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Introduction

These pages constitute the notes of a course I gave at Koln in the academic
year 1991/92. They presume some basic knowledge of commutative algebra.
Although it may not be apparent to the reader the material is selected with
an eye towards the connections between formal commutative algebra and rigid
analysis.

The following references are explicitly referred to in the text:
[Bou]  Bourbaki, N.: Commutative Algebra. Paris: Hermann 1972.

[EGA] Dieudonné, J., Grothendieck, A.: Eléments de Géométrie Algébriques,
vol. TV 1, Publ. Math. THES 20 (1964)

[Mat] Matsumura, H.: Commutative ring theory. Cambridge Univ. Press
1994
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§1 Adic noetherian rings

Rings always are commutative and have a unit element, and homomorphisms of
rings always respect the unit elements.

Now let A be a fixed ring and let I C A be an ideal. A subset U C A is called
open if

for any a € U there is a n € IN such that a + 1" C U .
In this way A is equipped with a topology with respect to which it is a topological

ring. We call this topology the I-adic topology on A. The following properties
are immediate.

— The ideals I™ for n > 1 form a fundamental system of open neighbourhoods
of the zero element 0 € A.

— A is Hausdorff if and only if () I"™ = {0}.
n€N

— Any open ideal in A also is closed.

— The J-adic topology on A for some other ideal J C A coincides with the I-adic
topology if and only if there are m,n € IN such that I™ C J and J™ C I.

Definition:

An element a € A is called topologically nilpotent if its residue class in A/I™ is
nilpotent for any n € IN. Let t;(A) denote the subset of topologically nilpotent
elements in A.

Lemma 1:

i. t1(A) ={a € A:a™ € I for some m € N};

ii. t7(A) is an ideal;

iii. tr(A) is equal to the intersection of all open prime ideals in A;

iv. t7(A) is equal to the union of all ideals J C A for which the J-adic topology
coincides with the I-adic topology.

Proof: i. is obvious. ii. is a consequence of i. For iii. we note that any open
prime ideal p C A contains some I"™. Therefore ¢7(A) is contained in . On the
other hand let a be an element in the intersection of all those @. The residue
class of a then lies in the intersection of all prime ideals in A/I and consequently
is nilpotent. This shows that a € t7(A). iv. It follows from i. that any such ideal
J is contained in t7(A). Fix an a € t7(A) and put J := I 4+ Aa. If a™ € I then
also J™ C I. This implies that the J-adic topology coincides with the I-adic
topology.



Corollary 2:

Any open prime ideal in A contains I.

Corollary 3:

Let A be noetherian; then t;(A) is the largest ideal among all ideals J C A for
which the J-adic topology coincides with the I-adic topology.

Proof: By Lemma 1.iv any such .J is contained in t;(A). Furthermore by Lemma
1.i the nilradical of A/I is t;(A)/I. Since A/I is noetherian we have t;(A)™ C I
for some m € IN. Therefore ¢;(A) itself occurs among those J's.

Obviously we have a canonical homomorphism of rings

pa:A— limA/I"
H

n€eN

which is injective if and only if A is Hausdorff.

Definition:

The ring A is called (I-)adic if @ 4 is bijective.

Lemma 4:

If A is I-adic then we have:

i. I is contained in the Jacobson radical of A, i.e., any mazximal ideal of A

contains I and, in particular, is open;

ii. 14+1C AX;

iii. the natural map A* —» (A/I)* is surjective.

Proof: ii. Given a € I the element b := >  (—a)™ is well-defined modulo I"
m>0

with (1 4+ a)b = 1mod I"™ for any n € IN. Because of the bijectivity of ¢4 the

same holds true in A. i. Assume that the maximal ideal m C A does not contain

I. We then have I + m = A so that (I + 1) N m # (); this is a contradiction to

ii. iii. If @ is a unit mod I then it follows from i. that a is not contained in any

maximal ideal of A. This means that a € A*.

Proposition 5:

Let A be I-adic; then A is noetherian if and only if A/I is noetherian and I/I?
is finitely generated as an A/I-module.

The proof relies on the following technical fact which will be used also later on
repeatedly.



Lemma 6:

Let a : G — E be a homomorphism of filtered abelian groups G = F° O F'G D
.and E=F°E D F'E D ...; we assume that

a. the associated graded homomorphism gr o« : gr G — gr E is surjective,

b. the natural map G — {iinG/F"G 18 surjective, and

neN
c. N F"E ={0};
n€N

then « is surjective.

Proof: Fix an element e € E. We construct inductively a sequence (g, ),>0 in
G such that, for any n > 0,

~ gn+1 = gnmod F"G and
—a(gn) =emod F™E.

Put go := 0 and assume that g, already is constructed. Then e — a(g,) € F"FE
so that by a. we find an element h € F™G such that

a(h) =e— algy) mod F"HE .

Define gn,4+1 := gn + h.

Because of b. there is an element g € GG such that g = g, mod F"G for any n > 0.
We then have a(g) = a(g,) = emod F™E for any n > 0. The assumption c.
now implies that «(g) = e.

Coming to the proof of Proposition 5 we first note that the assumption that /12

is a finitely generated A/I-module implies that gr A := @& I™/I"*! is a finitely
n>0

generated (graded) A/I-algebra. With A/I therefore also gr A is noetherian.

We now fix an ideal a C A and we have to show that a is finitely generated.

So far we know that the (homogeneous) ideal gra := & anI™®/an "t =
n>0

& an "+ ["1/["+1 in gr A is finitely generated. We choose homogeneous
n>0

generators of gra, i.e., we fix elements a; € anN 1™, ... a, € an I"") with
appropriate integers n(1),...,n(r) > 0 such that gra is generated by the cosets
ar +an W+ g+ an I™MFL We claim that then a is generated by

ai,...,a, or equivalently that the homomorphism
o A" — a
(bl,...,br) — Z b,’CL,’
i=1

is surjective. Defining

FPAT .= ) x )



(with the convention that I := A if n < 0) and
Fla:=anlI™

the map « is a homomorphism of filtered A-modules. We clearly have

(JanI®c (1" ={0}

neN neN

since A is Hausdorff as an adic ring. For the same reason that A is adic the
natural map
A" =5 lim A" JF™ A"
H
neN
is bijective. Our claim therefore follows from Lemma 6 once we show that the
maps induced by «

F"A"JF" A" — anTI™/an ™! for n > 0

are surjective. Fixing an element a € a N I™ we find elements by,...,b, € gr A
such that

Zgi'(ai—i—aﬂ["(iHl):a+aﬂ["+1 in grA .
i=1

By passing to homogeneous components we may assume that b; is homogeneous
of degree n — n(i), i.e., that b; is the coset of an element b; € I"~"(*). We then
have

Zbiaizamodaﬂ["+1 . O
i=1
In general
A:=lmA/I"
F
nEN

equipped with the projective limit topology with respect to the discrete topology
on the rings A/I™ is a topological ring and the homomorphism ¢ 4 is continuous.
A is called the I-adic completion of A. Let b C A be an open ideal. Then I"™ C b
for some m € IN and by construction

b:= l(inb/[

n>m

is an open ideal in A (which is independent of the choice of m). In particular the
ideals (I"™)"C A for m € IN form a fundamental system of open neighbourhoods
of the zero element 0 € A.



Lemma 7:

i. pa(A) is dense in A; more generally we have b = ©4(b) for any open ideal
b C A;
12. the maps
. . — . .2
open ideals in A <— open ideals in A
b— b
@ (c) ¢

are inverse to each other;
iti. 4 induces, for any open ideal b C A, an isomorphism

Alb = A/b

Proof: Since b is open and therefore closed we clearly have @4(b) C b. If
I™ C b then @4(b) + (I"™)" = b. This implies that ¢4(b) is dense in b and
proves i. The surjectivity of the map in iii. follows from the den31ty of pa(A)
in A. Its injectivity is a consequence of the obvious equality ¢ N 1(6) = b. For

ii. it remains to consider an open ideal ¢ C A. By the continuity of ¢4 then
b := ;' (c) is an open ideal in A. Since ¢ also is closed it follows from i. that

b C ¢. In the natural commutative diagram

o

NS

Alc

A/b

A/b

the left, resp. the right, oblique arrow therefore is injective, resp. surjective. But
according to iii. the horizontal arrow is bijective. This means b = c.

We see that in case A is Hausdorff the topology on A induces via the injective
map ¢4 the I-adic topology on A.

Warning: In general the ideal b is strictly larger than the ideal ¢4 (b) - A.

Proposition 8:

If A is noetherian then we have:
i. A s I-adic and noetherian;
ii. b=@a(b)A for any open ideal b C A.

7



It is convenient to deduce this result from a more general statement about A-
modules. Let M be an A-module. The submodules I"M for n € IN form
a fundamental system of open neighbourhoods of the zero element 0 € M in a
unique topology which we call the I-adic topology on M. In this way M becomes
a topological A-module. Any homomorphism of A-modules is continuous with
respect to the I-adic topologies. The I-adic completion

M :=lim M/I"M
(_

nEN
in a natural way is an A-module so that we have the functor

A-modules — A-modules

The module M is called complete if the obvious homomorphism

<pM:M—>M

of A-modules is bijective. We equip M with the projective limit topology with
respect to the discrete topology on the modules M/I™ M. Tt then is a topological

A-module and the homomorphism @ is continuous. For any open submodule
N C M we have I™M C N for some m € IN so that

N := lim N/I"M
(_

n>m

is an open A-submodule in M (which is independent of the choice of m). Note
that this N also is the I-adic completion of N as an A-module in its own right:
We have I"N C I"M C I""™N for n > m. In particular the submodules
(I"™M)" for m € N form a fundamental system of open neighbourhoods of the
zero element 0 € M.

Lemma 9:

i. M is Hausdorff if and only if ppr is injective;

ii. oy (M) is dense in M ; more generally we have N = om(N) for any open
submodule N C M ;

111, the maps

open A-submodules in M P open A-submodules in M
N+— N
oar (L) < L

8



are inverse to each other;
w. @ induces, for any open submodule N C M, an isomorphism

M/N = M/N .

We omit the proof since it is entirely analogous to the proofs of the corresponding
facts for ideals above.

Lemma 10:

If o : L — M is a surjective homomorphism of A-modules then the homomor-
phism & : L — M 1is surjective, too.

Proof: We define filtrations F"L := I"L and F"L := (I"L)" and similarly
for M and M. Then « and & are filtered homomorphisms. More precisely we
have a(I"L) = I"M for any n > 0 which means that gr« is surjective. Since

gr & = gra by Lemma 9.iii we obtain that gr & is surjective. On the other hand

it is trivial that () (I"M) = {0} (i.e., that M is Hausdorff). The natural map
neN

L — limL/(I"L)

neN

is equal to the map
l(inL/[ L —>1(£nL/(I L)
neN neN

induced by ¢p; which is an isomorphism by Lemma 9.iii. Therefore the assertion
is a consequence of Lemma 6.

Proposition 11:

If M is a finitely generated A-module then we have:

i. (I"MY = (I™) - M = (I"™)'- pas (M) for any m > 0;

i. M is finitely generated as an fl—module;

. if A is adic then pp; is surjective;

if in addition the ideal I is finitely generated then we have:

. N=A-pp(N) for any open submodule N C M ;

v. the topology on M is the I-adic topology (and M is complete).

Proof: i. For trivial reasons we have
(I™) (M) C (I™)" - M C (I™M)*

9



where the second inclusion is a consequence of the continuity of the multiplica-
tion by scalars in M. Also the asserted equalities are obvious for a finitely gen-
erated free A-module. But by assumption we have a surjective homomorphism
of A-modules

a: A" —» M
which induces surjective A-module homomorphisms
a:ImA" —» I M
for any m > 0. By Lemma 10 the homomorphism
a:(ImA") —» (I™M)”
is surjective, too. We obtain

(I"M) = a((I™A")") = a((I"™)" par (A7) = (I")"- &(par (A7)
= (") pm(a(AT) = (I™) eu(M) .

The assertions ii. and iii. are immediate consequences; for iii., e.g., observe that

A~

M=A-pu(M)=pa(A) ou(M) = or(M) .

iv. We have I"M C N for some n € IN. Applying i. to m = 0 and the finitely
generated A-module I™ M we obtain

(I"M) = A- @y (I"M) C A-pp(N) .

On the other hand Lemma 9.iii implies that

N = (I"M)"+ om(N)
v. Applying iv. to N := I"™ N we obtain

(™M) = A - oa (I™M) = a(I)™ - N = (Iy™ - 5T .

The completeness of M was shown already in the proof of Lemma 10.

Proof of Proposition 8: Everything except the noetherian property of Ais a
special case of Prop. 11. But I/I2 = I/(I?)" = I/I? is a finitely generated
module for the noetherian ring A/I = A/I. Tt therefore follows from Prop. 5
that A is noetherian.

10



Corollary 12:
If A is noetherian and M 1is a finitely generated A-module then we have

(I"™M) =1"-M for anym e N

Proof: The argument was given already in the proof of Prop. 11.v.

As in the previous statement we will in the following usually omit the maps ¢4
and s in the formulas if the meaning is clear from the context.

Lemma of Artin-Rees:

Let A be noetherian and let N be a submodule of the finitely generated A-module
M ; then there is a mg € N such that

II™MON)=I"""M AN for any m > mq

Proof: Obviously the left hand side is contained in the right hand side for any
m > 0. In order to establish the reverse inclusion we consider the subring

B:= Y I™T™C A[T]
m>0

of the ring of polynomials over A and the B-submodule

! . m m m m __
N =Y (I MON)@ AT cy I M@AT™ =M@ B
m>0 m>0

in M®B. If ay,...,as are generators of the ideal I then a4T,...,a;T are
A

generators of B as an A-algebra. Therefore B is noetherian and N’ is a finitely
generated B-module. Let

1 T™V .z, T™") with z; € "OMNON
be generators of N’ as a B-module and put
mo = max(m(1l),...,m(r)) .
Fixing an integer m > mg and an element y € I M N N we have

Y T = th(l‘l X Tm(i))
=1

11



with appropriate elements t; € B. By passing to homogeneous components we
may assume that ¢; is of the form

t;, = bZ'Tm_m(i) with b; € ()
Then

r
Y& T = Z biz, | ® T
i=1

and hence
,
i=1

This shows that

I"MANCY 1 mOImOMAN) C I (I™ M N N)
=1

and proves the assertion in the equivalent form

I'""MAON=I"""(I""MNN) forany m >mg .

Proposition 13: (Krull)

Let A be noetherian and let N be a submodule of the finitely generated A-module
M ; then the topology on N induced by the I-adic topology of M is equal to the
I-adic topology of N.

Proof: With mg being the constant in the Lemma of Artin-Rees we have
I"MNOAN=I"""("™MNN)CI" ™N

for m > my.

Corollary 14: (Krull)

Let A be noetherian; for any ideal a C A and any finitely generated A-module
M we have:
i. N a"M={zeM:(1—a)x=0 for somea € a};

n€IN

ii. if 1+ a contains no zero divisors then [ a™ = {0}.
n€N

12



Proof: i. If we have x = ax for some a € a then clearly x = a™x lies in a” M for

any n € IN. On the other hand let = be contained in the intersection () a”M.
neN
The a-adic topology on M then induces the trivial topology on the submodule

Az. By the above Prop. 13 the a-adic topology on Ax therefore is equal to the
trivial topology. Since ax is open in Az with respect to the a-adic topology we
obtain ar = Axz. This means that we find an element a € a such that ax = =x.
ii. This is an obvious consequence of the first assertion.

Proposition 15:

Let A be noetherian and let M be a finitely generated A-module equipped with
the I-adic topology; assume that I is contained in the Jacobson radical of A;
then we have:

i. M 1s Hausdorff;

1. every submodule of M s closed;

iti. A is Hausdorff and every ideal in A is closed.

Proof: Our assumption implies that 1 4+ I consists of units in A. Therefore M
is Hausdorff as a consequence of Cor. 14.i. Moreover it is clear that, for any
submodule N C M, the I-adic topology on M /N is the quotient topology of the
I-adic topology on M. Hence M /N is Hausdorff in the quotient topology which
means that N is closed in M.

Corollary 16:

Let A be I-adic and noetherian; then every finitely generated A-module M is
complete and any submodule in M is closed (w.r.t. the I-adic topology).

Proof: According to Lemma 4.i the ideal I is contained in the Jacobson radical
of A so that Prop. 15 applies: The canonical homomorphism ¢js is injective
and every submodule of M is closed. The surjectivity of ¢ was shown already
in Prop. 11.iii.

If A is noetherian the completion functor M +— M (always w.r.t. the I-adic
topologies) has very nice properties. Let

aM:A®M—>M
A

aQr+— ax

be the obvious homomorphism of A-modules.

13



Proposition 17:

If A is noetherian then we have:

i. The functor M +— M is exact for finitely generated A-modules M ;
it. if M is a finitely generated A-module then aps is bijective;

iii. A is a flat A-algebra.

Proof: i. Let
0—L-5M5N—0

be a short exact sequence of finitely generated A-modules. It was shown in
Lemma 10 that ¥ is surjective. On the other hand we have

ker(L/I"L — M/I"M)=I1I"MNL/I"L .
The Lemma of Artin-Rees implies that, for n large, the natural map
m(I"MnL)/I>L = I*MnNL/I>L
I"MNL/I"L
is the zero map. Hence B is injective. By functoriality we have imB C ker#.
Fix now an element & = (z,, + I"M),en € kerd so that y(z,) € I™N for any

n € IN. Because of y(I"M) = I"N we may assume that y(z,) = 0 for any
n € IN. Let y, € L be the unique element such that 3(y,) = z,. Then

(Yo + I"M N L)pen € im L/ "M N L .
(_

nEN

But according to the Lemma of Artin-Rees (compare the proof of Prop. 13)
there is a mg € IN such that

g = (yn+m0 + InL)n€|N € IA/ .
Obviously 3(3) = 2.

ii. The assertion is trivial for M = A and therefore for any finitely generated
free A-module. For general M we then consider a presentation

Al — A" — M —0 .
It gives rise to the commutative exact diagram
ApAr — A®A* — AM — 0
A A A

%iaAr %laAs laM

(A7) — (4% — M — 0

14



where the exactness of the lower row is a consequence of the previous assertion.
With a4s also ajy is bijective.

iii. Since any A-module is the filtered direct limit of its finitely generated sub-
modules and since the tensor product commutes with filtered direct limits the

exactness of A® . follows from the first two assertions.
A

Proposition 18:

Let A be noetherian and assume that I is contained in the Jacobson radical of
A; then we have:

i. A is a faithfully flat A-algebra;

it. if M is a finitely generated A-module then M is free over A iof and only if M
is free over A.

Proof: i. Since A is flat over A according to the previous Prop. 17 it remains to
show that the natural map

M2 Ao M
A

is injective for any A-module M. By a direct limit argument we again may
assume that M is finitely generated. We have the commutative diagram

Ao M
A
M o

(£33

.

~

M

The map aps being an isomorphism by Prop. 17 we are reduced to prove that
@ is injective, i.e., that M is Hausdorff. This was established in Prop. 15.

ii. By assumption M /IM is free over A/I. But using Lemma 9 and Prop. 11
we obtain

M/IM = M/(IM) = M/IM .

Therefore M/IM is free over A/I. Let 1 +IM, ...,z + IM be an A/I-basis
of M/IM and consider the homomorphism

o L=A" — M
(a1,...,0.) — > a;x;
i=1

15



The Nakayama lemma immediately implies that « is surjective. For the injec-
tivity we look at the commutative exact diagram

IQkera — IQL — IQM —0
A A A

l l l

We claim that the map I ® M — M is injective. Then the map I ® ker a — ker «
A A

is surjective so that kera = I - ker a. Applying again the Nakayama lemma we
obtain that ker « = 0, i.e., that « is injective. Since Ais faithfully flat over A the
claimed injectivity can be checked after tensoring by A. But in the commutative
diagram
AIeoM) — AoM
A A A

%J{a;@az\/{ EJ{OCM
IeM  — M
A
the perpendicular maps are isomorphisms by Prop. 17 and the lower horizontal

map is injective since M is free over A. Therefore the upper horizontal map is
injective, too.

62 Adic algebras

Throughout this section we fix an I-adic and noetherian ring A. Let B be an
A-algebra. Because of I"B = (IB)™ the I-adic topology of B as an A-module
coincides with the I B-adic topology on the ring B. Therefore B equipped with
the I-adic topology is a topological ring such that the ring homomorphism A —
B which defines the algebra structure is continuous.

Definition:

The A-algebra B is called adic if B as an A-module is complete.

The following properties of this notion are immediate.

—If B is an adic A-algebra then B is I B-adic as a ring.

16



—1If B is noetherian then its completion B (with respect to the I B-adic topology)
is a noetherian adic A-algebra (Prop. 1.8).

— If B is finitely generated as an A-module then B is an adic A-algebra (Cor.
1.16).

—If B is an adic A-algebra then B is noetherian if and only if B/I B is noetherian
(Prop. 1.5).

Applying the second property to the ring of polynomials A[TY,...,T,] we see
that its completion

A{Tl, SN ,T,n} = A[Tl, SN ,TT]A

with respect to the I-adic topology is a noetherian adic A-algebra such that
A{Ty,...,T.}/I" - A{Ty,... . T.} = (A/T")[Ty,...,T}] .

Moreover, since the ring of polynomials is flat over A we obtain from Prop. 1.17
that A{Ty,...,T,} is flat over A. There is the following explicit description in
terms of power series.

Definition:

A formal power series

S g, T T € AT, T

mi,...,m,>0

is called restricted if for any n € IN there is an m > 0 such that a,, .. m, € I"
whenever max(my, ..., m,) > m.

It is easily seen that
Al[Th, ..., T;]]"® := set of all restricted formal power series

is a subring of A[[Ty, ..., T,]]- Reducing the coefficients of a power series modulo
I™ defines a homomorphism of rings

ATy, ..., T — (A/I)[T4,...,T}] .

In the projective limit with respect to n these homomorphisms give rise to a
natural isomorphism of rings

~

A[ITy, . TP S5 lim(A/ )T, T 2 A{T LT

nEN

17



which we always will view as an identification. For this reason A{T},...,T,} is
called the ring of restricted formal power series in T4, ..., T, over A. We have

I" - A{T,...,T,} = set of all restricted formal power series

whose coefficients are contained in I™.

Proposition 1: (Universal property)

Let C be any adic ring and let ¢ : A — C be a continuous homomorphism of
rings; for any choice of elements c1,...,c,. € C there is a unique continuous
homomorphism of rings ¢ : A{T1,...,T,} — C such that

| A=¢ and @¢(T;)=c¢; for 1 <i<r

Proof: Certainly there is a unique homomorphism of rings ¢’ : A[Ty,...,T,] = C
such that ¢’ | A = ¢ and ¢'(T;) = ¢;. We claim that ¢’ is continuous with respect
to the I-adic topology on A[Ty,...,T,]. If the topology on C is the J-adic one
for some ideal J C C then the continuity of ¢ implies that ¢(I™) C J for some
m € IN. It follows that ¢'(I™"™A[Ty,...,T,]) C J™ for any n € IN. Therefore ¢’
induces a continuous homomorphism of rings

A{Ty,... ., T,} = WmA[Ty,... T,)/JI"A[Ty,...,T,]
—

nEN
Lo

C = LmC/J"
—

nEN

such that ¢ | A[Ty,...,T,] = ¢'. Since C' is Hausdorff the unicity of ¢ follows
from the fact that A[Ty,...,T,] is dense in A{T},...,T,}.

In the situation of the above Proposition we usually will write

F(el, ... ¢r) = @(F)

for any restricted formal power series F' € A{T},...,T,}. One useful application
of this universal property is the following. First note that for s > r we have

ATy, ..., T Tsr,.... T} = A{T1,....Ts} .

Therefore any F' € A{Ty,...,Ts} can be written as

F: Z Gmr+1a"'7ms(T17"'7TT) .Tﬂq_._l '...'1“;”1S

mr+17-'-7m320

18



with Go,, ) om, € A{T1,...,T,}. Applying the universal property to the natu-
ral homomorphism A — A{T,1,...,Ts} and the s elements aq,...,a, € A and
Ty 41,...,Ts we obtain the identity

— Mri1 s
Flay,...an,Trsts o nT)= > Gy (@1, ap) To e T
mT‘+17"'7mSZO
inA{T,,+1,...,Ts}.

Of basic importance is the following characterization of the residue class algebras
of restricted formal power series rings.

Proposition 2:

For any A-algebra B the following assertions are equivalent:

i. B is a (noetherian) adic A-algebra such that B/IB is an A/I-algebra of finite
type;

ii. B (with the I-adic topology) is as an A-algebra (topologically) isomorphic to
a residue class algebra of A{Ty,...,T,} for somer > 0.

Proof: First let us assume that ii. holds true. Then B is of the form
B = A{Ty,...,T,}/a

for some ideal a C A{T},...,T,.}. Obviously B is noetherian. By Cor. 1.16 the
ideal a is closed so that B is Hausdorff. Consider now the commutative diagram

B
A{Ty,..., T} ¢
XB

where ¢ denotes the obvious projection map and where the completions are
formed with respect to the I-adic topologies. We have seen already that ¢p is
injective. But by Lemma 1.10 with ¢ also ¢ is surjective. Therefore pp has to
be bijective, i.e., B is an adic A-algebra. Moreover ¢ induces a surjection

AJI[Ty, ..., Ty = A{Ty,...,T,}/TA{T,,...,T,} —» B/IB

which shows that B/IB is an A/I-algebra of finite type. This proves i.
Now assume that i. holds true. We then find elements bq,...,b. € B such that
the homomorphism

A/IT,...,T,] — B/IB

T, — b, + IB
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is surjective. By the universal property in Prop. 1 this homomorphism lifts to a
continuous homomorphism of adic A-algebras

¢: A{Ty,...,T.} — B such that (T;) =b; for 1 <i<r.

We claim that ¢ is surjective. For that it suffices by Lemma 1.6 to show that
the induced maps

grie : I"A{Ty,..., T}/ I" T A{Ty,...,T,} — I"B/I""'B

are surjective. This is the case for n = 0 by construction and then follows for
any n > 0 since gr B is generated by gr’B = B/IB as a gr A-module. The
surjectivity implies that

o(I"A{Ty,...,T,}) =I"B for any n >0

which means that ¢ is open. Therefore ¢ induces the topological isomorphism
of A-algebras

A{Ty,....,T,}/kerp — B

required in ii.

Definition:

The A-algebra B is called topologically of finite type if B is a noetherian adic
A-algebra such that B/IB is an A/I-algebra of finite type. Let Alg,,(A) denote
the category of all A-algebras topologically of finite type.

Note that any A-algebra homomorphism between two algebras in Alg, ;,(A) is
continuous. Also it is clear that if A — B and B — C' are topologically of finite
type then A — C is topologically of finite type, too.

Proposition 3:

Let B be a noetherian adic A-algebra; then B is flat over A if and only if B/I"B
is flat over A/I™ for all n € IN.

Proof: The other implication being obvious we assume that B/I" B is flat over
A/I™ for all n € IN. We have to show that for any injective homomorphism
a: N — M of A-modules the homomorphism

a®®@d: NB—MQ®B
A A

is injective, too. A direct limit argument reduces us to the case where M and
N are finitely generated A-modules. In a first step we now claim that

ker(a ® id) C I”(N%)B)
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for any n € IN. By the Lemma of Artin-Rees we find a my € IN such that
I"™™M AN CI"N foranyn € N .

Our assumption implies that the map

(N/I"T"™MNN)®B=(N/I""""MNN) & (B/I""B)
A A/Intmo

l

(M/IT" ™™ M)®B = (M/I"t™ M) ® (B/I"™™B)
A A/Intmo

is injective. Considering the commutative diagram

N®B —s (N/I""™MNN)®B
A A

asia !
M&B — (M /I™+mo M) ®B
we then see that
ker(a ® id) C ker(N ® B — (N/I"™™ M N N) ® B)
C ker(N @B — (N/I"N) @ B)
= I"(N @ B)

holds true as we have claimed. But by Cor. 1.16 the finitely generated B-module

N ® B is Hausdorff so that (| I"(N ® B) = 0. Therefore o ® id is injective.
A neN A

63 Complete tensor products

We fix a continuous homomorphism ¢ : A — C' of noetherian adic rings. Let A,
resp. C, be I-adic, resp. J-adic. Then there is a mg € IN such that o(1™°) C J.
Let now B be an A-algebra topologically of finite type. Equipping the tensor
product B %) C considered as a C-algebra with the J-adic topology the natural

homomorphisms
B — B®C
A

|

C

are continuous. The completion

B&C:=(B®C)
A A
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is a topological ring called the complete tensor product. Composing with ppg ¢
A
gives rise to the commutative diagram of continuous homomorphisms of rings

B — B(%)C
T T
A 2 C

Because of

B@C/I"(BYC) = BY(C/I") = (B/I™"B)&(C/")

we have
B&C =1 mon ™).
® lim(B/1 B)%(C/J )
nEN
Lemma 1:

A{Ty,...,T,}®C = C{Ty,...,T,}; moreover, for any m € N, we have
A

(™A, Ty C) = JC{Ty, .. T}

Proof: Using that A{T},...,T,} is flat over A we have, for any m > 0, that

(J™A{Ty, .., T} @ C))
= lim J™(A{Ty,..... L} @ C) /I (A{Ty,.... T} ©C)

n>m

n>m

=l (A{Ty,..., T}/ T A{Ty, .. L) 9™ /")

n>m

— 13 mon m / n

= lim J"C[TY, ..., T,)/J"C[T\,...,T,]
—

n>m

- JmC{Tl,...,T,n} .
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Proposition 2:

B®C is a C-algebra topologically of finite type.
A

Proof: Let ¢ : A{Ty,...,T.} —» B be a surjective homomorphism of A-
algebras. According to Lemma 1.10

(w®id)A:A{Tl,...,T,n}%C—»B(%C

then is surjective, too. The same argument more precisely shows that

(4 ®1d) (T™(A{T1, ... T} @ C))) = (" (BOC))" for any m >0 .

Using Lemma 1 we obtain

(J™(B % C)) = (¢y ®id) (J"C{Ty,...,T,}) = J™(B % C)

which means that the topology on B® C' is the J-adic one. Hence B® C is
A A

topologically isomorphic to a residue class algebra of C{T1,...,T}}.

Corollary 3:
With B and B' also B® B' is an A-algebra topologically of finite type.
A

Proposition 4: (Universal property)

Let D be any adic ring and let

B — D
T T
A 2L C

be any commutative diagram of continuous homomorphisms of rings; then there
exists a unique continuous homomorphism of rings ¢ : B®C — D such that
A

=

the diagram

C- ¢

v

B

@% :1>®>

18 commutative.



Proof: Since the proof is entirely analogous to the proof of Prop. 2.1 we only
indicate the argument. The universal property of the usual tensor product gives
rise to a homomorphism B ® C' — D which is easily seen to be continuous with

A
respect to the J-adic topology on B ® C'. The wanted homomorphism v then is
A

obtained by completion.

The complete tensor product of course is functorial. In particular

Algtft(A) — Algtft(c)
B— B&C
A
is a functor. It follows from the formula before Lemma 1 that the complete tensor

product is commutative and associative and that we have natural topological
isomorphisms

B'&B&C)=B&C
B A A

for any B’ in Alg,s,(B) and

for any continuous homomorphism C' — C’ of noetherian adic rings.

Lemma 5:

If B is finitely generated as an A-module then B&C = B® C.
A A

Proof: B® C is a finitely generated C-module and therefore is complete for the
A
J-adic topology by Cor. 1.16.

Proposition 6:
If B is flat over A then B® C is flat over C.
A

Proof: By assumption B/I™°" B is flat over A/I"™°™ for any n € IN. By tensoring
with C'/J™ we obtain that B® C/J"(B®C) is flat over C'/J™ for all n € IN.
A A

Now apply Prop. 2 and Prop. 2.3.

64 Complete localization

Let A be a noetherian I-adic ring and let S C A be a multiplicative subset. The
localization S~!A again is noetherian. Therefore its completion

A{S™1} = (St Ay
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with respect to the I-adic topology is a noetherian adic A-algebra called the
complete localization of A in S. Because of

Im-S7tA=5"1"

we have
-1 _ 12 -1 n
A{ST} =lim S~ (A/I") .

nEN

Proposition 1: (Universal property)

Let C be any adic ring and let ¢ : A — C' be a continuous homomorphism of rings
such that ¢(S) C C*; then there exists a unique continuous homomorphism of
rings ¢ : A{ST1} — C such that ¢ | A= ¢.

Corollary 2:

Let ¢ : A — C be a continuous homomorphism of noetherian adic rings and
let T C C be a multiplicative subset such that (S) C T; then there ezists a
unique continuous homomorphism of rings ¢ : A{S™'} — C{T~'} such that
the diagram

A N C
l l

A{S~1} & c{rYy

18 commutative.

Remark 3:

A{S~1} = 0 if and only if the zero element 0 is contained in the closure S of S
in A.

Proof: If 0 € S then I" N S # 0 for any n € IN which implies S~1(A/I") = 0
for any n and therefore A{S™!} = 0. Now assume that A{S™1} = 0. Then {0}
is a dense subset in S~!'A which means I" - S7'A = S71A for any n € IN. We
therefore have 1 € I" - S7'A and hence I" NS # () for any n € IN. The latter
implies 0 € S.

Lemma 4:
A{S™1} is flat over A.

Proof: Since S™!'A is flat over A this follows from Prop. 1.17.
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Lemma 5:
If S is finitely generated then A{S™'} is an A-algebra topologically of finite type.
Proof: We have

A{S™V/T-A{S™ '} =S 1A/T- S TA=S"Y(A/T) .

This is an A/I-algebra of finite type if S is finitely generated.

For any element b € A put Sy, := {1,b,0%,...} and
A{b} = A{Sb_l} .

This is an A-algebra topologically of finite type.

Proposition 6:

The maps

set of all open prime —  set of all open prime
ideals in A disjoint from S ideals in A{S™1}

po— poA{STH
preimage of @ in A +—

are inverse to each other; moreover if p C A is an open prime ideal such that
pNS =0 then we have the isomorphism

Quot(A/p) — Quot(A{S1}/pA{S™1})

between the corresponding quotient fields.

Proof: Since the analogous maps for S™'A are inverse to each other the first
assertion follows from Lemma 1.7 and Prop. 1.8.ii. It also follows that

A{ST}/pA{STH} =57 A/p-STIA = ST (A/p)

which implies the second assertion.

5 Complete blowing up

First let A be an arbitrary ring. The localization A, := Sb_lA of A in an
element b € A solves the universal problem of making the element b invertible.
It is natural to pose the more general universal problem of making the element
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b generate a given ideal in A. Let J C A be an ideal which contains b. In the
localization A we have the subring

AJ,b::{ueAb:u:bimforsomemEOandsomeaEJm} .

It is called a generalized localization or blowing up of A. The natural homomor-
phism
A— A J,b C Ab

— 2
a/ J—
1

into the localization factorizes through A;;. Moreover:

*J'Aj’b:%-AJ,b, and
b

1 is not a zero divisor in A, (since it is invertible in Ay).

Lemma 1: (Universal property)

Let o : A — A’ be any homomorphism of rings such that
—(N)A = pb)A" , and

— (b) is not a zero divisor in A" ;

then there is a unique homomorphism of rings ¢ : Ay, — A’ such that the

diagram
Agp
/ X
/
A ” A
18 commutative.

Proof: Define ¢ (3% ) := o if p(a) = o(b™) - d'.

Lemma 2:

If A is noetherian then Ay is an A-algebra of finite type and, in particular, is
noetherian.

Proof: If ai,...,a, generate the ideal .J then %%, ..., %" generate Aj; as an
A-algebra.

Let ¢ : A — A’ be a homomorphism of rings and put J' := ¢(J)A’ and b’ :=
@(b) € J'. Then ¢ induces the homomorphism of rings
AJ,b — A{]I’bl
a ¢l

bm b'm
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which we usually again denote by .

Lemma 3:

If ¢ is flat then
App® A = Ay

!/ a/
u® a r—)(p(u)T

18 an isomorphism.

Proof: The surjectivity is obvious. For the injectivity consider the commutative
diagram
Ap@ A =, Aj,
A
Tc
AJ’b % A/ — A{]’,b’

The upper horizontal arrow is an isomorphism by one of the basic properties of
localization. Our assumption that ¢ is flat guarantees that the left perpendicular
arrow is injective.

If we apply this Lemma to the natural homomorphism A — A, for some c € J
we obtain that

(Agp)e = Ape

=3
1

Now we assume again that A is a noetherian [-adic ring. By Lemma 2 the
completion

Argpy = (Agp)

with respect to the I-adic topology is an A-algebra topologically of finite type
called a complete blowing up of A. The natural homomorphisms

A—s Agy S5 4,
by completion induce (continuous) homomorphisms of rings
A— Aggpy — Ay
but the second one in general is no longer injective.
Remark 4:
We have J - Agypy = % - Aggpy, and % is not a zero divisor in Ay -
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Proof: The first assertion is clear. Concerning the second one we observe that
% being not a zero divisor in A ;; means that the map

b
I':AJJ)—)AJ,b

is injective. By Prop. 1.17.i the map

b
DAy, (I) Apey — Ay

then is injective, too. This amounts to % (or more precisely 4, , (%)) not being

a zero divisor in Agypy.

Proposition 5: (Universal property)

Let C be any adic ring and let ¢ : A — C be a continuous homomorphism of
rings such that

—(J)C = pb)C , and

— @(b) is not a zero divisor in C

then there exists a unique continuous homomorphism of rings ¢ : Ay — C
such that the diagram

Ay

N

A C

18 commutative.

Lemma 6:

Let ¢ : A — C be a flat continuous homomorphism of noetherian adic rings and
put J' = @(J)C and b’ := ¢(b); we then have

Ay ©C = Cryrpy
Proof: Let C' be I-adic and let mg € IN be such that ¢(I™) C I. The isomor-
phism

Agp % C=Cry
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in Lemma 3 induces by completion an isomorphism

C{J’,b’} = l(iLnAJ,b (% C/fn(AJ,b %) C)
neN

nEN

= lim(A /T A1) &(C/T7)

nEN

=A ®C .
{70} 9
As an application we obtain

(A{J,b}){%} = A{bc} for any ce J .

66 Weierstraf3 theory

Let A be a noetherian I-adic ring and let a C A be an ideal which is contained
in the ideal ¢t;(A) of topologically nilpotent elements (e.g., a = I). We view
A/a as an adic A-algebra; in particular a is closed. Given F' € A{T} we write
F mod a for its canonical image in A/a{T}.

Additional results about the structure of restricted formal power series rings
can be obtained by using Hensel’s lemma. Since the proof of the latter given
in [Bou] IIT §4.3 is completely elementary we only give the statement without
repeating the proof.

Hensel’s lemma:
Let F € A{T} and G € A/a{T} be restricted formal power series and let P €
A/a[T] be a monic polynomial such that
—Fmoda=P-G , and
— P and G generate A/a{T} as an ideal ;
then there exists a uniquely determined restricted formal power series G € A{T'}
and a uniquely determined monic polynomial P € A[T] such that
—F=P-G , and
—Pmoda=P , Gmoda=G ;
moreover we have:

i. P and G generate A{T} as in ideal;
1. if F' is a polynomial so, too, is G.
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In order to make the proof of the Weierstrafl theorems more transparent it is
useful to establish some simple technical facts first.

Remark 1:

i. Let P =@ -G be an identity in A{T}; if P and QQ are monic polynomials so,
too, is G and we have deg G = deg P — deg Q);

ii. an element a € A is a unit if and only if a + a is a unit in A/a;

iii. an element F' € A{T} is a unit if and only if Fmoda is a unit in A/a{T}.

Proof: i. This assertion clearly holds true in A{T}/I"A{T} = A/I™[T] for
any n € IN. Since A is Hausdorff it then also holds true in A{T}. ii. This is
proved in the same way as Lemma 1.4 using, of course, the assumption that
a C t7(A). iii. The kernel of the projection map A{T} — A/a{T} is the ideal
a{T} of all restricted formal power series whose coefficients are contained in
a. By ii. (applied to A{T'} and a{T}) it suffices to show that any power series
in a{T'} is topologically nilpotent. Let F(T) = > a,T™ be in a{T} and fix
m>0
an n € IN. Since F is a restricted formal power series there is some mg > 0
such that a,, € I™ for m > mg. Since any a,, is topologically nilpotent we
find some ny € IN such that a0 € I™ for all 0 < m < my. We then have
Fro(no—b+1 ¢ n. ALTY.

Weierstrafl preparation theorem:

Let F € A{T} be a restricted formal power series such that F moda is a uni-
tary polynomial of degree d > 0; then there exist a uniquely determined monic
polynomial P € A[T] and a uniquely determined unit U € A{T}* such that

F=P-U ,;

moreover P has degree d.

Proof: (Recall that a polynomial is called unitary if its highest coefficient is a
unit.) Because of Remark 1.ii we may multiply F by a unit in A in such a way
that F'mod a becomes a monic polynomial. We therefore are reduced to prove
the assertion under the additional assumption that F'mod a is monic. Applying
Hensel’s lemma to P := Fmoda and G := 1 we obtain a uniquely determined
monic polynomial P € A[T] and a uniquely determined U € A{T'} such that

F=P-U
and
a. Pmoda = Fmoda, and
b. Umoda = 1.

It immediately follows from a. that P has degree d. On the other hand U is
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a unit in A{T} by b. and Remark 1.iii. In order to establish the unicity let
(P’,U’) be another pair with the properties in the assertion. We then have the
identity

Fmoda= P moda-U'moda

in A/a{T} where Fmoda and P’ moda are monic polynomials. The Remark
1.i then says that U’moda is a monic polynomial, too. On the other hand
U’'moda is a unit in A/a{T'}. Therefore the same Remark 1.i applied to the
identity 1 = U/'moda - U'"! moda implies that U’ moda = 1 and hence that
P'moda = Fmoda. Now the unicity statement in Hensel’s lemma says that
P=P and U =U".

Corollary 2:

Let F € A{Ty,...,T,} be a restricted formal power series such that after re-

ducing its coefficients mod a it becomes a polynomial in A/a{Ty,...,Tr—1}[T}]
unitary of degree d > 0 in T,.; then there exist a uniquely determined poly-
nomial P € A{Ty,...,T,_1}[T;] monic in T, and a uniquely determined unit

Ue A{Ty,..., T, }* such that

moreover P has degree d in T,.

Proof: In the proof of Remark 1.iii we have seen that the ideal a{Ty,...,T._1}
of all restricted formal power series in T4,...,T,_1 whose coefficients are con-
tained in a consists of topologically nilpotent elements in the noetherian adic
ring A{T1,...,T,—1}. We therefore may apply the preparation theorem to
A{Ty,...,T,—1} and the ideal a{Ty,...,T._1}.

Welierstrafl division theorem:

Let G € A{T} be a restricted formal power series such that G moda is a unitary
polynomial of degree d > 0; for any F € A{T} there exist a uniquely determined
H € A{T} and a uniquely determined polynomial R € A[T] of degree < d such
that

F=G-H+R .

Proof: In a first step we assume that GG is a monic polynomial of degree d > 0. By
the usual division algorithm we then find, for each n € IN, uniquely determined
polynomials H,,, R,, € A/I"[T] such that

FmodI" = (GmodI")-H, + R, and degR, <d .
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It follows from the unicity that
H,,1modI"=H, and R,yimodI" =R, .
Therefore
H := (Hn)nEIN and R := (Rn)nEIN

in A{T} = lim A/I™[T] have the required properties. For general G we first
(_
nEN

apply the preparation theorem which allows us to write G as

G=P-U

with U € A{T}* and a monic polynomial P € A[T] of degree d. According to
our first step we have

F=P-H+R
with H' € A{T} and R € A[T] of degree < d. We obtain

F=G-H+R with H:=U"'-H' .

The unicity of H and R follows from the unicity statements in the first step and
in the preparation theorem.

Corollary 3:

Let G € A{Ty,...,T.} be a restricted formal power series such that after reduc-
ing its coefficients moda it becomes a polynomial in A/a{Ty,...,Tr—1}[T]| uni-
tary of degree d > 0 in T,.; for any F € A{Th,...,T,} there exist a uniquely
determined H € A{Ty,...,T.} and a uniquely determined polynomial R €
A{Ty,...,T,—1}[T}] of degree < d in T, such that

F=G-H+R .

Corollary 4:

Let P = @ - H be an identity in A{T} where P and Q are polynomials; if Q is
unitary then H is a polynomial.

Proof: By the division algorithm in A[T] we find polynomials H' and R in A[T]
such that

P=Q -H +R and degR < degQ .

The division theorem says that this decomposition even is unique in A{T'}. We
therefore must have H = H' and R = 0.
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In order to make use of these results we have to understand to which power
series they actually can be applied. From now on we restrict to the case a = I.

Definition:

A restricted formal power series

F(Ty,....T,) = Y Gu(Th,....,T,_)T" € A{Ty,...,T,}
m>0

is called T,.-special, resp. T,.-distinguished, of degree d > 0 if

-G el-A{Ty,...,T.} foranym >d , and
— Ggmod I € (A/I)\{0} , resp. € (A/I)*

Lemma 5:

For any F € A{Ty,...,T.,}\1A{T1,...,T.} there is an A-algebra automorphism
o of A{Th,...,T,} such that o(F) is T,-special.

Proof: First of all we observe that for any natural numbers £1,...,£¢._1; we have
the A-algebra automorphism

ATy, .. Ty > A{Ty,..., T,

T+ T ifi#r
T"—>{Tr ifi=r .

It is well-defined by Prop. 2.1 and it is bijective sine T; — T; — T for 1 <i <r
and T, — T, defines an inverse. Write now

F=Y auT{"-.... ;"™
m2>0

Let n = (n1,...,n,) be the maximal (w.r.t. the lexicographic ordering) tuple
such that a,, ¢ I and put

t := total degree of FmodI .

We recursively define natural numbers

gr—l I:1+t N
fr_z = 1+t (1+£r—1) s

by=14+t- (14+L g+ ...+ 4s)
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and put
d:—= Elnl + ...+ E,n_ln,n_l + 1y

The reason for these definitions is the following property. The function

M:={m:m;+...+m, <t} - NU{0}

m—d(m) :=Limy+ ...+ L_yme_1 + m,

is strictly increasing with respect to the lexicographical ordering on the left hand
side. In order to see this let m,m’ € M be tuples such that m' is strictly larger
than m. We then have

/ / !/ .
my=my,...,mj_1 =m;_; , and m; <m; forsome 1<4¢<r

and we compute

d(m) S Elmll + e + Ki_lm;_l + Ez(m; — 1) + t- (fﬂ_l + . + f,«_l + 1)
=0mi+ ...+ limi_ | +4mi —1
<d(m') .

By construction the set M’ := {m : a,,, ¢ I} is contained in M so that the func-
tion d(.) is strictly increasing on M’ with maximum value d(n) = d. Consider
now the A-algebra automorphism ¢ of A{Tj,..., T} given by

o(T;) =Ty + T for 1<i<r and o(T,):=T, .

We claim that ¢(F) is T,-special of degree d. We have

P(F) = Y am(Ty+ T )™ o(Tomy + T ) I =
m2>0

my mr—1 mi—p Mep—1—fr—1 rd (1 yeee s —1,M7)
a e T T T .
Z m Z ( /’[’1 ) ( ,U”I’—]. > 1 r—1 r

m>0  Hiseofr—1
T 0<pi<m;

Since d(p1, ..., pr—1,my) < d(m) < d for m € M’ it follows that ¢(F)modI is
a polynomial of degree < d in T,.. It remains to consider those m € M’ such
that d(p1,..., gr—1,m,) = d occurs. Since d is the maximum value of d(.) on
M’ it follows that p; = m; = n; for 1 <4 < r and that m, = n,.. We conclude
that

(coefficient of T in ¢(F))mod I = a, modI #0 .
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Let B be a complete discrete valuation ring. We will discuss this notion in more
detail in the next section. Here we work with the following definition: B is a
noetherian local integral domain such that

— the maximal ideal of B is a nonzero principal ideal 7B, and
— B is mB-adic.

Note that we have (| 7B = {0} by Cor. 1.14.
n€eN
Lemma 6:

For any nonzero F € B{Ty,...,T,} there is a B-algebra automorphism 1 of
B{Ty,...,T,} such that

F=x".-¢(P)-U

holds true for some m > 0, U € B{Ty,...,T,}*, and some polynomial P €
B{Ty,...,T._1}[T;] monic in T,.

Proof: First we find a m > 0 such that
n ™F e B{Ty,..., T,}\rB{Ty,..., T} .

Applying Lemma 5 we then find a B-algebra automorphism ¢ of B{T1,...,T;}
such that p(7~™F) is T,-distinguished. Finally Cor. 2 provides the polynomial
P and a unit U’ such that

o(r~™F)=P-U" .

Set ¢ := o~ and U := ¢(U").

Proposition 7:

Let C be an adic B-algebra such that C' is torsion free as a B-module and let
¢:B{T1,...,T.} — C be a finite homomorphism of B-algebras; then there exist
a B-algebra automorphism 1 of B{Ty,...,T,.} and an integer 0 < d < r such
that the composite homomorphism

B{T\,.... Ty} S B{T\,....T,} -5 B{T\,...,T,} -5 C

s finite and injective.

Proof: We will prove the assertion by induction with respect to r. By the torsion
freeness of C' the homomorphism B — C'is injective which settles the case r = 0.
Let us assume therefore that » > 1 and that F' # 0 is in the kernel of €. Applying
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Lemma 6 we find a B-algebra automorphism ¢ of B{T1,...,T,}, an m > 0, and
a polynomial P € B{T1,...,T,_1}[T] monic in T, such that

7™ . P €ker(§ot)) .
Since C' is torsion free it follows that even
P cker((o) .
On the other hand Cor. 3 implies that the natural homomorphism
B{T\,...,T,_1} — B{T\,...,T,}/P - B{Ty,...,T,}

is finite. Therefore the composite homomorphism

B{T\,...,Ty_1} — B{T\,...,T,}/P-B{T\,...,T,} £% C

is finite, too. Apply now the induction hypothesis.

Normalization lemma:
Let C be a B-algebra topologically of finite type which is torsion free as a B-
module; then there exists a finite and injective homomorphism

B{Tl,...,Td};)C

of B-algebras for some d > 0.

Proof: Apply Prop. 7 to some surjective homomorphism B{Ty,...,T.} —» C
of B-algebras.

§7 Discrete valuation rings

Let A be a noetherian I-adic integral domain with quotient field K.

Definition:

A discrete valuation v of A is a surjective homomorphism v : K* — Z such
that

1) v(a+b) > min(v(a),v(b)) for all a,b € K* with a+ b # 0,

2) v(a) >0 for all a € A\{0}, and

3) v(a) > 0 for all a € T\{0}.

Fixing a discrete valuation v of A let
0@y :={a € K™ :v(a) > 0} U {0}
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be the valuation ring of v and
mey) == {a € K™ :v(a) >0} U{0}

its maximal ideal. Then 2) says that A C o(,) and 3) says that the inclusion

C
map A < 0, is continuous with respect to the I-adic, resp. m(,)-adic, topology
on A, resp. o(,). Put

0y 1= myy)-adic completion of o(,) and

m, := maximal ideal in o,

Then o, is a complete discrete valuation ring; the corresponding discrete valu-
ation of o, will again be denoted by v. We have a natural continuous injective
homomorphism of noetherian adic rings A < o,. The following easy observation
is sometimes useful in proofs.

Remark 1:
The map v : A\{0} — Z is locally constant.

Proof: Fix an element a € A\{0} and put m := v(a) > 0. For any b € I we
have v(b) > m. From the well-known formula

v(a +b) = min(v(a),v(b)) whenever wv(a) # v(b)

we therefore obtain v(a + I™T1) = {m}.

Let A — B be a continuous injective homomorphism of noetherian adic integral
domains. A discrete valuation w of B is said to extend (or to be an extension of)
a discrete valuation v of A if the corresponding valuation rings are mapped into
each other and the induced injective homomorphism o(,) < 0(y,) is continuous.
In terms of the maps v and w this means that there is a natural number e € IN
such that w | K* = e-v; this number e is called the ramification index of w over
v. By completion we obtain in this case a commutative diagram of continuous
injective homomorphisms of rings

A — B

l l

Oy > Oy

A crucial definition for later purposes is the following.
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Definition:

Let v be a discrete valuation of A; a discrete valuation w of B extending v is
called finite over v if the homomorphism o, < 0y, s finite.

If w is finite over v then o, is a finitely generated free o,-module and the
my-adic and m,o0,-adic topologies on o, coincide (note that m& = m,o,, if
w|K*=e-v).

In this section we want to study the set

V :=set of all discrete valuations of 4 .

Theorem 2:

V' is nonempty if and only if A # K.

Clearly V is empty if A = K. We therefore assume that A # K. First of all we
need to know how to recognize a discrete valuation ring.

Lemma 3:
Let o C K be a subring such that

— K is the quotient field of o,
— 0 18 a noetherian local ring whose mazximal ideal n s nonzero and principal,
—-ACo,and I C ANn;

then there exists a (unique) discrete valuation v of A such that o(,y = o.

Proof: From Cor. 1.14 we know that (] n™ = {0}. Since n # 0 we furthermore
meEN

have n™*1 Cn™ for any m > 0. Therefore there is, for any nonzero element

a € o, a unique integer v(a) > 0 such that
aen’@ and o ¢nv@t!
If 7 is a generator of n this means that
a ="y for some u € o0X

For an arbitrary element ¢ € K* with a,b € o we then put v (%) := v(a) — v(b).
This defines the required discrete valuation.
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Lemma 4:

Let o C K be a subring such that

— K is the quotient field of o,

— 0 is an integrally closed noetherian local ring of dimension 1,

— A Co, and I C ANn where n denotes the maximal ideal in o;

then there exists a (unique) discrete valuation v of A such that o(,) = o.

Proof: All we have to show, by Lemma 3, is that n is a principal ideal. Since
n # 0 we know from Cor. 1.14 that n? ;n. Fix an element 7 € n\n?. We want

to show that n = 7mo. In order to do that we consider the o-subalgebra
nl:={acK:a-nCo}

in K and the ideal

Let us assume for a moment that

1

holds true. Because of 7 - n~!.n = moCn? the ideal 7 - n~! C o cannot be
Z

1

contained in n then and we must have 7 - n~" = 0. This implies

ro=7m-n"t-n=n .

1 1

Concerning our assumption we certainly have o C n=" and therefore n Cn="-n
which means that there are only the two possibilities n™!-n = n or = 0. We have
to exclude the first possibility. For this we first construct an element d € n=1\o.
For any b € o\mo we have the proper ideal

ap :={a € 0: ab € wo}

in 0. Since o is noetherian there is a largest ideal a. among the a;’s . This a.
has to be a prime ideal: If a’ac € wo but ac € wo then a. C a,. and a’ € a,.; the
maximality of a. then implies a. = a,. and hence a’ € a.. On the other hand
a. # {0} since 7 € a.. We consequently obtain

G, =n .

Now define d := cr~' € K. Then d ¢ o since ¢ € mo but d € n~! since
dn = da. C 0. Assuming n=! - n = n we would have d -n C n. It would mean
that n is a faithful o[d]-module which as an o-module is finitely generated. But
this is an equivalent way of saying that d is integral over o. Since o is integrally
closed we would be led to the contradiction that d € o.
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In addition we need some deeper results from commutative algebra for the proofs
of which we have to refer to the standard literature.

Proposition 5: (Krull-Akizuki)

Let o be a noetherian local integral domain of dimension 1 with quotient field K,
let L/K be a finite extension of fields, and let o C C' C L be any intermediate
ring; then C' is noetherian of dimension < 1 and C/c, for any nonzero ideal
¢ C C, is of finite length as an o-module.

Proof: [Bou] VII §2.5 Prop. 5.

Proposition 6:

Let o be a noetherian local integral domain of dimension 1 with maximal ideal n
and with quotient field K, let L/K be a finite extension of fields, and let C' be
the integral closure of o in L; then the map

mazimal ideals | ~ discrete valuation rings o,y C L
mCC such that 0 C o) and n = oNm,

mr— Cy

15 a bijection between two finite sets.

Proof: Let m C C' be a maximal ideal. We claim that m N o is a maximal ideal
in 0: Let € € o/mN o be any nonzero element; then ¢~ € C'/m is integral over
o/mN o so that we have an equation

¢ "+ac "Dyt 4+a,=0

with appropriate elements @; € o/m N o; it follows that

tl=—a —...—a,c"" " €o/mnNo

which means that o/m N o is a field. We then necessarily have m N o = n, resp.
nC C m. By the same argument C' cannot be a field since it is integral over
o which is not a field. We deduce from Prop. 5 that the integral domain C'
is noetherian of dimension 1 and that C'/nC is a finite dimensional o/n-vector
space. The latter implies that the set of maximal ideals in C is finite. And
it follows from the former that C), is a noetherian local integral domain of
dimension 1 with quotient field L. As a localization of an integrally closed
domain C), is integrally closed, too. Therefore, by Lemma 4, C\, is a discrete
valuation ring in L. Note also that o C Cy, and o N mCyp, = o N (C NmMCy,) =
oNm = n. We see that the map in the assertion is well-defined. It clearly is
injective. Now let o) € L be a discrete valuation ring such that o C o(,) and
n = oNmy,). Discrete valuation rings are easily seen to be integrally closed. We
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obtain C C o(,) and then also Cyy, C o(,) for m := C'N'm(,). Since nC' C m and
C' has dimension 1 the prime ideal m has to be maximal. We have seen that Cy,
itself is a discrete valuation ring in L. But any discrete valuation ring is maximal
among all proper subrings of its quotient field. This shows that Cy, = o(,) and
proves the surjectivity of our map.

Principal ideal theorem: (Krull)

Let o be a noetherian integral domain, let a € o be a nonzero element, and let
p C o be a prime ideal which is minimal with respect to containing a; then oy is
a noetherian local integral domain of dimension 1.

Proof: [Mat] Thm. 13.5.

Proof of Theorem 2: Assume that A # K. Since also I # A we find an open
ideal J C A such that {0} ; J ; A. For any nonzero element b € J the blowing

up A’ := Ay by Lemma 5.2 is a noetherian integral domain with quotient field
K such that the ideal J' := J - A;; = % - Ay is principal. Let us assume for
a moment that we can choose b in such a way that J' # A’. Fixing then a
prime ideal p’ C A’ which is minimal with respect to containing J’ the principal
ideal theorem says that A;, is a noetherian local integral domain of dimension
1 with quotient field K. In this situation Prop. 6 ensures the existence of a
discrete valuation ring o(,y C K such that A;J, C o) and p’A;, = A;J, Nm(,). In
particular we have A C o,y and I C ANp’ € ANm,y. This means that v € V.
It remains to justify the above choice of b. First of all we note that by Cor. 1.14
we have Jm+! ; J™ for all m € IN. We claim that there exists a b € J such that

b=t & J™ for any m € IN: Otherwise we find, for a given system of generators
by,...,b. of the ideal .J, natural numbers m; such that b;ni_l e J™i for any
1 <4 < r; but this implies J7(m=1D+1 = jr(m=1 for m := max(my4, ..., m,). If
with this choice of b we assume that % -Ajp = Ajyp then there exist a m € IN
and an a € J™ such that % - g = 1, i.e., such that b1 =q € J™. Thisis a
contradiction and it therefore follows that b has the property that .J' # A’.

Remark 7:
If I # {0} then the map

V. — set of open prime ideals in A
v — ANm,

18 surjective.

Proof: In the proof of Theorem 2 the assumption that A is adic was actually
not used at all. Therefore if p C A is any open prime ideal we can carry out
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the constructions in that proof starting from the local ring A, equipped with
the pAp-adic topology in order to obtain a discrete valuation v € V' such that
ANm, = AN (4,Nm,) = ANpA, = p. Note that A, # K since p contains the
nonzero ideal 1.

The set V carries a natural topology which is defined as follows. For any A-
subalgebra A’ C K which is of finite type over A we put

V(A/) = {’U ceV:A C O(v)} .
We obviously have V(A) =V and
V(A)YNV(A") =V (A, A"Y)

whenever A’, A" C K are two A-subalgebras of finite type over A and (A’, A”) C
K denotes the A-subalgebra generated by A’ U A”. Calling a subset of V' open
if it is the union of subsets of the form V' (A’) therefore defines a topology on V'
which we call the Zariski topology.

Remark 8:

i. Any point in'V is closed;

i1. any A-subalgebra A’ C K which is of finite type over A is a blowing up of A;
iii. the subsets V(Ayyp) where J C A is a nonzero open ideal and b is a nonzero
element in J form a basis of the topology of V ;

. if J C A is a nonzero ideal and by, ...,b. € A\{0} is a system of generators
of J then we have

V = V(Aj’bl) U...uU V(Aj,br)

Proof: i. Let v’ # v be two different points in V. Since O(v) 18 not contained in
0(») (remember that o(,) is maximal among all proper subrings of K) we find
an element ¢ € 0,)\0(y). Then V(A[c]) is an open neighbourhood of v which
does not contain v'. ii. Let ¢q,...,¢. € K be generators of A’ as an A-algebra.
We find elements b € A\{0} and aq,...,a, € A such that

ci:% forany 1 <:<r .
If J denotes the ideal in A generated by b,aq,...,a, then we have
A=Ay, .
iii. We have
VA = U VAo
'UEV(AJ,b)
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iv. Fix a discrete valuation v € V. Since J is nonzero we have J - o(,) = m?v) for
some n > 0. Of course the exponent n is given as

n =min(v(by),...,v(b.)) ;

in particular there is a 1 <4 < r such that v(b;) = n. We claim that A, C O(v)-

Any element in Ajp, is of the form % for some m > 0 and some a € J™. Since

J™ C miy we have v(a) > nm and therefore v (bim) =wv(a) —nm > 0.

There is another important fact about extensions of discrete valuations.

Lemma 9:

Let o be a complete discrete valuation ring with quotient field K and let L/K
be a finite extension of fields; then the integral closure C' of o in L is a finitely
generated o-module.

Proof: Let m be a generator of the maximal ideal in 0. As a consequence of Prop.
5 we obtain that C' is noetherian and that C/xC is a finitely generated o-module.
Since o is integrally closed we have 77! ¢ C and hence 7C # C. It then follows

from Cor. 1.14 that () 7#"C = {0}. Moreover grC := & 7"C/7"T1C as a
n€N n>0

module over gro := @ 7w"0/7" "o is generated by gr°C = C/wC and therefore
n>0

is finitely generated. Since o is complete we have together all ingredients needed
to apply Lemma 1.6 in the same manner as we did in the proof of Prop. 1.5 and
to conclude that C' is a finitely generated o-module.

Lemma 10:

Let o be a noetherian local integral domain which is adic with respect to its
mazimal ideal; let o — C be a finite homomorphism of integral domains; then
C' is a local ring, too.

Proof: Let n C o be the maximal ideal. Then C' is nC-adic. By the same
argument as at the beginning of the proof of Prop. 6 we see that any maximal
ideal in C' lies above n. Therefore assuming that C' is not local the artinian o/n-
algebra C'/nC' is not local so that we find a nontrivial idempotent ¢ € C/nC.
Consider now the polynomial factorization

T? —TmodnC = (T —¢)(T —1+7¢)

Because of
(1-2e)(T—2¢)+ (2c—1)(T—1+72) =1
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the two factors generate C'/nC{T'} as an ideal. We therefore may apply Hensel’s
lemma in order to obtain a monic polynomial P € C[T] which divides T? — T
and such that PmodnC = T —¢. But this means that P(T) = T — ¢ where
c € C is an element such that ¢ = ¢ and ¢ + nC = ¢ Hence c is a nontrivial
idempotent in C. This is a contradiction since C' was assumed to be an integral
domain.

Proposition 11:

Let o = o) be a complete discrete valuation ring and let o — C be an injec-
tive and finite homomorphism of integral domains so that, in particular, C is
an o-algebra topologically of finite type; then there exists precisely one discrete
valuation w of C' which extends v; moreover w is finite over v.

Proof: According to Lemma 9 the integral closure of C still is finite over o. We
therefore may assume that C' is integrally closed. Lemma 10 implies that C' is
local. In view of Prop. 6 this means that C' is the valuation ring of the unique
discrete valuation w extending v.

The assertion of Lemma 9 should be seen in the following context.

Definition:

A noetherian integral domain o with quotient field K is called Japanese if for
any extension of fields L/ K the integral closure of o in L is a finitely generated
o-module.

We can now rephrase Lemma 9 by saying that any complete discrete valuation
ring is Japanese. Actually a much stronger result holds true.

Theorem 12: (Nagata)

Any noetherian local integral domain which is adic with respect to its maximal
tdeal s Japanese.

Proof: [EGA] IV 1 (0.23.1.5).

68 Affinoid spectra

As a base ring we fix a noetherian m-adic integral domain o where m is some
nonzero proper ideal in o. In particular o is not a field; we denote by K the
quotient field of 0. Moreover we let V' = V(0) be the nonempty (Thm. 7.2) set
of all discrete valuations of o.
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For any o-algebra A topologically of finite type we define

Spo(A) := set of all pairs (p, w) where p C A is
a prime ideal such that o — A/p is
injective and w is a discrete valuation

of A/p which is finite over some v € V.

The set Sp,(A) is called the affinoid spectrum of A. If it is clear from the context
which base ring we refer to we simply write Sp(A).

Remark 1:
The prime ideal p, for any point (p,w) € Sp(A), is not open in A.

Proof: If p is open in A the injectivity of o < A/p implies that the zero ideal
{0} is open in 0. This means that m is nilpotent and therefore that m = 0 which
is a contradiction.

Forming the affinoid spectrum of course is functorial. For any homomorphism
¢: A— Bin Alg,(0) we have the induced map

Sp(p) : Sp(B) — Sp(A)
(q,w) — (o' (@), w | (A/e™ ' (1)) ;
here and in the following the restriction of a discrete valuation to a subring has
to be understood in the sense that the restricted map is renormalized again (by

dividing it by the corresponding ramification index) to be onto Z (so possible).
In particular, under the obvious identification

Sp(o) +—V
({0},v) — v

the natural map Sp(A) — Sp(o) becomes the map

Sp(A) — V

(p,w) — v if w extends v .

Let us fix for a moment a discrete valuation v € V. It was shown in Prop. 3.2
that A ® o, is an o,-algebra topologically of finite type. Let
o

Py A — AR o,
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be the natural continuous homomorphism of rings. It induces the map

»h : Spo, (A(%)ov) — Spo(A)
(@, w) — (g (), w | (A/1p;(a))) -

Proposition 2:

The map 1) induces a bijection

Spo, (AR 0y,) — {(p,w) € Spo(A) : w extends v} .
Proof: Let (p,w) be a point in Sp,(A) such that w extends v. We then have
the commutative diagram of continuous injective homomorphisms of rings
o — Alp

Oy ? Ow

By the universal property of the complete tensor product (Prop. 3.4) it extends
uniquely to a commutative diagram of continuous homomorphisms

00— (Afp) B0, < AJy

N7

Ow

On the other hand we have the commutative diagram

A — (4

v | l

A®o, —» (A/p)®o,

where the lower horizontal arrow is surjective by Lemma 1.10. Consider the
prime ideal

q:=ker(A®o, —» (A/p) ®0, — 04)

It is now a simple diagram chase to see that (q,w) € Sp,, (A ® 0,) is the unique
o

preimage of (p, w) under the map ;.
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Corollary 3:

Spo(A) = |J imvp) where the union is disjoint.
veV
Lemma 4:

Let B be an o,-algebra topologically of finite type; then the map

Spo, (B) — {p € Spec(B) : 0o, < B/p is injective and finite}

(b, w) —p
1S a bijection.

Proof: Given the point (p,w) € Sp,, (B) we have the injective homomorphisms
0y < B/p < o0, such that the composition o, < 0, is finite. Therefore
0, < B/p is finite, too. This shows that the map is well-defined. Its bijectivity
follows from Prop. 7.11.

Proposition 5:
Let B be an oy,-algebra topologically of finite type and let K, denote the quotient
field of o,; then the map

Spo, (B) — set of mazimal ideals in B ® K,

Oy

(p,w) — pR K,

1S a bijection.

Proof: Because of Lemma 4 we may replace the left hand side in the assertion
by the set
{p € Spec(B) : o, = B/p is injective and finite} .

For each prime ideal p in this set
(B/p)®Kv :B®Kv/p®Kv

is an integral domain finite dimensional over K, and therefore is a field. This
shows that p ® K, is a maximal ideal in B® K,. Now let ¢ C B® K, be any
[ [ Oy
prime ideal. Then p := gN B is the unique prime ideal in B such that p ® K,, = q;
Oy

moreover o, — B/p clearly is injective. It remains to show that if q is maximal
then o, < B/p is finite. According to the Normalization lemma in §6 there is
a finite and injective homomorphism of o,-algebras

ou{Ty,...,Ta} — B/p
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for some d > 0. Then

0u{Ty,..., T4} @K, — (B/p)® K, = BQ K,/q

is injective and finite, too, and the right hand side is a field. Therefore (compare
the beginning of the proof of Prop. 7.6) the left hand side also has to be a field
which only can happen if d = 0.

Remark 6:
If A+ 0 then there exists a v € V such that A® o, # 0.

Proof: Tt suffices to show that A ®o0, # m, - (A®o,) for some v € V. We fix an

open prime ideal in A (e.g., a maximal ideal by Lemma 1.4) and we let p denote
its preimage in 0. According to Remark 7.7 there exists a discrete valuation
v € V such that p = oNm,. We then obtain

(A 6;9 0y)/my (A 6;9 0,) = (A/pA) O(%p(ov/mv)

Since o/p — A/pA is injective and since o,/m, being a field extension of the
quotient field of o/p is flat over o/p the right hand side certainly is nonzero.

Proposition 7:

If A0 is flat over o then Sp,(A) # 0.

Proof: The Prop. 3.6 implies that A® o, is flat over o, for any v € V. If we
choose v € V in such a way that A(%)OOU # 0 which is possible by the previous

Remark 6 then
0y — AR o0,

is injective. For this v we then obtain (A ®0,) ® K, # 0 where K,, again denotes
the quotient field of o,. It follows now from Prop. 5 that Sp,, (A ® o0,) # 0 and
therefore that Sp,(A) # 0. )

As a next step we will see that our affinoid spectra Sp,(A) carry a natural
topology. This comes from the following crucial observation.

Lemma 8:

For any open ideal J C A and any element b € J the map
Spo(A{J,b}) — Spo(A)
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induced by the complete blowing up A — Ay is injective; its image is

Dy :={(p,w) € Spo(A) : b & pand w(b+p) = irleiglw(a+p)} :

Proof: (We adopt from now on the usual convention that w(0) := oo0.) First
we fix a point (q,w) € Sp(Agspy). Let p C A denote the preimage of q, set
w:=w | (A/p), and let e > 1 be the ramification index of w over w. By Remark
1 the prime ideal q is not open in Ay ;3 and therefore cannot contain the open
ideal JA{spy = % - Agypy; hence b € p. On the other hand, for any a € J, we
have

e-w(a+p):u~1<%+q> :w<%-%+q> :w<%+q>+u~1<%+q>
Zw<é+q> =e-wb+p) .

This shows that the image of the map under consideration is contained in D y.
Now we fix a point (p,w) € Dsp. Since b ¢ p the image b € 0, of b under the
associated continuous homomorphism A —» A/p < 0, is not a zero divisor
in 0,. The second requirement in the definition of D;; guarantees that the
ideal J C oy, generated by the image of .J is the principal ideal J=1"b-0,. By
the universal property of a complete blowing up the homomorphism A — o,
extends therefore in a unique way to a continuous homomorphism Ay zyy — 0y.
If q denotes the kernel of the latter then (q,w) € Sp(Agspy) is the unique
preimage of (p, w).

Remark 9:

The proof of Lemma 8 shows that for any point (q,w) € Spo(Agspy) with image
(p,w) € Spo(A) we have og = 0y.

In the situation of Lemma 8 let a1,...,a, € J be a system of generators of that
ideal. We then of course have

Djp={(p,w) € Spo(A) : b & p and w(b+p) < 1I<rlii£1Tw(ai +p)}.

Lemma 10:

Let J,J" C A be open ideals and let b and b’ be elements in J and .J', respectively;
we then have

i. Dy N Dy oy = Dyyroppr;
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it. Sp((p)_l(Djyb):Dtp(J),B’Lp(b) for any homomorphism p:A—B in Alg,(0);
ii. (P2)~H(Dyp) = D146 0ypu vy JOT any v € V.

Proof: Easy exercise. (Observe that with J and J’ also J.J' is an open ideal.)

The subsets Dy, C Spo(A) for J C A an open ideal and b € J are called
rational subsets. According to Lemma 10.i they form a basis for the open sets
in a unique topology on Sp,(A) which we call the canonical topology. The
other two assertions of Lemma 10 then say that the maps Sp(p) for any ¢ in
Alg;;(0) and 1y for any v € V(o) are continuous. On Sp,(0) = V(o) the
canonical topology coincides, by Remark 7.8, with the Zariski topology.

Remark 11:
i. The image of Y%, for any v € V(0), is a closed subset in Sp,(A);

it. for any surjective homomorphism ¢ : A —» B in Algtft(o) the map

Sp(p) : Spo(B) = Spo(A)

1s a closed immersion.

Proof: i. Remark 7.8.i and Prop. 2. ii. Set a := ker ¢. The map Sp(p) clearly is
injective and its image is {(p,w) € Sp(A) : a C p}. For any open ideal J' C B
and any element b’ € J' we put J := ¢~ 1(J’) and we choose an element b € J
such that ¢(b) = b'. We then have

Dy = Sp(e) N (Dyp) -

This shows that the canonical topology on Sp(A) induces via the injection Sp(¢p)
the canonical topology on Sp(B). It remains to prove that the image of Sp(p)
is closed in Sp(A). Consider a point (p,w) € Sp(A) not in this image, i.e., such
that a Z p. We choose an element b € a\p and we put J :=b- A +m®® A, The
rational subset D then is an open neighbourhood of (p,w) which is disjoint
from the image of Sp(yp).
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