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lattice action
@ goal: estimate the expextation values

() =27 [ asle S
@ the lattice action

Siat = Sg + Sy
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@ the continuum action

lattice action 1 Y
Ssvar = [ { @R + 3V D) |

@ gauge part

SelU1=8>_>" {1 — ]\1/,CReTrUW]
o fermionic part o
S U] = %ZX(:U)A(@«)
+5 ZZ (@ + 2)Vu(@)(r + ) A(2)

+A(33)VMT($) (r = w)A (@ + )]
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@ the bare coupling
2N,
g

@ gauge field link in the adjoint representation

lattice action /8 —

[V, (2)],, = 2T [U;(x)TaUu(x)Tb}

. -1
= [VH (.’L‘)] ab = [V/LT(J:)] ab
@ the generators T in the SU(2) case
1

T = —71¢

2

@ the majorana fermions

A==t
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@ gluino breaks supersymmetry

lattice action
L=Lsyp+ TngX)\

@ the hopping parameter
k= (2mo +8r)""
@ — bare gluino mass, breaks chiral invariance
mgo X KL

@ — tune k to a critical s, so
the renormalized mass

mg — 0
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@ back to the fermion action

fermion matrix

Sr[UNA] = %Zx(x)A(w)
+g DS M@+ @)Vu(@)(r + vu)M(z)

@)V, (@) (r = )Mz + )]
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@ back to the fermion action

SrUAA] = % > A@)A(@)
+g SN M@ + )Vul@)(r + 7)A@)
T
(@) V] () (r = )Mz + )]
@ — the fermion matrix

Qay U] =62y — K Z [6y,2+4(1 + vu) V()
m

+6y1a(1 — ’Verﬂ)VE(y)]
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e from this, we can write compactly
fermion matrix

§ A Q(E,'y
@ — the fermion matrix

/ [d\] e™S7 = / [d\] e 22 = £ /det Q

@ because of the pfaffian

1
pf(M) = WealﬁlmaNﬁNMalﬁl"'MaNﬁN

— / [d)\l] e_%AaMa,BAbeta
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@ the polynomial approximation relies on

Ny

~oy1—1

single step |det QN7 = [det (QTQ)} 2 x nILmoo [det P(Q?)]

approximation

with Q2 = Q'Q
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@ the polynomial approximation relies on
Ny

single step |det Q|Nf = [det (QTQ)} z ~ n”—>moo [det P(Q2)]

approximation

-1

with Q2 = Q'Q
@ where the polynomial P,(z) satisfies

N

lim P,(z) = 27 for x € [, A]

n—oo
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@ the polynomial approximation relies on

Ny
s et Q17 = |det (Q'Q)] = fim [det P(G?)]
with Q2 = Q'Q
@ where the polynomial P,(z) satisfies
Ny
lim P,(z)=2"72 for z € [e ]

n—oo
@ and

€ < min spec(QTQ)
A > maxspec(QTQ)
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single step approximation

@ using roots of the polynomial r;
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@ using roots of the polynomial r;

single step J=
approximation

@ the multi-boson representation of the fermion
determinant

ro [ [(det(Q — pi)(@ = pj) "

j=1
~ / Dd]e” S Yy OIW[(@=0))(@=p))],, @5 (@)
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@ problem: small fermion masses
— hugh condition-number 2 ~ O(10* — 10°)
@ the key:
Ny

lim PM(2)P@(z) =22

np—oo M n2
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@ problem: small fermion masses
— hugh condition-number 2 ~ O(10* — 10°)

@ the key:
: 1 2 Ny
Jim PO() PR (2) =272
o we get
N ].
| det(Q)[™/ ~

det PXV(G2) det PO(G2)
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-0.02

o
2
I B N R

-0.04

o T

relative deviation of the successive polynomial
approximation
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@ test this approximation — fulfill the detailed balance

PWU - U exp —(Sg [U’] + log [det Q]g)

PO —U) (8, [U] + log [det ] ©)

det (GNP s ot

noisy correction

det (QNf [U]P Q2[U]> "1)[U7¢1‘7¢]
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@ test this approximation — fulfill the detailed balance

PWU - U exp —(Sg [U’] + log [det Q]g)

PO —U) (8, [U] + log [det ] ©)

det (GNP s ot

noisy correction

det (@M [U]PG2[U]) eI

@ since the update polynomial Pﬁ) fulfills

Py(U - U) STV 600

Py(U' —U)  eSMIU ot

@ we can use as an acceptance probability
| det (QUUIPR @)
det (@™ [U]PSG2[U])

PNC (U — U,) = min
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o following the idea of the multi-boson algorithm we will

approximate this new determinant by another
polynomial P,(é)

1
det PV (5?)

N /D[UT]D["?]e”TPT%z(Qz)”

o NF ~
noisy correction (det Q2) 2 det PT(L})(Qz) x>~
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o following the idea of the multi-boson algorithm we will

approximate this new determinant by another
polynomial P,(é)

1
det PV (5?)

N /D[UT]D["?]e”TPT%z(Qz)”

o NF ~
noisy correction (det Q2) 2 det PT(L})(Qz) x>~

@ and this second polynomial Pg) fulfills

- p(2) ~5L p(1) (-1
lim Py/(x) =2~ 2 P /(x) V€ [e, A]

ny—00
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@ using the correction, first one has to generate a complex
gaussian random vector n according to the normalized
gaussian distribution

o~ P&

d =
" Dy

noisy correction
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@ using the correction, first one has to generate a complex
gaussian random vector n according to the normalized
gaussian distribution

o~ P&

[ Dl @

dp(n)

noisy correction

@ and then accept the change of the gauge fiels
[U] — [U’] with the probability measure

P = min <1, i (P%)(@[U’F)—P%)(@[UF))n>
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@ using the correction, first one has to generate a complex
gaussian random vector n according to the normalized
gaussian distribution

o~ P&

~ J Dlyle PR@

dp(n)

noisy correction

@ and then accept the change of the gauge fiels
[U] — [U’] with the probability measure
(@ A2y p2) (A2
P = min (1’6 nt (PE Q) -PR(@IU] ))n)

@ the needed noisy estimator 7 is easily obtained from a
simpel gaussian distributed vector 7’

e

- - _ p@(AN-%./
B fD[W,]e—ﬂ’Tn’ and n = Iy, @)~z

dp(n')
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overrelaxation
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@ gauge field:

noisy correction

@ multibosonic updating:

metropolis sweeps

overrelaxation

heatbath

overrelaxation
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preconditioning

@ determinant breakup

gauge field:
noisy correction metropolis sweeps

overrelaxation
@ multibosonic updating:
heatbath

overrelaxation

reweighting
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the metropolis algorithm

@ the probability for going from one configuration

[¢] to [¢/] is given by

P([¢1] — [¢])O<F<

e—Se1
—5[¢]

)
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@ the probability for going from one configuration
[¢] to [¢/] is given by

oS0
Pl — o) o F | gy 1)
St o with any function, that maps [0, 5] to [0, 1] and fullfills
F(x)

=T

F(3)




SUSY Yang-Mills
on the Lattice

Alexander Ferling
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algorithm

the metropolis algorithm

@ the probability for going from one configuration
[¢] to [¢/] is given by

eS¢/l
Pl — o) o F | gy 1)
@ with any function, that maps [0, o] to [0, 1] and fullfills
Flx)
F(3)

@ usually for F one chooses

F(z) = min(1,z)
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@ so, first a randomly chosen configuration is generated

metropolis

algorithm
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the metropolis algorithm

@ so, first a randomly chosen configuration is generated

e — every configuration with a lower action (higher
Boltzman factor) is accepted, while otherwise just with

o (S[#'1-S[4))

or even rejected
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generalization of the metropolis algorithm

@ a generalization to (1) is to generate P by a proposed
change and an accept reject step P = P4 P with

Fo ([¢1] — [9])

is an arbitrary probability distribution for the proposed
change of the configuration [¢] — [¢'] and

Pa([¢/] < [9])

the acceptance probability is defined in such way, that it
compensates for Po, namely

Fo([o] < [¢T)We [¢] }
Fe([9] — [¢DWe (4]

Pa ([¢/]) o min {1,
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@ the heatbath algorithm

in every step just a part of the field variables, e.g. the
gauge link at one particular lattice site, ist changed
by combining many such steps, ergodicity can be
archieved

heatbath and
overrelaxation
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@ the heatbath algorithm

in every step just a part of the field variables, e.g. the
gauge link at one particular lattice site, ist changed
by combining many such steps, ergodicity can be
archieved

@ the overrelaxation algorithm

the configurations are changed in a way, which leaves
heatbath and . R .
overrelaxation the action invariant and ensures

[g] UPdate ) UPdate )

in each single update step, always with P4 =1
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@ the heatbath algorithm

in every step just a part of the field variables, e.g. the
gauge link at one particular lattice site, ist changed
by combining many such steps, ergodicity can be
archieved

@ the overrelaxation algorithm

the configurations are changed in a way, which leaves
heatbath and . R .
overrelaxation the action invariant and ensures

[g] UPdate ) UPdate )

in each single update step, always with P4 =1

@ — the action is left unchanged, so this algorithm is not
ergodic.
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@ preconditioning decreasing the condition number % by
even-odd preconditioning

speed methods
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@ preconditioning decreasing the condition number % by
even-odd preconditioning

o decompose the fermion matrix @ in subspaces,
containing the odd, respectively the even points of the
lattice

- B 5 — kY5 Moe
Q PYSQ ( —K7Y5 Meo ] )

speed methods
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@ preconditioning decreasing the condition number % by
even-odd preconditioning

o decompose the fermion matrix @ in subspaces,
containing the odd, respectively the even points of the
lattice

- B 5 — kY5 Moe
Q PYSQ ( —K7Y5 Meo ] )

speed methods

@ for the fermion determinant we have

det Q) = det Q, with Q = 75 — K%v5 My M,,
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B=2.3, K=0.196, 6°x12

0.15
preconditioned

not ]
01 L preconditioned i
0.05 i

speed methods L
0 ‘ ‘ ‘

-6 -5 -4 -3 -2

° Ig(A_min)

distribution of the smallest eigenvalues of the squared
preconditioned fermion matrix Q) versus the
non-preconditioned one
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@ use the factorization of the fermionic determinant in
several factors, also allowing for some " fractional”
number of flavours

[det (O)r = [\ det(©2)|55fé]n3

speed methods
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@ use the factorization of the fermionic determinant in
several factors, also allowing for some " fractional”
number of flavours

[det (O)r = [\ det(@%ﬁzﬁ%]@

@ measurement correction: reweighting

lim P (2) P ()PP () with PP (z) = !

speed methods n4—00 A / Pr(é)
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@ use the factorization of the fermionic determinant in
several factors, also allowing for some " fractional”
number of flavours

[det (O)r = [\ det(©2)|55fé]n3

@ measurement correction: reweighting

lim P (2) P ()PP () with PP (z) = L
speed methods n4—00 P(Z)
\V £n2

o after reweighting, the expectation value of a quantity A
is given by

<A exp {n* [1 - Pr(Lf)(QTQ)} n}>
<e><p {n* [1 - Pﬁ)(QTQ)} n}>

Un

(4) =

Un
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]
p o1
ni xa
*]
@ 1
* P (a)ae

speed methods
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[+
1
1
P7(L1) ~ e
()]
@) 1
© P @)
speed methods (]
1
PO) =
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@ basic idea: move the configuration through
configuration space — in each step all field variables are
updated by computing their trajectory through a
coupled set of equations of motions

hybrid monte carlo
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@ basic idea: move the configuration through
configuration space — in each step all field variables are
updated by computing their trajectory through a
coupled set of equations of motions

@ why not simply random walks? — a molecular
dynamics trajectory is assumed to move more rapidly
away from the original configuration

hybrid monte carlo
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@ basic idea: move the configuration through
configuration space — in each step all field variables are
updated by computing their trajectory through a
coupled set of equations of motions

@ why not simply random walks? — a molecular
dynamics trajectory is assumed to move more rapidly
away from the original configuration

o for the derivation of the equations of motions, we need
to look at

hybrid monte carlo

HIPU Gl = 5 TP+ 5,101+ Y 602,67 (0)

THJ Yy




SUSY Yang-Mills

isicviall hybrid monte carlo

Alexander Ferling

HIP.U G = 5 3 P+ 8,01+ 3 o(a)@,0°(0)

T Yy

during a (lepfrog...) trajectory the pseudofermion field
¢ is constant and generated from a simple gaussian

dndnTe_(”"T)

hybrid monte carlo ¢) = T’Q — 77 = ¢Q_1 — d¢d¢T6_¢©_2¢T

at the beginning of the trajectory the conjugate
momenta P are generated according to the distribution

dPe=2F?
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@ with the corresponding canonical differential equations

P(x,u,j) = _D:c,u,jS[U]

U(z,p) = iP(z,p)U(z, p)

this derivative is defined as

hybrid monte carlo d

D:(:ujf(U(xwu)) = do —Of <6iaTjU(xnu))
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@ a step of length A7 in P

P/

) = quj — DIMJA’TS[U]

@ astepin U,

3 .
Ua,:p, — Uxuezj:l ATiT; Pyyj

hybrid monte carlo
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@ a step of length A7 in P

P/

xpj — quj - DCUMJATS[U]

@ astepin U,

3 .
Ua/:'u — Uxuezj:l AT’LTijHj

@ the trajectory is a succesive approximation of

r(on) =11 (&) o 010 ()

hybrid monte carlo
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@ in case of the hamiltonian, we have

k
H[P,U] = %P2 +) S0l (k=1)

for a trajectory with length 7, we define decreasing time
steps

hybrid monte carlo

AT T
ATZ' = o

Ni  NgNg_i--N;

with N; = step number, (0 <i < k), (ATgs1 =7)
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@ we can change the gauge field as before by

, 3
Ty (AT) : U:;uz we’ATijlTJPWJ

@ and define a step in P by

hybrid monte carlo Tsl (AT) : ;MJ = Pmu] — D$l"] ATSz [U]
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@ let us define

To(ATo) = Ts, <2> Ty (A7) Ts, (A;O)

hybrid monte carlo
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@ let us define

To(ATo) = Ts, <2> Ty (A7) Ts, <A270>

@ andfori=1,2,...,k

hybrid monte carlo
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polynomial hybrid monte carlo

@ in polynomial hmc one approximates the ()-matrices
with polynomials

(AQ72N) = (AP(Q*)N)

@ instead of Ny = 2 one can although work with
determinant breakup

N ~ a1 Np Ny _ -
(det 37 = [(det Q) }N — 3" (W POPN)

TLb:].

@ unsing the product rule in the derivative

D:ijZ = Q(D:wj@) + (Do Q)Q
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[.Campos et.al. , Monte Carlo simulation of SU(2)
Yang-Mills theory with light gluinos,
[arXiv:hep-lat/9903014]

E.E. Scholz, Light Quark Fields in QCD: Numerical
Simulations and Chiral Perturbation Theory, PhD, 2005

R. Peetz, Spectrum of N = 1 Super Yang Mills Theory
on the Lattice with a light gluino, PhD, 2003

C. Gebert, Light quark fields in lattice gauge theories,
PhD, 2002

B. Gehrmann, The step scaling function of QCD at
negative flavor number, PhD, 2002

polynomial hybrid
monte carlo

) & & & &

I.Montvay, E.E. Scholz , Updating algorithms with
multi-step stochastic correction, [arXiv:hep-lat/0506006]
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polynomial hybrid
monte carlo
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