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Abstract

We study a strengthening of MM™*™ which is called MM*** and is introduced
by Schindler [29], in Py extensions. We study a general framework to force
MM* T+ by Pax forcing, and we force MM which is stronger than both
MM**(¢) and BMM™, by Py, forcing. Furthermore, we give a candidate
for the ground model using the result by Gappo and Sargsyan [11], and the

generalized derived model construction given by Larson, Sargsyan, and Wilson
[18].
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Chapter 1

Introduction

Cantor proved R is uncountable and conjectured that every uncountable subset
of R has the same size as R, i.e., 2% = X;. The conjecture is known as Cantor’s
Continuum Hypothesis (CH). Godel showed that CH holds in his constructible
universe L and proved CH is consistent with the standard axiom system ZFC.
He also showed that L is the minimal transitive model of ZFC which contains
all the ordinals, i.e., the minimal inner model. Cohen discovered forcing and
showed that CH does not follow from ZFC. Originating from their great work,
modern set theory includes the following branches.

Forcing: While Cohen’s initial motivation was to produce a counterexample
of CH, forcing was developed by Solovay and has been used to produce various
generic objects and to give consistency results.

Inner Model Theory: Starting with Godel’s L, it studies canonical models
of ZFC with large cardinals'. Later, the canonicity was formulated by Jensen
[14] as fine structure.

Descriptive Set Theory and Determinacy: It started with the work of
Cantor and Bendixon and studies nice properties of definable sets of reals. De-
terminacy is one of the most important notions of descriptive set theory and
provides a rich structure for sets of reals.

Currently, many branches of set theory are flourishing, and the undecidability of
many propositions, including CH, is known. One view is that ZFC as a standard
axiom system is insufficient to decide such propositions, especially CH. Then,
what would be the correct extension for ZFC? What should the universe V'
look like? For example, is the axiom V = L, stating that the universe V is
the minimal inner model L, correct? If we take the position that the universe

ILarge cardinals give us transcendental objects for the analysis of strong propositions



should be as rich and maximal as possible?, which the author calls mazimalism,
the axiom V = L should be rejected. For example, Scott [32] proved that L
cannot have measurable cardinals ® Then, could large cardinal azioms, stating
the existence of large cardinals, be the candidate? Unfortunately, Levy and
Solovay [21] showed that by and large, large cardinals are preserved in any
small forcings, and it implies they do not decide CH. However, note that this
does not negate large cardinal axioms. This suggests just another possibility.

Besides large cardinal axioms, forcing axioms are well-known “maximality prin-
ciples”. Forcing axioms state that the universe is closed under taking generic
objects by forcings in a fixed class of forcings I'. In general, let x be an infinite
cardinal and let I" be a class of forcings. Then FA, (") says that whenever P € T’
and {4; | i < w;} is a family of maximal antichains in P such that A; has size
at most  for each i < wy, then there is a filter G in P such that G N A; # 0 for
all i < wy. FA(T) states that FA.(I") holds true for all k. For example, if I is
the class of all c.c.c., proper, and stationary set preserving forcings, then each
FA(T) are known as the “Martin’s Axiom” (MA), the “Proper Forcing Axiom”
(PFA), and the “Martin’s Maximum” (MM).

As the study of forcing progressed, stronger forcing axioms were proved to be
consistent from large cardinals. For example, Baumgartner and Shelah forced
PFA from ZFC+ “there is a supercompact cardinal”’, and Foreman, Magidor, and
Shelah [10] forced MM from the same assumption. Furthermore, it has become
clear that forcing axioms imply various(!) propositions, including —CH, in fact,
2% = Ny. For example, see [8], [10], and [40]. Moreover, recently, Asper6 and
Schindler [1] proved that the stronger version of MM, called MM™™, implies
another well-known maximality principle the Py, axiom (x). Forcing axioms,
especially MM (or even MM++), seem reasonable candidates for additional ax-
ioms from the perspective of maximalism.

However, there is one itchy thing. We do not know the exact consistency
strength of MM (and PFA). It has been a longstanding important open problem
of set theory. Here is the conjecture one expects:

Conjecture. The following are equiconsistent.

(1). ZFC+ MM
(2). ZFC + PFA
(3). ZFC+ “there is a supercompact cardinal”

Besides iterated forcing, forcing over models of determinacy is another approach
to understanding the relationships between forcing axioms and large cardinals.

2The author takes this position.
31t is one of the large cardinals.



Currently, methods that force full PFA or MM need the Laver function, which
requires supercompact cardinals. One advantage of it is that we can start
from determinacy models. Thanks to the derived model construction and inner
model theory, we have access to such models with significantly lower consistency
strength than supercompact cardinals.

The program obtaining fragments of forcing axioms, especially MM, by forcing
over models of determinacy started with the work of Steel and Wesep [39]. They
obtained the consistency of saturation of NS,,, forcing over models of ADg+“O is
regular”. Woodin [41, Definition 4.33, Theorem 9.39, Theorem 10.99] introduced
the the partial order Pp,,x and forced a restricted version of MM called MM(c)
over models of ADg + “© is regular”, and the “Bounded Martin’s Maximum”
(BMM) over models of AD + “V is closed under the Mf operator”. Zoble [43]
studied a strengthening of BMM which is called BMM?® and states that if a 3;
fact about wy holds in a stationary set preserving extension then it holds in V'
for a stationary set of ordinals less than wy, and showed it does not hold in
Woodin’s BMM model. Larson and Sargsyan [20] forced failures of the square
over Chang models by Py, forcing. Note that in the context of P, extensions,
we naturally get the ++ version and all of the above results can be replaced
with the ++ version. Schindler [29, Definition 2.10] introduced MM* ™+ as
a strengthening of MM™™. MM*™* is defined by replacing the “p(M) may
be forced to hold in stationary set preserving forcing extensions of V” part of
MM™F in the formulations of [4] and [6] with “@(M) is honestly consistent”.
MM*TF is a natural formulation in the context of Ppax extensions, and the
ultimate goal of the program seems to be to get models of MM* ™" using Ppax
forcing.

Our main result is along the program and gives a sufficient condition for a ground
model to force MM+, MM is a global fragment of MM* ¥ stronger than
both BMM™™ and MM++(C), which are obtained by Woodin using Pp,,x.

We let I'*® be the set of universally Baire sets of reals. Here is our main result.

Theorem 1.0.1. Assume that

(1). ZF + ADT + ADg + “© is regular” + “Every set of reals is universally
Baire”;

(2). T°°(=P(R)) is productive;
(8). VEmax |= wy—DC and VFmacsAdd(ws,l) = 7FC; and

(4). for every A € T'*° there is some (N,X) which strongly captures A and
the function F: X — MS’E(X), where X € HC is self-well-ordered and
N € L1(X), is well-defined, total, and strongly universally Baire in the
codes.



Then
VPmax*Add(wg,l) ': MM+
c .

Since the x-version implies the original version. We get the following.
Corollary 1.0.2. Assume the same assumptions as Theorem 1.0.1. Then

V]P’max*Add(wg,l) }: M Mj_+

It remains open how to get the ground model for Theorem 1.0.1. However, in
chapter 5, by combining the results in [11, Lemma 3.4] and [18, Main Theorem],
we will construct a model that is a strong candidate for that as follows.

Theorem 1.0.3. Suppose that V is self-iterable. Let A be an inaccessible cardi-
nal which is a limit of Woodin cardinals and a limit of strong cardinals, and let
G C Col(w, < A) be a V-generic filter. Let Fyp be as defined in [18, Definition
4.4]. Then

(1). L= (RE, Homy,) = ADg+“© is reqular™+ “Every set of reals is universally Baire”,
(2). L= (Rg, Homg,) N P(RE) = Homy,.
Furthermore, if H C Ppax is LB (R, Homyg;)-generic, then

(3). LFae(RE, Hom)[H] = ws—DC.

Chapter 2 lists the preliminaries needed for the proof of the main theorem. In
Chapter 3, we discuss the general framework for forcing MM* ™" using Py .«
and give the BMM model. Chapter 4 is the proof of the main theorem, and
Chapter 5 is about partial results.

Notation.

e Let R = w® as usual.

e For a < wy, let WO,, be the set of reals coding a. Let WO = |
For more details, see [27, 4A].

WO,.

a<wi

e Let ON be the class of all the ordinals.

e Let L be the language of set theory, and let £, ;  be the language of set
theory augmented by a predicate Iys for NS, . In transitive models M of
ZFC™ + “w exists”, € is always to be interpreted by € M, Iys is always
to be interpreted by NS,,, in the sense of M.

e For a forcing P and a P-name 7, we denote 7¢ by the interpretation of 7
by P-generic G.



Chapter 2

Preliminaries

This chapter lists the tools and theorems used in this paper briefly.

2.1 Forcing axioms

In this section, we introduce bounded forcing axioms and their characterization.

Definition 2.1.1. Let I" be a class of forcings, i.e., complete Boolean algebras,
and let k be an uncountable cardinal.

FA.(T), or FA, for forcings in T', denotes the statement that whenever P € T
and {4; | i < w;} is a family of maximal antichains in P such that A; has size
at most  for each i < wy, then there is a filter G in P such that G N A; # 0 for
all 7 < wy.

FATT(I'), or FATT for forcings in I, denotes the statement that whenever P € T,
{A; | i < wi} is a family of maximal antichains in P, and {r; | i < w1} is a
family of terms for stationary subsets of w; such that A; has size at most x for
each i < wy, then there is a filter G in P such that GN A; # 0 for all i < w; and

¢ ={a<w |Ipe G(p”Fd e}
is stationary for all ¢ < w;.
We have BMM is FAy, for stationary set preserving forcings, MM, is FA. for

stationary set preserving forcings, and MM is FA,; for stationary set preserving
forcings and all k. The same goes for the ++ version.



Definition 2.1.2. Let M = (M, €, R) be a transitive structure such that R =
(R;: i < wy) is a list of Ny relations on M, and let ¢ be a ¥ formula. Let
U (M, ) be the statement that there is some transitive structure M of size N1,
some elementary m: M = (M, €, (R;: i < wy)) — M, and (M) holds true.

Honest consistency is motivated by the following characterization of FAT™(T).

Lemma 2.1.1 ([4, Theorem 5|, [6, Theorem 1.3]). Let T be a class of forcings.
The following are equivalent.

(1). FAFT(T).

(2). For oll P € T, for all transitive structures M of size at most k, and for

all ¥y formulae ¢ in ﬁé,st,

VEE oM) =V E ¥ (M,p).

Proof. We only prove that (2) implies (1). For more details, see [4, Theorem 5]
and [6, Theorem 1.3].

Let P be stationary set preserving complete Boolean algebra, let (4;: i < wy)
be a family of maximal antichains in P such that each A; has size at most k,
and let (7;: 4 < wy) be a faimily of names for stationary subsets of w;. Let

Bi = {(o, e e 7il]) | o < wn}
for i < w;. Let 0 be sufficiently large, and let
o M= (M,e,P,(A;:i <wi),(Bi:i<w)) = (Hp, €,P, (As: i <wi),(Bi:i <wy)),
where M is transitive and of size x, and

(wi +HU{PU{r |i<wi}U U A; U U B; C ran(o).
1<wi 1<wi
Let o(M) say
©(M) =3GI(S; | i < wi)
[G is a filter in P
AV < wi(A; NG # D)
AVi < wi(S; Cwi AS; ¢ Iys)
AVi <wiVa € S;dp € G
(e, p) € By)].
Let G C P be V-generic. Then

VGl = ¢(M)



as witnessed by the o-preimage of G and (77: i < wy).

By our hypothesis, let m: M — M be elementary and such that (M) holds.
Let G' and (S;: i < w;) witness that p(M) holds true. Let G be the filter in P
generated by (o o7)”G. Then we have that

GNA 0,

since G N A; # (). Moreover, since S; C Tl-é for each i < w, 7;7 is stationary for
each i < w;. Hence G is the desired filter. Therefore, FA;*(T') holds. O

2.2 The axiom of determinacy and P,

In this section, we list the facts about descriptive set theory, determinacy and
Pmax. For more details, see [19] and [41].

Definition 2.2.1. Let X be nonempty

e For A C X%, the game G 4 consists of two players, who take turns playing
an element a; of X w many times. The first player wins if the sequence
(a;: i € w) is an element of A, otherwise, the second player wins.

e For A C X¥, we say A is determined if one of the two players has a
winning strategy for the game G 4.

e The Axiom of Determinacy AD is AD,,.

e The ordinal O is the supremum of ordinals which are surjective images of
R.

In the AC context, clearly © = (2%0)*. However, in the AD context, © is quite
large.

Theorem 2.2.1 (Moschovakis). Assume AD. Then © is a limit cardinal.
Proof. See [27, 7D.8 and 7D.19]. O

Many of the important theorems of descriptive set theory are derived from tree
representations, also known as Suslin representations, of sets of reals.

Definition 2.2.2. Let o be an ordinal. We say a set of reals is a-Suslin if there
exists a tree 7' on w X « such that

A=p[T] ={z eR[3f((z, f) € [T])}.

We say a set of reals A is Suslin if A is a-Suslin for some a.



Example.

e Every X1 set is w-Suslin.
e Every X1 set is w;-Suslin.

e (Martin, Steel, [23]) Assume ADY®) . Then every (£2)2®) set is Suslin in
L(R). On the other hand, there is a (II3)“®) of reals which is not Suslin
in L(R).

ADg is closely related to Suslin sets.

Theorem 2.2.2 (Martin, Woodin). If AD holds and every set of reals is Suslin,
then ADgr holds.

Theorem 2.2.3 (Woodin). If ADg holds, then all sets of reals are Suslin.

Hence under AD, ADg is equivalent to the statement that every set of reals is
Suslin.

Next is about P ax.

Definition 2.2.3. Let M be a countable transitive model of a sufficiently large
fragment of ZFC, and let I be an ideal on w}! which is normal in M. Let
a <wi. Wesay (Mg, Ge, jec: € < ¢ < a)is an iteration of (M,I) of length o
if the following holds:

1). My = M, and each G¢ is an M¢-generic for (P(w1)/joe(1))Me;

3

(1).
(2). jeet is the generic ultrapower embedding induced by Gq;
(3). Jeg =1id, Jec = Jet1,c © Jeet1; and

(4).

4). for each limit ordinal < «, M,, is the direct limit of the system (M, je ¢: £ <

¢ <y, and je , is the direct limit embedding for each £ < 7.

The models M, are called iterates of (M, I). We say (M, I) is iterable if every
iterate of (M, I) is well-founded. Note that the fact that (M, I) is iterable is
[Ii-statement in the code.

Definition 2.2.4 (Woodin). The partial order Pp,ax consists of all pairs (M, €
,I,a) such that

(1). M is a countable transitive model of a sufficiently large fragment of ZFC+MAy, ;

M

)

(2). I is a normal ideal on w; in M, and a € P(w;)

10



(3). (M, 1) is iterable; and

(4). there is an x € RM such that wM = wf[“’m].

(M,e,1,a) <p,.. (N,€,J,b)if N € HCM and there is an iteration j: (N,J) —
(N',J") in M such that j(b) =a and INN' = J'.
We say (M, €,1) is a Pyax precondition if there is a C wM such that (M, €

7170') S IPDrnax-

Notation. For a P, condition p = (M, €,1,a) € Phax, we often identify p
with its universe M for notational simplicity.

Note that, by MAy,, more precisely almost disjoint coding, iteration is uniquely
determined by an image of the augmented subset of w;.

Definition 2.2.5. Let G be Pp,.x-generic.

o Ag = Ha|3I(M,I)[(M,€,1,a) € G]}.

e We let P(wq)g be the set of all B such that there is a (M, €,1,a) € G and
b € P(w1)M such that j(b) = B where j is the unique generic iteration of
(M, I) of length w;y sending a to Ag.

e We define I to be the set of all B such that there is a (M, €,1,a) € G
and b € T such that j(b) = B where j is the unique generic iteration of
(M, I) of length wy sending a to Ag.

Note that Ag is well-defined, since letting G be Ppax-generic, then for (M, €
,I1,a),(N,€,J,b) € G, we have that

aNy=>bNx
where v = min{wM w1

Lemma 2.2.4. If ¥ exists for all x € R, then we have that

(1). Ppax # 0, and

(2). Prax is o-closed and homogeneous.

In the Py, analysis, it is important to see for each A C R there are densely many
conditions that keep track of a name of A. It comes from Suslin representations.

Definition 2.2.6. Let A be a set of reals. We say a precondition (M, €,1) is
A-iterable if

11



(1). ANM € M, and
(2). J(ANM) = An M whenever j: (M,I) — (M’',I') is an iteration of
(M, I).
Determinacy ensures that there are densely many A-iterable conditions for each

A. Here, AD" is a technical variant of AD.

Lemma 2.2.5 (Woodin). Assume AD". Let A be a set of reals. Then there
are densely many conditions p = (M, €,1,a) € Prax such that

(1). (HCM e, AnM) < (HC, €, A),
(2). (M, e, I) is A-iterable, and
(8). if j: (M, I) — (M',I') is any iteration of (M,I), then

(HCM' e, An M) < (HC, €, A).

Proof. The key fact is the following.
Fact 1 (Woodin, [35, Theorem 7.1], [38]). Assume ADT. Then

(1). The pointclass X2 has the scale property, and

(2). Every lightface X2 collection of sets of reals has a lightface A% member.

Now, suppose otherwise. Let pg = (Mo, €, Ip,a0) € Pmax, and let A C R be a
conterexample to the statement of the theorem. Then we may assume that A
is Suslin and co-Sudlin by Fact 1. Let T and U be trees projecting A and its
complement respectively.

Since A2(pg) is closed under complements, projections, and countable unions,
so there exist a A?(pg) set B C R xR such that whenever F': R — R uniformizes
B and N is a transitive model of ZF closed under F, then

(HCY,e,ANN) < (HC, €, A).

Again, by Fact 1, let F: R — R be A?(pg) and uniformize B. Let V and W be
trees projecting F' and its complement respectively.

The next key fact is the following.

Fact 2 ([17, Theorem 5.4]). Assume AD. Let S be a set of ordinals. Then there
exists a real = such that for all reals y with € L[S, y],

HODg[s’y] = ZFC + wQL[S’y] is a Woodin cardinal.

12



By Fact 2, let M be a transitive proper class model of ZFC such that

(1) pO7T, U,‘/,W S ]\47 and

(2). there exists a countable ordinal § such that M = “J is a Woodin cardinal”.

Let k < A < § be such that « is measurable in M and A is inaccessible in M.
Let g9 C Col(w, < k) be M-generic, and let g; be M|[go]-generic for the standard
c.c.c. poset to force MA. Then in M [go], an ideal dual to a fixed normal measure
on k in M generates a precipitous ideal in M|gg]. Since c.c.c. forcings preserve
precipitous ideals’, it also generates a precipitous ideal in Mg, g1]-

Let I be a precipitous ideal in M[gg, g1]. Then (My[go, g1], €, I) is iterable.

Since T € M, AN Mx[g0,91] € Mx[go,g1]- Since My[go, ¢1] is closed under F,
we have that

(HCMA9091] e AN M,y[go, g1]) < (HC, €, A).

Fix an iteration j: (Mx[go,¢1],I) — (M',I'). Let j*: (M[g0,¢1],I) — (M*,I*)
be the lift of j. Then we have that

p[T] = p[i™(T)], and p[U] = p[5*(U)],
and similarly,
plV] =p[5"(V)], and p[W] = p[j*(W)].
Hence AN M’ € M', and M* is closed under F. So we have that
(HCM e, An M) < (HC, €, A).

This shows that A is not a counterexample to the statement of the theorem.
This is a contradiction! O

The next theorem lists what is possible in the Py, extension in general:

Theorem 2.2.6 (Woodin). Assume ADT. Let G C Pyax be a V-generic filter.
Then in V[G] the following hold:

e Plwi)g = P(w1),
[ ] IG = NSwl,

e NS; is saturated,

o 2%0 — %1 — N,

1See [22].

13



e P(wy) C L(R)[G], and

moreover if we assume © is reqular in V', then

[ @V = Ws.

Proof. See [19, 5.1 Theorem| and [41, Theorem 4.49]. O

2.3 Universally Baire property

The notion of universally Baireness is introduced by Feng, Magidor, and Woodin
[9]. We use the following definition of universally Baireness because we will work
in choiceless models.

Definition 2.3.1. Let T and U be trees on w* x ON, and let Z be a set. We
say the pair (T,U) is Z-absolutely complementing if we have

Y Oolw.2) 1 pIiT] = R¥\ p[U].

We say a set of reals A is Z-universally Baire if there is a Z-absolutely comple-
menting pair (T,U) of trees such that A = p[T] = R\ p[U] in V. We call such
a pair (T,U) Z-absolutely complementing pair of trees for A. We say a set of
reals A is universally Baire if A is Z-universally Baire for any set Z.

In the AC context, being universally Baire is equivalent to being < ON-universally
Baire, i.e., k-universally Baire for all K € ON. However, in the absence of AC,

the author does not know that they are still equivalent. Since the definition is

enough powerful for our purpose, we use it.

Notation. Let Z be a set. Let A be a Z-universally Baire, and let (T,U) be
a Z-absolutely complementing pair of trees for A. Let G be Col(w, Z)-generic.
Then we denote the canonical expansion of A to V[G] by

A% = p[1)VIe

)

or if G is clear from the context, we denote it by A*. 2

Note that the canonical expansion does not depend on the choice of an absolutely
complementing pair of trees. And notice that since trees 7' and U witnessing
that a set of reals A is Z-universally Baire is well-orderable, we do not need DC
when we use the absoluteness of well-foundedness for T" and U.

We shall use projective generic absoluteness with names for sets of reals in the
proof of Theorem 1.0.1. For that, we need tree representations compatible with
projections.

2For example, when we work in VY Col(w,2) we use A*.

14



Definition 2.3.2. Let I' C {J, ., .., P(R¥) be a pointclass of universally Baire
sets of reals. We say that I' is productive if

(1). T is closed under taking complements and projections, and

(2). for all k < w and all D € TNP(RF2), if the trees T and U on w*+2 x ON
witness that D is universally Baire and if

T={(sI(k+1),(s(k+1),1)) | (s,t) € T},
then there is a tree U on w**! x ON such that for all sets Z,

yCol(w,2) ': p[’f] = RFH! \p[ﬁ}

Lemma 2.3.1 is shown by an induction on the complexity of formulae.

Lemma 2.3.1. Let I' be productive, and let A € T'. Then any projective state-
ment about A is absolute between V' and any forcing extension of V.

Note that I'*° is productive under enough large cardinals.

Theorem 2.3.2 (Woodin). Assume that there is a proper class of Woodin car-
dinals. Then I'*° is productive.

For the main ingredients of Theorem 2.3.2, see [24], [25], [35], and [42].

2.4 MM*TT

In this section, we shall define MM***. The notations are mainly the same as
[29]. We say x € R codes a transitive set if

E, = {(nvm) | x((mm)) = 0}

is an extensional and well-founded relation on w. Let us write WF for the set
of reals coding a transitive set. Note that WF is the ITi-complete set of reals®.
If x € WF, then let 7, be the transitive collapse of the structure (w, E,) and
let decode(x) = 7, (0). If 2,y € WF, then we shall write x ~ y to express that
decode(x) = decode(y).

We say a function f: R — R is universally Baire if the graph of f is a universally
Baire subset of R2.

Definition 2.4.1. We say a function F': HC — HC is strongly universally Baire
in the codes if there is a universally Baire function f: R — R such that

3See [27, 4A].
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(1). if z € HC and € WF with z = decode(z), then f(z) € WF and F(z) =
decode(f(x));

let (T,U) witness that f is universally Baire with f = p[T]*. Then for all
posets P,

(2). VP |= “p[T] is a function from R to R;

(3). VE Yz, 2",y 9"} CR(z,y), (2", ¢) €plT] Aw =2’ — y =y

Let F': HC — HC be strongly universally Baire in the codes as witnessed by f
(and a pair (T, U) of trees). Let P be a poset, and let g C P be V-generic. Then
F' canonically extends a total map

FP9: Vgl = Vlg]

as follows. Let X € V]g]. Let 6 be any sufficiently large cardinal, let H C
Col(w, 0) be V[g]-generic, and let € RN V{[g][H] be such that X = decode(x).
Let y € RN V[g][H] be such that (z,y) € p[T]. We set F*9(X) = decode(y).
Then F9 is well-defined and does not depend on the choice of f, (T,U), 6, and
H by the standard argument.

Mouse operators, like z +— 2 and = + Mf(z), are examples of such strongly
universally Baire functions F.

Definition 2.4.2. Let F': HC — HC be strongly universally Baire. Let 6§ € ON,
let g C Col(w, #) be V-generic, and let 2 € V[g] be transitive. We say 2 is F-
closed if

(1). 2 is closed under FC°«:9)9 and

(2). FCNw0).91X €2 for every X € .

Mouse operators, like 2 +— zf and x + M} (z), are examples of such F.

Definition 2.4.3 (Schindler, [29, Definition 2.8]). Let ¢ be a formula in the
language L. ; ., and let M € V. Let 6 = Ny + [TC({M})]. We say (M) is
honestly consistent if for every F': HC — HC which is strongly universally Baire
in the codes, if g C Col(w,2?) is V-generic, then in V[g] there is a transitive
model A such that

(1). 2Ais F-closed,
(2). A EZFCT,
(3). (Ho+)" €,

4By amalgamating them, one can find a single class-sized witness for universally Baireness.
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(4). I}sNV =NS} , and

(5). A F p(M).
Definition 2.4.4 (Schindler, [29, Definition 2.10]). Let s be an infinite cardinal.

e Martin’s Mazimum? ™", abbreviated by MM% ™% is the statement that
whenever M = (M, €, R) is a models, where M is transitive with |M| < &
and R is a list of X; relations on M and whenever @ is a ¥y formula in
the language L, ; - such that ¢(M) is honestly consistent, then ¥(M, ¢)
holds true in V.

e MM* T is the statement that MM holds for all &.

o BMM**H is MM
Asper6 and Schindler [2, Definition 2.3 and Theorem 3.1] introduced a weaker
notion, called 1-honestly consistency, and proved that MM is Ys-complete.

The same argument as in Lemma 2.1.1 shows that:

Theorem 2.4.1 (Schindler, [29, Theorem 2.11]). MM implies MM

2.5 Inner model theory

In this section, we shall introduce preliminaries for Theorem 2.5.5, which is
proved by Schindler [29, Theorem 3.14].

Regarding fine structure theory and theory of mice, see [26], [31], and [34].

First, we introduce good properties for iteration strategies.

Definition 2.5.1 (Branch condensation, [28, Definition 2.14]). Let X be an it-
eration strategy for M. Then X has branch condensation if for any two iteration
trees 7 and U on M and any branch ¢ of U if

(1). T and U are according to X,
(2). 1h(Y) is limit and 1h(7) =~ + 1,

(3). for some 7: MY =5, M7, x] =monl,

then ¢ = (U).
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O T = c=XU)
M id M

Figure: branch condensation

For the definition of the hull of a normal tree and the hull of a stack, see [28,
Definition 1.29 and 1.30]

Definition 2.5.2 (Hull condensation, [28, Definition 1.31]). Let ¥ be an iter-

ation strategy for M. We say X has hull condensation if for any two stacks T
and U on M if T is according to ¥ and (M,U) is a hull of (M, T), then U is
according to X.

Let ¥ be an iteration strategy for M. Then we let

I(M,%) = {(T,N) | T is on M according to ¥ with last model N and 7T

Definition 2.5.3 (|28, Definition 2.35]). Let ¥ be an iteration strategy for M.

(1).

(Weakly positional) ¥ is weakly positional is whenever (T, N) € I(M, %)
and (U, N) € I(M,%), then Xy » =X 7.

. (Positional) X is positional if whenever (7, N) € I(M, %), Xy 7 is weakly

positional.

. (Weakly pullback consistent) X is weakly pullback‘ consistent if 3T = %

whenever T is a stack according to ¥ and 77 exists.

. (Pullback consistent) ¥ is pullback consistent if whenever (T,N) €

I(M,X), ¥ + is weakly pullback consistent.

. (Weakly commuting) ¥ is weakly commuting if whenever (’71, N) €

I(M,) and (U, N) € I(M,%), then 77 = 714

. (Commuting) ¥ is commuting if whenever (71, N) € I(M,%), Zy 7 is

weakly commuting.

18
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]

(M, Y) (M, %)

Figure: weak positionality

Figure: weak pullback consistency Figure: weak commutativity

The relationship between these properties is as follows.

Lemma 2.5.1 ([28, Proposition 2.36]). Let ¥ be an iteration strategy for M.
Then the following holds.

(1). If ¥ has hull condensation, then it is pullback consistent.

(2). If ¥ is positional and pullback consistent, then it is commuting.

The following theorem is due to Woodin.

Theorem 2.5.2 (Woodin, [34, Theorem 7.14]). Let ¥ be am (wi,w1 + 1)-
iteration strategy for M, and suppose that Kk < § are countable ordinals such
that

M = ZF~ +§ is Woodin ,
then there is a Q C V(SM such that

(1). M =Q is a d-c.c. complete Boolean algebra, and
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(2). for any real x, there is a countable iteration tree T on M according to &
based on the window (k,d) with the last model M such that iOT’a exists

and x is i] ,(Q)-generic over M.

We call the poset Q Woodin’s extender algebra of M in the window (k,d) and
denote it by Bévé 5 In the case that k = 0, we denote it by BM

The process of iterating M to make a real generic is called genericity iteration.

The following concept is due to Woodin.

Definition 2.5.4 (Woodin, term capturing). Let A C R. Let M be a countable
premouse, let 6 € M, and assume that M |= ZFC™ + “0 is a Woodin cardinal”.
Let ¥ be an (wy,w; + 1)-iteration strategy for M. Let 7 € MC0lw:9),

Then we say (M, 0, 7,%) captures A if the following hold:

(1). X satisfies hull condensation, and branch condensation, and is positional;

(2). if T is an iteration tree on M of successor length 6 + 1 < w; which is
according to ¥ such that the main branch [0, 8], if

is the iteration map, and if g € V is Col(w, 7TOTﬂ (6))-generic over M , then
(1) = AN M g).

We say that (M, X)) captures A if there is 7,5 € M such that (M, d, 7, ) captures
A.

Term capturing brings out the Suslin representations of A and its complement.
Let us describe the construction. Let (M, d, 7, X) capture A.

We let
I(M,%,Ry) = {(T,N) |T is on M of length < w; according to ¥

with last model N and 77 exists }
Then by Theorem 2.5.2, we have that
A= U{’/T%(T)g | IN[(T,N) € I(M,%,R;) and g is Col(w,wf(é))—generic over N}
Now we let

F ={N| thereis 7 such that (N,7) € I(M,%,Ry)},
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and for N, N’ in F, we let
N <* N’ <= N’ is a non-dropping iterate of N according to the tale strategy X y.

Note that Xy is well-defined since by the positionality of 3, ¥y is uniquely
determined only by the final model .

For N,N' € F with N <* N’, we let
mn.N/ = the unique iteration map from N to N'.

Note that 7, n- is well-defined, since ¥ is commuting by Lemma 2.5.1. By the
comparison lemma, <* is directed. Moreover, <* is countably directed again
by the comparison lemma. Hence the direct limit is well-founded.

Therefore, we let
M (TN.oo: N € F)

be the direct limit of the directed system
(F,<* (ry.n: N <* NNAN,N' € F)).
We define tree representations for A and its complement as follows.
We let & € p[T] if there is an iteration tree T on M of length § + 1 < w; such

that

(1). T has no drops at all,

(2). there is a system (1;: i < ) of elementary embeddings such that ¢y =
oo and for all i <7 j <6, ¢;: M] — MZ¥t and ;o WZT] =1;, and

(3). there is some g which is Col(w, 7] 4(8))-generic over M] such that = €

7'('8?9(7')9.

We let © € p[U] be defined in exactly the same way except for that in (3), we
replace “x € 7rg:9(7')9” by “x ¢ 71'0779(7')9”. Then we have the following.

Lemma 2.5.3. Let (T,U) be as above. Then

A=p[T] and R\ A = p[U].
Note that the fact that > has branch condensation is used here to organize trees
T and U.

Again suppose that (M, 4§, 7,%) captures A. Let k > Ny be a cardinal. Also,
suppose that there is a (T, kT + 1)-iteration strategy ¥ for M extending ¥ and
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such that has hull condensation, and branch condensation, and is positional.
Note that such ¥ is unique if it exists. Then we let

I(M, %, %) = {(T,N) |T is on M of length < x* according to %

with last model N and 77 exists }

We may define the directed system
(F<*" <* (nyn: N <* N AN,N' € F<=)),
and the direct limit
M;K+, (TN,00: N € .7:<“+)
in the same way by replacing I(M, ¥, N;) with T(M, 3, k1).

Also, we may defined (7%, U") in the same way as (T, U) defined. Our claim is
the following.

Lemma 2.5.4 (29, pp. 12]). Let (T%,U") as above. Then (T, U") witnesses
that A is k-universally Baire.

Proof. Let g C Col(w, k) be V-generic. It is enough to see that
Vgl = p[T"]Up[U"] = R.

Let € V[g] NR. Let 79 = z. Inside of V, we shall construct an iteration tree
T on M of length < k* + 1 such that 7 has no drops at all and is according to
> by generically genericity iteration.

-
Having defined 7 [i + 1, if there is some El/,\/l # () which is total on M7 and
such that for some p € Col(w, k),

1% . . M7 . . M
D ”m 7 violates the axiom of BﬂoT,,-(fs) associated with E;"* | (2.1)

-
then pick Eiw ¢ for the least such v as the next extender. If there is no such v,
then stop the construction. This defines an iteration tree 7 on M.

We claim that 1h(7) < k. Suppose that Ih(7) = kT +1. Then since [0, x)7 is
a club subset of T and | Col(w, k)| = &, there is p € Col(w, k) and a stationary
set S C [0, k)7 such that (2.1) is true for all i € S.

Let ¢’ C Col(w, k) be V-generic with p € ¢’. Then S is also stationary in
V]g'], since Col(w, ) is small. Therefore, the usual Skolem hull argument in

/ T
[34, Theorem 7.14] gives us i € S such that 79 satisfies the axiom of IBSTrMT’ %)
0,1

-
associated with E,fl i . This is a contradiction!

22



-
Let 0 = Ih(7) < s, and let ¥; = o7 o. Then we have that z is BMe 6y
i 5.0

geneirc over M . Let g C Col(w, wg’—e(é)) be M7 -generic such that = € M] [g].
Then T, (¢;: ¢ < 0), and g witness that

x € p[T|UplU"].
This finishes the proof. O

Definition 2.5.5. Let A C R. We say (M,X) strongly captures A if (M,X)
captures A and for all & > Ny, there is some (£, 5T+ 1)-iteration strategy 3 for
M extending > and such that ¥ has hull condensation, and branch condensation,
and is positional.

Note that lemma 2.5.4 shows that if A is strongly captured by some (N, X),
then A is < ON-universally Baire.

We will make use of ¥-mice to produce A-iterable conditions for A € I'*°. For
more details for X-mice, see [30].

Definition 2.5.6 ([29, pp. 13]). Let M be a premouse, and let ¥ be an iteration
strategy for M. Let X be a self-well-ordered transitive set with M € L;(X).
We say N is a X-premouse over X if N is a J-model of the form J, [E, S, X]
satisfying the following;

(1). E codes a sequence of extenders satisfying the usual axioms for fine ex-
tender sequences. (See [26], [30], and [34].)

(2). S codes a partial iteration strategy for M as follows:

let v < v+ d < «a be such that JV[E', S, X] E ZFC™ and + is the largest
cardinal of Jy+6[E_:; §7X]. Suppose that T € JA,[E_", S, X] is JW[E_"7 §,X]—
least such that 7 is an iteration tree on M of limit length, 7 is according
to S|, but (S [v)(T) is undefined, Suppose also that § = 1h(7), and
§ does not have measurable cofinality in J,,s[E,S, X]. Then (7 is
defined, and S(v + 6) is an amenable code for (T, (7).

Let NV be a Z-premouse over X, and let ' be an iteration strategy for A". Then
we say I' moves X correctly if every iterate N/ of A according to T is again a
Y-premouse over X.

We say N is a Y-mouse over X if for every sufficiently elementary 7: N — ./\_/
with A/ being countable and transitive, there is some iteration strategy I" for N
which witnesses N is w; + 1-iterable and which moves ¥ correctly.

The next is the ¥-mouse version of M}.
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Definition 2.5.7. Let M be a countable premouse, and let ¥ be an iteration
strategy for N. Let X be a self-well-ordered transitive set with N € L;(X),
and let n € w. Then we denote by

MJ*(X)

the unique ¥-mouse over X which is sound above X, not n-small above X, and
such that every proper initial segment is n-small above X, if it exists.

The next theorem is crucial for Theorem 1.0.1.

Theorem 2.5.5 (Schindler, [29, Theorem 3.14]). Let A € T'*°, and suppose that
(M,6,7,%) captures A. Let X € HC, and suppose that

N = M{™(N, X)

exists. Let 0y be the bottom Woodin cardinal of N, let go € V be (Col(wr, <
80))N -generic over N, and let g1 € V be Q-generic over N|go|, where Q € N|[go]
is the standard c.c.c. forcing for Martin’s Axiom. Let k be the critical point of
the top extender of N. Then

p = ((N]|%)[go, g1], €, (NS,,, ) NII®)g0:91])

1s an A-iterable Py precondition.
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Chapter 3

A strategy to force MM* ™+

and the BMM model

In this chapter, we shall describe a general framework to force MM* ™+

Piax and give Woodin’s BMM model as a specific example.

using

Our ultimate goal is to find a determinacy model V such that V[G] E MM***
where G C Ppax is V-generic. We shall give a sufficient condition for that and,
for now, we will not argue forcing AC. Let M = 7¢ € V[G] be a transitive
structure with N; relations and let ¢ be a ¥; formula in Eé, - Suppose that
©(M) is honestly consistent in V[G], and suppose that pg € G forces the fact.

We say a pair (p,g,7) is good for pg, 7, and ¢ if the following holds:

1). p € Puax, 9,7 € p, and pg € g;

2

T is a Ppax-name;

q for all q € g;

max

4). p = o(79);

(1).
(2).
(3). g C Ppax is a filter, p <p
(4)-
(5)-

p forces that there is an elementary embedding m,: 79 — 7 such that
mp lw! = id, and for any j: p — p’ which is an iteration of p of length
< w1 induced by a P, ax-generic G', there is an elementary embedding
mp: §(7)79) — 7 such that 7, wa/ =id and 7, = jomy.

Condition (5) is a generalization of A-iterability for a set of reals A. The density
of good conditions is the statement that for every pg, 7, and ¢ as above, there
is a good pair (p,g,7) for pg, 7, and .
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The density of good conditions enables us to force MM* .

Theorem 3.0.1. Assume that V |= AD™, and assume that the density of good
conditions holds. Then
Vhmax = MM* T

Proof. Suppose not. Let (po, 7, @) be such that:

(1)- Po € Pax, 7 is a Prax-name, and ¢ is a ¥y formula in £, ; ;
2). po “r is a transitive structure with R; relations”;

Po |[p,, ’
(3). po ”m “o(7) is honestly consistent”; and

(4) Po ”m —\\II(T, QO)

Then by our hypothesis, let (p,g,7) be a good pair for pg, 7, and ¢.

Let G C Pyax be V-generic with p € G, and let j: p — p* be the iteration of
p of length w; induced by G. Let 7* = j(7), and let g* = j(g). Then by the
goodness of (p, g,T), there is an elementary embedding 7g: 79" - 7G. And
since p = ¢(79), we have that

VGl E o).

Hence ng: 79 — 7¢ witnesses that U(7¢, o) holds in V[G]. This is a contra-
diction! Therefore, V[G] E MM* T, O

If we restrict the size of M is at most Ny, then A-iterability for a set of reals
A €V is enough to show the density of good conditions. However, if we allow
the size of M to be N3, we may need densely many A-iterable conditions for a
set of sets of reals A4 to show the density of good condition. AD; is one candidate
for a base theory for finding such iterable conditions. Since this paper deals with
only structures of size at most Ry, AD™ is sufficient for our purpose.

In the rest of this chapter, as a concrete example, we shall give Woodin’s BMM
model and show BMM* ™" holds there. The proof essentially shows the density
of good conditions.

Theorem 3.0.2 (Woodin, [41, Theorem 10.99]). Let N be the minimal model
containing R and closed under the Mf operation, and assume AD. Then

NFmex = ZFC + BMM** 7,
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Proof. Note that
NFmax 1= ZFC

by the minimality of N. Suppose that
NFmex |z SBMM* T,

Let us assume that

. Po € Prax, M € po;

- pisa X formulain L ;

)
)

3). po E “M is a transitive structure of size 8; with N;-many predicates”;
)

. Po ”PL “p(j(M)) is honestly consistent, where j: py — p/ is the iteration

max

of po of length w; induced by a Ppax generic G” ; and

(5). po ”ﬁ —(j(M)), where j is same as above.

Let G C Ppax be N-generic with py € G. Let g C Col(w,22"") be N[G]-generic.
Let j: po — p’ be the iteration of py of length w; induced by G. We claim
that in N[G][g], there is p € P ax such that p <p,_ . po as witnessed by j, and

p = Jj(M).

Let 20 € N[G][g] be an Mf—closed witness to the fact that ¢(j(M)) is honestly
consistent. Let X € 2 be transitive and such that

max

(1). (P(w1) NA)U{(NS,,)*} € X, and
(2). X = o(i(M)).

Let M = Mf(X ). Let g be M-generic making NS, presaturated and forcing
MAy, . Let
p = (M[g),e,NSL, Ac).

Since we have
NS0 N[G] = NST I,

p <p,.. Po as witnessed by j, and by construction, p = ¢(j(M)). Hence p is
the desired condition.

Now, let Y be a countable elementary submodel of a large enough fragment of
N|[G] containing everything relevant. Let P be the transitive collapse of Y. Let

u.)P
g € N[G] be P-generic for Col(w,22™" ). Then in P[¢’], there is a condition
D <p,.. Po such that
p Ee(i(M))
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where j: pg — p’ witnesses that p <p_._po. Since P[g’] is closed under sharps,
p is iterable also in N[G]. Moreover, since Py, is o-closed, p € N. Finally,

N

Pl i (M)
where j is the generic iteration map on p induced by a Py .x-generic. This is a
contradiction! Therefore, NPmax = BMM* ™+, O
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Chapter 4

Proof of the main theorem

We prove the main theorem.

Theorem 4.0.1. Assume that

(1). ZF + ADT + ADg + “© is regqular” + “Every set of reals is universally
Baire”;

(2). T°(=P(R)) is productive;
(8). VEmax |= wy—DC and VFEmacsAdd(ws,l) = 7FC; and

(4). for every A € T'* there is some (N,X) which strongly captures A and
the function F: X — MS’E(X), where X € HC is self-well-ordered and
N € L1(X), is well-defined, total, and strongly universally Baire in the
codes.

Then
P PmaxsAdd(wa 1) L (M=

Proof. Let us fix a standard coding of P,,x-conditions into reals and identify a
Pnax-condition and its code. For a filter h C Ppay, we define

Ry = JRNp.

pEh
For V-generic G C Ppax and V[G]-generic H C Add(ws, 1), we note that

Reg =RNV =RNVI[G] =RNVI[G|[H],
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since Ppay is o-closed and Add(ws, 1) is ws-closed. Also, note that
P(R)NVI[G] = P(R) N VIG][H],
since Add(ws, 1) is ws-closed and 2%° = X, in V[G]. Now suppose that
Y PmasrAdd(wa, 1) L _pMEE

Assume that we have the following.

(1). pis a ¥ formula;
(2
(3

). M= (M,e, R) is a Ppax-name for a transitive structure, and f € VFmex;
). (p,8) € Prax * Add(ws, 1);

(4). p”— f: R — M is bijective; and

) (p:3)

(6). (p,3) | Punax*Add(ws,1) _“I’(MNP)-

(5

e Add(oa ) ©(M) is honestly consistent; and

We shall derive a contradiction by finding ¢ <p,.. p such that

(4 $) Prnax*Add(ws,1) T(M, ).
Let
B_ ={(p,z.y) ER® | p € Puax Ap |5 f(2) = f(»)},
let
Be = {(p.z,y) €R* | p € Prnax Ap |5 f(2) € f(1)},
and let

BR‘ = {(pﬂ%y) €R3 lp € Prax Az € WO /\p”]p_f(y) € lelwo}

For each formula and for each 2 € R<%, let E, > be a set of conditions p € Pyax
such that

(1). p decides the sentence “M = Ja(z, £(2))”, and
. 1fp”—/\/( = 3ay(x, f(Z)), then there is € p such that

e M= w(f(2). F(2)).

Note that Fy, > is also a dense subset of Prax. Let

E={(p,"Y"2)|pc Eyz}

Suppose a pair (g, h) satisfies:

30



(1). = (N,€,J,a) € Ppax, h € g is a filter in Ppay;
(2). (N,€) =ZFC

(3). g <p,,., pforallp € h; and

(4). qis (B= ® Be ® B @ E)-iterable.

We define a structure (Ry,/~, €, R) as follows. For z,y € R, and for o < w?,
we define
x~y < Ir € h(r,z,y) € B=,

and
z€y <= Ir € h(r,z,y) € B,

and
R.(z) <= 3re GIwe WO, (r,w,z) € Byg.

Since q is (B=® Be ® B ® E)-iterable and h is a filter, the quotient (Ry,/~, €, R)
is well-defined. Note that the relation € is extensional and well-founded since h
is a filter and P« is o-closed. Then we let

op: My, = (Mh, G,ﬁh) ~ (Rh/N, é,R)
be the uncollapsing map.

Now we say a pair (g, h) is 2-good' if (g, h) satisfies:

(1). = (N,€,J,a) € Ppax, h € ¢ is a filter in Py ay;

(2). (N,€) | ZFC™

(3). q <p,,., p for all p € h;

(4). qis (B= @ Be ® B @ E)-iterable;

(5). ¢ = ¢(Mp); and

(6). for every formula ¢ and for every Z € (R,)<“, Ey zNh # 0.

Note that “being a 2-good pair” is X3 statement in B—, Be, By, and E. We shall
find a 2-good pair in the generic extension of V' by Ppyax*Add(ws, 1)*Col(w, 2¢2),
and using Lemma 2.3.1, we shall find a 2-good pair in V.

Claim. Let G C Pyax be V-generic with p € G, let H C Add(ws, 1) be V[G]-
generic with $g € H, and let g C Col(w,24?) be V[G][H]-generic. Then, in
V[G][H][g] there is ¢ € Ppax such that (¢, G) is 2-good.

Proof of Claim. By our hypothesis, let (NN, 4,7, X) be such that

IThe 2 in “2-good” represents the 2 in Ra.
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(1). (N,4,7,%) strongly captures (B— @ Be ® Bz @ E), and

(2). the function F: X — MZE¥(X), where X € HC is self-well-ordered and
N € Li(X), is well-defined, total, and strongly universally Baire in the
codes.

Let 2 € V[G][H][g] be an F-closed witness to the fact that ¢(MS) is honestly
consistent. Let X € 2 be transitive and such that

(1). (P(w1) NA)U{(NS,,)®, G, MC} € X, and
(2). X | o(MO).

Let M = Mg’Z(X), and let dg, go, g1, Q, and k be as in the statement of
Theorem 2.5.5. Then by Theorem 2.5.5, inside V[G|[H][g] we have

g = ((M[|%)[g0, 91], €, (NS, ) MlIMlo-n1) )

is such that

Note that Mg = MS where Mg is the transitive collapse of (Rg/~, &, R).
Hence we have

q F ¢(Mg).

Also, we have
Ey,zNG# 0

for every formula ¢ and for every Z € (Rg)<“ by the genericity of G. Therefore,
(¢,G) is a 2-good pair. (Q.E.D. Claim.)

Therefore, by Lemma 2.3.1, there is a 2-good pair (¢,h) in V with ¢ <p___ p.
We claim that

((L 5) | Prnax*Add(ws,1) \I/(Mv ‘P)-

Let G C Phax be V-generic with ¢ € G, let H C Add(ws, 1) be V[G]-generic
with ¢ € H. Let j: ¢ — ¢* is the generic iteration of length w; induced by G,
and let h* = j(h).

Since ¢ = (M), we have ¢* = ¢(Mp+). By the upward absoluteness of ¥4
formulae, ¢(Mp-+) holds in V[G].
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We define 7: M- — M as follows. For z € M-, letting y € Ry« be such
that o+ (z) = [y]~ where op-: My« ~ (Rp+/~, &, R) is uncollapsing and [y] _
is the ~-equivalence class of y, we define m(z) = f€(y). 7 is well-defined, since
h* C G and q is (B=® Be ® B ® E)-iterable. We shall show that 7 is elementary
by Tarski—Vaught test.

Let Z € (Rp+)<“ and let ¢ be a formula, and suppose that
Mg = 3y (x, f€(2).
Since (g, h) is good and j is elementary,
Ey,zNh* #0.

Let r € Ey >N h*. Then there is x €  such that

0 (f(2), f(2)).

Hence we have f&(z) is in the image of m and MY = ¢(f%(z), fC(2)), since
r € h* C G. This shows 7: My~ — MS is elementary. Therefore, we showed
that 7: My« — MS witnesses that U(MS, o) holds in V[G][H]. This is a
contradiction! This finishes the proof. O

r

Theorem 2.4.1 gives us the following corollary.
Corollary 4.0.2. Assume the same assumptions as Theorem 4.0.1. Then

V]P’max*Add(oJ3,1) ): M Mj‘l’
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Chapter 5

Partial results

In this chapter, we provide partial results related to thr ground model for The-
orem 1.0.1. Theorem 1.0.1 uses the following assumptions:

1). ZF+ADT +ADg + “O is regular” + “Every set of reals is universally Baire”,

3

(1).

(2). T'*° is productive,

(3). VPmax |= wy—DC and VPmex*Add(ws,1) = 7FC; and
(4).

4). for every A € T'*® there is some (N,X) which strongly captures A and

the function F': X +— Mg’E(X), where X € HC is self-well-ordered and
N € L;(X), is well-defined, total, and strongly universally Baire in the
codes.

The author expects that an appropriate generalization of the derived model
constitution gives us models satisfying the assumptions of Theorem 1.0.1. In
the rest of this chapter, we construct a candidate for the ground model.

We discuss how to construct a model satisfying (1), (2), and (3). First, we recall
notations from [35].

Definition 5.0.1. Let A be a limit of Woodin cardinals and G C Col(w, < A)
be a V-generic filter. Define:

o Ry = U, o, RVIG,

e Homg is the pointclass of sets J,_, A9 for < A-universally Baire sets
of reals A appearing in V[G [ a] where oo < \.
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We call L(RE,,Homg,) a derived model at .

If G is clear from the context, then we omit the subscript G.

Theorem 5.0.1 (Derived model theorem, Woodin, [35]). Let X be a limit of
Woodin cardinals, let G C Col(w, < \) be a V -generic filter, and let L(R*, Hom™)
be a derived model at . Then

(1). L(R*,Hom*) = AD", and
(2). Hom™ = {A C R* | A is Suslin, co-Suslin in L(R*, Hom™)}.

Moreover, if A is a limit of < \-strong cardinals, then

(1). P(R*)N L(R*,Hom") = Hom", and
(2). L(R*,Hom") |= ADg.

The paper [18] constructs a generalized derived model that satisfies ZF+ADT+
“Every set of reals is universally Baire”.

Definition 5.0.2 ([18, Definition 4.4]). The predicate Fy,g consists of all quadru-
ples (A, Z, p, x) such that

e A is universally Baire, Z is a set, p € Col(w, Z), x is a Col(w, Z)-name for
a real, and

° p”mxeAG.

Notation. In the rest of this paper, the predicate F,p always denotes the
predicate defined in Definition 5.0.2.

The paper [18, Main Theorem| shows that the predicate Fy,5 has enough infor-
mation to get universally Baire representations.

Theorem 5.0.2 ( [18, Main Theorem|). Let A be a limit of Woodin cardinals
and a limit of strong cardinals, let G C Col(w, < ) be a V-generic filter, and
define the model

M = (LF=(R*, Hom*))"V ®"),

Then
MNP(R") =Hom",

and
M = ADT + “Buvery set of reals is universally Baire”.
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Note that the model M also satisfies ADg.

[18] shows the following.
Lemma 5.0.3. Let A\, G, M be as in Theorem 5.0.2. Then

M = “Hom”™ is productive”.
Proof. See [18, Lemma 6.1]. O

The same argument in [11, Lemma 3.4] gives us the regularity of ©. For the
definition of being self-iterable, see [11, Section 2]. The author would like to
thank Takehiko Gappo for his help in proving the following theorem.

Theorem 5.0.4. Suppose that V' is self-iterable. Let A be an inaccessible car-
dinal which is a limit of Woodin cardinals and a limit of strong cardinals, and
let G C Col(w, < A) be a V-generic filter. Then

(1). L= (RE, Homy,) = ADg+“© is reqular™+ “Every set of reals is universally Baire”,
(2). L= (Rg, Homg,) N P(RE) = Homg,.

Furthermore, if H C Pyax is L™® (RE,, Homg,)-generic, then

(3). L*=(RE, Homg)[H] = w2—DC.

Proof of (1) and (2). This proof is by [11, Lemma 3.4], except for Claim 1.
By Theorem 5.0.2,

L5 (RE,, Homy,) = ADg + “Every set of reals is universally Baire”,
and

L5 (RY, Homy,) N P(RE,) = Hom}, .

Let z € RY, and § < A be a Woodin cardinal. Let 7 be a normal iteration tree
on V with last model W making x generic for the extender algebra at §, and
let U be an iteration tree on W of length A based on the window (J, A) resulting
from R -genericity iteration. Let W be the well-founded direct limit along the
unique cofinal branch through S = 7"U. Since ) is inaccessible, 7°(\) = \. By
construction, we pick a (W, Col(w, < \))-generic H € V[G] such that R}, = R%;.
Let R* = R}, = R%;. Note that W[H] C V[G]. [11, Lemma 3.4] shows

L(R*, Hom*)V®") = L(R*, Hom*)"W &),

For the same argument in [11, Lemma 3.4] to hold, it is enough to show:
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Claim 1. .
LP® (R* Hom*)V®") = LFur (R* Hom*)"V ("),

Proof. Let Z € W(R*) be a set and let A € (Hom*)V®) = (Hom*)"V®"), Let

K C Col(w, Z) be V(R*)-generic. Then we have that

(AKYWVEIK] A j7/(R*)[K] = (AK)YW®R)IK]
Hence we have that

p”%jse AR — p“%i c AK
where p € Col(w, Z) and & € W(R*) is a Col(w, Z)-name for a real.
Therefore, we have that for all X € W(R*),

X0 (Fup)V ™) = X0 (Fup) V.
where K is the canonical Col(w, Z)-name for a generic.
It follows that
(JEw (R*, Hom*))V®) = (JFw (R*, Hom*))W ")

for all @, by induction on the level of J-hierarchy. (Q.E.D. Claim 1.)

This finishes the proof of (1) and (2).

O

The proof of (3) is by [41, Theorem 9.35]. Here we shall give a more detailed

proof.

Proof of (3). For each A € T, we denote w(A) by the Wadge rank of A. Let

F = Fg, let I' = Homg;, and let R = R},. Note that we have

LY(T,R)NP(R) =T.

Let H C Pyayx be LY (T, R)-generic. Suppose that R = 75 € L¥(I',R)[H] is a
binary relation. Fix an ordinal a such that 7 € JI'(I',R) and JI'(T',R) satisfies

a sufficiently large fragment of ZF. For each v < O, let

JE(TR
7, =Hur TV ({ryur.,)!
where ', is the set of reals A € I with w(A4) < . Since

LF(I,R) = ADg + “O is regular”,

151-Skolem hull of {7} UT'< in JE (I',R)
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there exists v < O such that
Z,NO =7y

and such that in L¥(T',R), cf(y) = ws.

We claim that
Z’Y ! Jf(F,R)

To prove this, we shall use the fine structure of L' (I, R). For more details, see
[37, §1]. The same argument as [37, Lemma 1.10] shows JI'(T', R) satisfies 3
selection, i.e., whenever R C JI(I',R) x [wa]<* is X1 (JE (T, R), {p}) for some
p € JE(T,R), there is a 1 (JI(T',R), {p}) set S C R such that

Va(3F R(a, F) = 3JF S(a, F)).

The standard argument of fine structure theory gives us uniformly X1 (JI(T', R))
maps f, such that

fo: [wa]<¥ x T xR — JE(T',R).
Hence we obtain a ¥;-Skolem function of JI'(I',R)
h: JE(D,R) x T x R — JE(T,R)

such that

(1). his a partial X1(JE(T',R)) map, and
(2). whenever S is 3y (JE (T, R), {a}) and S # 0, then
JA €T3z e R(h(a, A, z) € 5),

as follows. Let {p;: i < w) be a recursive enumeration of the ¥; formulae of
two free variables. Let

R(a,A,x,F) — Jg(F’R) ': @x(O)[aafa(F’Av)‘i'x(i + 1))]

Since R is ¥1(JI'(T,R)), by %; selection, we have a partial X1 (JE' (T, R)) map
¢ uniformizing R. Let

hia, A, x) = folg(a, A, x), Mi.x(i + 1)).
h is the desired Skolem function.
Now let a € Z,, and let (v, v1) be a Xy formula. Suppose that
JE(M,R) = 3z o(z,a).
Then there exist x € R and A € I" such that

Jf(F,R) E p(h(a, A, z),a).

38



It is enough to see that there is such an A in I'.,. Suppose not. Let < © be
the minimal ordinal such that there is such an A with w(A) =7. Then n € Z,,
since 7 is defined by

I8 < wa[Fr € S5 (T, R) p(z, a)A
Vy < vz € ST(T,R) —p(z, a)A
JA €T3z € R3y € S§ (T, R)(y = hg(a, A, z) Aw(A) =n A p(y,a))A
V( < VA € TVx € RVy € S (T, R)(w(A) = £ Ay = hg(a, Ax) — =¢o(y, a))],

which is ¥;. However, since Z,N© =~ and 7 € [y, ©), this is a contradiction!!

We have proved
Zy =sx, JE(T,R).

[e3%

Hence we have
Z,[G] =z, JL (T, R)[G],

since Prax C HC. Let N be the transitive collapse of Z,. Let 7n be the image
of 7 under collapsing, and let Ry = 7§. Then N[G] is the transitive collapse of
Z,|G] and Ry is the image of R under collapsing. Since N can be coded into a
set of reals, there exists A € I' such that N € L¥(A,R).

Note that v = Y = wéV[G]. We claim that
L* (A BRG] = ef(7) = wo.

Suppose not. Let f: w; — v be cofinal and such that f € L¥ (A, R)[G]. Then
there is a function g € L¥(A,R) such that

fa <wi|gle) = fla)}
is stationary?. We have g € L¥ (I, R). Then g is bounded in 7, since
L¥(T,R) = cf(y) = wo.
This is a contradiction! Hence L' (A, R)[G] = cf(7y) > wa, it follows that
N[G]** C N[G]
in L (A, R)[G].

Let
7: N[G] ~ Z,[G] <x, JE(T,R)[G]

be uncollapsing. Then crit(r) = v = 0N = wéV[G].

2See [41, Theorem 3.42].
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Now since LY(A4,R)[G] | ZFC, we have either for some 8 < w; there is an
increasing sequence (aq: o < ) of elements of Ry with no upper bound or
there is an increasing sequence (aq: @ < wa).

In the first case, (aq: @ < B) € N[G] and 7((an: @ < fB)) is an increasing
sequence of elements of R with no upper bound. In the second case, (7(aq): @ <
wo) is an wy increasing sequence of elements of R.

This finishes the proof of (3). O

Here is our conjecture:

Conjecture 1. the model constructed in Theorem 5.0.4 is a ground model for
Theorem 1.0.1.

Closing

We have studied fragments of MM below R3. The natural next step is MMy,.
To accomplish this, it seems that we need an iterability notion of Py, for a set
of sets of reals. Here is the next problem:

Problem 1. Define appropriate A-iterability of Py, -conditions for a set of
sets of reals A, and prove the density of A-iterable conditions.

40



Bibliography

(1]

2]

3]

4]

[5]

[6]

7]

18]

[9]

David Asperé and Ralf Schindler, Martin’s Maximum™™t implies
Woodin’s axiom (x), Annals of Mathematics, 193. 793. 10.4007/an-
nals.2021.193.3.3, 2021.

David Asper6 and Ralf Schindler, Martin’s Mazimum is g
complete, avalable at https://ivvbhpp.uni-muenster.de/u/rds/
MM-complete.pdf.

David Asper6 and Ralf Schindler, Bounded Martin’s Mazimum with an
asterisk, Notre Dame Journal Formal Logic 80, Issue 2 (June 2015), pp.
477-489.

Joan Bagaria, Bounded forcing azioms as principles of generic abso-
luteness, Archive for Mathematical Logic 39, 393-401 (2000). https:
//doi.org/10.1007/s001530050154

Benjamin Claverie and Ralf Schindler, Increasing us by a stationary set
preserving forcing, Journal of Symbolic Logic 74 (2009), pp. 187-200.

Benjamin Claverie and Ralf Schindler, Woodin’s axiom (x), bounded
forcing azxioms, and precipitous ideal on wy, The Journal of Symbolic
Logic, vol. 77, no. 2, 2012, pp. 475-98. JSTOR, http://www.jstor.
org/stable/41713900.

Philipp Doebler and Ralf Schindler, I1s Consequences of BMM+NS,,, is
precipitous and the semiproperness of stationary set preserving forcings,
Math. Res. Letters 16 (2009), no. 5, pp. 797-815.

Qi Feng and Thomas Jech, Projective stationary sets and a strong
reflection principle, Journal of the London Mathematical Society,
1998;58(2):271-283. doi:10.1112/S0024610798006462

Qi Feng, Menachem Magidor, and W. Hugh Woodin, Universally Baire
sets of reals, in: Set theory of the continuum, pages 203-242. Springer,
1992.

41


https://ivv5hpp.uni-muenster.de/u/rds/MM-complete.pdf
https://ivv5hpp.uni-muenster.de/u/rds/MM-complete.pdf
https://doi.org/10.1007/s001530050154
https://doi.org/10.1007/s001530050154
http://www.jstor.org/stable/41713900
http://www.jstor.org/stable/41713900

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

Matthew Foreman, Menachem Magidor, Saharon Shelah, Martin’s Max-
imum, saturated ideals, and nonregular ultrafilters. I, Annals of Mathe-
matics, (2), 127(1): 1-47, 1988.

Takehiko Gappo and Grigor Sargsyan, On the derived models of self-
iterable universes, Proceedings of the American Mathematical Society,
volume 151, number 11, 2022.

Kurt Gédel, What Is Cantor’s Continuum Problem?, The American
Mathematical Monthly, vol. 54, no. 9, 1947, pp. 515-25. JSTOR, https:
//doi.org/10.2307/2304666.

Steve Jackson, Structural Consequences of AD, in: Foreman, M.,
Kanamori, A. (eds), Handbook of Set Theory, Springer, Dordrecht,
2010. https://doi.org/10.1007/978-1-4020-5764-9_22

Ronald B. Jensen, The fine structure of the constructible hierarchy, An-
nals of mathematical logic 4, no. 3 (1972): 229-308.

Akihiro Kanamori, The higher infinite, Springer-Verlag, Berlin Heidel-
berg 2003.

Richard Ketchersid, More structural consequences of AD, Contemporary
Mathematics 533, 71-105 (2011).

Peter Koellner and W. Hugh Woodin, Large Cardinals from De-
terminacy, in: Foreman, M., Kanamori, A. (eds) Handbook of
Set Theory. Springer, Dordrecht. 2010. https://doi.org/10.1007/
978-1-4020-5764-9_24

Paul B. Larson, Grigor Sargsyan, and Trevor M. Wilson, A MODEL
OF THE AXIOM OF DETERMINACY IN WHICH EVERY SET OF
REALS IS UNIVERSALLY BAIRE (DRAFT), available at https://

www.math.uci.edu/ twilson/papers/every-set-uB.pdf.

Paul B. Larson, Forcing over Models of Determinacy, in: Foreman, M.,
Kanamori, A. (eds) Handbook of Set Theory, Springer, Dordrecht, 2010.
https://doi.org/10.1007/978-1-4020-5764-9_25

Paul B. Larson and Grigor Sargsyan, Failures of square in P,y exten-
sions of Chang models, 2021.

Azriel Levy and Robert M. Solovay, Measurable cardinals and the con-
tinuum hypothersis, Israel Journal of Mathematics, Vol. 5 (1967), pp.
234-248.

Menachem Magidor, Precipitous ideals and X} sets, Israel J. Math. 35,
109-134 (1980). https://doi.org/10.1007/BF02760941

Donald A. Martin and John R. Steel, The extent of scales in L(R), in
Cabal seminar 79-81, pages 86-96. Springer, Berlin, 1983.

42


https://doi.org/10.2307/2304666
https://doi.org/10.2307/2304666
https://doi.org/10.1007/978-1-4020-5764-9_22
https://doi.org/10.1007/978-1-4020-5764-9_24
https://doi.org/10.1007/978-1-4020-5764-9_24
https://www.math.uci.edu/~twilson/papers/every-set-uB.pdf
https://www.math.uci.edu/~twilson/papers/every-set-uB.pdf
https://doi.org/10.1007/978-1-4020-5764-9_25
https://doi.org/10.1007/BF02760941

[24] Donald A. Martin and John R. Steel, A proof of projective determinacy,
Journal of the American Mathematical Society, pages 1-73, 1994.

[25] Donald A. Martin and Robert M. Solovay, A basis theorem for ¥ sets
of reals, Annals of Mathematics (2), 89:138-159, 1969.

[26] William Mitchell and John R. Steel, Fine Structure and Iteration Trees,
Lecture Notes in Logic (2017).

[27] Yiannis N. Moschovakis, Descriptive Set Theory, volume 100 of Studies
in Logic and the Foundation of Mathematics, North-Holland, Amster-
dam, 1980.

[28] Grigor Sargsyan, Hod mice and the mouse set conjecture, Memoirs of
the American Mathematical Society, Vol. 236 (no. 1111), Providence
RI, 2015.

[29] Ralf Schindler, Woodin’s axiom (x), or Martin’s Maximum, or both?,
Foundations of mathematics, essays in honor of W. Hugh Woodin’s 60th
birthday, Harvard University (Andrés Eduardo Caicedo et al., eds. ),
177-204.

[30] Ralf Schindler and John R. Steel, The core model induction,
available at https://ivvbhpp.uni-muenster.de/u/rds/core_model_
induction.pdf.

[31] Ralf Schindler and Martin Zeman, Fine Structure, in: Foreman, M.,
Kanamori, A. (eds) Handbook of Set Theory. Springer, Dordrecht, 2010.
https://doi.org/10.1007/978-1-4020-5764-9_10

[32] Dana Scott, Measurable cardinals and constructible sets, Bull. Acad.
Polon. Sci. 9 (1961), pp. 521-524.

[33] Robert M. Solovay, The independence of DC from AD, in: Cabal Semi-
nar 76-77 (Proceedings of the Caltech-UCLA Logic Seminar, 1976-77),
volume 689 of Lecture Notes in Mathematics, pages 171-183, Springer,
Berlin, 1978.

[34] John R. Steel, An Outline of Inner Model Theory, in: Foreman, M.,
Kanamori, A. (eds) Handbook of Set Theory. Springer, Dordrecht, 2010.
https://doi.org/10.1007/978-1-4020-5764-9_20

[35] John R. Steel, The derived model theorem, in: Logic Colloquium 2006,
volume 453, pages 280-337. Cambridge University Press, 2009.

[36] John R. Steel, A stationary-tower-free proof of the derived model the-
orem, in: Su Gao, Steve Jackson, and Yi Zhang, editors, Advances in
Logic, volume 425 of Contemporary Mathematics, pages 1-8. American
Mathematical Society, 2007.

43


https://ivv5hpp.uni-muenster.de/u/rds/core_model_induction.pdf
https://ivv5hpp.uni-muenster.de/u/rds/core_model_induction.pdf
https://doi.org/10.1007/978-1-4020-5764-9_10
https://doi.org/10.1007/978-1-4020-5764-9_20

[37]

[38]

[39]

[40]

[41]

[42]

[43]

John R. Steel, Scales in L(R), in: Kechris, A.S., Martin, D.A.,
Moschovakis, Y.N. (eds) Cabal Seminar 79-81. Lecture Notes in Mathe-
matics, vol 1019. Springer, Berlin, Heidelberg, 1983. https://doi.org/
10.1007/BFb0071699

John R. Steel and Nam Trang, AD", Derived Models, and X1 -Reflection,
available at https://math.unt.edu/ "ntrang/AD+reflection.pdf.

John R. Steel and Robert Van Wesep, Two consequences of determinacy
consistent with choice, Transactions of the American Mathematical So-
ciety, 271(1): 67-85, 1982.

Stevo Todorc¢evié, A note on the proper forcing axiom, Axiomatic Set
Theory (Baumgartner, J.E., Martin, D.A., and Shelah, S., editors), Con-
temporary Mathematics, volume 31, 1984.

W. Hugh Woodin, The Axiom of Determinacy, Forcing Azioms, and
the Nonstationary Ideal, Berlin, New York: De Gruyter, 2010. https:
//doi.org/10.1515/9783110213171

W. Hugh Woodin, Supercompact Cardinals, Sets of Reals, and Weakly
Homogeneous Trees, Proceedings of the National Academy of Sciences
of the United States of America, vol. 85, no. 18, 1988, pp. 6587-91.
JSTOR, http://www.jstor.org/stable/32425.

Stuart Zoble, Bounded Martin’s Mazimum with Many Witnesses. arXiv:
Logic, 2008.

44


https://doi.org/10.1007/BFb0071699
https://doi.org/10.1007/BFb0071699
https://math.unt.edu/~ntrang/AD+reflection.pdf
https://doi.org/10.1515/9783110213171
https://doi.org/10.1515/9783110213171
http://www.jstor.org/stable/32425

45



Declaration

Hereby I declare that I wrote this master’s thesis independently and that I have
not used sources other than the specified and made quotations.

46



	Introduction
	Preliminaries
	Forcing axioms 
	The axiom of determinacy and P
	Universally Baire property
	MM*, ++
	Inner model theory

	A strategy to force MM*, ++ and the BMM model
	Proof of the main theorem
	Partial results

