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Abstra
t. An essential feature of 
on�ning systems is the exis-

ten
e of 
hannels into whi
h probability 
ux 
an enter only for

short spa
etime intervals, but where it 
an never, irrespe
tive of

the total energy involved, propagate to asymptoti
 distan
es. It

is demonstrated in a s
hemati
 quantum-me
hani
al model that

this situation, whi
h is unknown in ordinary s
attering theory,

does arise in a representation obtained through a non-unitary

similarity transformation, and therefore involving a nontrivial

metri
. In the \
on�ned" 
hannels of this representation,

propagation is des
ribed by Green's fun
tions having a 
omplex


onjugate pair of poles in momentum spa
e instead of the usual

real-axis pole. On the asymptoti
ally a

essible subspa
e, the S

matrix is unitary, but �nite-time unitarity for the total system

be
omes visible only when using the nontrivial metri
. It is

suggested that �eld-theory propagators with 
omplex-
onjugate

pairs of singularities as obtained in several QCD studies, whi
h

seem to 
ontradi
t �nite-time unitarity, 
an in fa
t be imbedded

into a unitary framework along the line illustrated by this

model. A further 
onje
ture is that intera
ting QCD �elds

di�ering from the perturbative ones by a non-unitary similarity

transformation form an essential ingredient for a theory of


on�nement.
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1 Con�ned and A

essible Subspa
es

If one re
e
ts on the observational basis of our notion of 
on�nement in

strong intera
tions, one realizes that prior to any detailed interpretation in

terms of bags, 
ux tubes, in�nitely rising potentials or other (essentially 
las-

si
al) pi
tures, 
on�nement is �rst and foremost a statement about asymp-

toti
 states and the hadroni
 S matrix. This point has been emphasized e.g.

by Seiler [1℄. The 
on�ning �eld system has no 
ontinuum states des
ribing

the appearan
e of single quarks or gluons at asymptoti
, i.e. ma
ros
opi
,

spa
e-time distan
es from a rea
tion event. However there is another state-

ment whose empiri
al basis nowadays is just about as solid: one has 
on-

vin
ing eviden
e for the existen
e of intermediate states in whi
h a q � �q or

q � �q�plus-gluons 
on�guration, 
oupled to singlet total 
olor, propagates

\almost freely" for short spa
e-time intervals of order 1=� with a \
on�ne-

ment s
ale" � { this is the now universally a

epted interpretation of jet

events. Con�ning systems are therefore also distinguished by the existen
e

of 
hannels, or subspa
es of their state spa
e, with the pe
uliar property

that the 
omponent of the total state ve
tor in su
h a subspa
e, and the

asso
iated share of total probability, always de
ay qui
kly at asymptoti
 dis-

tan
es: after a brief interval � 1=�, the state ve
tor gets rotated ba
k into

the asymptoti
ally a

essible subspa
e, where states des
ribe the asymp-

toti
 appearan
e of individually 
olorless fragments in free relative motion.

Parti
le 
on�gurations 
orresponding to su
h \
on�ned subspa
es" then 
an

neither be prepared nor dete
ted by devi
es at ma
ros
opi
 distan
es. Nev-

ertheless these short-lived states 
an by no means be dismissed as \unphys-

i
al" just be
ause they are asymptoti
ally ina

essible; in jet experiments

they are entirely physi
al if transitory 
on�gurations whose 
onstituents in

fa
t grow more parti
le-like with in
reasing initial energy, permitting ex-

perimental determinations of their energies and spins. They just display

the unusual feature of being \
ux-repellent": their spe
ial dynami
s for
es

any probability 
ux that may have entered ba
k into the asymptoti
ally

a

essible 
hannels.

Ordinary s
attering theory has known su
h a 
ux pattern in the 
ase of

energeti
ally 
losed 
hannels; they too 
an be populated only \virtually",

i.e. at non-asymptoti
 times. However in s
attering theory there is always a

�nite threshold energy beyond whi
h a given 
hannel \opens up" and starts

propagating 
ux to ma
ros
opi
 distan
es. By 
ontrast, a 
on�ned 
hannel

has no threshold and never opens up in this sense. It is then of interest to

inquire about how su
h a pe
uliar behavior 
an be imbedded into a normal

unitary s
attering theory.
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The present paper does not approa
h this question in the full �eld-

theory 
ontext of QCD; it is restri
ted to a study of a non-relativisti
,

quantum-me
hani
al, 
oupled-
hannel model. However, while in a quantum-

me
hani
al system with �nite number of degrees of freedom the 
on�nement

phenomenon must always be imposed by hand, we try to avoid doing this

too dire
tly through in�nitely rising potentials or other 
lassi
al me
ha-

nisms, if only be
ause the status of all su
h me
hanisms in fundamental

QCD must presently be 
hara
terized as unsettled. Instead we demonstrate

that the pattern of 
on�ned-vs.-a

essible subspa
es 
an and does emerge

when a \normal" 
oupled-
hannel system is subje
ted to a suitable non-

unitary similarity transformation,

j 	i �! j 	

00

i = T j 	i ; (1.1)

O �! O

00

= T O T

�1

; (1.2)

of its states j 	i and observables O respe
tively, where the operator

T = e

iB

e

A

; (1.3)

A = A

y

; B = B

y

; (1.4)


onsists of an Hermitian but non-unitary fa
tor exp(A) followed by a unitary

fa
tor exp(iB), both mixing the 
hannels of the original system. Sin
e

h	

1

j 	

2

i = hT

�1

	

00

1

j T

�1

	

00

2

ji = h	

00

1

j (TT

y

)

�1

	

00

2

i = h	

00

1

jM 	

00

2

i ;

(1.5)

the new representation 
alls for the use of a nontrivial metri
 operator,

M = (TT

y

)

�1

= e

iB

e

�2A

e

�iB

; (1.6)

in the 
al
ulation of probability amplitudes. The imposition of 
on�nement

then takes a 
onsiderably more indire
t form, whi
h nevertheless may be

suggestive of what is going on in the \true" theory: it pro
eeds by postu-

lating that it is the 
hannels of the transformed system, rather than of the

original one, that de�ne the asymptoti
 preparation-and-dete
tion possibil-

ities realized in nature. Quantum me
hani
s 
annot produ
e, from within

its own theoreti
al framework, 
ogent reasons why only this identi�
ation

should be viable. However, as we shall dis
uss, there is a serious possibility

that quantum �eld theory may do better in this respe
t and produ
e an

unambiguous dynami
al preferen
e.

In Se
t. 2, we des
ribe the setup of the quantum-me
hani
al model. In

Se
t. 3, we introdu
e the two-step similarity transform (1.1/1.2), evaluate
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the transformed Hamiltonian a

ording to Eq. (1.2), and dis
uss the met-

ri
 operator (1.6) to be used with the transformed representation. In Se
t.

4 we verify, by studying the e�e
tive Hamiltonians for subspa
es, that the

transformed system indeed possesses a 
on�ned and an asymptoti
ally a

es-

sible subspa
e. An interesting result here will be that propagation within

the 
on�ned subspa
e is des
ribed by Green's fun
tions with a 
omplex-


onjugate pair of poles in momentum representation, rather than the single

real-axis pole that normally des
ribes free propagation: QCD propagators

exhibiting 
omplex singularities have been obtained in several studies from

di�erent starting points [2℄, [3℄, [4℄, [5℄, [6℄, [7℄, and, insofar as they produ
e

spatio-temporal propagation limited to an inverse 
on�nement s
ale, may be

interpreted as providing a des
ription of 
on�nement not based on 
lassi
al

me
hanisms. They have so far been viewed with mistrust mainly be
ause

they appear to violate �nite-time unitarity, or in other words, Hermiti
ity of

the Hamiltonian, whi
h would seem to restri
t Green's-fun
tion singularities

to the spe
trum of the latter, and therefore to the real axis. The present

model points to a way of removing this obsta
le, by suggesting that su
h

propagators are legitimate in the framework of a theory with a nontrivial

metri
. This aspe
t, along with further dis
ussion and 
onje
ture on the

relation with �eld theory, will be the subje
t of Se
t. 5.

2 De�nition of the Model

The model we study is an ordinary non-relativisti
 two-parti
le system, with

relative-
oordinate and relative-momentum operators X and P, whi
h 
an

exist in three orthonormal eigenstates of an internal degree of freedom, so its

state spa
e has a three-
hannel stru
ture. The internal triplet has nothing

to do with the 
olor-SU(3) degree of freedom of QCD; nevertheless, as a


onvenient devi
e for handling the purely algebrai
 aspe
ts of a three-
hannel

problem, we de
lare the three intrinsi
 states to be eigenstates

j

1

2

; +

1

2

i = j s i; j

1

2

; �

1

2

i = j 
 i; j 0; 0 i = j 0 i (2.1)

of the operators �

2

and �

3

for a purely formal SU(2) degree of free-

dom 
alled se
tospin. The 
orresponding orthogonal proje
tors are denoted

�

s

; �




; �

0

so that

�

s

+ �




+ �

0

= 1

�

; (2.2)

the identity in se
tospin spa
e. The singlet and doublet together may be

viewed as spanning a triplet-representation spa
e of se
to-SU(3), on whi
h
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linear 
ombinations of the nine dyadi
s j iihj j a
t as a set of U(3) gener-

ators. We emphasize that the dynami
s studied below will have no SU(2)

or U(3) symmetry. The se
tospin assignments are merely a formal way of

implementing orthogonality of three subspa
es; their main role will be to

fa
ilitate use of the standard tabulations of SU(3) 
ommutation and anti-


ommutation relations, and for this purpose we shall repeatedly mention

identi�
ations of our 
hannel-
oupling operators with triplet-representation

SU(3) generators in the standard Gell-Mann 
onvention.

A general state of this system takes the form

j 	(t) i = j  

s

(t) i 
 j s i+ j  




(t) i 
 j 
 i+ j  

0

(t) i 
 j 0 i; (2.3)

where the j  

i

i are orbital-motion states, and s
alar produ
ts are formed

a

ording to

h� j 	 i = h�

s

j  

s

i + h�




j  




i + h�

0

j  

0

i : (2.4)

The Hamiltonian a
ting on this spa
e has the form

H = K(P) 1

�

+ V (X)

�

j 0 ih 
 j + j 
 ih 0 j

�

; (2.5)

where K(P) =

1

m

P

2

is a non-relativisti
 kineti
 energy for equal masses,


ounted from a threshold energy normalized to zero, while V (X) is the

operator for a transition potential,

V (X) =

�

R

; R = jXj ; (2.6)

with a 
oupling 
onstant � of dimension energy � length. ( The se
tospin

operator in Eq. (2.5) is the generator 2F

6

of standard SU(3) 
onvention ).

The Hamiltonian (2.5) is obviously Hermitian with respe
t to the s
alar

produ
t (2.4).

Sin
e the js i 
hannel fails to appear in the intera
tion term of Eq. (2.5),

its dynami
al role, for the time being, is a trivial one: the stationary orbital

amplitudes j

~

 (E) i de�ned by

j  

n

(t) i =

Z

+1

�1

dE

2�~

exp(�i

E

~

t) j

~

 

n

(E) i ; (n = s; 
; 0) (2.7)

obey the 
oupled-
hannel equations

0

�

K � E 0 0

0 K � E V (X)

0 V (X) K � E

1

A

0

�

j

~

 

s

(E) i

j

~

 




(E) i

j

~

 

0

(E) i

1

A

= 0 ; (2.8)
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in whi
h j

~

 

s

i de
ouples and either evolves freely or, unless fed by the initial


onditions, remains zero at all times. It will nevertheless play an important

role, as an auxiliary degree of freedom, in the transformed system. We will

refer to j s i as a shadow state or 
hannel; its interpretation will be
ome


learer when dis
ussing the relation with the �eld-theory 
ase in Se
t. 5.

The system de�ned by Eqs. (2.3/ 2.4) and Eq. (2.8) may be viewed as a

highly s
hematized model of a B +

�

B heavy-mesons 
hannel ( se
tor j 0 i )


oupled to ( the 
olor-singlet 
omponent of ) the heavy-quark-antiquark


hannel b +

�

b ( se
tor j 
i ). Sin
e the two systems perturbatively have

very nearly the same absolute thresholds ( � 2m

b

) and redu
ed masses

( �

1

2

m

b

), use of a single kineti
 energy K in Eq. (2.5) is appropriate. Also,

the leading perturbative pro
ess driving the B +

�

B  ! b +

�

b transition is

single ex
hange of the light u quark, whi
h perturbatively is almost massless

on the s
ale of m

b

, so that a Coulomb-like transition potential is reasonable.

For simpli
ity, we abstain from modelling the short-range, van-der-Waals

like dire
t potential in the j 0 i 
hannel, whi
h perturbatively is of higher

order, so B +

�

B intera
tion is envisaged as pro
eeding only through virtual

jumps into the b +

�

b 
hannel and ba
k. However, sin
e the latter 
hannel

perturbatively has a dire
t Coulomb-type potential from single ex
hange of

a massless gluon between the b and

�

b, we shall o

asionally remark on the

extension

H �! H + U




(X) ; U




(X) = �




R

j 
 ih 
 j (2.9)

to Eq. (2.5), where 
 is another 
oupling of the same mass dimension and

order of magnitude as �.

The above interpretations refer to the perturbative solution of QCD. For

this reason, the representation in whi
h H has the form of Eq. (2.5) and

the s
alar produ
t is given by Eq. (2.4) will be referred to as the \repre-

sentation modelling the perturbative phase", or loosely, \the perturbative

phase". The spe
trum in this phase 
ontains free, asymptoti
ally dete
table

b and

�

b quarks. Indeed the system of Eqs. (2.8), even when fed at t!�1

by an in
oming pa
ket in the 0 
hannel only, will by normal 
oupled-
hannel

dynami
s generate a nonzero 
-
hannel amplitude j  




i at t ! +1 
orre-

sponding to produ
tion of free b +

�

b pairs. Asso
iated with this will be an

e�e
tive one-
hannel potential W

0

(E + i�) in the 0 
hannel whose negative-

de�nite absorptive part,

ImW

0

(E + i�) = ���(E) V (X) Æ(E �K(P))V (X) ; (2.10)

des
ribes the leaking of probability into the 
 
hannel.
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The interpretation �xes orders of magnitude for the parameters in Eq.

(2.5): we have m � m

b

and � � ~
 � �

s

(2m

b

), where �

s

(2m

b

) is the strong


oupling 
onstant at the s
ale of the absolute threshold energy 2m

b

. Thus,

m


2

GeV

� 5 ;

�

~


� 0:2 : (2.11)

3 Similarity Transform and Metri


On the above system we now perform a similarity transformation by the

operator expA, the �rst fa
tor in Eq. (1.3), with an Hermitian generator

A =

�

arsinh

�

�

�

R

��

�

�

j 0ihs j + j sih0 j

�

= A(X) ; (3.12)


ausing mixing with the shadow 
hannel ( the se
tospin operator in Eq.

(3.12) is 2F

4

in standard SU(3) 
onvention ), and involving a new energy

s
ale � whi
h 
orresponds to the nonperturbative 
on�nement s
ale of the

�eld-theory problem. In the 
ontext of our above interpretation, this implies

the orders of magnitude,

�

E

0

� 1

 

E

0

= m


2

�

�

~


�

2

!

; (3.13)

�

m


2

�

1

25

; (3.14)

the latter quantity being the only truly small parameter in the problem. Here

E

0

gives the order of magnitude of the Rydberg energy formally asso
iated

with the 
oupling � and mass m.

The Baker-Campbell-Hausdor� (BCH) 
ommutator series for the �rst-

stage transformed Hamiltonian,

H

0

= e

A

H e

�A

; (3.15)


an be worked out by using se
to-SU(3) relations su
h as

�

j 0ihs j + j sih0 j

�

2

= �

0

+ �

s

; (3.16)

h

j 0ihs j + j sih0 j ; j 0ih
 j + j 
ih0 j

i

= j sih
 j � j 
ihs j ;(3.17)

and 
an be summed in straightforward fashion. ( Alternatively, one may

use the 
losed form of the transformation, Eq. (3.28) below, dire
tly in Eq.

8



(3.15) ). The result, in the matrix form analogous to Eqs. (2.8), reads

�

hi j H

0

j ji

�

=

0

�

K + U

0

s

(X) � i Y (X;P)

�� K F

0

(X)

i Y (X;P) F

0

(X) K + U

0

s

(X)

1

A

: (3.18)

Thus H

0


ontains a transformed 
oupling potential between the 0 and 



hannels,

F

0

(X) =

r

�

�

R

�

2

+ �

2

; (3.19)

and, as the essential new feature, a 
onstant, anti-Hermitian 
oupling term

of strength � in the s{
 ( se
tospin-doublet ) subspa
e,

� �

�

j s ih 
 j � j 
 ih s j

�

: (3.20)

( The se
tospin generator here is our 2i�

2

, or 2iF

2

in SU(3) parlan
e ).

In addition there are two spatially short-ranged terms arising from single

and double 
ommutation of the kineti
 energy K with the generator (3.12) :

another non-Hermitian 
oupling between the s and 0 
hannels, whi
h after

some rewriting assumes the form

[A;K℄ = i Y (X;P) �

�

j 0ihs j + j sih0 j

�

; (3.21)

Y (X;P) =

�

�

E

0

�

� [Dy(R) + y(R)D ℄ ; (3.22)

with D denoting the dimensionless dilatation generator,

D(X;P) =

1

2~

(X �P+P �X) ; (3.23)

and y(R) a fun
tion of s
reened-Coulomb form,

y(R) =

�

R

q

1 + (

�

�

R)

2

; (3.24)

and a Hermitian, short-range, dire
t potential in both the 0 and s 
hannels,

1

2!

h

A; [A;K℄

i

= U

0

s

(X) (�

0

+�

s

) ; (3.25)

U

0

s

(X) = �

�

�

2

E

0

�

1

1 + (

�

�

R)

2

: (3.26)
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These two terms will lead to only minor quantitative modi�
ations of the

subsequent development. Lastly, we note that a dire
t 
-
hannel potential of

type (2.9), when in
luded, 
ommutes with the generator (3.12) and therefore

emerges una�e
ted from this stage of the transformation:

e

A

(U




j 
ih
 j)e

�A

= U




j 
ih
 j : (3.27)

The �rst-stage transformation itself 
an be written, by using relation (3.16),

in the 
losed form

expA(X) = 1+

"

s

1 +

�

�

�

R

�

2

� 1

#

(�

0

+�

s

)+

�

�

�

R

�h

j 0ihs j + j sih0 j

i

:

(3.28)

At small distan
es, it approa
hes unity, whi
h is reminis
ent of the

asymptoti
-freedom property of the `true' theory.

We remark that the transform inverse to Eq. (3.15) { the retrieval of the

manifestly Hermitian, original Hamiltonian (2.5) from the non-Hermitian

one through 
onstru
tion of the transformation exp(�A) { may be viewed

as an appli
ation of the methods des
ribed in Ref. [8℄. Su
h a 
onstru
tion,

in general, turns out to have its limitations { the non-Hermiti
ity \must not

be too strong" to be amenable to su
h a mapping. In the present 
ontext

this restri
tion is hidden in the inequalities � < F

0

and y(R) < F

0

that are

seen to hold between the non-Hermitian and Hermitian 
oupling strengths

in Eq. (3.18).

Comparison of Eq. (3.18) with Eq. (3.42) below would seem to indi
ate

that after this �rst transformation step, the de
oupled 
{s subspa
e, with the

j  

0

i 
omponent swit
hed o�, already exhibits the \
on�ning" properties we

are trying to model, but the full system, in the end, would not. The reason

is subtle. Those properties, we anti
ipate, arise from the fa
t that the anti-

Hermitian 
oupling term (3.20) has a 
oeÆ
ient { the 
onstant � { whi
h

at large interparti
le separation does not de
rease to zero. We will 
all su
h

terms persistent; they 
learly modify the asymptoti
-propagation properties

previously determined by the kineti
 energy K alone, and in the de
oupled


{s subspa
e would indeed produ
e the \damped" propagation limited to

spa
e-time intervals of order �

�1

. ( From the point of view of the full theory,

they model properties of the nonperturbative va
uum state ). Indeed the

de
oupled 
{s se
tor of Eq. (3.18), with the 
{
hannel potential (3.27)

added, is pre
isely the model Hamiltonian studied in [9℄, where 
on�nement

in heavy-quarkonium states produ
ed by the persistent terms alone, and

without in�nitely rising potentials, was used to obtain semi-quantitative
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�ts to bottomonium and 
harmonium spe
tra. However, at this stage the

e�e
t is still 
ountera
ted by the presen
e of another asymptoti
ally 
onstant

fun
tion, the transformed 
-0 
hannel 
oupling (3.19). By de
omposing this

fun
tion as

F

0

(X) = �1 + V

0

(X) (3.29)

with a short-range remainder potential,

V

0

(X) =

r

�

2

+

�

�

R

�

2

� � =

�

R

�

1

�

�

R+

q

1 + (

�

�

R)

2

; (3.30)

we 
an write the full matrix of the persistent terms in H

0

�E, whi
h de�nes

the negative inverse of the free Green's-fun
tion operator for the transformed

three-
hannel system:

�

hi j H

0

(pers)

�E1 j ji

�

=

0

�

K � E � 0

�� K � E �

0 � K � E

1

A

: (3.31)

Its determinant, whose zeroes en
ode the singularities of the Green's fun
-

tion, is seen to be

�

0

(pers)

(E) = (K �E ) [ (K � E)

2

+ �

2

℄

�� [�(K � E) ℄

= (K �E )

3

: (3.32)

The �rst line, arising from the 
{s subdeterminant, looks like Eq. (3.43)

below and is what would meet our needs, but it gets sabotaged by the

se
ond line, whi
h arises from the persistent portion of the 0{
 
oupling

term,

�

h

j 0 ih 
 j + j 
 ih 0 j

i

; (3.33)

in Eq. (3.31). The result in the third line is then still the same as for the

untransformed system, and says that despite the de
eptive appearan
e of

the 
{s submatrix, the system will still behave asymptoti
ally as a three-


hannel s
attering system, with three normal (E�K)

�1

Green's fun
tions, in

a somewhat exoti
 representation. Without dwelling on this point, we note

that indeed a study of the e�e
tive 0{
hannel equation for the Hamiltonian

(3.18) would reveal that this 
hannel develops a term �

2

(E � K)

�3

in its

free Green's fun
tion, giving it pathologi
al s
attering properties that in the

end would overrun the apparent \
on�ning" properties of the s{
 se
tor.
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We thus seek a further transformation step that will remove the un-

wanted term (3.33) while leaving the desirable term (3.20) essentially inta
t.

Sin
e this is now a modi�
ation of the Hermitian part of H

0

alone, it 
an

obviously be a
hieved by a unitary transformation,

H

00

= e

iB

H

0

e

�iB

: (3.34)

A generator B with the desired properties is

B =

�

2

� �

h

j 0 ih 
 j + j 
 ih 0 j

i

; (3.35)

where � denotes an Hermitian operator on orbital degrees of freedom whi
h

is 
anoni
ally 
onjugate to the kineti
 energy K in the sense that

h

1

2

�; K

i

= i 1 : (3.36)

( The se
tospin part, we re
all, is the 2F

6

of standard SU(3) notation ).

Transformation of K by Eqs. (3.34/3.35) then results in the terminating

BCH series

K

00

� e

iB

K e

�iB

= K � �

h

j 0 ih 
 j + j 
 ih 0 j

i

(3.37)

and therefore 
an
els the undesirable term (3.33), sin
e the latter 
learly


ommutes with this transformation.

An operator with the property (3.36) exists and has the form,

�(P;X) =

1

2

(K

�1

D + DK

�1

); (3.38)

involving again the dilatation generator (3.23). By using the 
ommutation

relation [D; P

2

℄ = 2iP

2

, one veri�es relation (3.36) immediately. Again

there is a kind of asymptoti
-freedom property, sin
e � ! 0 at large mo-

menta.

In 
oordinate spa
e, the operator K

�1

of Eq. (3.38) is de�ned through

the Green's fun
tion �(4�jx

0

� xj)

�1

of the Lapla
ian; this leads to the

representation

hx

0

j � j x i =

m

4�~

2

i (x

02

� x

2

)

jx

0

� x j

3

: (3.39)

Thus � a
ts in the manner of a nonlo
al potential; it is a non-persistent

operator. It is then straightforward to verify that the transformation of the

12



non-Hermitian 
oupling (3.20) under (3.34/3.35), though nontrivial, does

not 
hange its 
ontent of persistent terms : on the r.h.s. of the relation

e

iB

h

� �

�

j s ih 
 j � j 
 ih s j

� i

e

�iB

=

�C

�

�

j s ih 
 j � j 
 ih s j

�

� �S

�

i

�

j 0 ih s j + j s ih 0 j

�

(3.40)

with

C

�

= 
os

�

1

2

��

�

; S

�

= sin

�

1

2

��

�

; (3.41)

only the unit term in the expansion of the 
osine operator is persistent.

Therefore the matrix of persistent terms, i.e. the negative inverse of the

Green's-fun
tion operator G

00

(E) for asymptoti
 propagation, now be
omes,

�

�

G

00

(E)

�

�1

=

0

�

K � E � 0

�� K � E 0

0 0 K � E

1

A

; (3.42)

and in 
ontrast to Eq. (3.32) now has a determinant,

�

00

(pers)

(E) = (K � E ) [ (K �E)

2

+ �

2

℄ ; (3.43)

indi
ating a qualitative 
hange in the asymptoti
-propagation 
hara
teris-

ti
s of the system: the square-bra
keted operator from the 
{s se
tor has

no nullspa
e at real energies E, and therefore will permit no in
oming or

outgoing wave pa
kets in free asymptoti
 motion.

A pri
e one pays for the relative simpli
ity of the me
hanism of Eq. (3.37)

is that most of the non-persistent, intera
tion terms be
ome nonlo
al, and

somewhat unwieldy. In detail, we have

E1 � H

00

=

�

G

00

(E)

�

�1

� U

00

(X;P) ; (3.44)

where the intera
tion term U

00

has matrix representation,

�

hi j U

00

(X;P) j ji

�

=

0

�

U

0

s

Z

00

i Y

00

�Z

00y

U

00




V

00

i Y

00y

V

00y

U

00

0

1

A

: (3.45)

Like Eq. (3.42), this displays a very spe
ial and restri
ted pattern of Non-

Hermiti
ity: the latter resides 
ompletely in the non-Hermitian s{0 and s{



oupling terms,

iY

00

= i ( Y C

�

� �S

�

) ; (3.46)

Z

00

= � (C

�

� 1) + Y S

�

; (3.47)
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whi
h together with their negative adjoints in the 0{s and 
{s positions

form the entire anti-Hermitian part of the matrix operator, while diagonal

elements and the 
omplete lower-right ( 
{0 ) submatrix, with 
oupling term

V

00

=

1

2

h

e

i

2

��

V

0

(X)e

�

i

2

��

+ e

�

i

2

��

V

0

(X)e

i

2

��

i

+ i

�

S

�

U

0

s

C

�

� C

�

U

0




S

�

�

(3.48)

and its adjoint, remain Hermitian. The new diagonal, Hermitian potentials

are,

U

00

0

= C

�

U

0

s

C

�

+ S

�

U




S

�

+

1

2

h

e

i

2

��

V

0

(X)e

�

i

2

��

+ e

�

i

2

��

V

0

(X)e

i

2

��

i

; (3.49)

U

00




= S

�

U

0

s

S

�

+ C

�

U




C

�

+

1

2

h

e

i

2

��

V

0

(X)e

�

i

2

��

+ e

�

i

2

��

V

0

(X)e

i

2

��

i

: (3.50)

Here we have already in
luded the e�e
ts of the original 
{
hannel potential

(3.27).

By 
ombining Eq. (3.28) with the analogous 
losed form for the se
ond

transformation step,

exp (�iB) = 1+ (C

�

� 1 )

h

�

0

+�




i

�i S

�

h

j 0ih
 j + j 
ih0 j

i

; (3.51)

one may �nd the total transformation T , whi
h we write as a set of trans-

formation equations for the orbital amplitudes j  

00

n

(t) i de�ned in analogy

with Eq. (2.3):

j  

00

s

i =

s

1 + (

�

�

R)

2

j  

s

i + (

�

�

R) j  

0

i ; (3.52)

j  

00




i = i S

�

(

�

�

R) j  

s

i + C

�

j  




i + i S

�

s

1 + (

�

�

R)

2

j  

0

i ; (3.53)

j  

00

0

i = C

�

(

�

�

R) j  

s

i + S

�

j  




i + C

�

s

1 + (

�

�

R)

2

j  

0

i : (3.54)

It is 
lear that the initial 
ondition of preparing an in
oming wave pa
ket

in e.g. the j  

00

0

(t) i amplitude means something entirely di�erent from the


orresponding preparation for the untransformed j  

0

(t) i amplitude. To
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realize the j  

00

0

(t) i- pa
ket initial 
ondition in the original system would re-

quire, a

ording to Eq. (3.54), a very 
ompli
ated, 
oherent, and �ne-tuned

preparation in all three of the original 
hannels that is pra
ti
ally impossible

to a
hieve. Inasmu
h as the 
hannels of a given representation de�ne the

natural possibilities of asymptoti
 preparation and dete
tion, these possibil-

ities have now been 
hanged { and, as we will see in a moment, restri
ted {

in a qualitative way.

Finally, the metri
 operator M for the new representation, 
al
ulated

from Eq. (1.6), 
an be given a 
ompa
t form by introdu
ing a hybrid quan-

tity 
 whi
h is both a state in se
tospin spa
e and an operator on orbital

motion:


 = j s i �

s

1 +

�

�

�

R

�

2

+ j 
 i �

�

�i S

�

�

�

�

R

�

�

+ j 0 i �

�

�C

�

�

�

�

R

�

�

:

(3.55)

Then

M = 1 + 2

�





y

� j s ih s j

�

: (3.56)

In matrix form, the nontrivial term is

�

hi j (



y

� j s ih s j ) j ji

�

=

0

B

B

B

�

(

�

�

R)

2

i

q

1 + (

�

�

R)

2

(

�

�

R)S

�

�

q

1 + (

�

�

R)

2

(

�

�

R)C

�

�iS

�

(

�

�

R)

q

1 + (

�

�

R)

2

S

�

(

�

�

R)

2

S

�

iS

�

(

�

�

R)

2

C

�

�C

�

(

�

�

R)

q

1 + (

�

�

R)

2

�iC

�

(

�

�

R)

2

S

�

C

�

(

�

�

R)

2

C

�

1

C

C

C

A

:

(3.57)

By 
onstru
tion, the norm formed with this metri
, being identi
al with the

original norm that evolved under a manifestly Hermitian Hamiltonian, is


onserved,

d

dt

h	

00

(t) jM j 	

00

(t) i = 0 : (3.58)

The \naive" norm formed from the j  

00

n

i's is therefore not 
onserved; rather,

upon abbreviating � = 



y

� j s ih s j, we have

d

dt

0

�

X

n=s;
;0

h 

00

n

(t) j  

00

n

(t) i

1

A

= h	

00

(t) j

2

i~

h

(H

00

)

y

� � �H

00

i

j 	

00

(t) i :

(3.59)

The square bra
ket 
an be worked out but provides no spe
ial insight.
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4 E�e
tive Subspa
e Equations

The Green's-fun
tion operator for the transformed system is obtained by

forming the inverse of the operator matrix (3.42):

G

00

(E) =

0

�

G

+

(E) G

�

(E) 0

�G

�

(E) G

+

(E) 0

0 0 G

0

(E + i�)

1

A

: (4.1)

Only the ordinary Green's operator for the 0 
hannel,

G

0

(E + i�) = (E + i� � K )

�1

; (4.2)

needs an i� pres
ription for E real and > 0; it ensures that the 0 
hannel


ontinues to permit free in
oming and outgoing wave pa
kets at asymptoti


distan
es, and thus remains an asymptoti
ally a

essible subspa
e. By 
on-

trast, the two fun
tions appearing in the se
tospin-1=2 ( s{
 ) subspa
e are


ompletely nonsingular on the real E axis:

G

+

(E) =

E �K

(E �K)

2

+�

2

=

1

2

�

1

E �K + i�

+

1

E �K � i�

�

; (4.3)

G

�

(E) =

�

(E �K)

2

+ �

2

=

i

2

�

1

E �K + i�

�

1

E �K � i�

�

: (4.4)

In fa
t, these fun
tions have the usual Green's-fun
tion pole at real E re-

pla
ed by a pole pair at 
omplex-
onjugate positions, with imaginary parts

�i�. Their Fourier transforms to the time domain,

G

+

(t � t

0

) =

1

2i~

e

�

�

~

jt�t

0

j

�(t � t

0

) e

�

i

~

K(t�t

0

)

; (4.5)

G

�

(t � t

0

) =

1

2 ~

e

�

�

~

jt�t

0

j

e

�

i

~

K(t�t

0

)

; (4.6)

where �(�) denotes the step fun
tion �(�)��(��), show expli
itly the nature

of the asymptoti
 propagation in the 
{s se
tor: they 
ause the 
omponents

j  

00


;s

(t) i of the state in this se
tor to always de
rease, with time 
onstant

~=�, for both t ! +1 and t ! �1. In the new representation, the 
{s

se
tor has be
ome a 
on�ned subspa
e. For this reason, we refer to this repre-

sentation as the \representation modelling the nonperturbative or 
on�ning

phase". It is obvious without 
al
ulation that, as a 
onsequen
e, S-matrix

elements to, from, and within this subspa
e will vanish. The transformation

has e�e
tively redu
ed the spa
e on whi
h a nonzero S matrix obtains.
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To minimize inessential te
hni
al 
ompli
ation, we write equations for

the formal elimination of the 
on�ned subspa
e only to zeroth order in the

internal 2�2 potential matrix ( the non-persistent terms ) for that subspa
e,

�

hi j U

00

1

(X;P) j ji

�

=

�

U

0

s

Z

00

�Z

00y

U

00




�

: (4.7)

In
lusion of U

00

1

, on whi
h we 
omment brie
y at the end of this se
tion,

will not 
hange the qualitative 
on
lusions we are going to draw about the

e�e
tive equations in the a

essible and 
on�ned subspa
es.

At this order, the formal solution for the s- and 
-
hannel orbital 
om-

ponents in terms of j

~

 

00

0

(E) i then takes the form,

�

j

~

 

00

s

(E) i

j

~

 

00




(E) i

�

= G

00

1

(E) �

�

iY

00

j

~

 

00

0

(E) i

V

00

j

~

 

00

0

(E) i

�

; (4.8)

where G

00

1

is the se
tospin-1=2 submatrix of the Green's operator (4.1),

G

00

1

(E) =

�

G

+

(E) G

�

(E)

�G

�

(E) G

+

(E)

�

: (4.9)

Like (4.7), it again displays the spe
ial non-Hermiti
ity pattern of having

a purely anti-Hermitian nondiagonal part while its diagonal part is purely

Hermitian. Note that sin
e the inverse of G

00

1

{ the s{
 submatrix of Eq.

(3.42) { has no nullspa
e, there are no \solutions to the homogeneous equa-

tion" allowed in (4.8) { in a sense, the transformed system has severely

restri
ted its own range of admissible initial 
onditions.

The e�e
tive one-
hannel equation for the orbital amplitude in the 0

subspa
e may now be derived by using Eq. (4.8) to formally eliminate the


on�ned subspa
e, and takes the form

�

E �

�

K + U

00

0

+ W

00

0

(E)

�	

j

~

 

00

0

(E) i = 0 ; (4.10)

featuring a new energy-dependent e�e
tive potential

W

00

0

(E) = V

00y

G

+

(E)V

00

� Y

00y

G

+

(E) Y

00

+ i

h

Y

00y

G

�

(E)V

00

� V

00y

G

�

(E) Y

00

i

;

(4.11)

whi
h due to Eqs. (4.3 / 4.4) is 
ompletely nonsingular, and therefore de-

velops no absorptive part of type (2.10), on the real energy axis. Moreover,

in W

00

0

, the non-Hermitian 
oupling terms are seen to have paired o� in su
h

a way as to render this potential Hermitian at �xed E:

(W

00

0

(E) )

y

= W

00

0

(E) : (4.12)
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This is the situation that \normally" exists for 
oupling to 
losed 
hannels,

i.e. other 
hannels at energies below their thresholds, but the new feature

here is that it prevails at all energies. Just as in the 
losed-
hannel s
enario,

this implies that although the naive one-
hannel norm h 

00

0

j  

00

0

i is not

a 
onstant lo
ally in time, it is 
onserved between asymptoti
 times: by

adapting the usual derivation for the time development of a norm, one has

�

�t

h 

00

0

j  

00

0

i = �

1

~

Im

�

Z

+1

�1

Z

+1

�1

dE

0

dE

(2�~)

2

exp

�

i

E

0

� E

~

t

�

� h

~

 

00

0

(E

0

) j W

00

0

(E

0

)�W

00

0

(E) j

~

 

00

0

(E) i

�

; (4.13)

whi
h vanishes upon integration over all times as the exponential is turned

into a 2�~Æ(E

0

� E), so that

k 

00

0

(t = +1) k � k 

00

0

(t = �1) k = 0 : (4.14)

As a 
onsequen
e, the one-
hannel S or T matrix for the asymptoti
ally

a

essible 0 
hannel, extra
ted \naively" { i.e., without any referen
e to the

norm (3.56) { from the j

~

 

00

0

(E) i states, obeys elasti
 unitarity. ( Formally,

the imaginary part of the T matrix at real E still arises ex
lusively from the

i� in the Green's fun
tion (4.2), with no 
ontribution from the potential ).

Unitarity at �nite times for the total system, on the other hand, be
omes

manifest only upon using the nontrivial metri
, as emphasized in 
onne
tion

with Eq. (3.59).

For 
ontrast, one may look at the e�e
tive equation for the 
on�ned

subspa
e; to this end one solves formally for j

~

 

00

0

(E) i in terms of the other

two 
omponents, and under the only natural initial 
ondition now remaining,

that of an in
oming free pa
ket in the in�nite past:

j  

00

0

(t) i �! e

�

i

~

Kt

j �

00

0

i (t �! �1) ; h�

00

0

j �

00

0

i = 1 : (4.15)

By using the result in the s and 
 equations one then obtains the e�e
tive

equations for the se
tospin-1=2 subspa
e,

n

�

G

00

1

(E)

�

�1

� W

00

1

(E + i�)

o

�

�

j

~

 

00

s

(E) i

j

~

 

00




(E) i

�

=

�

iY

00

j

~

�

00

0

(E) i

V

00

j

~

�

00

0

(E) i

�

;

(4.16)

with an energy-dependent e�e
tive-potential matrix,

W

00

1

(E + i�) =

�

�Y

00

�

0

(E + i�)Y

00y

iY

00

�

0

(E + i�)V

00y

iV

00

�

0

(E + i�)Y

00y

V

00

�

0

(E + i�)V

00y

�

(4.17)
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ontaining the 0{
hannel Green's operator,

�

0

(E + i�) =

�

E + i� �

�

K + U

00

0

� �

�1

: (4.18)

The inhomogeneous term expresses the fa
t that the se
tospin-1=2 subspa
e

is fed by the initial pa
ket evolved under the in
uen
e of U

00

0

:

j

~

�

00

0

(E) i = lim

�!0

�

i��

0

(E + i�) 2�~Æ(E�K) j �

00

0

i

	

: (4.19)

The essential point about the potentials of Eq. (4.17) is that in 
ontrast

to the W

00

0

of Eq. (4.11), they do have absorptive parts, arising from the

dis
ontinuity of the Green's fun
tion (4.18) a
ross its \normal" s
attering


ut on the positive real E axis. These absorptive parts des
ribe the fa
t that

the 
on�ned 
hannels must leak their short-lived share of total probability

ba
k to the asymptoti
ally a

essible spa
e. We reemphasize that while the

dire
tion of this leakage is qualitatively what one expe
ts, it does not imply

quantitative 
onservation of the naive norm at �nite times.

None of these qualitative features is 
hanged when the intera
tion matrix

(4.7) within the s{
 subspa
e is taken into a

ount, and we therefore devote

only the briefest 
omment to this 
ase. The Green's-operator matrix (4.9)

is now repla
ed by the matrix

�

1

(E) = G

00

1

(E) + G

00

1

(E)U

00

1

G

00

1

(E) + G

00

1

(E)U

00

1

G

00

1

(E)U

00

1

G

00

1

(E) + : : : :

(4.20)

One 
he
ks easily that ea
h term of Eq. (4.20) preserves the spe
ial non-

Hermiti
ity pattern mentioned above for U

00

1

and G

00

1

(E). The e�e
tive 0-


hannel potential (4.11), now formed with the appropriate �

1

(E) elements

instead of the G

+

(E) and G

�

(E), therefore 
ontinues to be Hermitian at �xed

E. Sin
e all G

00

1

(E) fa
tors in Eq. (4.20) are nonsingular on the positive real

E axis, �

1

has no bran
h 
ut there, and W

00

0


ontinues to have no absorptive

part.

The only new feature that may o

ur is for �

1

(E) to develop isolated

singularities in E. It was demonstrated in Ref. [9℄ that as long as the

non-Hermiti
ity in the de
oupled s{
 subspa
e is not too strong, a limited

number of poles may indeed o

ur on the realE axis, signalling the formation

of bound states ( in our interpretation, meson states of the bottomonium

type ) whi
h for the de
oupled system are stable. Sin
e that system, as we

have seen, has no threshold, these poles need not be restri
ted to E < 0.

If a meson pole does o

ur at an energy E = �

b

> 0, it is still embedded,

from the point of view of the total system, into the 
ontinuous spe
trum of

the 0 
hannel, and will turn into a resonan
e visible in that 
hannel when
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the 
hannel-
oupling terms iY

00

and V

00

in Eq. (3.45) are swit
hed on. We

do not dwell on the treatment of su
h resonan
es, whi
h apart from minor

pe
uliarities ( 
onne
ted to the non-Hermiti
ity in the s{
 se
tor ) is entirely


onventional, and somewhat out of the main line of interest in this paper.

We only note, as an unfamiliar feature, that due to the se
ond term in Eq.

(3.46) for the s{0 
oupling potential Y

00

, the widths of these resonan
es have

terms proportional to the \
on�nement s
ale" � that remain nonzero even

when the \perturbative" 
ouplings �; 
 are swit
hed o� 
ompletely.

5 Remarks on the Relation with Field Theory

We have seen that division of the state spa
e of a quantum-me
hani
al s
at-

tering system into \asymptoti
ally a

essible" and \permanently 
on�ned"

subspa
es 
an o

ur, provided the representation whose 
hannels de�ne the

asymptoti
 preparation and dete
tion possibilities of the system is one in

whi
h Hermiti
ity of the Hamiltonian holds only with respe
t to a nontrivial

metri
. A lesson whi
h emerged along the way, and whi
h may be relevant

for the interpretation of 
ertain results in �eld theory, is that Green's fun
-

tions with 
onjugate pairs of singularities in the 
omplex energy plane {

whi
h at �rst sight seem to 
ontradi
t unitarity sin
e the singularities of the

resolvent for an Hermitian evolution generator should be entirely on the real

energy axis { may nevertheless play a legitimate role in su
h a 
ontext, sin
e

unitarity must now be understood with respe
t to the nontrivial metri
. A

further lesson of pra
ti
al relevan
e is that as long as one is interested only

in S-matrix elements between asymptoti
ally a

essible 
hannels, it may not

be ne
essary to a
tually determine the 
ompli
ated metri
 operator, sin
e

S-matrix ( asymptoti
 ) unitarity holds even with respe
t to the \naive"

s
alar produ
t.

The interpretation we have given of the model alludes to the perturba-

tive vs. the full nonperturbative solution of the QCD problem. The slight


on
eptual mismat
h in this interpretation will be noted { we really dis-


ussed one solution to a 
ertain Hamiltonian in two di�erent representations,

whereas on the �eld-theory side we spoke of two solutions, of di�erent qual-

ity, to the same Lagrangian. While this mismat
h marks the limits of our

quantum-me
hani
al modelling, it also leads on to two interesting aspe
ts.

First, due to its in�nite number of degrees of freedom, �eld theory is known

to naturally a

ommodate representations 
onne
ted by non-unitary trans-

formations [10℄, and in parti
ular the \dressing transformation" T mapping

the nonintera
ting �eld operators �

(0)

of perturbation theory onto their fully
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intera
ting and renormalized 
ounterparts,

�(x) = T �

(0)

(x)T

�1

; (5.1)


an and in general will be a non-unitary similarity transformation. The

above results then lead to the 
onje
ture that the dressing transform for

QCD may be of a kind, exempli�ed by our model transformation, whi
h


reates short-lived propagation in 
hannels 
ontaining unbound gluons and

quarks, turning them into \
on�ned subspa
es", while leaving probability


onservation between asymptoti
 times inta
t on the subspa
e of asymptot-

i
ally a

essible 
on�gurations.

Se
ond, while in quantum me
hani
s there is obvious arbitrariness in

de
laring one representation to be the de�ning one for the possibilities of

asymptoti
 measurement, in �eld theory there is a 
lear preferen
e for the

nonperturbative solution ( whi
h 
ontains the �

s

-nonanalyti
 � s
ale ) over

the perturbative solution ( whi
h misses out on � ) to be the one that makes


onta
t with experiment and de�nes the possible 
hannels of asymptoti


preparation and dete
tion. There exists, therefore, the distin
t and intrigu-

ing possibility that �eld theory may remove the arbitrariness of singling out

the \
on�ning" representation.

Finally, the role played by the � s
ale in the model transformation, Eqs.

(3.12) and (3.35), points toward an interpretation of the \shadow" 
hannel:

it is a 
hannel whi
h de
ouples in the perturbative treatment, and starts

parti
ipating in the dynami
s only when and if that nonperturbative s
ale

is allowed to develop. We do have a glimpse of the �-s
ale 
ontent of the

nonperturbative QCD solution through the operator-produ
t expansion:

there, the perturbative form of an amplitude is 
orre
ted by terms 
ontain-

ing powers �

n

, and these powers arise in the form of va
uum expe
tations

of lo
al 
omposite operators of suitable mass dimensions ( \va
uum 
onden-

sates" ). Su
h 
ondensates vanish identi
ally in perturbation theory, where


omposite operators 
an be de�ned only through free-�eld normal ordering

with respe
t to the perturbative va
uum. The s 
hannel, and its mixing

with the other 
hannels through transformations that redu
e to the identity

at � = 0, may therefore be 
hara
terized as des
ribing s
hemati
ally the

e�e
t of nonvanishing va
uum 
ondensates on QCD amplitudes.
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