently decreasing the value of ε, as displayed in fig-

ure 6.7. The observed hysteretic behavior allows the

conclusion, that we encounter subcritical dynamo ac-

tion, since non-magnetic convection solutions coexist

at the same parameter values together with hydromag-

netic solutions, and are stable against small magnetic

perturbations. For a numerical investigation of a sub-

critical dynamo bifurcation in the Taylor Green flow

and further information, we refer the reader to (Ponty

et al., 2007).

Construction of a Solution by Means of Floquet’s Theory

Together with the theoretical framework presented in section 3.2.1, it is possible to find solutions

to the variables b1 and b2 by applying Floquet’s theory. If we consider the general solution of a

system of ordinary differential equations with periodic coefficients according to equation (3.8),

it becomes evident that, to this end, we have to determine the characteristic Floquet exponents

σ1 and σ2 by computing the period T of L(t), as well as the eigenvalues µ1 and µ2 of the matrix

K(T, 0,L(t)). Apart from theorem 1, Floquet theory does not make any further specification
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Figure 6.6: Lyapunov exponents in case of a limit cycle (r = 147.5) as functions of the control parameter ε

concerning the coefficients qj,i(t) of the exponential functions. Therefore, a suitable ansatz for

the polynomials with periodic coefficients has to be conjectured. In the following, we shall give

an outline of the technical procedure to determine a particular solution in terms of Floquet’s

theory. In order to construct a particular solution in presence of a limit cycle, let us start with

the computation of the period T . Different Rayleigh numbers r lead to various limit cycles with

deviating periodicity, as can be reviewed in Ref. (Sparrow, 1982). To calculate the period T for

a given limit cycle with high accuracy, the so called Hénon trick, which was foremost discussed

in Ref. (Hénon, 1982), has been applied to the system of differential equations. Thereby, the

basic theoretical framework is briefly addressed in appendix A.

Having obtained a precise value for the period T , one has to focus on the construction of

the matrix K(T, 0,L(t)). To this end, it is very convenient to integrate the full ABCDE system

for the preassigned time interval T , using the two initial conditions b1
0 = (1, 0) and b2

0 = (0, 1)
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for the b variables, while choosing x0 arbitrarily, to obtain b1(T ) as well as b2(T ). Hence,

this approach immediately yields the result K(T, 0,L(t)) =
(
b1(T ),b2(T )

)
. Subsequently, the

eigenvalues µ1,2 of the matrix K(T, 0,L(t)) can be obtained numerically, in order to determine

the characteristic Floquet exponents σ1 and σ2. In the following, an appropriate approach for the

polynomials that exhibit periodic coefficients q(j,i)(t), which meets the requirements to simulate

the numerically obtained temporal evolution of b, can be found.

The Floquet exponents have been explicitly computed for r = 350. The corresponding

limit cycle can be reviewed in figure 6.4, while figure 6.8 shows the projection of a numerically

determined trajectory onto the b1-b2 plane, together with an approximation of the solution by

means of Floquet’s theory. The approximative solution is not scaled appropriately but shall

(a) Original temporal evolution (b) Fit obtained by Floquet’s theory

Figure 6.8: Approximation of solution for the variable b by means of Floquet’s theory. r is chosen to hold

r = 350, so that the Lorenz subsystem exhibits a limit cycle

qualitatively approve the claim that solutions for the b variables can be found with the help of

Floquet formalism in presence of periodic solutions, which are evoked by the existence of a limit

cycle. The full expression, leading to the solution which is plotted in figure 6.8 (b), reads

bf (t) = q1,1(t) exp(ln(σ1)t/T ) + q1,2(t) exp(ln(σ2)t/T ) , (6.18a)

whereby

q1,1(t) =

(
c1(sin2(2πt/T ) + 1)

c2 sin(2πt/T )

)
q1,2(t) =

(
c3(sin2(2πt/T ) + 1)

c4 sin(2πt/T )

)
. (6.18b)

The constants c1, . . . , c2 have to be chosen appropriately to recover the dynamics. Since the

multiplicity of the elementary divisor associated with both eigenvalues µ1 and µ2 is given by

nj = 1, j = 1, 2, the degree of each polynomial is at most zeroth-order.

In conclusion, considering the behavior of the ABCDE model under the assumption that

the Lorenz subsystem exhibits a limit cycle for r = 147.5, we have found evidence that the

bifurcation, encountered at the critical parameter value εc, gives rise to hysteretic behavior,

hyper-chaotic dynamics and subcritical dynamo action. Moreover, we have showed that an

explicit solution to the b variables can be found by application of Floquet’s theory.
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6.3.3 Spectrum for the Chaotic Regime with Respect to Periodic Orbits

After switching temporarily to higher Rayleigh numbers, the present subsection again treats

the original parameter values used by Lorenz (Lorenz, 1963). After examining the case of

periodic solutions when the Lorenz subsystem exhibits a limit cycle, it is tempting to also

investigate periodic orbits of the Lorenz attractor in the chaotic regime employing r = 28. The

significance of this examination becomes immediately clear when considering the widely-spread,

albeit mathematically naive, definition of an attractor, identifying an attracting or repelling

set as a collection of periodic orbits. It has to be noted that the periodic orbits of the Lorenz

attractor are unstable in the chaotic regime, and therefore the computation is numerically not

stable either. Thus, unlike in the previously treated case of limit cycles, the back reaction of the

b variables onto the Lorenz subsystem has to be neglected. Furthermore, the accuracy of the

numerical calculation has to be increased, and the integration period, as well as the Runge-Kutta

step size, shortened to ensure reliability of the results.

Various methods have been developed to identify and find periodic orbits in dynamical sys-

tems, especially in case of the Lorenz system’s strange attractor (Letellier et al., 1994; Eckhardt

and Ott, 1994; Franceschini et al., 1992). However, for the sake of efficiency and to keep the

focus of this thesis, we have resorted to another method to study the dynamics of periodic so-

lutions by implementing literature values, defining periodic orbits, as initial conditions of our

calculations. To this end, we have consulted results stated in Ref. (Letellier et al., 1994) to

identify and proof the existence of periodic solutions of the pure Lorenz system. Figure 6.10

shows the Lyapunov spectrum, which we have obtained by applying the above presented al-

gorithm taking into account the special initial conditions, up to fundamental period m = 4.

The notation used to explicitly identify certain m-periodic orbits thereby follows Ref. (Letellier

et al., 1994). To clarify the notation, one might consider the two symmetric wing Lorenz mask

displayed in figure 6.9. According to the dynamics of the system on the Lorenz mask or the corre-

sponding template, one can identify each symmetric and asymmetric periodic orbit of period m.

Figure 6.9: The

Lorenz mask according

to (Letellier et al., 1994)

Thereby, each periodic orbit is uniquely determined by an encoding par-

tition given by the letter 0 if the system remains on the same wing, and

letter 1 if it changes to the other one. Since symmetric orbits return

to their initial conditions after the period T , their encoding sequence

exhibits an odd number of 1’s, while one should bear in mind that asym-

metric orbits always occur in pairs.

As can be concluded from figure 6.10, the basic periodic cycle, i.e.

orbit 1, does not contribute to the instability. The critical value for the

control parameter ε shifts rapidly from close to zero to higher values and

approaches εc = 5 with increasing period m of the corresponding unstable orbits. Furthermore,

when comparing two orbits with same period m but different symmetry, it becomes evident

that the characteristic exponent in case of asymmetric orbits shows a slightly different behavior

than in case of symmetric orbits; even though the critical point εc seems to be identical in any

case, the slope of the characteristic exponent in dependence of ε is apparently larger in the
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(a) Orbit 1 (b) Orbit 10

(c) Orbit 100 (d) Orbit 101

(e) Orbit 1000 (f) Orbit 1001

(g) Orbit 1011

Figure 6.10: The critical Lyapunov characteristic exponent λ3 for periodic orbits up to period m = 4 as a

function of the control parameter value ε. Clearly one can observe the shift of onset with increasing periodicity T
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asymmetric case. To visualize the denotation of periodic orbits and to verify the results above,

figure 6.11 displays projections of three different periodic orbits on the x-y plane, together with

corresponding phase space projections on the b1-b2 subspace. The control parameter ε = 2 is

fixed to monitor either exponentially decreasing or growing solutions of b. If the characteristic

Lyapunov exponent is positive for a certain periodic orbit assuming ε = 2, one should observe an

exponentially increasing solution, while b should decrease in an exponential manner otherwise.

Hence, taking the correspondent characteristic exponents in figure 6.10 under consideration, the

results shown in diagram 6.11 correspond very well with our theoretical expectations.

(a) Orbit 10

(b) Orbit 101

(c) Orbit 1000

Figure 6.11: Projections of trajectory onto the x-y plane (first column) and b1-b2 plane (second column). Shown

are three different periodic orbits evaluated under use of the initial conditions b(0) = (4.5, 3.5) while ε = 2 is fixed
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Construction of a Solution by Means of Floquet’s Theory

Figure 6.12: Construction of solution for

Orbit 1000, while ε = 2 is kept constant

Corresponding to the construction of a solution to the

b variables as discussed in the previous section, one can

also investigate the case when the Lorenz equations ex-

hibit unstable periodic solutions in the chaotic regime.

In this particular case, a special solution for b1 and b2

can also be found by applying Floquet’s theory on dif-

ferential equations with periodic coefficients. According

to the theoretical framework presented in section 3.2.1,

at first the period T has to be calculated, utilizing the

Henon-trick as described in appendix A. Subsequently,

the matrix K(T, 0,L(t)) is being assembled in order to

numerically determine its characteristic roots by stan-

dard methods. In a final step, a suitable ansatz for

the polynomial q(j,i)(t) possessing periodic coefficients

is to be conjectured. Figure 6.12 shows a projection of

the directly computed trajectory onto the b1-b2 plane,

as well as the corresponding qualitative fit, which has

been derived by means of Floquet’s theory. Since we

investigate the periodic orbit 1000 while ε = 2 is fixed,

we obtain an exponentially increasing solution due to

a positive Floquet exponent, as can be verified when

consulting the corresponding Lyapunov spectrum as depicted in figure 6.10. The full model

equation leading to the reconstructed solution in figure 6.12 reads

bf (t) = q1,1(t) exp(ln(σ1)t/T ) + q1,2(t) exp(ln(σ2)t/T ) , (6.19a)

whereas

q1,1(t) =

(
c1| sin(2πt/T )|3/2 + c2

c3 sin(2πt/T )

)
q1,2(t) =

(
c4| sin(2πt/T )|3/2 + c5

c6 sin(2πt/T )

)
.

(6.19b)

The constants c1, . . . , c6 have to be chosen in a suitable manner to recover the intrinsic motion.

The directly obtained phase space portrait in graph 6.12 is in very close agreement with the

corresponding constructed solution represented by equations (6.19).

As can be concluded when comparing the trajectory with the model solution plotted in figure

6.12, we are able to find a solution to simulate the qualitative behavior of b1 and b2 when the back

coupling of the b variables on the Lorenz system is turned off, and when the x subsystem exhibits

periodic solutions. Thus, the present section sets another example for the successful application

of Floquet’s theory. Furthermore, we have been able to reveal the individual contribution of

various symmetric and asymmetric periodic orbits of the chaotic Lorenz attractor to the onset

of the observed nonequilibrium phase transition.
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6.4 Another Approach to Determine the Characteristic Expo-

nent

In section 4.1, we have already discussed one possible attempt to investigate the critical char-

acteristic exponent in dependence of the control parameter ε. This particular approach was

foremost introduced in Ref. (Friedrich and Haken, 1992) and is based on a coordinate trans-

formation which leads to a first order differential equation for one of the new variables. The

resulting expression thereafter can be solved formally by an exponential ansatz. Thereby, the

back reaction of the b variables on the Lorenz subsystem is being neglected. The method pre-

sented in section 4.1 certainly leads to reliable results; however due to the transformation into

hyperbolic coordinates and the particular form of equation (4.1) comprising hyperbolic functions,

it is difficult to gain a deeper descriptive understanding.

The present section aims at discussing an alternative approach to determine the characteristic

exponent of the b subsystem as a function of the control parameter ε. Considering the special

form of the b equations (2.2a), it is tempting to define a new independent variable w(t) according

to

w(t) =
b2(t)
b1(t)

, (6.20)

which is well-defined since b1(t) 6= 0 for all t. Substituting (6.20) into the differential equations

determining the b subsystem (2.2a), we derive a first order nonlinear differential equation for b1

ḃ1 = (−εa1 + αxw)b1 , (6.21)

as well as a Riccati-type differential equation for the newly introduced variable w(t) reading

ẇ = −ε(a2 − a1)w − (αx)w2 + αx . (6.22)

It shall be mentioned that equation (6.22) represents a special case of the generalized Riccati

equation. For further details concerning this type of nonlinear ordinary differential equations,

the reader is referred to Ref. (Reid, 1972; Bittanti, 1991; Zwilllinger, 1989). The new variable

w(t) is expected to be a strongly fluctuating quantity, since x(t) apparently represents a rapidly

varying degree of freedom. Taking into account the results of phase space projections gained in

chapter 4, we immediately can identify the constraint |w(t)| < 1 for sufficiently large times t.

Numerical observations confirm the above statements, and w(t) is observed to fluctuate heavily

between the values +1 and -1, while the mean value in time depends on the control parameter

ε. It shall be noted that w0
1,2 = ±1 represent two stationary solutions in the limiting case ε = 0.

A general solution to equation (6.21) can be obtained by direct integration, yielding

b1(t) = b1(0) exp
(∫ t

t0

dτ [−εa1 + αx(τ)w(τ)]
)

. (6.23)

Allowing for the results presented in section 3.2.2 concerning ordinary differential equations with

real bounded coefficients, the solution (6.23) might be written as

b1(t) = b1(0) exp (Λ(t) t) , (6.24a)
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whereas

Λ(t) =
1
t

∫ t

t0

dτ [−εa1 + αx(τ)w(τ)] . (6.24b)

Apparently, this result only holds true under the assumption that the time limit Λ = limt→∞ Λ(t)

exists. Expression (6.24b) provides an insight into the behavior of the critical characteristic

exponent Λ as a function of the control parameter ε. The temporal evolution of the variables w

and x can be determined by integrating the ABCDE system in its transformed variables, while

the back reaction of w and b1 onto the Lorenz subsystem is being neglected. Subsequently,

equation (6.24b) can be evaluated for various values of the control parameter ε. Figure 6.13 shows

the numerically determined characteristic exponent Λ in dependence of the control parameter ε.

Figure 6.13: Characteristic exponent as function of order parameter ε

The transition at about

εc = 5 is again being con-

firmed, and the result re-

covers the same behavior

of Λ as encountered in sec-

tion 4.1. However, equa-

tion (6.24b) sheds new

light on the transition

pathway, since the slope

of Λ in figure 6.13 can be

identified as being mainly

determined by the first

summand in (6.24b), i.e. by −a1 = −0.1. The second summand in (6.24b), even though also

slightly dependent on ε, mainly determines the intercept with the y-axis. Thus, the behavior of

the critical Lyapunov exponent in the case of different periodic orbits, as presented in section

6.3.3, becomes comprehensible in terms of the above results.

Λ itself is of course also a strongly fluctuating quantity in time. This conclusion is not

contradictory to (6.24) since the approach only requires limt→∞ Λ(t) to exists. Therefore, it

is tempting to explicitly examine the temporal evolution of the exponent Λ when the system

is near the transitional state. If the chaotic bursts of the characteristic variables b or r are

unmistakably associated with the intermittent positivity of the characteristic exponent Λ, an

exhaustive description of the transition leading to dynamo action in the ABCDE model would

have been revealed. To this end, a function σ(z) with z ∈ R is being defined, obeying

σ(z) =

1 z > 0

0 else .
(6.25)

The mapping σ(z) can now be applied to a time series of the quantity Λ(t), which is

obtained by evaluating the right hand side of equation (6.24b). Thereby, Λ(t) fluctu-

ates heavily around a certain mean value depending on the control parameter ε. Closely
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above the threshold εc, the mean takes a slightly negative value close to zero and be-

comes positive on intermittent temporal intervals. Figure 6.14 monitors a time se-

ries of the variable b1 obtained by direct integration of the underlying differential equa-

tions, together with a bar plot of the mapping σ(Λ) as a function of the time t.

Figure 6.14: Directly obtained time series of vari-

able b1 (upper diagram) and mapping σ(Λ) as a

function of the time t (lower diagram)

A strong correlation between chaotic bursts of ac-

tivity and a locally positive characteristic exponent

becomes apparent when comparing the time depen-

dent graphs. In a final conclusion, the intermittent

temporal evolution of the characteristic exponent

Λ(t) can be identified as the direct cause of the in-

stability which builds the foundation of this thesis.

In summary, the present chapter focuses on the

investigation of Lyapunov characteristic exponents

as a measure of chaoticity in the ABCDE system.

Apart from the expected behavior of the critical

characteristic exponent, we have provided an in-

troduction into the theoretical framework. More-

over, we have presented results regarding the de-

termination of the spectrum of Lyapunov charac-

teristic exponents in the chaotic regime, as well as

in the case of high Rayleigh numbers. In the lat-

ter regime, we have recorded hysteretic behavior

resulting in subcritical dynamo action and hyper-

chaotic dynamics. Utilizing results obtained from

Floquet’s theory, we have derived explicit solutions

to reconstruct the evolution of the b variables. Fur-

thermore, employing standard parameter values,

we have clarified the contribution of individual periodic orbits of the strange Lorenz attrac-

tor to the observed instability. Corresponding solutions for the b variables have been identified

using Floquet’s theory. In a final step, we have revealed the immediate fundamental cause for

the observation of intermittent bursts of magnetic activity, in terms of the disclosure of a locally

positive characteristic exponent.

The following section shall introduce a stochastic treatment of the fundamental instability.

In general, the description of deterministic dynamical systems by means of suitable stochastic

processes is a widely accepted approach to reveal characteristic properties of the underlying

dynamics. Having extensively scrutinized the concept of Lyapunov characteristic exponents to

reveal the nature of the nonequilibrium phase transition, the modeling of chaotic dynamics in

terms of an appropriate stochastic process bares a further extremely relevant field of interest.



Chapter 7

Stochastic Treatment of the

Transition

As has been addressed in previous chapters, chaotic dynamics can be related to exponential

divergence of nearby trajectories in phase space, giving rise to paramount sensitivity on un-

certainties in initial conditions; a fact that intuitively suggests a stochastic description of the

underlying deterministic dynamics. Modeling certain degrees of freedom, which correspond to

dynamical systems, by stochastic processes is a widely discussed subject in theoretical as well

as experimental physics. Research on the simulation of chaotic dynamics by suitable stochas-

tic model equations has, for instance, been extensively discussed in the area of hydrodynamics

(Friedrich and Peinke, 1997a), in the increasingly popular field of climate models (Majda et al.,

2006), in the study of tremor data from patients suffering from Parkinson’s disease (Gradîsek

et al., 2000), in stock market data analysis (Friedrich et al., 2000), as well as in experiments on

electronic circuits (Stemler et al., 2007). Many of the approaches are based on time scale sepa-

ration through the introduction of a small parameter, allowing to describe fast chaotic degrees

of freedom in terms of noise acting on slow relevant variables.

The present chapter aims at modeling certain degrees of freedom of the ABCDE model,

which is represented by the system of nonlinear ordinary differential equations given in (2.2), by

suitable stochastic processes. To this end, in the following we present some important stochastic

model equations for nonlinear dynamical systems and various applications to chaotic time series.

The stochastic treatment discussed in this chapter comprises the computation of drift and diffu-

sion coefficients, as well as the setup for a suitable stochastic description of the dynamical system

under investigation. Furthermore, the reliability of the approach is being addressed since it is

crucial to check whether the results obtained by a stochastic treatment of a dynamical system

remain meaningful, owing to the fact that most methods are based on far-reaching mathematical

idealizations. In a final step, the deterministic dynamics of the ABCDE model are being recon-

structed by means of suitable stochastic differential equations. Probability density estimates for

the b variables are computed and compared for a final verification. However, we shall start with

a brief introduction into the basic theory of a class of stochastic differential equations.
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7.1 Brief Introduction into Stochastic Calculus

In the present section, some basic and essential properties of stochastic differential equations shall

be presented. The reader is referred to (Frank, 2005; Haken, 2004; Gardiner, 2004; Risken, 1989;

Horsthemke and Lefever, 1984) for a detailed discussion and further information. The motivation

to treat dynamical systems by means of suitable stochastic approaches is often given by the

observation of microscopic and macroscopic processes within a given system. Microscopic degrees

of freedom often manifest themselves in form of heavy fluctuations, while the corresponding

macroscopic degrees of freedom evolve on a much longer time scale. Even though the macroscopic

processes are a direct result of many, sometimes coherent, microscopic mechanisms themselves, it

is a generally prevalent approach to describe the entire system by adding additional terms, which

account for the fluctuations, to the otherwise deterministic equations governing the macroscopic

quantities. Within the theory of stochastic differential equations, being able to account for many

properties of chaotic dynamical systems, the fluctuations are often treated in a mathematically

idealized way, which is discussed in the following.

Consider a single, time-dependent variable x(t), whereby out of the continuous flux of time

t, a discrete set of times ti is chosen. It is assumed that the time intervals ∆t = ti+1− ti remain

constant. The influence of deterministic and fluctuating forces on the variable x might then be

described by

∆x(ti) = K(x(ti−1))∆t + ∆w(ti) , (7.1)

whereas ∆x(ti) = x(ti) − x(ti−1), and ∆w(ti) = w(ti) − w(ti−1) constitutes the influence of

microscopic fluctuations on the deterministic macroscopic process described by x. In order to

find a suitable description of the fluctuating forces, one resembles to the framework of statistics,

as will be addressed later in this section. Quite often the fluctuations ∆w happen to appear

jointly with the quantity x. Thus, one has to consider stochastic differential equations of the

general form

∆x(ti) = K(x(ti−1))∆t + g(x)∆w(ti) . (7.2)

The notation of the function g(x) in (7.2) leaves the question open at what time the variable

x in the argument of g(x) has to be evaluated. It emerges that this time cannot be chosen

arbitrarily, whereas two distinct approaches have gained particular scientific recognition - the

Îto and Statonovich interpretation of stochastic calculus. According to Îto, x in g(x) is taken

at time ti, which leads to a decorrelation of x(ti−1) and ∆w(ti). In contrast, Stratonovich

proposed to take x at the midpoint between the times ti−1 and ti, i.e., at the time (ti + ti−1)/2.

While Îto’s interpretation simplifies mathematical operations but often does not represent the

most natural choice in a physical context, one often resembles to the Stratonovich formalism

when formulating specific problems, for instance in the discipline of engineering. Moreover, the

Stratonovich formalism allows variables to be transformed in accordance with ordinary calculus

applicable to normal differential equations. In order to keep the focus of this thesis, we shall end



50 7.1 Brief Introduction into Stochastic Calculus

the introduction into Îto and Stratonovich calculus here, and we refer the reader to corresponding

standard work (Gardiner, 2004; Risken, 1989; Horsthemke and Lefever, 1984). However, it should

be noted that both approaches yield the same results if the fluctuating forces are independent

of variable x and time t. Then, the corresponding stochastic differential equations represent a

special case of the Îto and Stratonovich equations and are called Langevin equations (Haken,

2004). The Langevin equations, wich describe the temporal evolution of a stochastic variable

x, possess corresponding Fokker-Planck equations, accounting for the temporal evolution of the

conditional probability density distribution p of the stochastic variable x.

7.1.1 The Langevin and the Fokker-Planck Equation

The approach proposed in Ref. (Gradîsek et al., 2000; Siegert et al., 1998; Friedrich and Peinke,

1997b) represents a general method for the estimation of drift and diffusion coefficients of the

corresponding Fokker-Planck equation, valid for stationary continuous stochastic processes with

Markovian properties. The treatment focuses on an important and wide class of dynamical

systems, which can be described in terms of Langevin equations. Thereby, the evolution of a

n-dimensional stochastic variable x(t) in phase space S is governed by

dxi(t)
dt

= hi (x(t)) +
∑

j

gi,j (x(t)) Γj(t) , i, j = 1, . . . , n , (7.3a)

where

〈Γi(t)〉 = 0 , 〈Γi(t)Γj(t′)〉 = Qδijδ(t− t′) ∀i, j . (7.3b)

The quantity Γi denotes random noise which is assumed to be uncorrelated and to exhibit

vanishing mean value, while Q determines the noise amplitude. Thus, the time derivative of the

stochastic vector x is defined by a sum of a deterministic, h, and a stochastic part, g ·Γ. Apart

from (7.3b), no further assumptions on the matrix g or the vector h have to be made, and h

may also contain nonlinearities to account for the formulation of deterministic chaos.

The random terms in equation (7.3) generally precludes the identification of distinct solutions

to the Langevin equation. An alternative way to model the underlying dynamical system is based

on the description of the stochastic process by a conditional probability density distribution,

p(x, t), of the n-dimensional stochastic variable x in phase space S. It can be shown that the

temporal evolution of p(x, t) is governed by the deterministic Fokker-Planck equation reading

(Haken, 2004; Gardiner, 2004; Risken, 1989)

∂p(x, t)
∂t

=

− n∑
i=1

∂

∂xi
D

(1)
i (x, t) +

1
2

n∑
i,j=1

∂2

∂xi∂xj
D

(2)
ij (x, t)

 p(x, t) . (7.4)

Thereby, D
(1)
i (x, t) and D

(2)
ij (x, t) are denoted as drift and diffusion coefficients, respectively.

The direct statistical definition of the drift and diffusion coefficients is given by (Risken, 1989)

D
(1)
i (x, t) = lim

τ→0

1
τ
〈xi(t + τ)− xi〉x(t)=x , (7.5a)

D
(2)
ij (x, t) = lim

τ→0

1
τ
〈(xi(t + τ)− xi)(xj(t + τ)− xj)〉x(t)=x , (7.5b)
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where 〈. . .〉 represents a suitable average. It has been shown that it is possible to determine

D(1) and D(2) for stationary continuous Markovian processes with uncorrelated noise directly

from the corresponding data by applying definition (7.5) (Friedrich and Peinke, 1997b; Siegert

et al., 1998), whereas the limit limτ→0 can be reached by interpolation. Using Îto’s definition

for stochastic integrals, it has been shown in Ref. (Risken, 1989) that the drift and diffusion

coefficients D(1) and D(2) can be related to the matrix and vector valued coefficients g and h of

the corresponding Langevin equation using the formulas

D
(1)
i (x, t) = hi(x, t) , (7.6a)

D
(2)
ij (x, t) = Q

∑
k

gik(x, t)gjk(x, t) . (7.6b)

It shall be noted that for a stationary process, p(x, t), and therewith D(i), i = 1, 2, are inde-

pendent of the time t. If one has has already obtained D
(2)
ij according to expression (7.5), and

subsequently aims at recovering gij to investigate the corresponding Langevin equation, one

is disposed to calculate gij from D(2) = Qgg† by means of Cholesky decomposition (Zeidler,

1996). Basically the Cholesky decomposition states that a symmetric positive-definite matrix

can be decomposed into a lower triangular matrix and the transpose of the lower triangular

matrix, indexed by †. The numerical implementation is straightforward and can be achieved

by applying standard algorithms. When the drift and diffusion coefficients D(1) and D(2) have

been computed from a long time series generated by the dynamical system utilizing equation

(7.5), one can easily recover the corresponding Langevin coefficients h and g via relation (7.6),

so that the nature of the intrinsic stochastic process is completely determined.

7.2 Numerical Results of the Stochastic Model

The present section is devoted to the presentation of numerical results concerning the modeling of

certain degrees of freedom associated with the ABCDE system by a suitable stochastic process.

The scientific objective is to find a stochastic description of the b variables by dividing the

underlying dynamics into a deterministic part, governing the evolution of macroscopic variables,

and a stochastic component, representing fluctuations of microscopic degrees of freedom. The

algorithm employed is based on the idea to impose a regular d × d grid onto the b1-b2 plane

to divide the area of the phase space which is visited by the projected system trajectory into

individual bins. The stochastic treatment rests upon the principle to determine a stationary

Langevin equation of the form (7.3) for each of the bins containing enough data points to allow

a stochastic interpretation. Hence, the deterministic and stochastic component h and g in (7.3)

are not explicitly time dependent. At an arbitrary time ti, when the trajectory visits a certain

point x in phase space, the position at time ti + ∆t is being determined by the deterministic

component h(x), as well as the stochastic part g(x) · Γ(ti), according to equation (7.3). In this

manner, a whole trajectory can be determined to set up the stochastic process. The size of

the grid spacing ∆d should be chosen with all due caution since too small sections would not

contain sufficiently many data points, while too large grid spacing results in declined resolution



52 7.2 Numerical Results of the Stochastic Model

and accuracy. The grid size that has been chosen for our investigations is being reasoned later

in this section when we investigate autocorrelation functions of relevant quantities.

Two general attempts have been followed to construct a suitable description in terms of a

Figure 7.1: Superimposed grid and projection of

trajectory onto b1-b2 plane (upper diagram) as well

as on r-φ subspace (lower diagram)

Langevin equation. In the first case, the variables

b1 and b2 have been directly consulted to model

the deterministic dynamics, whereas in the sec-

ond case, the dynamics of the transformed hyper-

bolic variables r and φ have been stochastically re-

produced. In conclusion, it has become evident

that the stochastic modeling of the variables r

and φ is more favorable due to miscellaneous rea-

sons. One argument emerges from consideration of

a projection of the trajectory on either the b1-b2

plane or the r-φ subspace as illustrated in figure

7.1. Thereby, we have used the regular parame-

ter values together with ε = 4.5. The grid in fig-

ure 7.1 represents just a schematic representation

and would be increasingly fine structured in an ac-

tual simulation. However, evoked by the geometric

structure of the attractor, the hyperbolic coordi-

nates allow a more accurate treatment, especially

in an area close to the origin which is visited fre-

quently by the trajectory. For the following results

of numerical simulations, a Cartesian grid has been

chosen to increase efficiency. In a later section of

this chapter, it is necessary to refer to particular

bins to present corresponding numerical results. Therefore, index numbers (i, j), whereas i de-

notes the column and j the row number, satisfying 1 ≤ i ≤ d and −d/2 ≤ j ≤ d/2, are being

assigned to all individual bins.

7.2.1 Determination of Drift Coefficients

The drift coefficients can be obtained directly from a sufficiently long time series of the corre-

sponding variables by applying the statistical definition which has been given in equation (7.5a).

When reconstructing the dynamics of the b variables, we apparently encounter a 2-dimensional

vector D(1), containing two drift coefficients for each of the considered bins. Figure 7.2 shows

a vector field representation of numerically computed drift coefficients D(1), where a 60 × 60

Cartesian grid with a grid spacing of ∆d = 1/6 has been employed. Furthermore, we have

applied standard parameter values and ε = 4.5 for the present calculation. The drift coeffi-

cients of the Fokker-Planck equation, which can be directly identified with the deterministic

part of the corresponding Langevin equation, govern the fundamental dynamics of the sto-
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chastic process. Figure 7.2 therefore gives information about the expected principal nature of

Figure 7.2: Vector field of drift coefficients in the b1-b2 plane

the stochastic dynamics and furthermore

recovers the basic structure of the pro-

jected attractor onto the b1-b2 subspace.

In turn, a similar diagram can be pro-

duced for the drift coefficients in the case

of the hyperbolic coordinates r and φ.

Figure 7.3 shows a vector field of drift

coefficients D(1) for every bin, while the

same gridding has been employed. For

the sake of clear presentability, the for-

mer configuration has also been used to

compute the remaining diffusion matrix

D(2), which is being contemplated in the

following paragraph. However, for con-

secutive computations concerning the final setup of a stochastic model, a 100 × 100 Cartesian

grid with grid spacing ∆g = 7/100 was superimposed onto the corresponding subspace.

7.2.2 Determination of Diffusion Coefficients

Even though all relevant subsequent calculations have been performed employing the hyper-

bolic coordinates r and φ, results concerning the composition of the diffusion matrix are be-

ing presented in terms of the quantities b1 and b2 for the sake of consistency and clearness.

Figure 7.3: Vector field of drift coefficients in the r-φ plane

Because of the two-dimensional b sub-

system, a 2 × 2 diffusion matrix D(2)

emerges in the corresponding stochastic

description by a Fokker-Planck equation

of the form (7.4). Therefore, for the in-

vestigation of the diffusion coefficients it

is tempting to examine eigenvectors and

eigenvalues of the diffusion matrix D(2)

for each bin. The upper diagram in figure

7.4 monitors the eigenvectors of the dif-

fusion matrices, located at the center of

each segment that has been visited sto-

chastically often by the system trajec-

tory. The eigenvectors represent a linear

combination of the variables which are biased by the uncorrelated random forces. Since D(2) is

a symmetric matrix, its eigenvectors are orthogonal, and the corresponding eigenvalues strictly

real. In the lower part of figure 7.4, we report the eigenvalues of the symmetric diffusion matri-

ces, evaluated by standard methods for every bin that has been visited sufficiently frequent by
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Figure 7.4: Vector field depicting eigenvectors (upper diagram), and bar diagrams showing eigenvalues (lower

diagrams) of the diffusion matrices for each bin

the trajectory to allow a statistical interpretation. The significance of the consideration of char-

acteristic roots for the diffusion matrix D(2) is given by the fact that the eigenvalues determine

the strength of independent fluctuating forces in the space of relevant variables (Kuhn et al.,

1991). Hence, we can conclude that fluctuations become extremely relevant in the vicinity of

the b1 axis close to the origin. The outcome, concerning the investigation of eigenvalues of the

diffusion matrix, takes account of the dynamical property that transitions of the system from

one leaf of the attractor with b2 > 0 to the lower half-space determined by b2 < 0, or vice versa,

represent an extremely important feature of this chaotic system.

7.2.3 Discussion of Stochastic Force F

The aim of the present section is to find an applicable stochastic description for the chaotic

dynamics of the b variables. However, it is not clear from the beginning that there exists a

suitable description for the case under consideration. Focusing on the stochastic part of the

Langevin equation (7.3), it has to be investigated whether the actually deterministic fluctuation

can be treated by means of random forces. To this end, it is convenient to introduce a stochastic

force F, defined by the expression

F = b(t + ∆t)− b(t)−∆tD(1) . (7.7)
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Comparing (7.7) with the Langevin equation (7.3), it becomes evident that F represents the

fluctuating part of the deterministic dynamics which shall be described by random Langevin

forces. An essential criterion that indicates whether the ABCDE system is suitable for a sto-

chastic description of the present form is the behavior of the autocorrelation function G of the

stochastic force F. The autocorrelation function is a measure for the correlation of a signal with

a time-shifted version of itself. Let yt denote the value of the process under investigation deter-

mined at time t, exhibiting the mean µ and variance σ2. In the stationary case, when the first

and second moments are time invariant, the autocorrelation G is defined as (Gardiner, 2004;

Kantz and Schreiber, 2000)

G(τ) =
E [(yt − µ)(yt+τ − µ)]

σ2
, (7.8)

where τ denotes the lag, and E(yt) represents the expected value of the quantity yt. Due to the

normalization by σ2, the autocorrelation function satisfies the condition −1 ≤ G(τ) ≤ 1.

Since we assume a δ-correlated noise process with vanishing mean (7.3b), it is essential that

the autocorrelation function of F decreases sufficiently fast. The significance of this becomes

evident when taking the bin size into account. Long range autocorrelations of F would im-

ply the need for larger bin sizes, which would negatively affect the accuracy of calculations;

employing too small bin sizes on the other hand, it becomes impossible to draw conclusions

based on stochastic arguments. Only when the autocorrelation function decreases sufficiently

fast and exhibits features of stochastic nature, a reconstruction of the dynamics by stationary

Langevin equations, based on discretization of the b1-b2 phase subspace, is expected to generate

satisfactory results.

In order to highlight the advantages of choosing a description based on hyperbolic coordinates

r and φ, rather than using the b variables, the following results, which have been obtained

utilizing hyperbolic coordinates, shall be compared with the graphs presented in appendix B.

In the latter case, we have performed an analogous treatment based on the immediate variables

b. Figure 7.5 presents the one-dimensional autocorrelation functions G of the components Fr

and Fφ as a function of the delay time τ . As can be seen clearly, the upper diagrams in

figure 7.5 highlight a much more rapid decay of the autocorrelation function than shown in

the corresponding figure B.1, where quasi periodic oscillations dominate over long periods of

time. Moreover, when considering larger lags in time, figure B.1 reveals intermittency leading

to significant correlations, while the functions plotted in figure 7.5 fluctuate closely around zero.

In this regard, it might be interesting to note that the autocorrelation function of a periodic

function is periodic itself with the very same period, while the autocorrelation of a continuous

white noise signal exhibits a strong peak when the lag equals zero and vanishes for all other

delay values. The investigation of the autocorrelation function of the stochastic force F also

allows a reasoning of the chosen bin size; due to the rapidly decaying autocorrelation functions,

it is possible to choose an appropriate bin size, as declared in section 7.2.1, by striking a balance

between the prerequisites for a stochastic interpretation and a satisfying spacial accuracy.

In the attempt to describe deterministic dynamical systems by appropriate stochastic model
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Figure 7.5: Autocorrelation functions of the components Fr (left column) and Fφ (right column) in dependence

of lag τ for two different time scales

equations, it is crucial to investigate the suitability of the chosen random processes entering the

final description. In the case under consideration, we assume that Γi in equation (7.3) symbolizes

a δ-correlated Gaussian white noise process. To verify if this assumption holds true and is able to

account for the characteristic features of the ABCDE system, it is tempting to survey estimates

of the probability density functions, fr, and fφ, of the stochastic force F for exemplary bins.

Figure 7.6 presents probability density estimates fr, as well as fφ, of the corresponding forces

Fr, and Fφ, evaluated at certain particular bins, as functions of r, and φ, respectively. The

numeration of the bins is in accordance with the general notation introduced at the beginning

of paragraph 7.2. As can be reasoned from the above diagram, even though the shape of the

probability density estimates deviate partially from the shape of a normal distribution, one can

expect satisfactory results assuming a Gaussian distributed white noise process Γ in equation

(7.3). This argument is mainly based on the fact that we immediately observe the distribution

of quantities related to the form g · Γ. In the vicinity of the b1 axis and close to the origin,

fluctuations play a major role, while they become a minute detail in other regions of the b1-b2

plane, as we have concluded from figure 7.4; deviations in the probability density function from

Gaussian characteristics are recorded mainly in those regions of less importance. Moreover, the

system trajectory visits the critical areas far less frequent compared to the bins, which give rise

to satisfactory distributions of the stochastic force F. In comparison to the above results, the

computation of probability density functions obtained by immediately employing b variables,

namely fb1 , and fb2 , as displayed in appendix C, leads to poor results and implies that an
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(a) Bin (3 -1) (b) Bin (10 4)

(c) Bin (35 8) (d) Bin (40 1)

Figure 7.6: Probability density estimates of stochastic force F for exemplary bins, denoted by fr (−), fφ (−.)

appropriate stochastic description might not be found.

In conclusion, the outcome concerning our assessment of the stochastic force F underpins

the validity of the chosen ansatz. The question, aiming at a mathematically sound and explicit

derivation of the optimal choice for the bin size, may serve as motivation for further investigation.

Here, it might be crucial to examine the characteristic time scale, which is associated with the

system’s loss of memory, reflected in the exponentially decreasing autocorrelation function of

the stochastic force F. In a final step, the following section presents detailed results regarding

the actual implementation of the stochastic reconstruction.

7.2.4 Reconstruction of Variable b in Terms of Langevin Process

Having examined the conditions which form a prerequisite for the success of a reconstruction

of the dynamics by a suitable stochastic process, the present section aims at discussing the ac-

tual implementation and final results of the Langevin approach. Combining the deterministic

as well as random terms of the underlying dynamics, it is possible to generate typical stochas-

tic trajectories modeling the process. These trajectories should possess very similar properties

compared to the corresponding time series from which they have been generated. In particular,

the phase space portraits should exhibit this similarity, and furthermore probability density

estimates for the system variables should match qualitatively well. In order to reconstruct a
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characteristic stochastic trajectory of the dynamical system, the Langevin equation (7.3) has to

be integrated using a conventional Runge-Kutta routine. Figure 7.7 shows a projection of two

different trajectories onto the b1-b2 subspace. The original and reconstructed stochastic trajecto-

ries match qualitatively very well when comparing the above plot with the phase space diagrams

presented in chapter 4. The general topology of the attractor has been recovered meticulously

by the stochastic model. Moreover, characteristic features of the original attractor, such as

the behavior for different control parameter values ε, or dynamical fluctuations in the vicinity

of the b1 axis, can be reproduced to an impressive extent by the stochastic model equations.

Figure 7.7: Stochastic reconstruction of the variables

b1 and b2 for ε = 2.5 (upper diagram) and ε = 4.5 (lower

diagram)

In contrast, in appendix D we present a recon-

structed stochastic trajectory which has been

obtained using the b, rather than hyperbolic

coordinates. As can be seen clearly, the dy-

namics are not reproduced satisfactorily due to

the disadvantages of the latter approach, as ad-

dressed above in the text.

In conclusion, the reconstructed phase

space diagrams are, at least phenomenologi-

cally, in close agreement with the original tra-

jectory projections. In order to gather ample

evidence confirming our approach, it is tempt-

ing to compute probability density estimates

of all relevant variables generated by either the

original dynamical system or the reconstructed

stochastic process. Above, we already quali-

tatively showed a good conformity of the re-

constructed trajectory with the actual path in

phase space. However, the following investiga-

tion aims at numerically proving the validity

of the results in a more rigorous way. To this

end, figure 7.8 shows plots of probability den-

sity estimates, hφ, and hr, for the hyperbolic

coordinates φ, and r, obtained for a control pa-

rameter value of ε = 4.5. Thereby, the dashed

lines represent the estimates for the original dynamics, while the solid lines denote the probabil-

ity density estimates obtained from reconstructed time series that have been generated by the

stochastic process. Both density estimates compare favorably and show the same specific fea-

tures; while the function hφ exhibits, as expected, symmetry, and takes on three local maxima,

hr recovers the basic form which has been foremost reported in Ref. (Friedrich and Haken, 1992),

owing to the intermittent nature of the corresponding variable r close to the critical threshold.
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Figure 7.8: Probability density estimates of the

quantities r and φ for the control parameter value

ε = 4.5. Estimates obtained from a stochastic re-

construction are denoted by solid lines (-), directly

obtained probability densities by dashed lines (-.)

Figure 7.9 shows plots of the same quantities

using corresponding notation, obtained for a control

parameter value of ε = 2.5. Thereby, we record three

local maxima for the function hφ, while the shape of

the density distribution slightly changes compared

to the previous calculation. Again, hr recovers the

behavior which has been reported in Ref. (Friedrich

and Haken, 1992), reflecting the fluctuations of the

corresponding variable r around a certain non-zero

mean value. Considering both figures 7.8 and 7.9,

the probability density functions obtained from the

reconstructed trajectories, represented by the solid

lines, lead to slightly asymmetric graphs in contrast

to the functions computed from directly obtained

data, denoted by the dashed lines. It is being as-

sumed that a longer integration time of the sto-

chastic differential equations would further diminish

these deviations from the actual shape. Comparing

the upper and left diagram in figures 7.8 and 7.9,

respectively, with each other, the general shape per-

sists when decreasing the control parameter, even

though the system seems to sojourn in the vicinity

of the b1 axis more frequently.

As can be concluded from the results of our investigation of the probability density estimates

and phase space reconstructions for the relevant degrees of freedom, the stochastic description

is able to account very well for the characteristics of the underlying dynamical system. The

suitability of the studied dynamical system for a stochastic description can be attributed to the

separability of the two subspaces x and b composing the whole ABCDE system.

Figure 7.9: Probability density estimates of the quantities r and φ for ε = 2.5. Estimates obtained from a

stochastic reconstruction are denoted by solid lines (-), directly obtained probability densities by dashed lines (-.)



Chapter 8

Conclusion

As can be reasoned from the extent of persistent scientific activity in the fields of theoretical

as well as experimental study of dynamo action, there can be no doubts about the need of

a substantial understanding concerning the temporal evolution, and generating processes of

astrophysical magnetic fields. The practical significance of solar and terrestrial magnetic fields

to the past and future development of life on our planet is apparently given by the interrelated

level of solar activity and the induced protection against cosmic radiation, respectively. The

intermittency close to the threshold to dynamo action may be the key to an understanding of the

observation of various minima of the sun’s magnetic activity. Besides, geomagnetic excursions

and polarity reversals of the earth’s magnetic field might become comprehensible, formulating

a description based on periods of intermittent magnetic behavior. In general, nonequilibrium

phase transitions observed in natural systems are preeminent processes giving rise to extremely

relevant phenomena such as spatio-temporal patterns and self-organization. Summing up, the

results presented in this manuscript clarify the nature of the transition observed in the ABCDE

model by considering various relevant characteristic properties of the underlying dynamical

system. After having laid the theoretical foundation for a comprehensive general treatment of

deterministic dynamical systems, we have introduced the specific magnetohydrodynamic model

equations under investigation. In this context, we have highlighted relevant properties of the

ABCDE model and the constituent Lorenz equations. In order to motivate our theoretical

interest in the nature of the given transition, we have given a brief introduction into the history of

laboratory experiments generating dynamo action. Special attention has been paid to underline

recent experimental observations, which remarkably underscore our interest in the intermittent

dynamo action revealed in the ABCDE system. Moreover, we have presented evidence that a

nonequilibrium phase transition occurs for a critical control parameter value εc, by reproducing

results which have foremost been contemplated in Ref. (Friedrich and Haken, 1992).

The study of further characteristics has led us to various novel results including the deter-

mination of stationary solutions, as well as a numerical, and, wherever applicable, analytical

discussion of bifurcation routes by means of linear stability analysis. Furthermore, we have pre-

sented an extensive investigation of Lyapunov characteristic exponents for the chaotic system
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under investigation. Therefore, we have introduced a related low-dimensional model system,

and elucidated the anticipated behavior of the critical characteristic exponent in dependence of

the control parameter. In addition, the spectrum of Lyapunov exponents has been determined

for various control parameter values ε, employing ordinary parameter values to characterize the

nature of the phase transition. Deviating from the general convention, we have also investigated

the deterministic system for high Rayleigh numbers r, leading to the development of stable

periodic solutions of the Lorenz subsystem. In this particular regime, we have observed hys-

teretic behavior, and correspondingly subcritical dynamo action. In addition, it has also been

possible to apply Floquet’s theory to model corresponding qualitative analytical solutions for

the b variables, using techniques associated with periodic orbit analysis. In a further step, the

contribution of periodic orbits to the observed instability up to fundamental period 4, utilizing

original parameter values, has been studied. We have been able to show that the basic cycle

does not contribute to the observed bifurcation, while other periodic orbits induce the tran-

sition with increasing proportion according to their ascending periodicity. In analogy to the

previous treatment of high Rayleigh numbers, it has also proved possible to construct explicit

analytical solutions describing the temporal evolution of the b variables. In a final analysis, we

have revealed that, close to the critical threshold of the control parameter ε indicating the onset

of dynamo action, local fluctuations of the corresponding Lyapunov exponent characterize the

intermittent temporal behavior of the magnetic field modes.

In the subsequent study, aiming at a stochastic treatment of the nonequilibrium phase tran-

sition, we have outlined how to obtain drift and diffusion coefficients from various realizations of

the underlying deterministic process. It shall be mentioned that, owing to the reasons outlined

in the respective section, it is more suitable to set up the stochastic simulation using hyperbolic

coordinates. Proceeding by consulting b1 and b2 directly does not lead to satisfactory results,

as has been discussed in the relevant paragraphs. Vector field diagrams of drift coefficients D(1)

have depicted the main deterministic drivers governing the temporal evolution of the magnetic

b variables. The diffusion coefficients D(2), expressed by 2 × 2 symmetric matrices, have been

calculated and investigated with respect to their eigenvalues and eigenvectors. The results have

provided important information about the underlying dynamical process and enabled us to spec-

ify a promising stochastic description. To this end, the stochastic force F has been introduced,

representing the quantity which describes the fluctuating part of the chaotic process, chosen to

be described by means of stochastic random forces. Resulting from the assessment of quantities

such as the autocorrelation function and probability density estimates of F, we have been able

to set up a suitable stochastic description of the actual deterministic dynamics employing a

Langevin approach. In a final step, we have performed some exemplary simulations of the b

variables by dint of the chosen stochastic description for different parameter values. The ob-

tained phase space portraits, as well as the corresponding probability density estimates for the

relevant degrees of freedom, showed very good agreement with the respective values generated

by direct integration of the nonlinear dynamical system explored in this work.

Future investigations could broach the issue of systematically performing a parameter study
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of the ABCDE model. We believe that there exist additional parameter regimes that lead to

significant complex dynamical behavior. In chapter 5, we have, for instance, indicated that we

expect to observe qualitative changes for a control parameter value in the vicinity of ε = α2b(R−
1)/(a1a2). Furthermore, opportunity for advanced investigation might be given by an extended

contemplation of the stochastic properties of the underlying dynamics or the corresponding

stochastic model system. Thereby, future prospects could involve an examination of the mean

first passage time of the dynamical system and its stochastic modeling, as has been carried out

in the analysis of stochastic and deterministic time series reported in Ref. (Gradîsek et al., 2000).

With respect to the present objective, an application might arise when addressing the problem

of determining the transition time which the system needs to go from one maximum of the

distribution function hφ in figure 7.8 to another one. For an introduction into the first passage

time formalism, and an extensive application of the framework to a class of non-Markovian

processes, we refer the reader to Ref. (Dienst and Friedrich, 2007). Moreover, we raise the open

question regarding a firm mathematical treatment concerning the optimal bin size employed; in

this context, a fruitful attempt might involve the study of characteristic decaying times of the

stochastic force’s autocorrelation function (see figure 7.5).

To emphasize the significance of our results, we would like to mention that the intermittency

close to the critical control parameter might be the key explanation of magnetic field reversals,

as has been concluded from the outcome of recent laboratory experiments (Nornberg et al.,

2006). In contrast to related numerical investigations of dynamo action which are based on the

basic magnetohydrodynamic equations, such as those reported in Ref. (Ponty et al., 2005; Sweet

et al., 2001; Christensen and Glatzmaier, 1999), our observations are more likely to disclose

basic properties and mechanisms leading to the generation of dynamo action. Features such

as magnetic intermittency and field excursions can be studied directly as a consequence of the

enhanced and immediate mathematical accessability. In comparison to the recent related work

presented in Ref. (Zhou et al., 2007), we have treated a similar, but more complex model system

since we do not neglect the back coupling of the additional degrees of freedom on the Lorenz

subspace; a feature which is essential for the observed complex dynamics and resulting in self-

sustained dynamo action.

There remains the question whether our results are directly reproducible via experimental

investigations, owing to the system’s geometry and idealized design. However, even though

the ABCDE system embodies a low-dimensional model and therefore represents a simplification

of the governing fundamental hydromagnetic equations, we believe that our results regarding

the general nature and onset of dynamo action can lead to a more profound understanding

of the involved processes. In particular, it is highly convincing that theoretical investigations

and various dynamo experiments, especially the one carried out in Lyon (Berhanu et al., 2007;

Monchaux et al., 2006), have disclosed the same features that we have revealed when studying the

ABCDE model, such as intermittency close to the onset of dynamo action, shifts of the critical

threshold associated with the level of turbulence, and hysteresis of relevant order parameter.
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Appendix A

Description of Hénon Trick

Consider the five dimensional system X = (b1,b2,x,y, z) of differential equations given in

expression (2.2) as an example of a more generalized system of ordinary differential equations

which can be treated in terms of Henon’s approach. Thereby, an application of the Henon

method in case of the ABCDE model can be described as follows. An estimate for the period

of an oscillatory solution can be obtained by determining successive intersection of the system

trajectory with a previously defined Poincaré surface of section Σ, which is usually chosen to be

a (n− 1)-dimensional subset of the n-dimensional phase space. Due to the geometric structure

of the Lorenz attractor, it is tempting to define the surface of section by z − r + 1 = 0 (in the

pure Lorenz system, the plane z = r − 1 contains the two symmetric unstable fixed points and

is transversal to the flow). The difficulty is given by the fact that the relevant quantity z = z(t)

is a dependent variable and therefore its variation over an integration step cannot be concluded

in advance. To overcome this problem, Henon proposed to invert the one particular equation

defining the variable z, and divide the whole set of equations determining X, excluding the

inverted equation for z, by the dependent variable z. By rearranging the system of equations in

this form, z becomes an independent variable while t becomes dependent. Now, the rearranged

set of equations reads

x′ = σ(−x + y)− b1b2/(−bz + xy)

y′ = −y + (r − z)x/(−bz + xy)

t′ = 1/(−bz + xy)

b′1 = −εa1b1 + αxb2/(−bz + xy)

b′2 = −εa2b2 + αxb1/(−bz + xy) ,

(A.1)

whereas the prime ′ denotes the derivative d/dz with respect to the independent variable z.

The practical implementation of the algorithm then demands to numerically integrate the

system until the quantity S = z − r + 1 changes sign. Subsequently, using the last computed

value as initial condition, one has to integrate the newly obtained differential equations (A.1)

for one step, using the step size ∆z = −S. This procedure yields to an extremely accurate

integration directly into the Poincaré surface of section.



Appendix B

Autocorrelation Functions

Figure B.1: Autocorrelation functions of the components Fb1 (left column) and Fb2 (right column) in dependence

of the lag τ for two different time scales. The autocorrelation functions decrease slowly and show almost oscillating

behavior. On a larger time scale, intermittent bursts can be identified



Appendix C

Probability Density Estimates

(a) Bin 5 2 (b) Bin 15 5

(c) Bin 17 -1 (d) Bin 38 -16

Figure C.1: Probability density estimates of the stochastic force F for exemplary bins, denoted by fb1 (−) and

fb2 (−.). The estimates stem from an investigation of the stochastic force extracted from a time series based on

a direct simulation of b1 and b2. Remarkable is the (in comparison to figure 7.6) dramatically deviating shape of

the distribution functions, limiting the success of a description in terms of a Gaussian white noise process



Appendix D

Stochastic Reconstructions

Figure D.1: Two realizations of a stochastic reconstruction of the variables b1 and b2 employing ε = 4.5. The

results were achieved by directly modeling the degrees of freedom b1 and b2 by a suitable Langevin process.

Comparing the stochastic trajectories above with the results presented in figure 7.7, the major drawbacks of this

alternative treatment become apparent


