
���������	�
���
���
� ���������
�������
�������������! "�
�����	#$��%�%&����'��(�)�*�
��'�������',+-�������.#/�0���21��)�
34�������
�

576 8�90:	:�; 3 90:	:=<�>

?A@ �0�B�DC 9

�E�F������%B1 @ �	��%���� 5 ������� 6 �)��������� >

GIHKJMLON*P�QSR.T	UIVWHKX4YKZ[N�L\Q�X

]_^a`cb7dMe	fWgihkj(dMj(lnmohkj0pchij�qrj(hisMtvuWwWxvlcyzhiyzj0mc{|wcd~}�p�hklcyzj(dMy7gkj(h�{|w�fWlcyW�
� ^��"tz�
�~t7yvs�pct7��m�fc�_jrd~�-bz�~his~hkb7lW�~�cdMhilcqrhi�Ftvf_�M�
�o^"��j(u-j(l�mohkj�p�hij��4b7l�s~hklofchisMx�s|��yzgijrhk{|wofclWy�tvl��&�Ihij��~hil_p���tvwcd|�M{|wcj(hklcgkhk{|wc�zj(hisM�Mp�h�{|wzsMj�fWlWp"�"t7wcdM�M{|wcjrhilcgkh�{|w��
�7j(hisM�M��s~dMb7e�p�j(�Wlchkj(d~s|�

� ^��"tz�
��hklWpF�[s|t�sMhibzlWxvdMj���fW�[s|xvlWpcj�fWlWp��
hij�g�tvf�sMj�s�hkwcdMj���j(hisMtvuWwWxvlcyzhiyz�7jrh�s2�
�c^��Khkj=��sMtvs~hkb7lWx7d~j	mc{|wcd~}�p�hklcyzj(dMy7gkj(h�{|w�fWlcy�u_j ��his~q(s0t7gk�4�Khi¡-jrd~jrlcq(h�tvgky7gkj(h�{|wofclcy�hkeE¢�gkgiyzj(e�j(hklcjrl�£B}���fclWy7j(lnqrf
u_jrgihkj(uchky7jrd)¤\lcj(dMy7hkj E ���"t7d~fWeS�¥t7lcl�j �
��jrhil�¦opWt7�M�O§©¨WdªjrhilWhiyzj4«�bvsMj(lcqrhkt7gij�lofcd)y7jr�
hk�M��j0p�h����odMj�sMjK�"j(d~s~j E�cwo¬o�~hk�¥t7gih��M{|w�qrfcgkxz�~�~hky=�~hil_pW�

­ ^"moj(h ψ j(hkl�lcbzd~e�hkj(d~s~jrdª��sMtvs~hkb7lWx7d~jrd)�-fW��sMt7lWp�hkeS�cwo¬���hk��tvgkhk�M{|wcjrl�®�hkgiu-j(d~s~d|tvfWeSfclWp���jrh {ϕn}
jrhil�p�hk�~�od~j(s~j �

¯ b7gkg��[s|xvlWp�hky7j ��°4d�sMwcb7lcbzd~e�t7gk�~¬��[sMj(eF�
± ^n�Ihkj�gkt7f�s~j(s�p�hij�¤Olzs[�
h�{|�ogifWlcy ¯ b7l ψ lWtz{|w�p�jrl��-fW��sMxvl_p�j(l {ϕn}

�
±²± ^n�"j(g�{|wcj0�cwo¬���hk��tvgkhk�M{|wcj�³ªjrp�jrf�s~fclWy=w_tvu-j(lnp�hkj�¤\l�s[�
hk{|�ogkfclcyz�~�7boj(´�qrhijrl�s~j(l-�
±²±²± ^F�Ihkj�gkxz�~��s���h�{|wFp�hij�µKb7dMe�hijrd~fclWy ¯ b7l ψ pcfcdM{|wFp�hkj�¤\l�s[�
hk{|�ogkfclcy����zb�j(´�q(hkj(l�s~jrl�tvf_�~p�dM¨W{|�zj(l_�

¶ ^·�Ihij�g�tvf�sMj�sKpctz�
¸·t�sMd~hi¹�j(gkj(e�j(l�s (ψ,Aφ) e�his��ajrgigkj(lc§©fclc��s~hkb7lcjrlFy7jr�M{|wcdMhijru_jrl_�
º ^ A fclWp B �~j(hkj(l�wcj(dMe�h�sMjr�M{|wcj	°4�_jrdMtvs~bzd~jrlB��³ªjry7dM¨clWp�jrl�mohkj7¦c�ªj(g�{|wcj0p�j(d
l_t7{|w�§©bzgiyzj(lWp�jrlF°4�-j(d|t�sMb7dMj(l�wcjrd��

e=his~j �~{|wn�~hil_p&»
± ^ AB +BA±²± ^ AB −BA±²±²± ^ exp(A)±©¼ ^ exp(iA)

½ ^��Ihij��~hil_p�pchij�¾�l_�~{|wWx7d�§©jrl ∆x fWlWp ∆p §©¨cd�jrhiln¿�fWt7lzsMj(lce�j {|wWtvlch��M{|wcjr�ªÀ�jrhig�{|wcjrlFpcj��Wlchkj(d~s|�
Á ^"��j(u-j(l�mohij)pctz��¤\lWj(dMy7hkjr�~�_jr�zsMd~fWeÂ§©¨Wd*jrhil=À�jrhig�{|wcjrl	hkeÃfclcj(l_p�gih�{|w	wWb7wcjrl	j(hklWp�hke�j(lW�~hkb7lWt7gijrl�«�bvs~jrlcq(h�tvgis~bz��§

p�j(d�³ªdMj(his~j L tvlB�
Ä ^·�"tz�4u-jrpcj(f�sMj�s�¤\l�sMt7d�sMfclcyo�=�ajrgk{|wcjrla¤Olzs|tvd~s~fclWyz�~y7d|t7pnwWt7u_jrl"pchij=¤\lcjrd~yzhijr�
jrd�sMj=p�j ���"tz�~�~j(d|�[sMbv¡&t�sMb7e��Å hklFpcj(d
lch�{|w�s~dMj(g�t�s~h ¯ hk��s~h��M{|wcj(l·Æ4fWtvl�sMj(lce�jr{|w_tvlchk��b7wclWj�m��chil-Ç��

È



GIHKJMLON*P�Q��)T��ÂN*V����
X	��

����QBV���
����~Z�Z�N����\V

]_^a`cb7dMe	fWgihkj(dMj(l�mohkj
p�jrl�®Kt7e=hkgis~b7lWb7�-j(d|t�s~bzd�§©¨cd�p�j(l�jrhilWpchie�j(l_��hkb7lWt7gijrl�wWtvdMe�b7lch��M{|wcj(l�°���qrhigkg�t�s~bzdr� mo�ohiqrq(hkj(dMj(l
mohij�pcj(l��.j(dMgkt7f�§*pcjr�)«�bvsMj(lcqrhkt7gk�r�

� ^a�KjrdK¢�uW��s~jrhiyzj(bz�_jrdMtvs~b7dªh��[s a =
√

m
2~ω

(ωQ+ i

m
P ) �W�Ihij�g�tvf�sMj�sKp�jrd�¢�f�§²��s~jrhiyzj(bz�_jrdMtvs~b7d2�

�o^"��j(u-j(l·mohkj�p�hij��4b7e�e�f�sMtvs~b7dMj(l [Q,P ] ¦ [a, a†] ¦ [Q, a+ a†] ¦ [H, a†a] b7wWlcj0gkt7lcy7j��
j {|wclofclcy�tvlB�
� ^a³
jrd~j {|wclcjrl mohkj�p�hkj�¸�t�s~dMhi¹ojrgijre�j(l�s~j (ϕ2, Qϕ0)

¦ (ϕ2, Pϕ0)
¦ (ϕ2, Q

2ϕ0)
¦ (ϕ2, P

2ϕ0)
¦*�ªb7u-j(h {ϕn}

p�hkj
¤\hiyzj(l�§©fWlc��s~hkb7lcjrl�qrfce ®4tve�hkg�sMb7lcbz�_jrdMtvs~b7d
�~hil_p&�

�c^·�Ihij�g�tvf�sMj�sKp�hkj��"j(gkgijrl�§©fclc��s~hkb7lnp�j ����d~fWlWp�q(f_�[s|tvlWp�j �M�

GIHKJMLON*P�Q��)T�� H�N.X���Q�X	� Q ����N.X	�!
"����QBV$#ÂN%
&��Q�X
¤\hkl�À�j(hkgk{|wcjrl�p�j(d�¸�t7�M��j m u-j��_lWp�j�s*��h�{|w0hie j(hklWp�hke�j(lW�~hibzlWtvgkj(l0fclWj(lWp�gkh�{|w�wcb7wcjrl���t7��s~j(l�p�jrd�³ªd~jrh�sMj L q(�
h��~{|wWj(l
x = −L

2

fcl_p x = L
2

�W�4hkj��ajrgigkj(l�§©fWlc��s~hkb7ln��jrhBy7jry7jru_jrl�p�fcd|{|w

ψ(x) = N
(

e−a|x| − e−a L

2

)

.

�Ihkj)y7dMb&'�hk��s\p�hij
��tvwWdM�M{|wcj(hklcgkhk{|wW�7j(hisr¦¥u-j(hcjrhilWj(d.¤\lcjrd~yzhijre�jr�M��fclWy�p�hkj
¤\lcjrd~yzhij
p�j �\��d~fWlWp�q(f_�[s|tvlWp�j ��q(f=�WlWpcj(l_�

GIHKJMLON*P�Q)(�T�*�+"Q �~Y	�!� Q�X	

�,�OXKN.Z[QBV-�.
"���~Z�Z[N/���\V
��t7�)«�bvsMj(lcqrhkt7gBp�jr�)qr�
jrhkpchie�j(l_��hkb7lWt7gijrl�w_tvdMe=bzlch��~{|wcjrlF°��~q(hkgig�t�sMb7d|�Og�tvfcs~j�s

V (x1, x2) =
m

2
(ω2

1
x2

1
+ ω2

2
x2

2
).

�"j(g�{|wcj0¤\hky7j(lo�ªj(d~s~j0u-jr�~h�sMq�sKp�jrd�®Ktve�hkg�sMb7lcbz�_jrdMtvs~bzd|���Ihkj�y7dMb&'=hk��s
hiwWd~j�¤\l�s|tvd~s~fclcy=§©¨cd4p�j(lF`Wt7gig ω2 = 2ω1
�

GIHKJMLON*P�Q�0)T�1IVcQ��	���32�HKZ�

��jry7j(u-j(l��~j(h.j(hkl"¤\hiyzj(lcqrfW��sMtvl_p�qrf ~L2 e�his l = 1 �-¤Od	��jrh\tvf4'zj(d|p�j(eE¤Ohiyzj(lcqrfW�[s|tvlWpaq(f L1

e�his�¤\hky7j(lo�ªj(d~s
~
�

m�sMj(gkgijrl·mohij�p�jrl��-fW��sMtvl_p�p�fWdM{|wFp�hkj��0fcy7jrg65_xz{|wcj(lc§©fclc��s~hkb7lcjrl Yl,m
pWtvd �

7


