Chapter 4
Swift- Hohenberg Equation

4.1 Celular Patterns

Figure 4.1 exhibits gatial structures which can be observed in experiments on
Rayleigh-Bénard convedion [15]. They emerge withou spedal interference from
the outside & well-ordered spatia structures, which reminds one on two dimen-
sional crystalli ne structures. However, in contrast to solid state aystals, they are
formed under norequili brium condtions and can exhibit guite interesting prenom-
enasincethey are nat ruled by the rather restricting fundamental | aws of thermody-
namics. Important questions concern the processes underlying the determination o

Fig. 4.1 Convedion petterns. (a) Rolls; (b) Hexagors, () Squares.

(b) (©

the wavelength of the patterns and the seledion o the planform, i.e. the question,
what type of crystal structure eventually emerges. Furthermore, Fig. 4.2 (a) demon-
strates the existenceof patternswith nortrivial topdogy generated by defedsin the
roll structures [15]. The fad that Rayleigh-Bénard convedionis a far from equi-
librium phenomena manifests itself in the observation o patterns, which perma-
nently undergo temporal evolution without approaching a final, stationary pattern.
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Fig. 4.2 Conwedion petterns: (a) Giant spiral patterns; (b) From single spiralsto spira turbulence

The morrespondng temporal patterns can become rather complicaed. An example
of the so-cdl ed spiral turbulencestate is depicted in Fig. 4.2 (b). Itisa dhallengeto
understand the physicd processes leading to permanently evolving structures, their
spatial andtopdogicd properties.

4.2 The Order Parameter Concept

Thementioned patternsarisingin Rayleigh-Bénard convedionareonly few seleded
examples from the world of nonequili brium pattern forming systems. Experiments
andtheir theoreticd explanations s1ggest the existence of universal phenomena, i.e.
similar pattern forming processs arising in quite different systems ranging from
laser physics, hydrodynamics, readion dff usionsystemsto biologicd systems. This
means that phenomenaof sportaneous pattern formationin norequili brium systems
can be described onthe basis of the same mathematicd structuresirrespedive of the
spedfic properties of the considered systems.

From a physicd point of view the universal feaures of pattern formation can be
summarized in the order parameter concept. A detailed analysis of pattern form-
ing systems reveds that pattern formation is goverend byorder parameters, whase
spatio-temporal behaviour is determined by norinea partial diff erential equations.
Quite diff erent systems, e.g. readion dff usion systems or convedion experiments,
are governed by the same order parameter dynamics. The validity of the order pa
rameter concept can be assesed for systems in the vicinity of instabiliti es garting
from the basic mathematicad formulation of the system under consideration. For a
detail ed discusdonwe refer the reader to the literature (e.g. [30], [24], [33)]).

The order parameter concept is a generalizaion o the Ginzburg- Landau theory
of phase transitions in equili brium systems. We consider a pattern forming system



described by a state vedor q(r,t), which consists e.g. of the velocity field, the tem-
perature field and the presaure in the cae of Rayleigh Bénard system. It obeys an
evolution equationin forms of partial diff erential equation

dq(rat) :N[qu(rvt)]' (4.1)

These ae, e.g. the basic fluid dyramica equations. The basic equations for laser
instabiliti es are the Maxwell-Bloch equations for a state vedor consisting o the
eledricfield, inversion, and pdarizaion o the laseradive medium.

The long term behaviour of the state vedor q(r,t) of a system undergoing a
processof pattern formation can be represented as a functional of one or several
order parameters, denated by (t)

q(rvt) :Q[W(rat)]' (4.2)

Instead of solving the determining equations for the state vedor q(r,t) the spatio-
temporal behaviour is determined by an evolution equation for the order parameter
Y(r.t)

G(r.t) =h{y(rt)]. (4.3)

Quite often, the order parameter can diredly be related to a physicd observable.
In the case of the Rayleigh-Bénard experiment we can identify the order parame-
ter Y(x,t) as the temperature field in a horizontal plane in the convedion box For
laser systems exhibiti ng pattern formationin the transversefield the order parameter
is related to the dedric field amplitude. The validity of the order parameter con
cept can be proofed for systems close to instabiliti es, where the system’s behaviour
changes qualitatively. In these situations the order parameter can be identified and
the mrrespondng arder parameter dynamics can be derived from the basic evolu-
tion equations. On the other hand, the order parameter dynamics quite often can
be established relying on plenomendogicd arguments combined with symmetry
considerations.

Let us briefly exemplify the order parameter concept for the case of Rayleigh
Bénard convedion. The velocity field u(x,t) andthe deviations ©(x,t) from abasic
linea temperature profile can be represented as

O(x,y,zt) = W(x,y,t) sinz+ O(y?). (4.49)

A similar expresson hdds for the velocity field. The fields consist, up to higher
order termswith resped to the order parameter field, of a product of the two dimen-
sional order parameter field (x,t) anda zdependent profile. In case that

W(xy,t) = a(t) sin(kx+ ¢o) = At) €+ c.c. (4.5)

with a cetain wave number k, the field describes convedive roll s with wavelenght
A =2m/k. It can beshown that closeto instabilit y the complex amplitude A(t) obeys
the norlinea diff erential equation



A(t) = A1) — [AD)PA®), (4.6)

where € isameasure of the deviation o the temperature diff erence acossthe lower
and upper platesfrom the aiticd one and serves as control parameter. For € > Othe
purely hea condictive state a = 0 beaomes unstable and the amplitude |A| = +/¢
approachesa stationary value. The solution correspondsto aperfedly aligned stripe
pattern, analogowsto a perfed two-dimensional crystal.

If the stripe patterns are dlightly moduated in space the complex amplitude Ais
a spatialy dependent quantity, A(x,y,t). It can be shown that this amplitude obeys
an evolution equation o the form

i

V2 0y?
This equation all ows one to study stripe patterns with defeds as well as -cdled
long wave instabiliti es of stripe patterns. It is denoted as Newel -Whitehead-Segel
equation.

Hexagoral patterns are obtained by a superpasition o stripe patterns. In this case
the temperature field takes the form

2
AA(X,Y,t) = {H <§X ) }A(x,y,t)|A(x,y,t)|2A(x,y,t). (4.7)

o(x,t) = iAieiki'Xsin(nz)Jrh.o.t. (4.8)

and the amplitudes obey couded Newel-Whitehead-Segel equations. Equations for
spatialy varyingamplitudes all ows one to describe the processes of planform selec
tion, the behaviour deformed patternsin the presenceof defeds and fronts between,
e.g. stripe patterns and hexagonral patterns.

Finally, natural patterns, i.e. patterns consisting of patches of diff erently oriented
stripe patternsincluding defeds, frontsetc. are cgtured by the spatio-temporal evo-
lution o the full order parameter field g(x,t). In general, the evolution equationfor
the order parameter field (x,y,t) takesthe form

GY(x,t) = L(A)@(x,t) + N[g(x,1)] (4.9)

where the linea operator L(A) and the norlinea functional N[@/(x,t)] can be of a
complicated form. In general studies of pattern forming processes, they are smpli-
fied, leading to model equaions, which frequently are denoted as Swift-Hohenberg
equations. Here, thenorlinea functional N[((x,t)] isapproximated by pdynomials
of  andtheir low order derivatives.

4.3 Order Parameter Equation

The Swift-Hohenberg equation describes the spatio-temporal evolution of ared or-
der parameter field (x,t) and takes the form



aw(xt) = [e— (€+8)"| Wit + oW, )*~g(x 0P (410

Additionally, one has to formulate suitable boundry condtions. Usually, one &
sumes the existenceof periodic boundiry condtions

WOyt = Yx+Ly),
WD) = P(xy+L). (4.11)

However, as we shall see boundiries have astronginfluenceon the global organi-
zdion d the patterns.
Furthermore, it is important to natice that the Swift-Hohenberg equation (4.10)
isinvariant with resped to rotations of the aordinate system, as well asrefledions.
From a qualitative point of view the Swift-Hohenberg equation as an order pa
rameter equation can be motivated onthe basis of the followingfads.

4.3.0.1 Instability and Linear Growth of M odes

The patterns how the occurrence of a cetain wavelenght. Decomposing the order
parameter field into plane waves

Px,t) = ZAk(t)\iNe”"x (4.12)

we have to spedfy the temporal behaviour of the amplitudes Ak (t). Sincewe restrict
ourselvesfor the time beingto linea evolution, this behaviour is exporential:

A(t) = € A(0). (4.13)

The growth rates shoud be positive for amplitudes with |k| ~ k¢, whereas for other
amplitudes it shoud be negative. Due to rotational symmetry it is a function o
k = ||K||. These properties are taken into acmurt by the ansatz

M) =e—[kR—k7?. (4.14)

The growth rate dependsonthe wavevedor k. Itisdepictedin Fig. (??) for the cases
€ <0ande > 0. For € < 0the growth rate for values of k are negative and the order
parameter (X,t) tends to zero uncer the evolution o the linea equation (4.13).
For € > 0 disturbances with wave vedors k with absolute value k = k. get positive
growth rates A (k) indicéing that the mrrespondng modes grow exporentialy in
time.

We oonsider a two dimensional domain. Then all modes with k-vedors with
absolute valuetaken fromaring o width ~ /€ closeto k. are unstable. The solution
of thelinea equationwould be asuperposition d al these modesgiven bytheinitial
condtion



Px,t) = ZA(k,O)\/iveik'Xef‘(k)t. (4.15)

Finally, we can summarizethe evolution equation for the order parameter field.
Transformingto red spacewe obtain

P(x,t) = [e— [k§+Aﬂ Wx.t). (4.16)

4.3.0.2 Nonlinear Saturation and Seledion of Patterns

The linea growth of modes (4.13) is modified leading to a saturation o the an-
plitudes. In a naive way, one ca extend the diff erential equation determining the
amplitudes by the inclusion o anorinea term

Act) = |e = [ —K7]"] Aclt) = IA(t) PAc() (4.17)

Thiswould lea to the saturation o the amplitudeswith pasitive growth ratesin the
longterm limit

2
&)= e [k -K?%]. (4.18)
whereas modes with negative growth rate die out. However, there is noninterac
tion between amplitudes with diff erent values of k. Physicdly, this means that the
processof pattern seledionis missng.

In order to include the phenomenon d pattern seledion we ae led to consider
the general cubic terms

Ak(t) =A (k)Ak (t) - ; 6K§k1+k2+k3W:k1,k2,k3Ak1 (t)Akz (t)Aks (t) ) (4.19
k1,k2,k3

where the mode couging coefficients yk:x, k, k; have to be choasen appropriately.
The J-function arises due to the fad that we consider patterns in systems with
trandational symmetry: Provided g(x,t) is a solution o the evolution equation,
the shifted pattern

Px—X,t)= ZAk(t)eik‘(X’X) (4.20)

has to be apossble solution, too. As a mnsequence, the amplitude eguations have
to be invariant with resped to the transformation

A(t) — Ac(t)e X (4.22)
As a mnsequence, ead amplitude equation

Ac = A (K) A+ Ne[{A] (4.22)

has to obey the followingrelation:



Nc[{AG] = XN [{e ™ XA} (4.23)

It requires the presence of the - functionin (4.19). Equation (4.23) is an example
of an equivariance @ndtion, i.e. a ondtionwhichisrelated to underlyingsymme-
tries.

Now we consider a further simplification. We restrict ourselves patterns, which
are formed by amplitudes with absolute value of the wave vedor |k| = k:

W(x,t) = Act)ek* +c.c. (4.24)
K, |KT=ke

In principle, the evolution equation (4.19) introduces coudings to further ampli-
tudes with |k| # ke. These anplitudes are asumed to be weekly excited and are
simply negleded. Thetemporal evolutionis considered onthe basis of the truncated
evolution equation (4.19).

Acoordingto (4.19) the é-functionin the norlineaity coupe amplitudes, whaose
wave vedors form an equil ateral parallelogram. The combinations summarized in
table below

k |kilkz |ks

k |ki|- ki|k
k|kilk |-k
k |k ki |-ki

can arise.
Asa mnsequence, we can rewrite the amplitude equationsin the form

A = A (KA — SA?A - A Z W e [Awr 2. (4.25)
K'Zk

Thereby, we have the relation
S = Yeekk,—k + Yk, —k k + Ykik kK 5
Wi = Viokok!,—k + Yiok! k,—k + Vokek/ —Kk/ K - (4.26)

The cougingcoefficient W » depend onthe angle ¢ between the wave vedorswith
k, k'
W =W(9). (4.27)

We can now make afurther distinction based onsymmetry argument. If we consider
systems with refledionel symmetry we shoud have the invariance

W(e) =W(¢), (4.28)

Wi =W(k-k'). (4.29
For patternsin systems with broken refledional symmetry



Wi =W(k-K' e [k x k') (4.30)

an additional dependency one; - [k x k'] hasto be taken into acourt.

4.3.0.3 Square Lattice

Let us consider the case of asquare lattice Then we have the anplitudes

&k0s §-k0 = &k 0> S0k €0,k = ok - (4.31)
The amplitude equationsread
&co = Ao — SEiol&ol2 — Wékoloxl?,
ok = Aok — SEoxl Eoxl* — Wéok|&kol?. (4.32)

Let us now consider explicity examples: The mode aouping coefficient for the
nonlineaity ¢3(x,t) is given by

gl—K+kitka+kslx
Makakais = [ XS (0 (0 s (1

VZ
1
= Vi 5K7k1+k2+k3 Ekl (t)ékz (t)Eks (t) (4.33)
and we obtain 3
S= v W =S. (4.34)

Aswe shall seethe spedal form of the nonlineaity deddes abou the seledion
of the patterns.
Square patterns are obtained from the norlineaity

N[y =0 @ (Ow)?] . (435

The correspondngequationis denoted as Gertsberg- Shivashinsky equationand can
be derived for large asped ratio Rayleigh Bénard systems in the presence of poaly
hea conductive states.

In the followingwe shall consider order parameter equations of the form

Oxt) = [£— (€ +8)"| wixt) + Ny (4.36)

Here N [¢] denates a nonlinea functional of the order parameter field @(x,t). A
discusdgon o the order parameter equations can be foundin [6].



4.4 Variational Versus Nonvariational Equations

The Swift-Hohenberg equation (4.10) can be expressd in variational form (see

App. E)
. o
P(x.t) = *WV [W(x,1)] (4.37)

with the Ljapunovfunctional

V= [ax(5 [0+ a)wx )] - Swix P+ Ju)*) - Juk®. @439

This is an important property since the stable stationary states are determined by
the locd minima of this functional. The existence of a Ljapunovfunctiona yields
properties which are well-known from systems in thermal equili brium. States of
equili brium systems are extremal states of a thermodyramic potential, e.g. the free
energy. Similarly, patterns of a norequili brium systems having a Ljapunov func-
tional are determined by the minima of thisfunctional. However, we shall point out
that this functional may have agrea variety of different minima. This makes the
study o such systems highly interesting. Furthermore, we may consider order pa
rameter equations, which can na be expressed in variational form. As we shall see
thiswill I ead usto models exhibiti ng spatio-temporal chaos.

4.5 Numerical Treatment: Pseudo-Spedral Methods

Numericdly, the Swift-Hohenberg equation (4.10) can be solved in a straight for-
ward manner by the pseudo-spedral method

45.1 Periodic Boundaries

For the numericd treament of the order parameter equation (4.36) one could convert
it into a set of amplitude equations of the form (4.19). However, the evaluation o
the sum over the mode couging coefficients would be extremely time consuming.
In this case, the use of apseudo-spedral methodsis graight forward.

Fourier transform of the Swift-Hohenberg equationleadsto

W(k,t) = L(—k3)@(k,t) +N(k,t), (4.39)

where N(k,t) denotes the Fourier transform of the nonlineaity. For the standard
norlineaity we explicitly obtain

N(K,t) = \/iv / dxe KX [S(x,1)2 — p(x,1)%] . (4.40)



The followingtime stepping scheme turnsout to be sufficient for most purposes:

% w(k,t+r)—w(k,t)] =L(—K?) (k,t+ 1)+ N(Kk,1). (441
Explicitly,
Ykt+1)= 1 [w(k’t> +N(k t)] (4.42)
’ 1/1—L(-K) | T N '

45.2 Inclusion of Boundaries

The pseudo-spedra methodis designed for the treament of patternsfor domainsin
the presenceof periodic boundiry condtions. However, avariety of pattern forming
properties depend onthe geometry of the considered damain and the correspondng
boundry condtions.

An elegant methodto introduce boundiries consist of the inclusion o so-cdled
ramps. Theideaof aramp isalso utili zed in experiments. In Rayleigh-Bénard con-
vedion this would smply correspondto a nonunform heaing o the layer from
below in such a way that the system becomes aubcriticd outside a cetain damain.
Numericdly, this can be atieved byintroducing a spacedependent control param-
eter

e=g+e(x). (4.43)

The contribution £ (x) is negative outside the domain under consideration leading
to adamping d the patternsin the outer region. The computation can then be per-
formed using periodic boundry condtions. The only change now consists in the
replacement of N[i(x,t) with

N(@(x,t)) = N(@(x,t)) + e.(0)@(x,1) (4.44)
andthe iterative scheme reals
Pk,t+1)= 1/Ti(7k2> [W:’t) +N(k,t)], (4.45)

where N(k,t) isthe Fourier transform of N(g(x,t).

Theintrodwction of aramp isaspedal case of so-cdl ed penalty methods. We em-
phasize that, espedally in convedion experiments, the proper treament of bound
ariesisarather delicae subjed.



4.6 Stripes

Figure 4.3 exhibits the temporal evolution d the solution o Swift-Hohenberg equa-
tion (6 = 0) starting from randam initial condtions

Wx.t) = w(x,0), (4.46)

where (x,0) is arandom number from taken from the interval —/€ < @(x,0) <
/€. One observes the seledion o stripes. However, the evolving pettern contains
dislocaionsand grain boundries between regionswith diff erently oriented stripes.
The parameter set used in the simulationis

Figure Fig. 4.3

Control parameter £=03,0=00
DomainsizeL 100

Timestep T 0.01

Number of grid pants|{256x 256
Initial condtion random

Fig. 4.3 Numericd cdculation o the evolution o stripe patterns from the Swift-Hohenberg equa-
tion(4.10) (6 =0, =0.3)



Figure Fig. (??)

Control parameter £=0.3, 6=0.0
DomainsizeL 100
Timestep T 0.01
Number of grid pants| 256x 256
Initial condition randam

Fig. 4.4 Numericd Calculation o the evolution o stripe patterns from the Swift-Hohenberg equa-
tion (4.10) (6 = 0, € = 0.3). Patterns evolve in a drcular domain using a ramp.

4.6.1 Amplitude Equation for Stripes

We now cdculate the solution o the stripe patterns analyticdly. To this end we
consider 4 = 0 and perform the ansatz

P(x,t) =At) e +cc.. (4.47)

In this representation, the amplitude A is a function o time. Inserting this ansatz
into the Swift-Hohenberg equation ore obtains

[A— A+ 3AJAPgMox = —A3edkox _ 3a%|Aj2e Skox | ¢ c. . (4.48)

We seethat our ansatz producesterms propartional to e indicaingthat the ansatz
(4.47) isnot sufficient and shoud be extended to include higher terms

W(x,t) = At) €X0* 4 Ag(t) &30 Ag(t) €%k 1 cc.. (4.49



However, if one asaumes that the higher order amplitudes are small er than the lead-
ingamplitude A, one can determine A from the amplitude equation

A= (e — (K —k§)*)A—3AIAP. (4.50)

There ae stripe solutions

A= i\;k‘%)z it (4.51)

provided the growth rate € — (k2 — k3)? is positive. As aresult of trandational sym-
metry the phase of the complex amplitude is undetermined.

However, as we shall discussin the next subsedion, the stripe solutions (4.51)
are not stable for an arbitray wave number kg. There aelongwave instahiliti es.

4.6.2 Envelope Equation

We extend ou treament to the case, where the amplitude is a slowly varying func-
tion o x. Sincewe can include deviations from the wave number in the amplitude
A(x,t), we can choose kg = ke:

Wx,t) = Ax,t) e 1 cc.+ o(A%). (452

We have to include the spatia variationsin the form

J ikeX _ AikeX i i
E(A(x,t)e' = ¢ (0X+|kc)A(x,t),

0 ; 0oy 0
ZA kex _ dkex Z_ p ) 4,
ay (x,t)ée e dy (x,t) (4.53

Thisleals usto the expansion

2 9> 0? 9?

A)= (2 2i . 4.54
(k&+4) ('kc +0X2+0y2) (kc +0y2) (4.54)
Here, we have taken into acourt that for dlight spatial distortions of the stripe solu-

tionthe second cerivativein x-diredionis anall compared to the other terms.

Finally we end upwith the so-cdl ed Newell -Whitehead-Segel equation
aA= e+4k§(—de—2) A—3AJA2 (4.55)
ox 2k dy? ’ '

Based onthisequation, we can now cdculate so-cdl ed longwaveinstabiliti es of the
stripe patterns. To this end we consider stripe solutions charaderized by the wave



number k = ke + k .
A=Ak (4.56)

and investigate small deviations

A— Akeikx+aKeikx+ine2\t
AF — A;efikijbKefikarine)\t. (4_57)

It is convenient to introducethe abreviation

2
G(k) = % [e4k§<kx+ ik;f) ] : (4.58)

Thelinea eigenvalue problem takes the form

Aa = [G(k+K) — 2G(k)]a— G(K)b,
Ab = [G(k — K) — 2G(K)]b— G(K)a, (4.59)

andthe charaderistic equation reads
A2 —ATr(A) — Det(A) =0, (4.60)
where we have introduced trace ad determinant of the matrix

G(k+k)—2G(k —G(k
A( ( —G(k) | )G(k—K)(—)ZG(k))' (4.61)

Tr(A) = A[G(k + k) + G(k — k) — 4G(K)],
Det(A) = G(k + K)G(k — k) — 2G(k + K)G(k) — 2G(k — k)G(k)
+ 3G(k)2. (4.62)

The solutionis unstable provided Det(A) > 0. Now, we can expand

Gk £ k) = G(k) £ kKO G(K) + %(K O )?GK) + ... (4.63)

Thisleasto
— (K- DkG(k))2 —G(k)(K - Dk)ZG(k) >0 (4.69)
which can be turned into the condtion

(K- OkG(k))?

0<6(K) <~ 5e0a

(4.65)

From this condtionwe can read off the existence of the two fundamental types of
longwave instability of a pure stripe pattern with ky = 0. In this case



G(K) = —8Kkeex,  (k-0k)°G(k) = —8Kk2k2 (4.66)
and we obtain the following condtionfor instability
£ < 12k2k? = 3Dk? (4.67)

In the foll owingwe shall i nvestigate by numericd solutions of the Swift-Hohenberg
equationwhat adually will happen to stripe solutions, which are ather Eckhaus- or
Zig-Zag- unstable.

4.6.2.1 Zig-Zag|nstability

As can be seen, straight rolls with k < 0, i.e. rolls with wavelength larger than the
criticd one, are unstable with resped to perturbationsin transversal diredion. This
isthe so-cdled Zig-Zag instability. The temporal development of a astripe pattern,
whichiszigzag urstable, is exhibited in fig 4.5. Loosely speaingthe stripes, which
aretoowide with resped to the aitica wavelength try to deaease their wavelenght
by forming zig-zag like patterns. The resulting patterns contain grain boundries as
well asdefeds, and exhibit atempora evolution onarather slow time scde

4.6.2.2 Eckhaus Instability

The next instability is the so-cdled Eckhaus instability. Stripes with wave lenght
small er thanthe aiticad one aeunstable. Fig. (4.6) demonstratesthe spatio-temporal
evolution d an Eckhaus-unstable pattern. First, the amplitude of the pattern de-
creases © that defeds can be generated. These defeds eventually merge with the
consequencethat the wavelength of the stripes, which initially was in the Eckhaus
unstable regime, returns to the Eckhaus-stable regime.

4.7 Hexagons

The Swift-Hohenberg equation (4.10) can be generalized by the inclusion o a
quadratic norlineaity [12, 13]. This has the mnsequencethat hexagoral patterns
bemme stable patterns in some parameter regions.

The numericd treament of this equation demonstratesthat it ispossbleto oktain
hexagorel patterns in certain regions of the parameter space (g, d). An example
is depicted in Fig. (4.7). Starting from random initial condtions we observe the
formation of a hexagoral pattern. However, this pattern is not perfedly ordered. It
contains defeds, so-cdled penta-hepta defeds consisting of a cdl surrounced by
seven respedively five neigbouingcdls.
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Fig. 4.5 Zig-zag Instability: Numericd Calculation o the evolution o stripe patterns from the

Swift-Hohenberg equetion (4.10) (&

0, € =0.3). Initial condtionsisastripe pattern with wave-

plitude equations. In order to derive amplitude equations for the description of

The seledion o hexagors versus dripes can be investigated on the basis of am-
hexagors we perform the ansatz

lenght larger than the aiticd one plus small randam deviations.

4.7.1 Stripes Versus Hexagons
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Explicit cdculation shows that
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Fig. 4.6 Eckhaus-Instability: Numericd Calculation o the evolution o stripe patterns from the
Swift-Hohenberg equation (4.10) (6 =0, € = .3).

W(x,t)? = & &eitatkex y graseritatkax y grgreritatkax - (4.70)

Similar expressons arise for the aubic terms.
The resulting amplitude equations are obtained in a simil ar way as demonstrated
for the stripe solutions:

& = &1+ 085 & — & [al&f? +b|& 2 + b|&sf?]
& = &2+ 08387 — & [a&o]” + b|&3* + b|&1|?]

& = €83+ 081 &5 — & [a €32+ b|&1|2 +b|&)?]
4.71)

The amplitude equations possess ®veral types of solutions describing dff erent
types of patterns. Thefirst type of solutions are the stripes. They are obtained from
the ansatz

&1=¢,  &=0, &=0, (472

where the amplitude £ obeysthe amplitude equation

E=c&—allE)?. (473
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Fig. 4.7 Numericd cdculation o the evolution of hexagoral patterns from the Swift-Hohenberg
equation (4.10) (6 = 0.1, € =0.3).

The solutions are

&= \/g d®. (4.74)

The phase @ remains undetermined, which is due to the fad that the stripe pattern
can betrandated in spacedue to trandational symmetry. The order parameter field
Y(x,1) takesthe form

P(x,t) = \/gcos(kl-er @) (4.75)

andwe explicitly seethat change of the phase @ correspondsto a shift of the pattern.



We oonsider now the stability analysis of the stripe solutions. To this end we
introduce

&1=&+m, &=nm, &=n (4.76)
and oltain the linea set of equations
N =—em—eng,

. b i
n2=¢&(l- 5)02 —ans,
. b X
n3=¢g(l- 5)03 —an;. (4.77)

The charaderistic equation determiningthe @genvalue A read

/\izs(lfg)jzé. (4.78)

The stripes are linealy stable for values of € larger than

e< % . (4.79

julley

Hexagonsolutions are obtained by the ansatz
G=8&=8&=A° (4.80)
which leadsto the single anplitude equation
A=eA— A% — A3(a+2h). (4.81)
Nortrivial solutions are

5 52
A=- 2(a+ 2b) * 4(a+ 2b)? te (482

There ae further stationary solutions, the so-cdled mixed mode solutions.

We can summarize our discussons in Fig. 4.8, which exhibits the bifurcaion
diagram.

We mention that including slow spatial variations of the amplitudes & (x,t) ac
cordingto the Newell -Whitehead-Segel theory all ows oneto determinethe stability
regions of stripes and hexagons with respea to long-wave instabiliti es as well asto
investigate the detail ed spatial structure of penta-hepta defeds.
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Fig. 4.8 Bifurcation dagram for stripes, hexagors

4.8 Nonvariational Effeds and Pattern For mation

Up to now we have considered evolution equations for which a Ljapunovfunctional
can beformulated. Inthis dion, we consider extensionsof the evolutionequations,
which do nd havethisimportant property. Asa consequence, it can na expededin
generality that the systems tend to stationary patterns with some optimal properties
defined by the functional.

4.8.1 Mode for Rotating Convection

A physicdly relevant system for a nonveriational system is convedion in systems
rotatingabout averticd axis. Rotation bre&s refledion symmetry. Due to the Cori-
olisforce stripe patterns become unstable. This s-cdled Klippers-Lortz instability
leadsto spatially andtemporally disordered patterns[35].

It has been shown that the following model equationfor an order parameter field
Y(x,t) isrelated to convedionin rotating large asped ratio systems [43, 42, 41] :

aY(x,t) = [e— (K +2)2] Y(x.t) —a [ay(x,t)?+ (OY(x,1))?]
+ 0-{0¢(xt) [ag(x,t)>+ (Og(x,1))?]
— TaBO{xe, x OY(xt) [aw(x, )+ (Og(x.1))?]}. (483

For Ta= 0 we find the following L japunovfunctional

vy = [ ox [%{ewz [0+ a)9)) + 7 [aw+ ()| (484

The evolution equation, therefore, has the general form



. 5
b=—55V-Tam (] (4.85)

By varyingthe Taylor number Ta, it is passbleto gradually turn on nonvariational
effeds.
4.8.1.1 Amplitude Equation

The ansatz .
Px,t) = ZAka)e'k'X, k=ke=1 (4.86)

leads to the set of amplitude equations

Ay = eA — SAAK? — A > (S+ W) [Awr]?. (4.87)
K'Zk

Thestraightforward caculation dof the coefficients S, W - for the model equation
yields

S=3a%+2a+3,
W v = S—2+2c0s2¢ +2Tasin2@. (4.88)

Here, ® denotes the angle between the wave vedorsk, k'.

4.8.1.2 Stripe Patterns
Roll solutions possessthe anplitude
A=< (4.89)
We oonsider now perturbations A, whose linea evolutionis given by
A= *g\M(’,kAk- (4.90)
Asa aiterionfor instabilit y of rollswe obtain

Wk < 0. (4.91)

4.8.1.3 Square Patterns

We first consider the case a = 0. This case leadsto the seledion o square patterns.
We explicitly obtain, consideringthe norrotating case Ta= 0:



S=3, W =1+2cos29. (4.92

This indicates that rolls are unstable with resped to perturbations forming an
angle larger than

1 1
P=—= =. 4.93
5 arccos2 (4.93

The most unstable modes are disturbanceswith @ = 90°, which indicaesthe sdec
tion of square patterns.

4.8.1.4 Kiuppers-Lortz Instability

Roll solutions possessthe anplitude
€
|&F:§. (4.94)

We aonsider now perturbations A, whase linea evolutionis given by

A = = W s (499
Asa aiterionfor instabilit y of rollswe obtain
W < O. (4.96)
This givesusthe condtion
2Tasin2® > S(a) — 2+ 2cos29. (4.97)

For eat Taylor number, there is a aiticd angle, at which the instability setsin.
This number is given by

1 S
a= Snoo [é -1+ codeJ} . (4.98

The minimum Taylor number is obtained for a ariticd angle @, whichis cdculated
to be determined by

a
Sg @) =0. (4.99
A straightforward cdculation yields
CcoS2®. = 2z (4.100
¢ Ss-2 '

and the correspondng criticd Taylor number is



T&:./(S/Z—l)z—lzy/i—s. (4.100)

We can naw determine the value of a, which correspondsto the aiticd angle of
60’. Thisyields

1
C0s 120 = 5 = — == (4.102)

Thisis adhieved for the value

~ 1.38. (4.103

1410
Y60 =3

Fig. 4.9 Numericd Calculation o the evolution o patterns exhibiting a Kuippers-Lortz typeinsta-
bility.



4.8.2 Mode for Spiral Turbulence

A highly interesting pattern forming processcan be deteded in Rayleigh-Bénard
convedionin fluidswhich are charaderized by alow Prandtl number, i.e. by asmall
ratio of kinematic viscosity and hea condctivity. Thesefluidsare only dightly vis-
cous but can well condwct hea. The low viscosity of the fluid has the consequence
that vorticd motions, i.e. nealy two dimensional fluid motions in the horizontal
plane, are only dightly damped and can interfere with the dynamics of the con
vedionrolls. This has the consequencethat in addition to the order parameter field
Y(x,t) avorticd velocity field hasto be taken into acourt.

We denate the vorticd flow (quite often also denoted as mean flow) by V(x,t).
Since the mean flow is two dimensional it can be derived from a stream function
X(x,t). Asiswell-known the stream function o a two dimensional flow obeysthe
evolutionfor the stream function

o 9 o 0
AX(x,t)+ a_xAXa_yX(X’t) - d_de_yAX(X’t) = f(x,1). (4.109

External forcingisincluded in terms of f(x,t). The stream functionis a secndary
order parameter field, which is forced by convedive motion.

A detail ed analysis performed in [39, 38] leadsto ageneralizaion d the Swift-
Hohenberg equationincluding a mean flow

l;U(Xat) + U(X,t) : DW(XJ) = [8 - (kg—i_A)z} LIJ(th) + N [(th)] 5
U(Xat) = —0x er(X,t),
Ax = [—y+A]AX + e, [Ow(x,t) x DAY(X,1)] . (4.105)
The vorticd motionisasaumed to be week so that nonlineaitiesin the equationfor
the strean function can be negleded. The mouping between the two fields is the

transport of the convedive rolls due to vorticd motion onthe one hand side and
excitation of fluid motion by convedion[39, 38].

4.8.2.1 Giant Spirals

We can generate giant spiral solutions using a drcular domain and the boundiry
condtions

Yoy =d, x=0. (4.106)
For more information we refer the reader to [5].

4.8.2.2 Spiral Defed Turbulence

Figure 4.10 exhibits the spatio-temporal evolution o patterns generated by the
model equation (4.105). For further detail swe refer to [4].



Fig. 4.10 Numericd Calculation o the evolution o patterns resembling spiral defed turbulencein
Rayleigh- Bénard systems. The |eft side shows the order parameter field, which hasto be identified
with the temperature field. The right side exhibits the stream function x related with the vorticd
motionin the plane.

4.9 Complex Swift-Hohenberg Equations

Itiswell-knownthat norequili brium systemsare cgpable of generating selfsustained
temporal oscill ations.

A generic mechanism for the emergence of such oscill ations is the so-cdled
Hopf-bifurcation. A simple extension can be based on the amplitude eguation,
where we now asame that the linea growth rate is complex

& = [e+ian+ib(E —k?) — (1+ia) (kB — k?)?] &. (4.107)

This linea relation indicates that the mode amplitudes grow with the growth rate
€ — (k2 —k?)? in an oscill atory way, where the frequency is

W= wp+b(k —k?) —a(kZ—k?)?2. (4108
Thelinea field takes the form

d(kx—at) Ar (Kt g (kx+at) Ar (K}t
L)U(th) = Z \/\7 ék + \/\7

&. (4.109)



It isasuperpasition o traveling waves travelingin k and —k diredion. A superpo-
sition o right and left traveling waves may aso lead to standing waves.

In addition to the mechanisms of saturation o the amplitudes and the seledion
of patterns the norlineaity now controls the seledion d traveling waves versus
standing waves. The foll owing complex order parameter equation has been used to
investigate these questionsin some detail s:

AW t) = [e+iwia(k§+A) —(1+ia) (k§+A)2} W(x,t)

- A|4’(Xat)|2‘l’(xat) - B|DL/-’(XJ)|24’(XJ)
— C(OWx, 1)) P(x,t)". (4.110

For detail s we refer to the pubicaions[14, 7, 9, 10, 11, 8]



