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The first part of this paper is a sequel to [SS]. We will extend the compu-
tations there to a certain class of non-constant local systems. Let I be a finite
extension of the field @, and let d be a natural number. Then

QU+ = IP?K \ union of all K-rational hyperplanes

is an open rigid analytic subvariety of IP?K on which PGL411(K) acts in a

natural way ([Dri]). We fix a cocompact discrete subgroup I' C PGLg41(K)
which has no fixed points on Q4+ Tt is known ([Dri]) that

— Xp := I\QUHY is a proper and smooth (rigid) analytic variety over K
(according to [Mus] it is even projective algebraic), and that

— the projection map 7 : Q41 — X7 is an etale covering.

We also fix a finite dimensional I [I']-module M. It gives rise to a local system
M, ie., alocally constant sheaf M on the etale site Xt o, on Xt by

M(U) := M(QEHD s )F
Xr

where M is the constant sheaf on Qg—H) corresponding to M. The de Rham
cohomology of Xt with coefficients in the local system M is defined to be the
etale hypercohomology

HBR(er M) = H*(XF7 Q.XF/K (? M)
where Q'XF /K is the complex of holomorphic differential forms on Xt 4.

Remarks:

1) H} z(Xr) := Hf (X, K) is the usual rigid analytic de Rham cohomology
computed in the analytic topology (see [SS] proof of §5 Prop. 2).

2) If T' is torsionfree then 7 is an analytic covering and M already is lo-
cally constant in the analytic topology. Therefore in this case Hj, (X1, M)
can be computed as the hypercohomology of the complex of locally free Ox-
modules Q.XF/K %@ M in the analytic topology. By the GAGA theorems of Kiehl

H}, p (X1, M) even is defined algebraically (compare [Mal] p. 152/153).

Our aim in this paper is to compute the groups HJ, (X, M). In the first
Paragraph we will determine their dimensions as K-vector spaces. In partic-
ular we obtain that interesting cohomology only exists in middle dimension
d. In the second Paragraph we will discuss the Hodge-de Rham spectral se-
quence for Hj p(Xr, M). We conjecture that the Hodge-de Rham filtration
on H% (X, M) is opposite to the filtration induced by the covering spectral



sequence in Paragraph 1. A consequence would be the existence of a Hodge
type decomposition of HY »(Xr, M). Using a result of Mustafin we prove this
Conjecture for d < 2 and any M which contains a [-invariant lattice.

In the last Paragraph we analyze the case where M comes from a K-rational

representation of SLg11(K). In this situation the Hodge-de Rham spectral

sequence will usually not degenerate. Our aim is to understand the complex

Q (Qlat) (?M of global sections as a complex of SLgyi(K)-representations.
¢

For this purpose we introduce a class of representations (in K-vector spaces)

called the holomorphic discrete series of SLg11(K) and begin its systematic

study. This will enable us to show that the complex Q'(Q(d+1)) @ M 1s natu-
K

rally and SLg41 (K )-equivariantly quasi-isomorphic to a much simpler complex
of discrete series representations. In this way we obtain a “reduced” Hodge-de
Rham spectral sequence which has a chance to degenerate. Our theory can be
viewed as a p-adic analog of the Bernstein-Gelfand-Gelfand resolutions in the
theory of Verma modules; it was very much inspired by reading [Fal], [FC] Chap.
VI §5 and [Zuc]. Even our proofs are similar in spirit although the arguments
have to be arranged in a different way; after all the analogy is not complete:
The Bernstein-Gelfand-Gelfand resolution is exact whereas our complex has ex-
plicitly computed non-trivial homology. One of the reasons for this difference
is that over a p-adic field the Lie algebra is too weak an object to study the
representations of the group. In this paper the holomorphic discrete series of
SLi41(K) is treated in a purely algebraic way. Eventually one must introduce
locally convex topologies on these representations; in particular this will be nec-
essary for the question of irreducibility which is not touched here. For SL,(K)
this class of representations was introduced and studied in a rather complete
way by Morita and Murase ([Mor]).

It should be clear to the reader that not every local system on X is of the form
considered here. The reason for this is that Q4+ is not the universal etale
covering of Xr. If not stated otherwise all cohomology in this paper is (rigid)
etale cohomology.

A considerable part of this paper was written during a stay at the Research
Institute for Mathematical Sciences (RIMS) at Kyoto. I am very grateful for its
support and the efficient, pleasant, and inspiring atmosphere which I enjoyed
very much.

61 The covering spectral sequence

We first recall the following result of Garland, Casselman, Prasad, and

Borel/Wallach.



Proposition 1:

H"™(T', M) s finite dimensional for all r > 0 and vanishes for r # 0,d.

Proof: In case d = 1 this follows from the fact that by Thara’s theorem I' contains
a normal subgroup of finite index which is finitely generated and free ([GP] I §3
or [Ser2] IT §1.5). In case d > 2 this is proved in [BW] XIII 3.7.

The basic invariant of the I'-module M which will enter into our computation is
(T, M) = dimg HY(T', M)

Also let M* := Hom g (M, K) denote the dual I'-module.

Remark:

If T s torsionfree then

(T, M) = dimg M - u(T, K) + (=1) - dimpg M/M"
Proof: Proposition 1 and [Serl] Remark on p. 85.

In this Paragraph we want to establish the subsequent Theorem. It should be
said right away that we will rely very much on the ideas developed by Casselman
and Borel /Wallach in their proofs of Proposition 1.

Theorem 1:
If the trivial T'-module K 1s not a Jordan-Holder factor of M then we have

i. Hp(Xp, M) =0 for r #d;

11, dimp HDR(XF7M)_{(d—|—1)/,L(P,M) zdeQ

Remark:

In case d > 2 the assumption in Theorem 1 can be simplified. By Proposition
1 we then have HY (T, M') = 0 for all T-submodules M' C M. Therefore the
trivial T-module K is not a Jordan-Hélder factor of M if and only if M" = 0.

Our starting point is the covering spectral sequence

H (L H(QOD, 00 M) = 53 (X0, M)



whose existence was established in [SS] §5 Prop. 2. The restriction of Q'XF/K
to Qg—H) by definition is equal to Q'Q(dJrl)/K. On the other hand because of the

isomorphism
H QUd+1) >, ld+1) o (d+1)
ger Xr

z in component g — (gz, 2)
the restriction of M to Qg—H) is equal to M. We obtain

H QD Qe 0 M) = Hpp(QUFD) 0 M
K K

so that our spectral sequence becomes

H'(D, Hpp () & M) = Hp (X, M) .
K

The de Rham cohomology of QU4+ was computed in [SS] Thm. 1 and §4 Lemma
1. In order to recall the result we need some more notations. For any subset
I CA:={1,...,d} let Pr C G := PGLg4+1(K) be that parabolic subgroup
which stabilizes the flag

io i iy
(Z Ke; C Z Ke;,C...C Z Ke;)
=1 7 =1 7 7 =1

in K where {ig < i1 < ... < i,} = A\I and ej,...,e441 is the standard
basis. Furthermore if A is any abelian group let C*°(G/Pr, A) be the group of
all A-valued locally constant functions on the compact and totally disconnected

space G/Pr. We put

Vi(A) :=C>=(G/Pr,A)] Y C™(G/Priy. A)
i€ANT

=Vi(Z)2 A

which in an obvious way is a G-module. It was proved in loc.cit. that there is a
natural G-equivariant isomorphism

Hjp(QUH)) = Homp (V. a—s)(K), K) if 0<s<d
and that
Hin(QUFD) = 0 if s>d.

This implies

K
= HT(P,HomK(V{l,...,d—s} : )7M))

H'(T,H}p (@)@ M) = H'(T, Homp (Vi a—sy(K), K) @ M)
K
(I,r
= EXtﬂ'[r](V{l,...,d—s}(K)v M)



for 0 < s < d and we can rewrite our spectral sequence as

E;S _ {EXt;([F](V{17...7d_8}(]¥),M) lf 0 S S S d

0 otherwise

} — H (X, M) .

Our task therefore is to determine the dimensions of the K-vector spaces

Ext ey (Vi(K), M).

Proposition 2:
If the trivial T-module K 1is not a Jordan-Holder factor of M then we have:

p(L M) afr=#I1#0,
i dimg Extp(Vi(K), M) = { p(D,M*) ifr=#1=0,

0 otherwise ;

ii. (T, M) = (T, M*) if d > 2.

Proof: Because of Va(K) = K the assertion i. in case I = A is Proposition 1.

Next we settle the other extreme case I = ¢ by using Borel-Serre duality.

Lemma 3:

Ext ey (Vo(K), M) = Homg (H**(T', M*), K).

Proof: This results from combining the following three identifications. Firstly
we have for almost trivial reasons that

Hom (H,(T,.), K) = Extiq (-, K)

Secondly because of the finite dimensionality of M* the functor Homg (M*,.)
respects injective I{[I'l-modules which implies

Ext ey (Vo (K) 9 M*, K) = Extim (Ve(K), M)

Thirdly the Borel-Serre duality for I' ([BS] §6) gives a natural isomorphism
H.(T,V4(K)o M) = H**(T, M)
K

The assumption in [BS] that I' is torsionfree is superfluous in our context: Since
our I'-modules are vector spaces the above isomorphism holds for IT" if it holds for
a normal subgroup of finite index in I' (observe [BE] Prop. 1.8). But I' always
contains a normal subgroup of finite index which is torsionfree ([Gar] 2.7).

Going back to the proof of Proposition 2 we see that Lemma 3 reduces our
assertion i. in the case I = ¢ to Proposition 1. In particular the whole assertion
is proved for d = 1. We therefore will always assume in the following that d > 2.



Lemma 4:

For any field extension L/K we have

Eixtoqry (V(E). M) @ L = Exctry(Vi(L), M & L)

Proof: This follows by the universal coeflicient theorem from the fact that Vi (K)
has a projective resolution by finitely generated free K[I'|-modules ([SS] §6 Prop.
16, compare also the proof of §5 Prop. 4).

In the rest of the proof of Proposition 2 we therefore may and will work over the
complex numbers C instead of over K. Note that our assumption on the Jordan-
Holder factors of M is preserved under scalar extension. This is a consequence
of the fact that any irreducible K[I'l-module is absolutely semisimple ([Bou] §7.5
Prop. 5 and 7). By induction with respect to a Jordan-Holder series of M we
also may assume that M is an irreducible I'-module. But then a deep theorem
of Margulis tells us that M carries a [-invariant positive definite hermitian
form, i.e., that M is a unitary I'~module ([BW] p. 373 or [Mar| IX.5.12(i)).
This immediately implies the assertion ii. The further argument for proving the
assertion i. from this point on is completely analogous to the reasoning in [SS] §5
for the case of the constant local system. We therefore give only a brief sketch.
Consider the induced representation

Indr(M) :={f € C™®(G,M) : f(gv) =~ ' f(g) forall g € G,y €T}
with G acting by left translations. Since I' is cocompact and M is unitary
Indr(M) is an admissible (pre-)unitary representation of G. Shapiro’s lemma
([Cas2] A.8) implies
ExtE[F](VI(C),M) = Exte (V7 (C), Indr(M))
where Exty, is the Ext-functor on the category of smooth G-representations.

Proposition 5:

If V is any admaissible (pre-)unitary representation of G then we have

Ve if m= AN # 4L

- ~. ) Homg(Vy(C), V) if r=#I#£H#A\T
ExtG(Vi(C1V) =3 16 o Home (Vo (€), V) if r = #1 = #AVT |
0 otherwise .

Proof: This is the content of [SS] §5 from the paragraph before Prop. 5 til Prop.
9.



We apply this to V = Indp(M). Since Indp(M)¢ = M' = 0 by assumption we

obtain

Homg(Vy(C),Indp(M)) if r=#I,

0 otherwise .

Extor(Vi(C), M) = {

But Lemma 3 says that

Homg(V4(C), Indr(M)) = Homgr(Ve(C), M)
= Homg (HY(T, M*),C) .

This completes the proof of Proposition 2.

Remark:

The above proof reproduces the well-known result that p(I', M) for a unitary
C[I']-module A is the multiplicity of the Steinberg representation Vy(C) in
Indr (M) (compare [Bor] Thm. 7.2 and [Casl] Thm. 3).

Theorem 1 now is immediate from inserting the result in Proposition 2 into our
covering spectral sequence.

Corollary 6:

For d > 2 we have

dimp M" of 0<r<2d,r+#d,
r even,
dimg Hp(Xr, M) = { dimgx MY +(d+1) - (T, M) if r = d, d even,
(d+1)-pu(T, M) if r =d,d odd,
0 otherwise.
For d =1 we have
dimp MT ifr=0,
R (M) + (T, M*) ifr=1,
dimg Hp(Xr, M) = dim e (M*)T ifr—o
0 otherwise .

Proof: Considering first the case d > 2 we note that as a I-module M' is a
direct summand of M. Because of

Exct ey (M/M", M") = Ext}([F](M/MF,K)?@'MF = Hl(ra(M/MF)*)?iMF



this follows from Proposition 1. On the other hand we had already remarked
that M/M" does not have the trivial [-module K as a Jordan-Holder factor.
Therefore the assertion is a consequence of Theorem 1 together with [SS] §5
Thm. 5.

Now assume d = 1. Then the covering spectral sequence only involves Va(K) =

K and V4 (K) and becomes

EXt;([F] (I(, M) lf S = 0
Ey* = Extiy(Va(K), M) ifs=1 = H¥(Xr,M) .
0 otherwise

Taking Proposition 1 and Lemma 3 into account it comes down to the isomor-
phisms

HYp(Xr, M) =2 MY and Hpp(Xr, M) = Homg (M*)' K)
and the exact sequence

0 — HY(T',M) — Hbp(Xr, M) — Homg (H'(T,M*),K) — 0 .

Actually we have proved a slightly stronger result. Let
Hip(Xp, M)=FR DR D...D F* =0

be the filtration induced by the covering spectral sequence (i.e., Ff/Ff"'l =
EL4=%). We have computed the dimension of each step in this filtration.

Theorem 2:
The covering spectral sequence degenerates. For d > 2 and 0 <1 < d we have

(T, M) if2i #£d,

c il ) M
dlmA FI‘/FI‘ = {/,L(P,M) + dim[( MI‘ Zf % = d :

for d =1 we have

dimy FR/F} = u(T, M*) and dimg F} = p(T, M)

Proof: In case d = 1 see the proof of Corollary 6. In case d > 2 again by an
argument in the proof of Corollary 6 it suffices to consider either the trivial
I-module K which is dealt with in [SS] §5 Thm. 3 and Thm. 5 or a Imodule

M not having K as a Jordan-Holder factor which we treated in Proposition 2.



Corollary 7:
For d > 2 we have H'(Xr, M) = 0.

Proof: Since M is the 0-th cohomology sheaf of the complex Q.XF/K QM we
K
have the injective edge homomorphism H'(Xp, M) < H}, 5(X1, M).

62 The de Rham filtration

The Hodge- de Rham spectral sequence is the standard hypercohomology
spectral sequence

By = B (Xe Qe (M) = il (X, M)

It induces the de Rham filtration
HdDR(XFvM) = F%R 2 Fll)R 2.2 Fi“l)er-zl =0

on the abutment (i.e., Fj,p/Foi = EL*"). If M is a trivial T-module then
as a consequence of the GAGA-principle ([Kie]) the Hodge-de Rham spectral
sequence degenerates. Also the corresponding Hodge numbers can be computed;
for d = 2 this is contained in [Mum].

Proposition 1:

If T is a torsionfree subgroup in SLip1(K) then we have

WK +1 ifrds=dr=s .

. s r Pvl/’ ifT—I—S:d,T S
dimp H*(Xp, Q) = /f( ) fr=s#4 g
2

0 ifr£sr+s#+d .

Proof: The case r + s # d was settled (for any I') in [SS] §5 Thm. 5. I am
grateful to A. Kurihara for pointing out to me the following argument for the
case r + s = d. Fixing r we so far know that

(=) dimp H ™" (X, i) = (1) X (Vi) = 1464

where



denotes the Euler-Poincaré characteristic and 57,% is the Kronecker symbol. On

the other hand it is a consequence of the proportionality theorem in [Kur] that

X% k) = p(T\SLat1(K)) - X(Qpa )
(=1)" - u(T\SLay1(K))

where p denotes the Euler-Poincaré measure on SLg41(J). We obtain
dimie B (Xp, Ry, ) = (—1) - (UT\STag (K)) = 1+6,.4)
By definition of p we have

p(T\SLat1(K)) =) (—1)* - dimg H'(T, K)

Ll

which by §1 Proposition 1 means that

H(I\SLagr (K)) = 1+ (~1) - (T, K)

We will see later on that even for very natural I-modules M the Hodge-de Rham
spectral sequence does not degenerate. Nevertheless there is evidence that the
de Rham filtration has the following property.

Conjecture:

The filtrations F. and Fpp are opposite to each other, i.e.,

H%R(XDM) = F{ @Ff—l)—iél_i for any 0 <i<d+1

An immediate consequence of this Conjecture would be the Hodge type decom-
position

d . .
Hhp(Xe, M) = & (0 i)

with (by Theorem 2)

‘ ‘ (T, M) fd>221#tdord=i=1,
dimp (FE 0 Fiy = (T, M*) ifd=1,i=0 ,
(T, M) + dimyg M" if2i=d .



Since X := QU4+ is a Stein-space ([SS] §1 Prop. 4) its de Rham cohomology can
be computed from the complex (X)) of global holomorphic differential forms
on X. Hence we have

H*(XF7Q§(F/A(?M):H*(P,QT(X)(?M) ) and
Hpp(Xr, M) = H*(I, @ (X)@ M) .

The two filtrations F}. and F, 5 are induced by the two hypercohomology spec-
tral sequences for the complex Q(X)®@ M:
K

Fil=im(HYTD, t<4—iQ (X) 2 M) — HYT, Q' (X) 2 M))
= ker(HY(T, ' (X) 2 M)x—> HYT, t2d+1_iQ'()£) 2 M)) and
Fpp= im(Hd(Pvﬂgi(X);@M) — HY(,2(X) % M)) x
= ker(HY(T, ' (X) %XM) — HY(T, Q'Si_l(xi) %M))

Here we have used the following notations for the various truncations of a com-
plex: If

is any complex we put

teiCi=(C° = ... = C"' = ker(d) — 0 — ...,
Cy =(C"= ...=C""=> ' = 0 —..),
t5iC = (0 - ... = 0 — C'im(d) —C"" — ..) and
Cyi =0 —=...5 0 = C' =C*To )
Also let
B(X) C (X)

denote the subgroup of exact forms in Q' (X).

Lemma 2:

. Flii_i N Fg"]_% = 0 of and only if the natural map

HYT t«;Q (X))@ M) = HYT,Q,(X) @ M) is injective ;
- K - K



. Flii'i'l_i + FYp = HE o (X1, M) if and only if the natural map

HYT,Q5,(X)@ M) — HYT, t>,2(X) @ M) is surjective ;
- K - K

11. the Hodge-de Rham spectral sequence degenerates and the Conjecture holds

if
H*(T,B (X)oM)=0 for1<i<d .
K

Proof: 1. From the commutative diagram of complexes

we obtain the commutative diagram of cohomology groups

HdDR(XF7 M)
c/ N\ 4
Fi Fpr/Fpn
=~ N ¢
H(D i (X)) M) — HY(T, Qg (X)0M).

The left oblique arrow is an isomorphism since the covering spectral sequence
degenerates.

i1. Similarly we have commutative diagrams

Q(X)
S N\
and

HdDR(XF7 M)

c/ N\ ‘

Fhr FR

7 \ =
HY(T, Q5,(X) 0 M) — HAT, 2 (X) & M)

where now the right oblique arrow is an isomorphism.

iii. Our assumption implies that the maps considered in i. and ii. even are bi-
jective so that the Conjecture holds. It also implies that in the commutative
diagram

HSDR(XDM)

a ¢
H (T, 1<, (X) © M) — HA(L, Qg (X) @ M)



for any s > 0 the horizontal arrow is an isomorphism. Therefore the right
oblique arrow is surjective for all s > 0 which amounts to the degeneration of
the Hodge-de Rham spectral sequence.

There are two important classes of I'-modules.

Definition:

1. M 1s called integral if it contains a I'-invariant ox -lattice where ox denotes
the ring of integers in K.

i. M is called algebraic if there is a cocompact discrete subgroup T' C SLg41(K)

which maps into T and such that M as a T-module comes from a K -rational
representation of SLgyq.

Remark:

Assume d > 2. Margulis proves that there always is a cocompact discrete
subgroup I' C SLg41(K) which maps into I' and such that M as a I'-module
comes from a continuous representation of SLqyi(K) over K ([Mar] IX.1.11,
5.13, and 5.14 (iii)). This result together with [BT] leads to a rather precise
description of arbitrary I'-modules in terms of algebraic ones involving Galois
twists and tensor products. In particular, if K = @, then every I'-module is

algebraic ([Mar] 1.2.6.1 (ii)).
For integral I'-modules we have the following partial result of Mustafin.

Proposition 3:

If M s integral then H*(T', B (X))@ M) = 0.
K

Proof: [Mus] Thm. 3.1.ILb.

Corollary 4:

If M 1s integral then we have:

i Hp(Xr, M) =F{ & Fhp;

i, FE=FO./FL, = H (X, Ox, %@./\/l) has dimension p(T', M);

i, H*(Xp,Oxp @ M) =0 for 0 < s < d.
K



Proof: The assertion i. and the isomorphisms in ii. are deduced by the technique
in the proof of Lemma 2. The other assertions follow from §1 Proposition 1 and
the isomorphisms

HS(XIWOXF(?M) :HS(on(X)(?M) gHS(PvM)

Corollary 5:

If M 1s integral then we have:

i. H*(T,BYX)2 M) =0;
K

i, Hbp(Xr,M)=F} @ Fi,;

i, FQ/F = Fd ., = HO(XF,QA%(F/K (? ) has dimension (I, M*);

. HS(XF,QA%(F/K?@M) =0 for 0 <s <d.

Proof: We have the commutative diagram of cupproduct pairings

HT,M*)  x HY(T,hY(Q (X)) @M) — HYD, WY (X)) 2 K

l I I=

H7*T,0(X)o M*) x H*T,QX)o M) — HY,QYX)) =K
K K

Because of h4(Q' (X)) = Homg (V4(K), K) the pairing in the upper row is non-
degenerate by Borel-Serre duality for I' (compare Lemma 3 and the discussion
preceding Proposition 2 in §1). The pairing in the lower row is nondegenerate by
Serre duality for the projective smooth variety Xt (we may pass to a torsion-free
normal subgroup of finite index in I' so that the cohomology groups involved are
defined algebraically). The left hand arrow is an isomorphism by Proposition
3 since with M also M™ is integral. Therefore the arrow in the middle is an
isomorphism, too, which is equivalent to the assertion i.

Similarly as before the assertion ii. and the isomorphisms in iii. now follow by
the arguments in the proof of Lemma 2. Moreover we obtain

H*(Xr, Q% /5 HM) = H*(T,Q4(X) o M) = H*(T, h* (¥ (X)) ® M)
= H*(I', Homg (Vo (K), M)) = Extir(Ve(K), M)
>~ Homp (H™*(T, M*), K)

where the last isomorphism by §1 Lemma 3 comes from Borel-Serre duality. The
assertion iv. therefore again is a consequence of §1 Proposition 1.



Corollary 6:

For d =1 or 2 and integral M the Hodge-de Rham spectral sequence degenerates
and the Conjecture holds.

In view of these results one might expect that the vanishing criterion of Lemma
2 i1 is fulfilled for integral I"-modules so that in this case not only the Conjecture
would hold but also the Hodge-de Rham spectral sequence would degenerate.

§3 The holomorphic discrete series of SL;11(K)

We now want to study more closely the case of an algebraic I'-module.
Since our Conjecture holds for I if it holds for a normal subgroup of finite index
in I' we change our notations slightly and assume from now on that I' is a
cocompact discrete subgroup in G := SLgy1(K) and that M is the underlying
K-vector space of an irreducible K-rational representation of SLg4y1(K). First
we introduce that class of G-representations which will turn up in the analysis
of the complex Q(X) (? M. The projection morphism

x’

SLd_|_1—>IPd
g—g([1:0:...:0])

where [z0 : ... : z4] are the homogeneous coordinates on IP? induces an isomor-
phism

SLiy /P = P ;

here P C SL441 is the parabolic subgroup of all matrices of the form

0 =% *
0 >|< *
Let 21,...,24 € O(X) denote the coordinate functions
ZT;: X Al

Zi
EL0]

—
[z0 5. .0 24] +—



Over X the above projection morphism has the natural section

X — SLd_|_1
1 0 . 0
r1(z) 1
0
zr—ru(z) =
) .0
zg(z) 0 . . 0 1

In this way we obtain the map
§:G s P(K(rr.....24)) C P(O(X))
gr—ulg())™" g ulz) .

A straightforward computation shows that viewing 1(g)(z) as a matrix-valued
function on X the “automorphy factor” relation

plgh)(z) = pu(g)(hz) - p(h)(2)

holds true for g, h € G. Now let

* 0
0 * ... =
L := matrices of the form Lo : , resp.
0 =% *
1 . *
0 1 0 0
U := matrices of the form ,
: .0
o . . . 01

be the standard Levi component, resp. the unipotent radical, of P so that U
is normal in P and P = L - U. Furthermore let V' be the underlying K-vector
space of a K-rational representation of L. By letting act U trivially we view V

as a representation of P. Then P(O(X)) acts O(X)-linearly on

DV .= O(X)@V :

It is an immediate consequence of the “automorphy factor” relation that

g(f @v):= f(g_l.) . /,L(g_l)_l(l @wv) for f@wve O(X)%V



defines a K -linear action of G on DV.

Since L is naturally isomorphic to GL; we see that the irreducible K-rational
representations V) of L are parametrized by the set of dominant integral weights

AL i={(\,e ) €ZY N > > )

Any A= (A1,...,\g) € Z? defines a character

A;
a;

1

XX - —

aop 0 d

7

0 ag

on the torus of diagonal matrices in L. The representation V) then is character-
ized by the existence of an (up to scalar multiples) unique highest weight vector

v € Va\{0} such that
avy = ya(a)vy for any a =

Examples: a. For
A=(1,...,1,0,...,0)
N—_——
j times
Vy 1s the j-th exterior power of the d-dimensional standard representation of

L 2 GLy ([Jan] 11.2.15).
b. ViZx,,....—x,) is the contragredient representation of Vi, . x,) ([Jan] IL.2.5).

Definition:

The family of G-representations Dy := DY> for A\ € Ay, is called the holomorphic
discrete series of G.

Our interest in this notion comes from the fact that the spaces Q/(X) as G-
representations belong to the holomorphic discrete series of G. In order to see
this we observe that the coordinate functions x1,..., x4 define an open embed-
ding of X into the affine d-space over K. Therefore

0 (X) = & O(X)dzi, A...Ada;
1< <...<4;<d

is a free O(X )-module. In particular, as a IK-vector space we have
YX)=0(X)2 0
K

with



Q= & Kdvi, A...Nde;;, CQ(X)
1< <...<i;<d

For

we compute

d

Azp - Ao—aoh A;
E -dxy,
h=1

with
Ap:=ap + anxy + ...+ aggrq for £ =0,...,d .

In case g € L(K) this simplifies to
_1(d:1; )= aoo (apdey + ... 4 aqdryg)

in other words ¢ stabilizes 2! and with respect to the K-basis dz1,...,dzq is
given by the matrix

det(o(g)™1) - p(g) ™' .

Here

o: P L=GL,

is the obvious homomorphism. Hence L(K) stabilizes the subspace Q! in (X))
and as L(K')-modules we have

7 d 7 d
Qi g/\(v*%/\v*) ~ /\V* %(/\ V*)®]

where V* denotes the contragredient of the d-dimensional standard representa-
tion of L 2 GLy. In view of the above Examples we obtain

O 2= Vo) with 0() := (=, os =y —f — 1yees—j — 1) .

j times
(0(j) is the special case, for A = 0, of a A(j) which will be defined later on.)

For general ¢ € GG again, another straightforward computation shows that

AO aol Ce aod
0 aiy —CLOlAle_l ald—aodAle_l
pla) =1 . . .

-1 -1
0 adqqr — aOlAdAO ce add — aodAdAO



This means that
g(dl‘l) = Ri;dzy + ...+ Rygidzy

where

Rll Rld

: D =det(e(ulg™) - e(p(g™)!
Ry ... Ryu

= det(o(u(g™"))) - le(ug™")™HI7M .

In this way we have proved the following result.

Proposition 1:

As a G-representation we have (X ) = Doy for 0 < j < d.

Sometimes it is convenient to work with a different realization of the holomorphic
discrete series representations D)y. We define

X :=preimage of X under the above

projection morphism SLgy; — P4 .

This is an open rigid analytic subvariety of SLgy,/x upon which P acts rigid
K-analytically from the right. Furthermore let

B := Borel subgroup in SLg41 of upper triangular matrices .
Any ya can be viewed in the obvious way as a K-algebraic homomorphism
Xr:B— G,
For any \ € Z¢ we put
Dy :={f € O(X): f(gb) = x\A(b"")f(g) forallge X,beB} ;

this is a G-representation with respect to G acting by left translations. On Z¢
we have the permutation wq(A1,..., A \g) == (Ag,..., A1).



Lemma 2:

For N € AL we have Dy = D, (x) as G-representations; if A ¢ wa(AL) then
Dy =0.

Before we give the proof we have to recall the description of V) as an induced
representation: By [Jan] I1.2.6 and 5.6 we have

indL ( )_ Vi ifAeAL |
walnBuwg XA =9 i )\ ¢ Ay

Here wq is viewed as the permutation matrix

e 0 0

0 0 ... 1 ] d(d=1)
wg=|. . Co with e := (=1)" 2

0 1 0

so that wyL N Bwy is the transpose of L N B; the homomorphism y extends to
both of these latter groups. Next we note that

. L ~ . L
mddembd(XA) — indf g (Xwi(N))

s+ (g — s(gwq))
is a L-equivariant isomorphism. We therefore obtain

V), =space of all K-algebraic morphisms s : L — A! such
that s(gb) = Xw, (0 (07 !)s(g) forallg e L, b e LN B

in case A € Ay,; otherwise the right hand side vanishes. These morphisms s also
can be viewed as the global algebraic sections of a certain line bundle £(w4(\))
on L/L N B ([Jan] 1.5.12 and 5.16). Since the latter scheme is projective the
GAGA-principle implies that any global rigid K-analytic section of L(wgq()))
already is algebraic. We finally arrive at the following description:

V) =space of all rigid K-analytic morphisms s : L — Al such
that s(gb) = Xw, (0 (07 !)s(g) forallg e L, b e LN B

for A € Ar; if A € Ay, then the right hand side vanishes.



Proof of Lemma 2: First assume that A € A,. We consider the K-linear map

U:Dy=O(X) @ Vs — Dy
fosr— (g0 flzg) s(ulzg) ™ 9)) -
Here z, € X denotes the image of g € X and s is viewed as the composed

morphism P —+ L -2 A'. This map is G-equivariant: Fixing a K -basis
S1y...,8m, of Vi we have, for h € G,

m

h(f @)= F(T) - s(u(h™) ) = F(R71) - 3 f @ s
n=1
with appropriate functions f,ﬁ”) € O(X). Applying ¥ gives

m

U(h(f @ s))g) = F(R" 2g) - Y FiM (z9) - sululzg)"'g)

n=1

Since the P-action on V), is rational we have

m

DA Eg) sa = s(uh T () L)

n=1

We therefore obtain
U(h(f @s))(g) = f(h ) s

( ) s(u(zp— ) 'hTlg)
‘I’(f®8)(h Lg) = hT(f @ s))(g) -

In order to construct an inverse map we observe that for f € [)wd(A) and any
z € X the morphism
s, L —s Al

g — f(u(z)g)
1s contained in V) and therefore can be written as
Sz :fl(Z) © 51 ‘I"I’fm(z)sm
for appropriate functions fi,..., fi, € O(X). It is easily checked that the map
[)wd()\) — O(X) ® Vi
fr=Fi@si4 ...+ fm @ sm

is inverse to the previous map V.

The definition of the morphisms s, associated to some f € [)wd(A) makes sense
for any A € Z¢. But in case A € A1, we must have s, = 0; since X = u(X)LU
and f is U-invariant this implies f = 0 and consequently D, () = 0.



Coming back to our irreducible K-rational representation M of SLgyq we
similarly have that M = M) is characterized by its highest weight v, for some

ANeA:={(\,..., ) EZ 0> > ... > \g}

Remark 3:
For A= (A1,..., \q) € A we have:

1. My 1s an wrreducible G-representation;
iw. My is contained as a G-subrepresentation in Dy for N = (=g, \1 —
Ady ooy Ad=1 — Ad).

Proof: 1. This follows from the fact that G is Zariski dense in SLg41.
ii. What we have recalled above about induced representations applies mutatis
mutandis to My. Of course here we have to work with the permutation matrix

0 ... #1

Wd+1 =

the sign being chosen in such a way that wgy; has determinant 1. Observing
that xa(wdy1 - Wat1) = Xwy () We obtain

. SL
My = indg ™™ (Xwa(x))
Restriction of morphisms then defines a G-equivariant map
My — [)wd()\/) = Dy

which is injective since X is Zariski dense in SLgy1.

The symmetric group W := Syy1 on the letters {0,...,d} acts on Z? by

w(/\l, ceey /\d) = (/\w—l(l) - /\w—1(0)7 ceey /\w—l(d) - /\w—l(O))

for w € W with the convention that Ao := 0. For the subgroup Wy, := {w €
W w(0) = 0} = Sy this is the obvious permutation action. The conceptual
meaning of this action is explained by the fact that viewing w € W as a (signed)
permutation matrix in SLg41 we have

Xw(X\) = Yalw™ L w) forall A € 7?



The already considered permutations wy and wgyq are the elements of greatest
length in Wi, and W, respectively. The cycles ¢; := (01...j) € Wior 0 < j <d
form a set of representatives for the right cosets of Wy, in W, le.,

W:WLCQU...UWLCd

Moreover we have:

— ¢; is the unique element of minimal length in its coset Wy,c;, and
— W{aC;Wq+41 = Cd—j-

For any A € A and any 0 < 57 < d we now define
AJ) = ca—i(A) +0()) € Ay

Remark 4:
We have N(j) = —wq(c;(—wat1(N) +p) — p) where p:=(—1,—-2,...,—d) corre-

sponds to half the sum of the B-positive roots of SLg41.
Our aim in the following is to construct a G-equivariant complex
M) — D)\(o) —_— ... — D)\(d)

for any A € A which is G-equivariantly quasi-isomorphic to the complex
My -5 Q°(X) @ M, Oy QX))o M,
K

In case A = 0 Proposition 1 says that the latter complex already is of the wanted
form.

Example: For d = 1 the wanted complex is of the form
My — D_y — Dy_»

and was constructed in [SS] pp. 95-97.

The Remark 311 provides us, for general A € A, with a G-equivariant injection
My = Dx0y = Deyin)

How is this map related to the inclusion My — Q°(X) ®M>\? We will see

that Q°(X) ® M) carries a natural filtration of which DA(O) is the top quotient.

Consider qulte generally arbitrary K-rational representatlons V of L and N of
SLgyq. Also note that the G-representation DV’ is defined for any I{-rational
representation V' of P (i.e., U does not have to act trivially on V'). If not
explicitly stated otherwise we always view V' ® N as a P-representation where

P acts on the first, resp. second, factor through the projection P — L, resp.
the inclusion P — SLd_|_1.



Lemma 5:

The map
~ VN
DV @N — D K

K

(fov)@er— f-(v@u(z)" (e))

is an O(X)-linear and G-equivariant isomorphism (where G acts diagonally on

the left hand side).

Proof: Straightforward.

In particular any P-invariant filtration F'N on N induces a G-equivariant fil-
tration

F(DY & N) = O(X) - (V & u(2) (FN))
on DV @ N such that
K

V@grrN
grp(D o Ny =D &
K

There is a distinguished such filtration F"N. Its definition is based on the

homomorphism

I: /i —
(/\1,...,/\d) —

Q
_ﬁ(/\1+---+/\d) .

We have:

— 1(0(7)) = J;
— I{wA) = I(A\) 4+ Ay—1(0y for w € W3 in particular I(wA) = I(A) for w € Wy,

The B-simple roots of SLg41 are xe,,..., Xe, with

ey i=(=2,—-1,...,—1) ,
e:=(1,-1,0,...,0) ,

eq:=1(0,...,0,1,—-1) .
The map I is the unique homomorphism such that
I(e1) =1 and I(e2)=...=1I(gq)=0 .
On Z? we have the usual partial order

IJS/\ lf A—V€N0€1+...+N0€d



(where INg := INU {0}). Clearly
IN)—I(v) eNg if v<A .
For any v € Z¢ let

ag 0
N .=l ceN:ae = yy(a)e for any a =
0 ag
denote the corresponding weight subspace in N. For any rational number r € @

we now define

"N:= ¢ N
v/
I(v)>r

Lemma 6:
1. "N 1s a P-submodule of N;
. U acts trivially on ®"N/P"TIN.,

Proof: i. Because of wN®) = N for w € W we obviously have that "N
is Wr-invariant. Since Wi, and B together generate P it therefore suffices to
show that ®"N is a B-submodule. But from the general theory we know ([Jan]
I1.1.19) that

B-N»C o N

v >v

ii. Again by [Jan] II.1.19 we have

Ue e+ Z Z Ntmilert.4e)) £ 0 ¢ N
1<i<d m; €N

In case N = M) the v € Z? such that M;\V) # 0 fulfill
Wy A < v <A
([Jan] I1.2.2); for those v therefore I(\) — I(v) is an integer such that
0<IN)—I(v)<—=\i .
We define the renormalized filtration
F'My := &M 0My forreZ ;

then
My =FMM, D FMY'AM, D...DF°M\DF'M, =0 .



Lemma 7:
1. FOMy = Vy;
1. M)\/F)‘d+1M)\ = Vcd()\);'

112, gr;‘wj My, for any 0 < j < d, contains Ve, () as a direct factor with multiplicity
one.

Proof: We will denote the unipotent radical of some algebraic group by rad(.).
1. From

rad(B) =rad(BNL)-U

we obtain by Lemma 6 i1 that
(FOM)\)rad(BﬁL) — (FOM)\)rad(B) — M;\)\)

This implies our assertion. ii. It is not difficult to check that as a L-representation
My /F*t1 My is the contragredient of FOM_wdH()\) and therefore by i. is iso-
morphic t0 Vi, wapi(a) = Vey(ny- il In order that My as a L-representation
contains V), it is necessary and sufficient that

M;\V) N M;\ad(BﬁL) 7£ 0 .
An explicit computation shows that
rad(BNL) C¢; 1"ad(B)cj_1
for any 0 < 7 < d. We see that
i (A rad(BNL A cj rad(B)e;
MG A B S (M
A rad(B
= Cj(Mg\ ) N M, ( ))
= Cng\A) #0 .

Therefore V., (x) occurs in M) and its multiplicity is one since M;\cj()‘)) is 1-

dimensional. Moreover it has to occur in gr;‘wj My because of I(c;(N)) = I(A)+A;.

Viewing My and V() as induced representations the restriction of functions
defines a P-equivariant homomorphism

M)\ = il’ldng-I—l (de+1()\))
|

Vcd()\) = ind%ﬁB(de Cd()\))



As explained in Lemma 5 this II then induces a G-equivariant homomorphism

II: O(X) 9 My — O(X) 9 Vean) = Deany
f@er— (deI)(f-u(z)"(e) .

We leave it as an exercise to the reader to check that the diagram

D

wat1(A)

Tw
a D,y
1
My S5 O(X)o M,
K

is commutative; here ¥ is the isomorphism in the proof of Lemma 2 and the
oblique arrow is the restriction map in the proof of Remark 3 ii. (Note that if
My and V,, () are considered as abstract irreducible representations then the
diagram still commutes up to a constant — use [Jan] I1.2.8.) In particular we
have IT # 0. Since we know from the proof of Lemma 7 iii that V() occurs
with multiplicity one in M) it follows that II induces an explicit isomorphism

My/FMPIMy S5V,

As we have seen after Lemma 5 the filtration F" M) induces, for any 0 <
J < d, a G-equivariant filtration

F(Q/(X) 2 My) = Q/(X) & O(X) - u(=)(F My

on Qj(X) @ M.
K

Lemma 8:

For all0 < j <d and r € Z we have

(4@ 1) [F7(@(X) M) € P97+ (X) 2 M)

Proof: The root subgroups

,OiiGa—>SLd+1
1 . . .0

b— | b



for 1 <1 < d give rise to the Lie algebra elements
X, = (dpl)(l) - Lie(SLd_|_1) .

Define
Xim = X"/m! form>0

as elements in the universal enveloping algebra U(Lie(SL411)). They commute
with each other. In terms of the natural U(Lie(SLgy1))-action on My we have
the formula

pi(b)(e) = Z b™ - X; m(e) for any b € G, and e € M)

m>0

([Jan] I1.1.19 (6)). We deduce

= Z (2)™ - xg(2)M Xy, 0.0 X my(€)

my,...,mgqg >0

and consequently

= Z Z mixl(z)ml-...-xi(z)mi_l-...-xd(z)mddxi-XLmlo...on7md(e)

= Z ( Z 1 (2)™ - cxg(2)™ - X, 0.0 Xg my (Xi€))de;

for any e € M. This implies

(d®@id)(w @ u(z)(e)) = dw @ u(z)(e) + Z (de; ANw) @ u(z)(Xie)

for any w € Q/(X) and e € M. Our assertion follows now since
Xz(Mg\V)) C Miu—al—...—ei)

([Jan] I1.1.19 (5)).



This result allows us to filter the complex Q(X)®@ My by the G-equivariant
K

subcomplexes

Fr: Fr(Q0(X) @ My) O Y predd(X) 9 M)

for r € Z. The G-equivariant spectral sequence corresponding to this filtration
18

E?S _ hr+3(f-r,./f-r+1,.) — hr—l—S(Q(X) (?M)\) )

By the previous proof we have for the differential d of the complex F"- /F"+1:
the formula

(1) dlw@u(z)emod...) = Z (da; ANw) @ u(z)(X;e)mod. ..

In particular this differential is O(X)-linear. On the other hand consider the
complex of K-vector spaces

C(M)\) = QO(?M)\

with the differential
d: CH(My) — CTT(M)y)

d
w®e|—>2(d:pi ANw)® Xie .
=1
Recall that for
aopo 0 0
0 ajl aid
g= : eL
0 an adq
we have
(2) g_l(d:zji) = ao_ol (apdey + ... 4 aqdrg) .
Similarly we compute
(3) gXig_l = ao_ol . (alin + ...+ adiXd) .

It follows from (2) and (3) that with L acting diagonally on Qé ® My the complex
K

C'(M,) is L-equivariant. By tensoring with O(X) we obtain the G-equivariant
complex of O(X )-modules

(D) = O(X) & C(My).id 2d)



From the formula (1) it is clear that

DC~(MA) — O(X) (? C(M)\) i @Z f-r,./f'r—l—l,.
{ rée

fowoer— fuu(z)(e)

is an O(X)-linear and G-equivariant complex isomorphism. (We emphasize that
in forming D¢ (M) we have to consider C"(My) as a P-representation via the
projection P —~ L; the reason for this is Lemma 6 ii.) In particular we obtain
an O(X)-linear and G-equivariant isomorphism

DhS(O(MA))i @ hs(f-r,./f-r—l—l,.) ‘
reZ

We want to identify h*(C"(My)) as Lie algebra cohomology. Let u™ denote the
Lie algebra of the transpose U’ of U. The elements X,..., Xy considered in
the proof of Lemma 8 form a K-basis of u™. Viewing M) as a u~-module in the
usual way the complex of alternating cochains C"(u™, My) of u™ with values in
M is given by

C'(u™, M) := Hompy(/\ u™, My)
with differential (note that u™ is a commutative Lie algebra)

J+1
dO(Y1 A AYjq1) == Y (=1)" T Yn(O(Yi AL AT AL AY0))

m=1

where Ym as usual indicates the omission of Y,,. It computes the Lie algebra
cohomology H*(u™, M) of u™ with coefficients in M. We have the obvious
K-linear isomorphism

A\ Homg (u™, K) @ My = Homg(\ u™, K) @ My — C(u™, My) .
K K

If Xf,..., X is the K-basis of Homg(u™, K) which is dual to Xy,..., Xy then
a straightforward computation shows that on the left hand side the differential

becomes
d

dZ@e) =) (X]AE)® Xie .

=1

Therefore associating X with dz; induces a K-linear complex isomorphism

o

C'(My) —+ /\ Homp(u™, K) 9 My =5 ¢ (u™, M)



which by the formulas (2) and (3) is L-equivariant. In this way we obtain an
O(X)-linear and G-equivariant isomorphism

DHS(U_7MA) i D hs(f-r,./f-r—l—l,.)
reZ

for any s > 0. Due to a theorem of Kostant the L-representations H*(u™, M)
are known: We have

HS(U_,M)\)Q{V)‘(S) 1f0§3§d7

0 otherwise

([Kos] Thm. 5.14 or [Lep| p. 504; also use the above Remark 4); note that by
[Jan] I1.2.8 this isomorphism is unique up to multiplication by a constant in K *.

Lemma 9:
We have a (up to multiplication by a constant in K> ) natural O(X)-linear and
G-equivariant 1somorphism

hj(f')\d—j+j7~/f')\d—j+j+17~) o~ D)\(j)

for any 0 < j < d; moreover h*(F" [F"t1) =0 for all other pairs (r,s).

Proof: In the proof of Lemma 7 we have seen that V,_.(\) occurs with multi-

plicity one in My and that it occurs in gr}d_j M. It follows that V), occurs

with multiplicity one in Qé ® M, and that it occurs in Qé ®gr}d_j M. This
K K

implies that under the map

O(X) @ CI (M) =5 FriJFrL
K el

considered above Vy(;) is mapped into the summand Fra—itig [ Fra—ititli,
Since this map is O(X)-linear all of D"2t) = O(X) @ Vi(jy then is mapped
K

into that summand. On the other hand by Kostant’s theorem the Lie algebra
cohomology H’(u~, My) = h’(C"(My)) is represented by Vi) € CI(My). Tt

therefore follows that our isomorphism

ka(j) o~ DHj(u_vMA) i o hj(fr"/fr—i—l")
re#

in fact induces an isomorphism

ka(j) i} hj(f)\d_j+j"/f)‘d_j+j+17')



For the E4-terms of our spectral sequence we obtain

B {DA(]‘) if (r,s) = (Xa—j +J, —Aa—;) for some 0 < j < d,
1 pumng

0 otherwise .

For formal reasons the only possibly nonzero higher differentials between those
terms are

d.7.

m(y)

with m(7) := Agq—j—1 — Aa—; + 1. This means that

P DGy — Dagi+n)

dm 0]
Dy : Daoy =% Dyay =%

m(l)

is a G-equivariant complex whose homology is the same as that of the complex
Q(X) @ My. (Of course the complex Dy ) is well-defined only up to multiplying
K

each differential d,, ;) by a constant in K*.) As a by-product we have the
following result.

Proposition 10:

For any 0 < j < d the G-representation Hompg (Vi .. a—;3(I), M)) is isomor-
phic to a G-invariant subquotient of the holomorphic discrete series representa-

Proof: We know that Homy (Vi . 4—j) (K), My) = RISV (X) @ My).
K

Theorem 3:

We have an (explicit) G-equivariant quasi-isomorphism between the complexes

D)\(.) and Q(X) @ M.
K

Proof: We define G-invariant subspaces BICZiCQ (X)® My in such a way
K
that

BIJFA=iTH QI (X))@ My) , resp. Z7/Fr=iTHQI(X)@ M)y)
K K

is the image, resp. the kernel, of the differential in the complex
Fhra—itih. [ Fra-ititlin degree j. In particular we have Dy = Z1/B7. Also,
for simplicity, we write d for the differential d @ id in the complex

Q(X) ® M. The following properties of these subspaces are shown by diagram-

chasmg based on Lemma 9:



a. dzi=' C ZJ +dBi~1,

b. ZINimd CdZ7~' Ckerd C Z7 +imd,
c. ZiNndBi—' C B/,

d. BiNnkerd CdBI™".

The property a. means that
7° % 7' 4+ dB° % 22 +dB' % L 70 4 4B

is a subcomplex in Q' (X)®@ My. It follows from b. that the corresponding in-
K

clusion map is a quasi-isomorphism. By the property c. the maps

7 +dB'Y — Z7/B?
2+ db — zmod B’

are well-defined and combine to a surjective homomorphism of complexes

7° o Z'4dB° — Z?4+dB' —» ... — Z'4+dBi!
70/B° " gipt ) g2pge @ dmagn o ga)pa

Finally as a consequence of d. this map is a quasi-isomorphism, too.

We now come back to our cocompact discrete subgroup I'in G = SL ;41 (K);
for simplicity we assume that I' has no fixed points on X = Q4+tD . We write
My = M for the local system on Xt associated to M = M. The above
Theorem says that we have the spectral sequence

E;" = H*(T, Dy»y) = HR (X1, M3)
which we call the reduced Hodge-de Rham spectral sequence.

Conjecture:

I) The reduced Hodge-de Rham spectral sequence degenerates.
II) The filtration on HY 5(Xr, M) induced by the reduced Hodge-de Rham spec-
tral sequence 1s the de Rham filtration Fpp.



It is obvious that an analog of §2 Lemma 2 can be proved for the reduced Hodge-
de Rham spectral sequence. We finish this paper by looking at the case d = 1.
Then ) is a nonpositive integer. Since the case A = 0 of constant coefficients
was dealt with in §2 we assume A < 0 so that the only nonvanishing group is
H}, 5(Xr, M)). The two complexes under consideration are

O(X) & My 9 01 (X) @ My
and
D_, f Dy_o ;
moreover

D_, = O(X)® My/FM*O(X)® M) and
K K
Dy_p & Fl(Ql(X)gQMA) :
Lemma 9 implies that we have the G-invariant decomposition

Ql(X)%MA = Fl(Ql(X)?@MA) G (d@id)(FA+1(O(X)§MA))

It follows that the part II) of the above Conjecture holds true. On the other
hand it was shown in [SS] §5 Corollary 12 and Theorem on p. 98 that

(D_x/My)" = (imd;_x)" =0
and that
(.D)\_Z)F — (coker dl_A)F is bijective .

The first fact implies that
HY(T, M) — H'(T,D_,)

is injective and consequently that F! N Ff,, = {0} (compare §2 Lemma 2 i).
The second fact implies that F{t + Fj,p = H},p(Xp, M) (compare §2 Lemma
2 ii). We obtain the Hodge type decomposition

Hhp(Xr, M) = F} & Fhy

thereby confirming our Conjecture in §2. Such a decomposition was established
for the first time (by different methods) in [Sha]. The part I) of the above
Conjecture amounts to the vanishing of H'(T',im d;_,) and seems not to be
known at present. The (nonreduced) Hodge-de Rham spectral sequence does
not degenerate in general: We have the exact sequence

0 =H%n(Xr, M) — H°(T,O(X) %MA)

— HO(P,Ql(X)%MA) — Fhr — 0 .



The second term contains Ho(T', F*(O(X) @ M,)) & H°(T, D)) which does not
K

vanish in general. Namely H°(T', D) is the space of all K-analytic automorphic
forms of weight —\ for I'; if ' is a free group on ¢ generators and if A < —2 then
the dimension of this latter space is equal to (¢ — 1)(=A — 1) if A < =3, resp. to
g if A = —2 (see [SS] p. 97/98).
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