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Abstract

We consider the dynamics of a system consisting of N glob-
ally coupled bistable oscillators subject to a periodic driving
force and Gaussian white noise [1], [2]. The quantity of in-
terest is the collective variable S(t) defined as the arithmetic
mean of the oscillator variables. To simplify the analysis of
the dynamics of S(t) it would be useful to describe it as an
effective 1-dimensional Markov process. Based on a recently
devised algorithm [3] we show that an effective Langevin
equation can be formulated. We numerically integrate this
equation and find good agreement between the statistical
properties of the effective 1-dimensional system and those
of the full N -dimensional one.

The System under

Consideration

Figure 1: Illustration of the system under consid-
eration. N oscillators (N=3 in the illustration), de-
scribed by the oscillator variables xi, are moving in a
bistable potential as shown in the left panel. All oscil-
lators interact with each other which is illustrated by
the springs. The whole system is driven by a periodic
force F (t) which is shown in the right panel. Each os-
cillator is subject to an independent fluctuating force
ξi(t).

• stochastic evolution equations:

ẋi = xi − x3i +
Θ

N

N
∑

j=1

(xj − xi) +
√
2Dξi(t) + F (t) (1)

〈ξi(t)〉 = 0 and
〈

ξi(t)ξj(s)
〉

= δijδ(t− s) (2)

• amplitude A of the driving force is small ⇒ oscillators
cannot switch from one attractor to the other without
help of fluctuating forces

• collective variable

S(t) =
1

N

N
∑

i=1

xi (3)

• stochastic resonance: response of S(t) to driving force is
enhanced by fluctuations

• variation of coupling strength Θ and system size N also
enhances the response

• Eq. (1) describes an N -dimensional Markovian process

• S(t) as defined in Eq. (3) is in general not a Markovian
process

The Aim

1. investigate whether S(t) can be described approximately
as a 1-dimensional Markovian process

2. derive an effective 1-dimensional Langevin equation of the
form

Ṡ(t) = −U ′(S) +
√

D(S, t)ξ(t) + F (S, t) (4)

3. compare effective 1-dimensional system with the whole
N -dimensional system

Markov Property

• no sufficient condition testable with finite amount of data

• necessary condition:

p1(x1, t |x2, t− τ ) = p2(x1, t |x2, t− τ ; x3, t− 2τ )

Figure 2: Contour plot of the numerically measured conditional proba-
bility distributions p1 and p2. The level curves lie well on each other, which
indicates that the Markov property holds. For non-Markovian processes
the level curves are usually inclined against each other.

Estimation of Effective Langevin

Dynamics

• 1-d Langevin equation:

ẋ(t) = N (x, t) + g(x, t)Γ(t) (5)

• corresponding Fokker-Planck equation:

∂tf (x, t) = −∂xD
(1)(x, t)f (x, t) + ∂2xD

(2)(x, t)f (x, t) (6)

• connection:

D(1)(x, t) = N (x, t) (7)

D(2)(x, t) = g2(x, t) (8)

• definition of D(1) (drift) and D(2) (diffusion) [4]:

D(n)(x, t) =
1

n!
lim
τ→0

1

τ
〈(X(t + τ )− x)n > |X(t)=x (9)

• numerical estimation [5], [6], [3]:

D(1)(xα, tβ) = lim
τ→0

1

τN (α, β)

∑

x(tj)∈(α,β)

[

x(tj + τ )− x(tj)
]

(10)

D(2)(xα, tβ) = lim
τ→0

1

2τN (α, β)

∑

x(tj)∈(α,β)

[

(

x(tj + τ )− x(tj)
)2
]

(11)

Figure 3: The estimated drift coefficient D(1)(S, t).

Figure 4: Left panel : Estimated drift coefficient for S = 0 during
one period of the driving cycle. One can identify the four states.
During one state the drift relaxes to a constant value. Thus for a
large period length one can assume that the drift stays constant dur-
ing one of the four states. Right panel : Estimated drift coefficient
at four different states of the driving cycle. For constant t the drift
can be well approximated via a polynomial of fifth degree.

•D(2) = D
N for all tested parameters

•D(4) ≈ 0 for all tested parameters

Comparison between Effective and Full

System

Figure 5: Comparison between the effective 1-dimensional sys-
tem (4) and the full system (1). The left panels show the coherent
(lower panel) and incoherent (upper panel) parts of the correlation
functions of S(t) (cf. [7]). The black curves correspond to the full
system and the dashed red curve to the effective 1-dimensional sys-
tem. The right panel shows a contour plot of the probability density
functions during one cycle of the driving force. The red level curves
correspond to the full system and the blue ones to the effective
1-dimensional system. In all three plots there is good agreement
between the full system and our estimated 1-dimensional system.
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