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©: 3ome fopology M o-minimal Shuctures

B\ 0nd Il decompoditions
2 the puef of Hhe Hieoem
3 some rnsequences
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0. Some topology
Tom an - C-wikimak  Strckuie (M\ﬂ --) Wolk Lour
euer & frpolopy on M

* sn0Qr topology on M,

* [woduk topslagy o MY WA

This is a Ve natural fopology , lout it i> often vot
Rough for our puwposes.

Example:  Consider an ultrapower *R via a nof

printpal uliratilier

Theotem: the sek of infinitesimals i *IR is a clopen
in +n¢ order 1opology -

Tn patiwdar, *IR s not connecked in +he oroler

Topology, wuich 8 a it gwkwoard.

.——o-’—



e o definable set xeM" is defiuably confeckd

- there are  ho non-empty, open, definable, disjoint
X, X2 € X Such that  XauXe = X.

SAcks: 1. definable continuous images of defnably
(W/ proofsl  Connected subspaces are oefinaloly
tovwiecked.

2. the ovly defiavly connected Sulosets
of M aw of He fsm
[a|b] (alm
[a,0]  (Qb]
for a,beMuitoo},

o o

1. CELLS

theorem. O sfructure s O-minimal it and only

b for ey pon-empty defnable A§ M

we  hoye 0 < [JAl< 0. (no proof)

Tn packiwlar, it 9A=}ay k) thon for
w41, k) we have eithier



(Qi, dita) € A o (ar}a.~u]nA=¢-

@: can we mimick Lhis in higher dimensions?

| DESIDERATA: | 1. a4 wotion OF basic tow‘(dmﬂ
blotk, what we Shall call a
Cell, wwich is "simple’ ehough.
2. usa\g to Wik definable
efS as the union of Gikly
WY RIS

E0Sy cases,1:  dimensign 1, A =M

(+his is JlAsr the 1e0m abpowe)

Basic louilding owocks: points and interuals

e

=
P

0ints: G4, Oz, O3 dimension 0

M’r@YVMﬁf (-001043) (04) Qz), (Oz)aa)l
(03,+M\ dimension 4




EOSy_(fses, 2:  olimension 2, A=M"

Bosic uilding hobocks:

o start with a decompostion of M:

O 02 B}
i X )

7~

« to bwld a decompusiion of M* we worHk on
each "Stip" above a cell of M-

[ R
) \ 4’,3:[04,&)%\4

|

| "E " “tontinuous and
Foo) | definable
( 4)1/!2) [ |
O 0z s
X ¥ X .
| D
| | \../
b (9,8) (0 00
¥




Def An Cigyin)-cell of mt s gefined by
nduckon on ) where (ig-..in) €2

- A 0-cell 18 a pont peM,
- A A=l 08 an open m%wal (41b) M.

Given & Gia...tn)-gell A MY

- (ig,--f0, 0) =Rl 18 of +he form
(F) =0 () €M xeA]
wherd
Felp)={g: A=M - conhinuous £
desinable f

- o (D= el is of the Tovm
(4,9) ﬂ (xiyl €MN** .
Fx)<y < 9(x),

facks 1. every cell is focally closed and
(W[ prwfs)  definally  Conneded.



J

2. edeny cell (of posinve (limensiont) 1S
[SOMBTPAIC TO W open one Ut
CReMIGR  projR U ON.

Remark: we call "open" an (14,..4)-cell

Det inductively on n, o cell dewmposiion of
ML is  a finile  padition of MM into
ells  {Cq,-- Ce} such that

{TT(C/t),--, m(Ce)}
5 acell decomposition of mn?

Remak: Wl H1is definition, Cell decompositions

W dimension - owe buitt from cell decomposi-
fons T dimension -t e way we luiltone
oF M? from one of M.

ReCall: gue goal was ieplicating +he  phengmeron
AW giension. 1, W nigner  dimensions.

Del & Gl decomposition of M" is adapted
o o defnaigle set AemM™ \F for evew



el C, vitherr CEA o AnC=¢

This mimitks whar happens in dimension 4.
The axstence ofF Odapted cell  decomposihong
wowld  mean
0-Miwimalty = 0-muumalty in
Wigher dimensions.

Q: how do we find an adapted cell
deomposition of a definable get”

_ > A TOY EXAMPLE <
In R Consiger
Let's fnd o tell decomposiion of R* qdapted
m@ . Frst, we fwnd a cell decomposition
0t IR.

(—oo, | (-1,+:1) +1 (*1,+oo)



Then we wowe o R) working ou eack strip:
aloue  nfervald like (- =4) o~ (+4,+)
we ouly need Cells of Hie Form

(—00,4—00)[_00‘\1) i (o +00)(

! +1,+00)"

Mooue  povits ke  +1 we con fndl
o decompogifion  Ake

(-00,0\*1 T (o) (o, tool,
where We See O as e wonstont
fnthion 60 +1.

The inlewsling paw 18 -
l

) |

~ 1 - F(-10) — IR

(Frw0) (-1,4) | 4
(B N &
(9&)(,“1)/“@
B N G = R
| ! = -
/_ﬁ '
NOTE: ¥, (it
(~2,9) (-1,+1) Coiviueus  aud
adefinable .




Putiing all the Cells foguther we aue done. 71

NoTE:  bwis cell decompogition is alse adapra 1o
D= {(Xt\é)elﬁz: xz+\azé1 } )

General sfrateqy: parametmie e louhdary of
He oefinable ser with definable , continuous
funchions. Use +Hem fo puild e aecompowon.

$2: THE THEOREM

(F) forall 72 owd defnable A<M
o A is hpite over MM S
IS0 whiformly faite over M

LED) forall w71 ond  definable A, At
W M* - Hher (s o Cell glegomposHion
of m" OldapHiOI 0 A4, At

PC] for all nz4 and olefnaile



t AEM—M
e is o el decomposifion of M"
adapied Jro A st (f CEA isacell
Fle 1S Continuous.

Remarks:  (CDa) is just o-winimality.

(PCa) 18 the monotonicity theorm.

(UR1 wos quoted e Hhe last falk
(We will viot prove 4is  (ase.)

5. THE PROOF
Assume  ((Dna), (UFn-), (PCn-).

(WUR) i A i finite over ™ Hhew i
IS waikormly  fate  over M

Dol sy 0 oox BeM™ (g A-good if for
puevy (ny)eA such hat xeB there ae an interl
TCM aound v ond o eontinuous definable

o —M
such  that  (BxTlnA= T'(§).



Say o point s A-good i there 1S an A -good
oox  arpuad it
The St of A-good points is definaiole.

Fock (0 B is A-good , Hien Hhew aue
(ontinuous, definalole funchons
]CA <'“‘¥K’ B—VM
Mmch Hat

(BxM1nA = ((F)v-vl(F).
proof:  pidk ANy x€B. Letr  Ax=Lys, . yk):
sine X 15 A-Qood thew are  Continuous and olefinable
bunckions f: B =M and inKrls TieM around yi
such fuat (BxT1i) o A = (R,
Ne daiwm  (BxM)a A = ['(F4) u v ().
SV\\)poge hot:  (xu) € BxM)aA < ([T} u.-.u ("(Re))
So Hnak 4 Ki(x) for every i=1,...k.
e B is A-guod | there ® a Lunction

G:B—M
continuous aud cefiugole  Such +Hiak
(Bx1)nA =0(f)

fon some  iwal  yeIeM.  Consider £(x): we must
hove £0) =) fom Some 1. By (okinuity of £ +here i3 a
Ueh with HUWIEL, hence Hu = Fily. This shows
(2eB: f@1=HiG)} is opow; e same wppries fov



LeeB: H2) % @)} By defnadle Comneckedness,
He) =6@) for all £eB. Tn partimar, FX)=HE:

0 vowtadickion.
4|

_ O —

fock (2): Suppose Y is gefinably connecked and
gack of its points S A -Qood, +hen
ere are  definaldle  continuous
functions
freber Y=

SUon Hnak
(YxM) A = (ool (R,

proak  (SKefth):  Cowsioler
{%G‘ﬁ \Al—‘:\Anl}
fon some  Fixed neY. Ry oehnalle cownectedness
itis e whole Y, henw

Az | = [Axl
fn eade €Y. Cover Y Jn poXes, Use fact1
aud fhen gue the funcions  fogedher

o

Fnck (2): every apen @l contains an  A-good
PO,
prool s wikhOUr (0SS OF  gonerality worK with
o box B=B'x(ab)



We use e following emma -

oo & A CM® s definatle and Bl over
M, thew e Qa<---<0k awnd, for eoch
{=1--Kk1, defnable Contnugus

Pjﬂ‘--‘ﬁ“l‘j‘- ((M,Oj’rﬂ-%("\
s ar
(ag, o) xMIn A= T(fjadu-- P(EL).
wWe apply i+ to
AN = {3 € (@) xM: (uy)ed )
fv neB S fov yeM
ALX]E;)‘ A(fy\\\ﬂ)
v is fink oler M7 e Hnere owe 0nly finitely
mowy - Ad-oad" points. In powtilqr
Bod (A) = {3V 6B+ 2 is not AI-400d)]
WS ey infenen

We wow wuse (CDua) o B and Bad(A). Since
ho open CRIl can G Confwined i Bad(A), we can
estrick © o an open Cell and assume BadA) =¢.

Now, f xeB' evay zela) v Alx)-good,
0 oy foct(2) e foer Al i3 finite



and  hente 80 15 Acar), unibormly M € Ay
A (xe) [ = K(x).

WED Ai{(xng) eM™ 0029 €A hich
is definale ana fnik oyer m"* Clecause
AL = Apr)] and So, by (UFn-),

[N LN fon evany x€B.
This shows KOO &N for xeB'

(onsi dler Bizixeg:le\zi} f~ e N
For- eueny xeBi, Suppose Ax=hys, .y} ona
deftne  Fijl=yy. We qer fijr Bi =M which
o dekinaple.

Use (PCu4) oud (CDu-) o find a Comumon
=finement pf e ouiginal Cell detonpotition :
dne B € opaty it (ontmns an  opon cell awd,
by toking the dewmpostion addpted o the B;s,
We CaN asswwie IS contpined i Some B
AU points of Hhat opn Rl axt A~jood.



Finally, mse (COm1)  [o find o Cell decomposi-
tion 08 M gadapkd o e Setob A -good

pOtALS.
(onsigler ts cells:

-tk Cig open, all of itd points are  A-good
S0 Hhe IS Np 70 sudh ok  (AxleNc for
al xeC.

-F C i) hot opon, iF 1S iS0Merphie o ain open
U Cle M9: we cam Use Hais iSomorphidm to
fnd o Qiwilar pound N¢ 7 O.

Sinte +re (el decompoition 4s Finie, we have

for Al xe M™
\Ax\ < MOX NC .
C



((Dn) Lo+ Aqp ApcM e definable: +nere
1§ 0 ol dewmpogmcm 0f MM qdapid

fo A4 .-

Delf ifF AcMM s definobig, thea
dnA = \Qx\\g)eM“ we ALY,

Remark:  for ewy x& M“‘
(AnA\x AAX

50 Onh & fure over M™

Let Y = dnMu.o dnhp i s shill faik
oler M™ 80 oy (UFn) ek 18 0 N70
uch JrthL V<! e« N for eacdh xeM™\

Tor levy i=4 ...\ [F
Bi ={xem™: IYxl=i},

For each xeBi, consider Y = fys. yi} and
aefine ? (x\ =Y. This gives Lj:Bi—=M
with &, < < H) gefive §o=-o0 anad

Q\'H—ﬁ =+ 0.



Jr—vmllm le+
C'JelA —-{ x €8 Q&&(ﬂ Q(/—\Q)x} |

De,i,'J = {x e Bi + (Fij(x), Fiyn (¥) ¢ (I\t\x}l

%ﬂ“ e0Lir ()Q\ }

We use (Dn-) on all Cl@ And DQ,(, ana
efine e el dqwmpo%hon with (BCho1)
o moke e & Continuous on +he ells.

Let | By, Ewm) be +he wsuling el
detomposition of M*™ The col\ decompoyttion
of MU we ue looking for is giwen by

“lio )\:ii)c) Wh“ﬁi,iu\c‘ open cells
C(finl ), . M) non-open Cells

wheneke (B



(PCx) swppose  T:A MM i definable
fhere 18 a cell decomposition  0f
MU adapkd o A Sudh Haat for
eath ell CcA we have Hat
Tl 15 COWULOUS.

We con assume A s alkady a cell.

- if A 5 nor open, thew s & d»0 SUCh
fhor A M A em® We use (BCd)
and "PUl pack e needed  decomposion.

- (F Ais open,

Def. 80\(4 (x\\v)e\/\léA £ Hiere 1S p box
(x\F) e Bx(ab) €A Such ot Fx,-)

1S ONHNAUOMS and movotone ol
(G0b) omd £(,1) i Continuous at x.

WeA s definoo  and dense (+) .
Use ((Dn) ew A and W: £ a cell (&
open, 8ay DEA, thew DAW+g Qud



hence Dcw). Now we cwt apply thne
Tollowing lemma:

o F (Re <) ond  (Re,<) ar
dense Wnear ohders without endpownts,
Kis o topological Spae ond
Q‘X"Q'l—‘zgz
i3 suth +Hhat
o $(x,+) i3 cominuous and
monotone,
o £{+,r) i wontinuous,
for eadh (x\rl e X=Ra, 4vien
£ 1S Lonhinuous.

Apply Hie lemma locally o D g0 ¢
S onfinupus ow D.

74

(iwhert it makes Sense, ie. M expands a field)

NoTE:  (PCal (o be improied. For each kel

T we can fud  a el decomposition  such

it £ nstnced 0 each el is k-times
Cowtinuously — diFferentiolole.



D SOME (ONSEQUENCES

theotem: iF Ms 0-mimimal, evevy model OF
Th() 19 0 -minimal.

Proof (Sketch):  teCal 0-minimality 8 equivalent o
ey definable F+ALM Vading
fe  poundavy. Suppose  Q(x,7)
> o formwoa owmd

Y(Mb) = UM, b).
For M'*M we con fud a fiude
bound on (P(Mp)l ahd wnte
Yo (Ix @(x,0) » Ix Y@ 0)) = 1 ¢\ nl@r} <k,
Use M%M, wehe done. A

facks: 4 every aebipalle SeF has flndely
(Wl pruafs] mony deinagly  Cownected
COWRONRINES.
2. (& K& M™ {5 odefinabie , #en
R S KEN such that fer
ey zeM™ Xp hos At mMost
K oefnably Conneckd components.






