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Abstract (Gardiner, 2004):

One of the major challenges in the field of nonlin-
ear time series analysis is the development of suitable g = Dgl)(q) + Zgu(q)l“z (t) 1)
1

tools dealing with data of complex systems generated
by stochastic dynamical systems.

The main purpose of the present article is to describe \yhere q(t) denotes the n-dimensional state vector,
a method which allows one to disentangle trends andD(l)(q) is the drift vector and the matrix(q) is re-

fluctuations for the class of systems whose time evolu- lated to the diffusion matrix according to

tion can be described by Langevin equations. The pro-

posed method bypasses restrictions in the evaluation of

drift and diffusion coefficients arising for data sets gen- (Dg)(q)) = Z gik(d)gjr(a) . (2)
erated at low sampling rates. It is based on an iterative Y k

refinement of the estimation of drift and diffusion terms

based on an optimization of Kullback entropy measur- p(;) are fluctuating forces with Gaussian statistics
ing the distance between experimentally and estimatedyejta-correlated in time:

probability distributions. Additionally, we address the

problem how to handle data sets generated by Langevin

equations, which additionally are contaminated by ex- <Ti(t)>=0, (3a)
ternal noise. <Ti(OTk(t') > =250t —t') . (3b)

Here and in the following we adoptds interpreta-
Key words tion of stochastic integrals (Risken, 1989), (Gardiner,

2004).

Analyzing complex systems, which can be described
by stochastic equations of the form (1), therefore,
amounts to assess the underlying Langevin equations
or the corresponding Fokker-Planck equations from
1 Introduction a treatment of experimentally determined time se-

Complex behavior in systems far from equilibrium fi€s (Haken, 2000). Recently, a method (Siegert
can quite often be traced back to rather simple laws & 1998), (Friedrictet al., 2000) has been suggested,
due to the existence of processes of selforganizationWhich determines drift and diffusion coefficients from
(Haken, 2004). Since complex systems are composedthe first and second conditional moments of the pro-
of a huge number of subsystems, however, fluctuationsC€Ss:
stemming from the microscopic degrees of freedom
play an important role introducing a temporal varia-
tion on a fast time scale which usually can be treated
as fluctuations. A consequence of this rather general (4a)
scheme is the existence of evolution equations of a set . (2) o1
of macroscopic order parametey§) which are gov- Dij(a) = lli% 27 <lalt+7) = alt)l
erned by nonlinear Langevin equations (Risken, 1989), [q(t+7) —a(t)];la(t) =q > (4b)

Stochastic time series analysis, Langevin equation,
Measurement noise

1
DW(q) = lim — <q(t+7) —q(t)la(t) =q >



This method has been successfully applied to vari- 2  An iterative procedure for the estimation of
ous problems in the field of complex systems like the drift and diffusion terms
analysis of noisy electrical circuits (Friedrich al., In this section we describe an iterative procedure for
2000), stochastic dynamics of metal cutting (Gradisek the extraction of drift and diffusion terms of data sets
et al., 2002), systems with feedback delay (Fraatk  generated by Langevin equations. This procedure has
al., 2004), meteorological processes like wind-driven been devised in order to overcome the difficulties aris-
Southern Ocean variability (Sura and Gille, 2003) and ing in the evaluation of the limits (4) and is applicable
traffic flow data (Krisoet al., 2002). Furthermore ithas to data sets sampled at low sampling rates.
been applied to problems like turbulent flows (Friedrich A first estimate of drift and diffusion coefficients ap-
and Peinke, 1997), (Rennetral., 2001), passive scalar parently is delivered by the expressions (4) evaluated
advection (Tutkun and Mydlarski, 2004), financial time for the smallest possible values of The obtained
series (Friedricket al., 200@), analysis of rough sur-  functions can now be embedded into a family of func-
faces (Jafarét al., 2003), (Wachteret al., 2003), which  tions DY (q, o), D?(q, o) parameterized by a set
can be characterized as a markovian stochastic processf free parametergr. These parameters can be e.g.
with respect to a scale variable. the coefficients of a Taylor series f@()(q, o) and
D®)(q, o). The decisive step consists now in optimiz-
The method is based on the evaluation of the time ing the free parametets, where a first estimate already
limits of the first and second conditional moments eq. is available.
(4). From these expressions it becomes evident that the Optimization of the free parameters can be achieved
sampling rate in the experiments has to be sufficiently on the basis of a comparison of the conditional prob-
high in order to allow for a reliable evaluation of the ability distribution p,(q’|q; o) and the one obtained
limit 7 — 0. Possible problems in estimating drift and from experiment. The pdf for the parameter setan
diffusion coefficients related with low sampling fre- be determined either by a simulation of the Langevin
guencies have been addressed by Sura (Sura and Bakquations or by a numerical solution of the correspond-
sugli, 2002), Ragwitz and Kantz (M. Ragwitz, 2001), ing Fokker-Planck equation. In each case, one can de-
Friedrich et al. (Friedrictet al., 2002), and Ragwitz  termine the two point pdf
and Kantz (Ragwitz and Kantz, 2002).

If the underlying stochastic process is markovian the Pr(d,q;0) = p-(dla;0)Pa) ®)

limits (4) yield the exact dynamical parameters of the

Langevin equation. However, in some cases, the esti-Here, we want to emphasize that the pdf can be esti-

mation of the limiting expressions may become diffi- mated for various finite values of the time increment

cult. Basically, there are three facts which render the The obtained two time pdf can now be compared with

estimates problematic. The first case is the presencethe experimental on€:*?. A suitable measure for the

of uncorrelated noise sources, so-called measurementlistance between two pdf’s is the Kullback-Leibler in-

noise (Siefertt al., 2003). The second case appears if formation (Haken, 2000) defined according to

the sampling rate is not high enough for a reliable extra-

polation tor = 0. The third case arises if the process Peer (g, q)
//dq dq PP (q’, q) ln (6)

is nonmarkovian below a certain time scale. Pd.q0o)
)

The aims of this work therefore are twofold: ) )
The Kullback entropy is a function of the parameters

In section 2 a general method is proposed that over-o& which parameterize the drift and diffusion terms of
comes problems arising through the time limit- 0. the stochastic process. The process corresponding to
the minimizing parameter set yields the best approx-
In section 3 we discuss how to deal with time series imation with respect to this measure. The problem of
contaminated by measurement noise. A general ex-identifying a stochastic process is then equivalent to de-
pression is devised to assess the strength of the extertermining a minimum of the Kullback information. In
nal noise for the case of uncorrelated external fluctu- practice the minimum can be determined by gradient or
ations. Given a parametric model for the internal dy- genetic algorithms (Weinsteit al., 1990) and solved
namics one is able to determine the model parametersby standard methods. In the following we shall con-
and the strength of the noise source. In this way dy- sider cases, where itis possible to obtain a parametriza-
namical and external noise sources can be separated. tion of the stochastic processes by only few parameters
o such that the Kullback-Leibler measure can be inves-
Time series of stationary stochastic processes usuallytigated graphically. This can be done for one dimen-
can be assumed to be ergodic. For this reason probabil-sional Langevin equations and for the class of potential
ity density functions (pdf's) can be extracted from the systems. In both cases, the analytical expressions for
data by averaging with respect to time. We adopt the the stationary probability functions are known in terms
following notation. Variables measured at time- 7 of drift and diffusion functions. This knowledge can be
are denoted with a prime;. exploited for data analysis.



2.1 Onedimensional systems

The case of one-dimensional systems allows for the
following treatment due to the fact that the stationary
pdf, which is assumed to exist, can be determined ana-
Iytically:

q (1) (5
N dgR (D
e i@ @)

As a consequence, we have the relationship

Mszmmm%mP@+%D@@ . (8)

Figure 1. The potential/ (q) (eq. (13)) and corresponding con-
tour plot for B = 4 ande = (.25. The potential possesses
SinceP(q) can be determined from the time series an minima at(q; = /¢,q2 = 0), (q1 = 0,q2 = /€), cor-
estimate in terms of a parametrized ansatz for the diffu- responding to stable fixed points as well as the local maximum in
sion term suffices. In fact, one may ubé? (q) =Q+ the origin and a saddle point &1 = /€¢/(1+ B),q2 =
aq® + bg* + ..., which helps by lowering the number Ve/(l+ B)).
of parameters to be estimated by the above procedure
of minimization the Kullback-Leibler information. The
drift then follows as indicated above. The analysis of an
one-dimensional stochastic time series with multiplica-
tive noise term is discussed in (Kleinhaaisl ., 2005).

-0.005
2.2 Application to potential systems -0.01
Let us now consider the so-called class of potential '8-8;5

systems for which the drift vectd®")(q) is obtained
from a potentialV (q) andg;, = +/Qd;x. The central
point of our analysis is the following exact expression
for the stationary pdf

P(q) = Ne V(@)/@ ) (9)

This relation yields the drift potential up to the noise Figure 2. Detail of the model drift potential (eq. (13)) tbF = 1,
strength Q from the stationary pdf, e = 0.25. Itis the so-called wine-bottle potential with a degener-
ated concentric minimum with radiug’e.

V(g)=-QIn[P(q)] . (10)
The two-dimensional system

Since the stationary pdf can be estimated from experi-
mental data we can parameterize the class of stochastic (1) . B 2 2
processes by the single variable Q. Thus the drift func- Dll (@) =car—a ((h + qu) (123)
tion can be considered to be fixed except for the value Dg )(q) = €q2 — G2 (qu + q%) (12b)

Q:
with e = 0.25 is considered. It plays an important role
in the theory of self-organization of complex systems
DY (q) = QVIn P(q) (11) (Haken, 1991). The drift vector field can be derived
from the potential

Let us consider the following example in more de-
tail. We use synthetic data obtained by numerical V(g) = —Sq? + 1q4 L B- 1q%q§ T
integration of the corresponding Langevin equation 2 4 2

(Risken, 1989). In the iteration procedure the two point

pdf's have to be calculated. We again use the numer- The potential is symmetric to the origin. Its shape de-
ical simulation of the Langevin equation as the most pends on the parameté& as can be seen from fig. 1-
efficient way to generate the pdf’s. 3. The minima of the potential are stable, the saddle
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Figure 3. Detail of the model drift potential (eq. (13)) for @25. Figure 5. Detail of two-dimensional synthetic time series II.
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Figure 4. Detail of two-dimensional synthetic time series I.

left. Since (11) yields a stationary distribution of the
points and maxima unstable fixed points of the dynam- Simulated process that equals the experimental one the
ics. ForB > 1 there are four minima on thg andg, ~ Kullback distance (6) simplifies to
axes atq| = +/e. The depth of this minima decreases
with B. For B = 1 it degenerates into the so-called

wine-bottle potential, the rotationally symmetric equiv- , cap 2P (q'|q)
alent of the double well potential with minima #t/e. K(Q) = / dq'dq P7*"(q’,q) In QO
For B < 1 the fixed point on the axis turn into sad- (14

dle points and stable fixed points exist on the bisecting For evaluation of the joint pdf from data state space
lines of the axes. has to be divided in bins. We usé€f0 x 100 equidis-
Synthetic data has been generated using the time in-tant bins for the stationary pdf. The conditional pdf
crementr = 0.1. The time increment for numeri- locally can be retrieved from the data for agywith
cal integration of the Langevin equation was chosen to high accuracy.
7 = 10~%. The simulated time series consistssefl 0° After evaluating the Kullback measure for various val-
data points. Two following parameter sets were used: ues of(Q this value has to be optimized. The optimal
Serie | with@ = 0.005 and B = 0.96 which is very value is determined by the minimum of the Kullback
closed to the concentric case of the potential. A part of distance. As outlined above there are some efficient
the time series is exhibited in fig. 4. For series |l we ways to determine the minimum. However, for our ex-
choosel) = 0.05 andB = 2.0 corresponding to a dif-  amples the minimum can easily be found graphically.
ferent system state. Figure 5 shows a part of the time Since for low values of) p. gets localized at the min-
series. ima of the potential the distanckE (@) diverges for
The drift D™Y(q) can be evaluated from (11). The p,/pS* =0 for Q — 0.
noise strengtd) in this case is the only free parameter Figures 6 and 7 show the Kullback distan€€(Q) as
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Figure 7. The Kullback distance K(Q) as a function of the aois

Figure 9. Time series Il: Drift vector field extracted fromaasing
strenght Q (time series Il). The minimum is found at Q=0.05.

the optimal value of Q. Unstable fixpoints in the center andhen t
bisection line as well as the attractive fixpoints are cieadible.

3.1 Transition Probabilities

For the different processes the conditional transition
pdf's £ (ylq) and

(0(q(t +7) — q')d(q(t) — q))

p-(d'lq) = @D =) . (16)

can be defined. These pdf's enter into the expressions

for the transition probability-(y'|y) of the measured
datay:

9-'ly) = // dqdq'g-(y',q' qly)
Figure 8. Drift potential reconstructured from time seridsrlop-

{imal Q. - // dadd' (/| )p(d'10) Flaly) (17)

. . . . The conditional pdf's allows for specification of the
a function of the noise strength Q for the time series | o )

and Il. In both cases the minima are well-defined. The conditional moments of the procesg&#) andq(t):
corresponding values of Q agree with the ones used
for simulation. For these parameters the drift vector

M (q) = ([y(8) = 4Oy
field and the corresponding potential can be recalcu-

lated from the stationary distribution using (10) and = /dy[y —q"f (ylg) (18)
(11). The results are exhibited for the potential of se- (n) N

ries | in fig. 8 and for the drift vector field of dataset Il My (q) = (la(t +7) = O] |y5)=4

in fig. 9.

g ~ [atld —dre o @9)
M™ (q) = ([y(t +7) — y®)]™),, -

3 Data contaminated by external noise o (@) = Wl +7) =y o=y

We consider a one-dimensional stationary stochastic = /dy'[y' —y"g- (V' |y) (20)
dynamical procesg(t) that is superposed by measure-

ment noise; (¢):

For small+ the moments of; (19) can be approxi-
mated by an b taylor expansion. Complying with (4)

the lowest order expansion coefficients are the dynam-
ical parameter®") andD?):

y(t) = q(t) +C(t) . (15)

While the dynamics of is assumed to be governed by a 1) — (D) 9
Langevin equation (1) the external noise is uncorrelated M, *(q) = 7D (q) + O(7°) (21)
and does not influence the internal dynamicg.of M (q) = 7DP(q) + O(7?) (22)



For the sake of simplicity we assume the measurementAgain inserting the & taylor expansion for the mo-
noise to be gaussian with varianee which actually ments yields:

should be a realistic assumption. The conditional pdf
reads _
M) =27 [ data - )0 (@) Fal)

+7 / dgD®(q) f(qly)
+72(0,y) (28)

o) = —=exp (— R ) @

The first momentZ\/[](cl) vanishes, the seconM}z) is
known to bes2. )
Finally we will need the inverse pdf(q|y). Using

In this case one finds the offset

[ dqlq — y*f(yla) P(q)

bayesian statistics this can be calculated from Y2(0,y) = [ daf(yl0)P(q) +0% . (29)
; fwldPle) _  flylg)Plg) - ;
= = 2 .
fqly) ) Fdaf Wl P(@) (24) 3.4 Usefor analysisof noisy data

Knowledge of the expressions (27) and (28) can be
exploited for the analysis of noisy datMéf) (y) can
be calculated from time series data. This has to be done
for several time incrementsenclosing the minimal in-
crement determined by the sampling rate. If the sam-
OIpling rate is sufficient high the slope as well as the off-
sets at- = 0 can be extrapolated.

3.2 First moment Mé})

For the drift estimate from (4) for stochastic Langevin
processes the first momet, (}) of the data has to be
evaluated. For noisy data the first moments can be use
as well. Taking advantage of the vanishing first mo-

ment of f this reads:

D) = [ d'ty = o< /1o (25)
= /dq (Mzgi)(Q) +la- y]) F(aly)

For 7 <« 1 one may use (21). Furthermore applying

The main problem is to calculate an estimatefst)
and D® from slopes and offsets of the moments. As
the inverse pdf(q|y) is a function of the stationary dis-
tribution of the Langevin process, the particular equa-
tions for the slopes and offsets are coupled.

However, for simple low-parametric — like
e.g. Ornstein-Uhlenbeck — processes these inte-
grals can be solved analytically. This allows for
determination of the model parameters as well as the
strength of the external noise source from time series

(24) provides a closed expression for the first moment: data.

MP() =7 [ D @) Flaly) 26)

[ dalq — y)f(ylq) P(q)
[ dzf(ylq)P(q)

- T/qu(”(q)f(qu) +7(0,y)

The second part of this expression is independent on
the time increment. This contribution is responsible

for a divergent behavior of the limit (4a).

3.3 Second Moment M}

For more complicated processes higher moments have
to be taken under consideration.

4 Conclusion

Summarizing, we have outlined operational methods
for the estimation of drift and diffusion terms from
experimental time series of stochastic Langevin pro-
cesses.

In contrast to previous approaches the algorithm pre-
sented in section 2 does not rely on conditional mo-
ments in the small time increment limit. Based on a
first approximation an iterative refinement of the esti-
mated stochastic process is performed by minimization
of the Kullback-Leibler distance between estimated

For the second moment one proceeds in an analogousNd measured two time probability distributions. Al-

manner:

MP(y) = /// dy'ly’ — y)*g-(v'ly) 27)
— /dq (2(q - y)Mlgi)(q) + Mﬁ)(q))

< flaly) + /dq[q —y)*flaly) + o

though the effort evidently increases with increasing
dimensions of the stochastic processes under investi-
gation the proposed algorithm seems to be feasible for
at least a modest number of degrees of freedom.
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