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Abstract

We develop prismatic and syntomic cohomology relative to a d-ring. This simultaneously generalizes Bhatt
and Scholze’s absolute and relative prismatic cohomology and shows that the latter, which was defined
relative to a prism, is in fact independent of the prism structure and only depends on the underlying
d-ring. We give several possible definitions of our new version of prismatic cohomology: a site theoretic
definition, one using prismatic crystals, and a stack theoretic definition. These are equivalent under mild
syntomicity hypotheses. As an application, we note how the theory of prismatic cohomology of filtered
rings arises naturally in this context.
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1 Introduction

The p-adic syntomic complexes Z,(i)(R) for i € Z>( and a quasisyntomic ring R are objects of the p-complete
derived oco-category D(Zp)]/a\ introduced by Bhatt, Morrow, and Scholze [9] in order to study topological
cyclic homology and algebraic K-theory. They are a form of étale-sheafified motivic cohomology at the ‘bad’
prime [13] and were studied in a different guise by Fontaine and Messing [12]; see [6] for a comparison. Our
goal in this paper is to introduce and study a relative form of the p-adic syntomic complexes Z,(¢)(R/A)
when A is a d-ring and R is a commutative A-algebra.

Syntomic cohomology is built from the theory of prismatic cohomology due to Bhatt, Morrow, and
Scholze [9, 10] and we will similarly generalize prismatic cohomology to a relative setting. We assume that
the reader either knows what a prism is or is willing to take this notion as a black box. For now we only need
that (among other things) a prism is a commutative ring A with an endomorphism ¢4 and an invertible ideal
I C A. For a prism (A, I) and a commutative A-algebra R, where A = A/I, Bhatt and Scholze naturally
associate the following objects:

(a) an Ey-A-algebra g4, the (derived) prismatic cohomology of R relative to A2

(b)  gya-modules g, 4{i} for every integer i € Z called the Breuil-Kisin twists (with r/4{0} = g/a)
which are graded multiplicative with respect to ¢;

(¢) complete Hodge-Tate towers [1;}/ "o

n+1] . n . n—1] (.
e TR U ORI R G B

for i,n € Z, multiplicative in i and n, with weight n = 0 part g,4{i}, underlying object g, 4{i}[1/1],
and associated graded pieces gr™ [1;1/ A{i} > gja{i+n}, the (i + n)-Breuil-Kisin twisted Hodge-Tate

cohomology of R over A;*
(d) complete Z-filtered A-modules
11 . (1) g n—1~(1) .
S NEH g?,/)A{Z} - NZ g-?,)A{l} — Nzt g%/)A{Z} -
for ¢,n € Z, multiplicative in ¢ and n, called the Nygaard filtration on the Nygaard-completed, Frobenius-

twisted, Breuil-Kisin twisted prismatic cohomology Ag) 411}, which have property that N>*Ag) RUSE
constant for x < 0;

!Bhatt and Lurie introduce p-adic syntomic complexes Zy(4)(R) for a broad class of non-p-complete rings in [7]. When
R is quasisyntomic (and in particular p-complete), these agree with the complexes defined in [9], but for example for Z,,
the difference between Zy(i)(Z(p)) and Zp(i)(Zp) is the same as the difference between the p-adic (pro-)étale cohomology in
weight 4 of Spec Q and of Spec Qp. On the other hand, our relative syntomic complexes Zy(3)(R/A) depend only on the derived
p-completions: Zp(1)(R/A) = Zp(i)(R/A). Thus, Zp(i)(Zp)/Z(py) = Zp(1)(Zp/Zp) = Zp(i)(Zp), and not Zp(i)(Z(y))-

2When we want to distinguish this object carefully from our prismatic cohomology relative to é-rings, we will write it as

rRe} 4+ As we will show in Theorem 1.2(2), the two agree when both are defined.
3In fact, this tower is simply given by the I-adic filtration on g, 4{i}, i.e. E;}A{l} = pg/a{i}®aI™. We want to highlight

the structure in this abstract way to foreshadow the generalization that is to come.



3 1. Introduction

(e) a pa-semilinear morphism c: g/a{i} — Ag)A{i} for every i € Z;

{i} RLEN [*_i]{i} for every i € Z (the variable x is the

(f) a filtered relative Frobenius map Nz R/A

R/A
filtration).

We will not give a detailed review of the definition of these objects here and just note that the functor g/
can be constructed by taking the cohomology of the prismatic site of R relative to A when R is p-adically
formally smooth over A, and then left Kan extending in the oo-category of (p, I)-complete E..-A-algebras
from formally smooth A-algebras.

Remark 1.1. (1) Let Ag;A = Ag;A{O}. In this case, the morphisms c and ¢4 are maps of E,-rings and

the composition
c. (1) P/a
R/A =" RyA T " R/A

induces a ¢ 4-semilinear endomorphism ¢ that we call the (absolute) Frobenius.

(2) We want to explain in which sense Ag/) 4 is a completion to explain the terminology: using the map c
one can ‘pull-back’ the Nygaard filtration to get a non-complete filtration on the Frobenius twisted
prismatic cohomology g)A{i} = pyali} ®a,0, A. Concretely this new filtration is given by the
formula

> (1) oy . N2 Q) g @ g,
N pyalit = N7 adi} EYROE: ryati}

where ¢ is the A-linear map g) ali — Ag/) 414} induced from c. By construction the completion of

g)A{i} with respect to N2* g)A{i} is Nygaard-completed prismatic cohomology Ag/)A{i}.4

(3) The objects (a) — (f) are naturally objects of the co-category C4 consisting of quadruples (H, N, ¢, )
where

e H is a complete filtered, graded E,.-algebra over A, i.e., a lax symmetric monoidal functor
H: (Z,>2) xZ — D(A),

where (Z, >) denotes the poset with the additive symmetric monoidal structure and Z denotes the
set with the additive symmetric monoidal structure. Completeness means that for fixed grading
the inverse limit in the poset direction vanishes;

e N is another complete filtered, graded E.,-algebra over A which is constant in non-positive
filtration weights;

e cis a p4-semilinear map of graded A algebras H=? — N=0;°

e ¢ is a map of graded filtered algebras N — sh(H) over A where sh is the shearing of H defined as
changing the filtration degree by subtracting the grading degree.

There is also an absolute form of the theory also introduced in [10] and studied in [7], yielding for
commutative rings R the following objects:

(i) an E-algebra g over Zy;

(ii) Breuil-Kisin twists g{i} for every integer i € Z;

4We could also consider the filtration N=* g} A{i} to be the more fundamental object, as is usually done. But we will see

later that the Nygaard-completed filtration N >*Ag) A{i} has better formal properties, specifically with respect to descent in R.

Also the syntomic cohomology is the same in both cases (Proposition 7.12)
51n fact, ¢ carries slightly more structure which we will suppress for simplicity here.
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(iii) complete Hodge-Tate towers g]{i} with weight 0 part [Rg]{i} ~ g{i} and associated graded pieces
gr” E;]{z'} ~ g{i+n}, the (i + n)-Breuil-Kisin twisted absolute Hodge-Tate cohomology of R;

(iv) Nygaard filtrations N>* p{i};
(v) maps ¢: p{i} = r{i}:
(vi) filtered Frobenius maps N>* p{i} 2 [Ifﬂ {i}.

These objects are naturally objects of the co-category Cz, of the previous remark, where ¢z = id. The
p-adic syntomic complexes are defined for ¢ > 0 as

(vii) Z,(i)(R) = fib (N> n{i} <5 "p(i}).

For example, Z,(0) >~ lim Z/p™ as a flat sheaf and Z,(1)(R) ~ T}, G,,, the p-adic Tate module of G,,; see [9,
Props. 6.16 and 6.17].

1.1 Results

To generalize syntomic cohomology to the case of a commutative algebra R with bounded p-primary torsion
over a d-ring A with bounded p-primary torsion (called a bounded J-pair (A, R)), we extend prismatic
cohomology and the structures (a)-(f) above to the setting of commutative R-algebras over general §-rings A.
The main result of this paper is the following:

Theorem 1.2. There is a extension of prismatic cohomology to bounded d-pairs. More precisely we construct
objects

* ~(1
__R/A = ( Eq]/A{*}7N>* %)A{*}acv tP) €Cy
depending functorially on (R, A) which possess the following properties.

(1) Insensitivity to localization and completion (Definition 3.3, Corollary 3.13, and Corollary 6.10): __g/4
depends only on the S-localization of A where S is any set of elements of A that become invertible in R;
similarly, __R/A depends only on the derived (p, K)-adic completion of A and the derived p-completion
of R where K is any finitely generated ideal in the kernel of A — R.

(2) Relative prismatic comparison (Propositions 4.10, 5.1, 5.17 and 6.12, [7, Thm. 7.17]): if A is a prism
and R is an A-algebra, then g, agrees naturally with the derived prismatic cohomology of Bhatt and
Scholze [10].

(3) Absolute prismatic comparison (Example 3.21 and Remark 6.8): if A = Z, or if A = W(k) for a
perfect F,-algebra k and if R is an A-algebra, then __R/a agrees naturally with the absolute prismatic
cohomology of Bhatt and Lurie [7]; note in this case that the Frobenius twist is equivalent to g/a.

(4) Preservation of sifted colimits (Corollary 3.17 and 6.10): for varying A and R, __g /4 is left Kan extended
from finitely presented free §-pairs (as functors to Cgz, i.e., we get colimits in complete filtrations).®

(5) Quasisyntomic descent (Proposition 3.15, Definition 9.1, and Corollary 6.10): for fired A, __g,4 satisfies
p-completely quasisyntomic descent in relatively quasisyntomic §-pairs (A, R).

(6) Quasismooth descent in A (Proposition 3.15 and Corollary 6.10): for fited R, __ 4 satisfies p-completely
quasismooth descent in relatively quasisyntomic 0-pairs (A, R).

6A §-pair (A, R) is finitely presented free if A is a finitely generated free §-ring and R is a finite polynomial ring over A.
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7) Base change (Corollary 3.17 and Corollary 6.10): satisfies base change in A: for any map A — A’
R/A
of 0-rings the natural map p/a ®a A" =  Rg,ar 40 15 an equivalence after completing the left-hand

side with respect to the Hodge—Tate filtration B;]/A ®a A" and similarly for the Nygaard-completed term.

(8) Restriction along relatively perfect maps (Proposition 3.12 and Corollary 6.10): if A — A’ is a p-
adically relatively perfect map of bounded d-rings, then the map __p,4 — __p 4 s an equivalence for
any bounded commutative A'-algebra R.

The functor (A, R) — __Rya is uniquely determined by these properties (Proposition 9.15).

Note that the previous theorem also implies that Bhatt—Scholze’s relative prismatic cohomology only
depends on the 0-ring A and not the prism structure, which is slightly surprising. As a consequence of
Theorem 1.2, there is an extension of the relative p-adic syntomic complexes Z,(i)(R/A) to é-pairs. If A - R
is a d-pair, we let

. (1 .y can—c ~(1 .
Z,(i) (1)) = fib (N> (i} 225700 (i)

for i € Z, the ith relative syntomic complex of R over A. R

It turns out that Nygaard-completed Frobenius twisted cohomology NZ* x /4 satisfies a stronger form of
descent for morphisms of §-pairs (A, R) — (B, S), requiring only that R — S be of universal descent, meaning
that for every map R — T of animated commutative rings the limit of the Cech complex of T — T' ®p S
computes T'. However, note that this generality requires prismatic cohomology relative to animated d-rings [3].
To avoid this, in Corollary 1.3, one can assume that (A, R) — (B, S) be a map of bounded §-pairs where
A — B is flat and R — S is faithfully flat.

Corollary 1.3 (Descent for syntomic cohomology (Corollary 7.10)). For each i € Z, the relative p-adic
syntomic complexes Z,(i)(R/A) satisfy descent for maps of pairs (A,R) — (B,S) such that R — S is a
universal descent morphism (with no condition on A — B).

Adapting an argument from [9, Lem. 7.22] (see also [6, Thm. 5.1(2)]), we also find that the relative p-adic
syntomic complexes Z,(i)(R/A) preserve sifted colimits and hence are left Kan extended from their values on
finitely presented free J-pairs.

Corollary 1.4 (Left Kan extension of syntomic cohomology (Corollary 8.9)). For each i € Z, the relative
p-adic syntomic complexes Z,(i)(R/A) are left Kan extended from finitely presented free d-pairs (as a functor
to the p-complete derived category D(Z);, ).

Example 1.5. If A = Z, the initial §-ring, then by Theorem 1.2(3), g,z recovers absolute prismatic

N>*Ag}z agrees with N>*" 5. It follows that Z,(i)(R/Z) agrees with the p-adic syntomic
complexes defined in [9]. The Frobenius on Z is the identity, which explains why no Frobenius twists appear

for either the Nygaard filtration or the p-adic syntomic complexes in the absolute case.

cohomology g and

1.2 Construction

One can use the descent properties of Theorem 1.2 to reduce to the derived prismatic cohomology of [10].
However, this makes it very hard to verify all the properties stated in Theorem 1.2 and also makes it hard to
compare it to different definitions. Therefore we use the theory of prismatic crystals to give a direct definition.
Prismatic crystals are by definition quasi-coherent sheaves on the Cartier—Witt stack WCart of Drinfeld [11]

and Bhatt-Lurie [7]. For every bounded §-pair (R, A) we introduce prismatic crystals ﬂ'([n](R/A){i} and set

wyalit = RO(WCart, 5™ (R/A){i}).
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Concretely the value of %["}(R/A){i} on a transversal prism (B, J) is given by derived relative prismatic

rel,[n] . . . . P~ .
REB/AG i} as constructed in [10] (with notation from [7]). Here A®B denotes the prism

obtained by (p, J)-adically completing the §-ring A ® B and giving it the prism structure induced from J,
while R®B is the p-completion of R@ B = R® B/J.

Using this description many of the properties of relative prismatic cohomology, such as the following
Hodge—Tate comparison, follow immediately from properties of prismatic cohomology relative to prisms.

cohomology

Proposition 1.6. Hodge—Tate comparison (Proposition 3.9): There is a natural ezhaustive increasing
filtration FicfmiR/A{i} on  gya{i}, called the §-conjugate filtration, whose graded pieces are given as

@ yali} = L 4 fb(Z, = Zy)[—u]

for allu € Z."

The construction of the Nygaard-completed prismatic cohomology and the Nygaard filtration will also be
given using the language of prismatic crystals as is done in [7, Sec. 5.5].

Finally we note that one can also give other descriptions of relative prismatic cohomology that are often
more accessible or easier to describe.

Theorem 1.7. (1) Site-theoretic comparison (Theorem 5.6): when Lg 4 has p-complete Tor-amplitude in
[0,1], g4 has a site theoretic description, that is it agrees with the cohomology of the relative prismatic
site (R/A) as defined in Section 2.

(2) Comparison to prismatization (Proposition 5.1): for each bounded §-pair (R/A), there is a formal stack
WCartr 4 over WCart. The pushforward of the structure sheaf Owcarty,, along WCartr 4 — WCart
agrees with H (R/A) when Lg/a has p-complete Tor-amplitude in [0,1]. In particular in this situation
the global sections of the structure sheaf of WCartg,4 is equivalent to g, 4.

1.3 Applications

The idea that there should be relative p-adic syntomic complexes in the generality of this paper is motivated
by topological considerations such as applying TC to THH(R/S[z]) where z maps to some element of R.
In this case, the complexes could have been defined in [9, Sec. 11]. The idea that the relative syntomic
complexes should satisfy descent results as in Corollary 1.3 is heavily influenced by the work of Liu and
Wang [19] on TC.(Ok;F,), in which the authors recover Hesselholt and Madsen’s verification [14] of the
Quillen—Lichtenbaum conjecture for local fields, and by [18] on THH of (quotients of) discrete valuation rings.
These papers both take a topological approach to calculations using descent, so it was natural to look for a
purely prismatic approach. The explicit connection between the two approaches will be studied in [5] in the
context of the modern approach to cyclotomic spectra developed in [26].

In [4] (see [2] for a survey), we use Corollary 1.3(d) for R = O /@™ when K is a finite extension of Q,
with uniformizer w and residue field k to show that the absolute p-adic syntomic complexes Z,(7)(O g /™)
can be computed from descent along W (k) — W (k)[z] using the relative p-adic syntomic syntomic complexes.
The point is that Z,(:)(Ox /@™ /W (k)[z]) admits a purely algebraic description in terms of the prismatic
envelopes introduced in [10].

In order to make this approach amenable to computer calculations, we use the w-adic filtration and argue
that one has to compute Z,(7)(Ox /w™) only up to finite filtration level. To make this precise, we introduce
filtered prismatic cohomology below, following a suggestion of Bhatt. It turns out that this is most naturally
viewed as a specific form of prismatic cohomology relative to a d-stack, Al/G,,, so it fits naturally into the
context of the present paper. We use filtered prismatic cohomology to prove the following result.

"This filtration does not agree with the conjugate filtration constructed in [10] in the prismatic case; see Warning 3.22. Rather
it is an analog of the conjugate filtration on absolute prismatic cohomology studied in [7].
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Theorem 1.8 (Crystalline degeneration). If FZ*R is a filtered p-complete commutative ring with F°R = R
and which is constant for x < 0, then the syntomic complezes of R admit natural filtrations F>*Z,(i)(R) and
there are natural identifications gr*Z,(i)(R) ~ gr*Z,(i)(gr*R).

We call this crystalline degeneration as in the cases of interest to us in [4], we have p € FZ!R so that the
associated graded is an F-algebra.

Outline. We give three different constructions of prismatic cohomology relative to a §-ring A in Sections 2, 3,
and 4: one is site theoretic and extends the prismatic site of [10]; one is by constructing prismatic crystals
H (R/A) on the stack WCart of Bhatt—Lurie [7] and Drinfeld [11]. The final method is via a prismatization
and gives relative Cartier—Witt stacks WCartg, 4, extending the definition of the relative prismatization
from [8]. We compare these approaches under mild hypotheses in Section 5 and we introduce the Frobenius
twisted variants and the Nygaard filtration in Section 6. We discuss syntomic cohomology in Section 7 and
we wrap it all up and discuss the prismatic package in Section 8. We discuss the use of relative quasisyntomic
descent to compute prismatic cohomology relative to §-rings in Section 9 and prove the uniqueness statement
of Theorem 1.2 there. In Section 10, we explain how to work over Al/G,, to construct filtered variants.
Finally, we explain how the theory of prismatic cohomology relative to §-rings gives a natural way to extend
the theory of prismatic cohomology to filtered and graded rings by working over the stack WCarta1,q,,. In
Appendix A, we give background on the theory of quasi-coherent sheaves on formal stacks and prove some
results on base change for quasi-coherent cohomology needed for the computation of prismatic crystals.

Background. We will freely use the theory of prismatic cohomology as developed by Bhatt, Morrow,
and Scholze [9], Bhatt and Scholze [10], and Bhatt and Lurie |7, 8]. In particular, we use the notions of
quasisyntomic rings from [9], §-rings from [10] (and going back to [16, 17]), animated d-rings and animated
prisms from [8], generalized Cartier—Witt divisors from [7, 8], and the prismatic site from [10] as well as its
animated analogue from [8]. We also use animated commutative and derived commutative rings (as defined
by Mathew), see [27] for the latter.

Notation. Throughout this paper, we fix a prime number p. All é-ring theoretic notions are taken with
respect to p and quasisyntomic will be shorthand for quasisyntomic with respect to the prime p. Thus, for
example, a map A — A’ of commutative rings is quasisyntomic if A’ is p-completely flat over A and L4//4
has p-complete Tor-amplitude in [0, 1] (where we index throughout using the homological convention).® A
commutative ring is bounded if it has bounded p-power torsion. A map A — A’ of commutative rings is
p-completely quasismooth if L 4//4 has p-complete Tor-amplitude in [0,0]. A map A — A’ of commutative
rings is p-completely quasi-étale if L 4/,4 vanishes p-adically.

Acknowledgments. We would like to thank Bhargav Bhatt, Akhil Mathew, and Adam Holeman for helpful
conversations about this material. We also enjoyed two productive visits to Oberwolfach when many of the
details in this paper were worked out. We thank MFO and its staff for providing such an ideal setting for
research.

This paper also benefited from the opportunity of two of its authors to give a masterclass on the topic
in Copenhagen in early 2023. We thank the organizers (Carmeli, Hesselholt, Iwasa, and Jansen) and the
Copenhagen Centre for Geometry and Topology for the opportunity.

The first author was supported by NSF grants DMS-2120005 (CAREER: higher Brauer groups and
topological Azumaya algebras), DMS-2102010 (Cyclotomic spectra and p-divisible groups), and DMS-2152235

8Note that our definition of quasisyntomic is not the same as that found in [9], which requires the rings themselves to be
derived p-complete, but agrees with the notion of p-quasisyntomic morphisms found in [7, Def. C.9].
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(FRG: higher categorical structures in algebraic geometry) and by Simons Fellowship 666565 (Motivic
filtrations); he would like to thank Universitat Miinster for its hospitality during a visit in 2020. The second
and third author were funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)
— Project-ID 427320536 — SFB 1442, as well as under Germany’s Excellence Strategy EXC 2044 390685587,
Mathematics Miinster: Dynamics—Geometry—Structure. They would also like to thank the Mittag—Leffler
Institute for its hospitality while working on this project.

2 The prismatic site

In this first section we define a relative prismatic site. The cohomology of this with respect to the structure
sheaf O is a version of relative prismatic cohomology which we call the site theoretic (relative) prismatic
cohomology %‘ﬁx. We will see later that the site theoretic prismatic cohomology agrees on a large class of
rings with the ‘correct’ prismatic cohomology. We begin this paper with the site theoretic variant since it is

the easiest one to understand conceptually.

Definition 2.1 (é-pairs). Let Pairs® be the category consisting of d-pairs (4, R) (or A — R), meaning a
d-ring A and a commutative A-algebra R. The morphisms (A4, R) — (A’, R’) consist of commutative diagrams

A—> A

|

R—— PR,

where A — A’ is a d-ring map. In particular, we emphasize that R is not equipped with a é-ring structure, in
fact it typically does not even admit a (natural) -ring structure. In general, we say a J-pair is bounded,
(derived) p-complete, or quasisyntomic if A and R are bounded, (derived) p-complete, or quasisyntomic as
commutative rings.

Definition 2.2 (Pre-prismatic d-pairs). Say that a J-pair (4, R) is pre-prismatic if the kernel of A — R
contains a Cartier divisor I such that Zariski locally on Spec A any generator d of I has the property that
6(d) maps to a unit in R). A pre-prismatic d-pair is prismatic if (A, I) is a prism.

Remark 2.3. Note that if (A, R) is a pre-prismatic bounded §-pair, as exhibited by a Cartier divisor I, then
A[(S(I)_l](AI ) inherits a é-ring structure by [10, Rem. 2.16, Lem. 2.18] and becomes a prism with respect to
the completion of I. By property (1) of Theorem 1.2, the prismatic cohomology will not see the difference

between (4, R) and (A[6(1)~'](y ). By)-

Definition 2.4 (The prismatic site). Let A — R be a §-pair. The prismatic site (R/A) of R relative to the

d-ring A is the opposite of the category of commutative squares

A——B
| )
R——=B

where B — B = B/I is a bounded prism and A — B is a map of d-rings; we equip this category with the
(p, I-completely faithfully flat topology in B. The proof that (R/A) is indeed a site is the same as the first
paragraph of the proof of [10, Cor. 3.12].
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Remark 2.5 (Comparison to other prismatic sites). (1) If A is itself a bounded prism and the map A — R
factors through A, then (R/A) agrees by definition with the relative prismatic site of R over A defined
in [10, Def. 4.1]. This follows since A — B has to take the prismatic ideal in A to ideal I = ker(B — B)
by commutativity of (1).
(2) If A=1Z,, then (R/Z,) agrees with the absolute prismatic site (R) of R defined in [7, Def. 4.4.27]
since Z,, is initial as a p-complete d-ring. In particular, in the special case of (Z,/Z,) , we recover the
site of all bounded prisms.

Definition 2.6 (Breuil-Kisin twists). Each prism B admits a natural line bundle B{1} constructed in [7,
Sec. 2] called the first Breuil-Kisin twist of B. It is the home for the prismatic logarithm map and is the
prismatic analogue of the Tate twist Z,(1) in the étale setting. It is also compatible with base change: if
B — B’ is a map of prisms, then there is a natural isomorphism B’ @5 B{1} = B’{1}.” The tensor power
B{i} = B{1}®#% is the ith Breuil-Kisin twist. These define presheaves O {i} on (R/A) by sending a
square (1) to B{i}. The presheaf O = O {0} is a sheaf of d-rings and is called the prismatic structure sheaf,
terminology which will be justified below. Given any sheaf of O -modules M on (R/A) , we denote by M{¢}
the tensor product M ®¢9 O {i} in sheaves of abelian groups on (R/A) .

Definition 2.7 (The Hodge—-Tate tower). The assignment to (1) of the prismatic ideal I defines an invertible
sheaf of ideals  in O called the Hodge-Tate ideal. We let O {i} =79®" ®9 O {i} for n € Z. These

assemble into a tower
oo 0PI 5 oMy 5 0y 5 o

with weight 0 term the ith Breuil-Kisin twist. We also have O—= 0 /O[l], which takes (B,I) € (R/A) to
B = B/I and defines a sheaf of commutative R-algebras.

Note that the Hodge—Tate tower for O {i} is tensored up from the Hodge—Tate tower for O : we have
oMt =20 {itwe oM

Lemma 2.8. For each n,i € Z, O[n]{z’} and O—{i} are sheaves on (R/A) with vanishing higher cohomology
for any object (B,I) € (R/A) .

Proof. For O and O, this follows from [10, Cor. 3.12], which says that these define sheaves with vanishing
higher cohomology in the case of the site of all bounded prisms, i.e., (Z,/Z,) . We use that the value of O
and O—on (B,I) € (R/A) with respect to (R/A) can be computed by considering (B, I) as an object in
(Z,/Z,) , which follows by observing that the Cech complexes associated to (B, I) — (C,IC) in (R/A) and
(Z,/Z,) agree.

The result for 3 = O = ker(O — O-) follows because sheaves are closed under kernels and because
O — O- is surjective pointwise. The fact that the Breuil-Kisin twists O {i} are sheaves with vanishing
higher cohomology on (B,I) € (R/A) follows from the sheaf property for O and the crystal property for the
Breuil-Kisin twists. Given a (p, I)-completely faithfully flat map of prisms (B,I) — (C, IC), let (C*,IC*®)
be the Cceh nerve. Then, C*{i} is equivalent as a cosimplicial object to (C*) @5 B{i} by the base change
property of the Breuil-Kisin twists. So, the sheaf property for O {i} reduces to (p, I)-completely faithfully
flat descent for the invertible B-module B{i}. The result for the Hodge—Tate towers is proven in the same
way. O

Remark 2.9. There is a natural equivalence J /J? =2 ol / ol ~ O—{1}. It follows in general that
0 g3} /0 G) = 0~ + nl.
See |7, Rem. 2.5.7].

91n the language of [7], the assignment B ~ B{1} defines a prismatic crystal, or a quasi-coherent sheaf on the Cartier-Witt
stack WCart.
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Definition 2.10 (Site-theoretic prismatic cohomology). We define
wia i) = RT((R/4) 01" (i),

The superscript (—)%* will be used to distinguish this form of prismatic cohomology from other forms
discussed below, before we have established our comparison theorems under quasisyntomicity assumptions in
Section 5.

In the case of n =i = 0, the resulting object of the p-complete derived oo-category D(Z,))

. p
by ﬁ%t/il, the site-theoretic prismatic cohomology of R relative to A. It naturally has the structure of an

E.-algebra over A with an endomorphism ¢ called Frobenius induced by the Frobenius endomorphism of

the sheaf O . The objects j;t/z[n]{i} assemble into Hodge-Tate towers

is denoted

site,[*] (- site,[n+1] (- site,[n] (- site,[n—1] (.
Rt/AH{Z}:"'_) Rt/A[+]{Z}_> Rt/A[]{Z}_> Rt/A[ ]{Z}—>---

site

of %t/a—modules; these towers are complete filtrations on the colimit %7 {i}[1/I] with weight 0 part %t/eA{z}
Warning 2.11 (No Breuil-Kisin twists for §-rings). When the d-pair (A, R) is prismatic, %t/CA{z} =
RI((R/A) ,0 {i}) is equivalent to }‘,t/eA ®4 A{i}, but when A is a general d-ring, this need not be the case.
In fact, the construction A — A{i} does not extend from prisms to d-rings since it depends on the ideal T
defining the prism structure.
Moreover, even in the special case A = R = Z,, the Breuil-Kisin twisted absolute prismatic cohomologies
z,/z,11} are, for i # 0, not invertible over gz ,z and are not generally tensor powers of z /7 {1}.

Definition 2.12 (Site-theoretic Hodge-Tate cohomology). The Breuil-Kisin twisted Hodge-Tate cohomology

—site site

of R relative to Ais  z,4{i} = R[((R/A) ,0-{i}). If i = 0, we call 5, the Hodge-Tate cohomology of R
over A, which is naturally a p-complete E,-R-algebra. More generally, for any 7, we have the Breuil-Kisin
twisted Hodge-Tate cohomology

—site

r/aliy = RI((R/A) ,0-),

which is naturally a 7;74-module. For each i,n € Z, there are fiber sequences

ite, 1] (. site,[n . —sit .
Aty = S - TRl n)

by Remark 2.9.

Remark 2.13 (Insensitivity to p-completion). Suppose that A and R are bounded so that their derived
p-completions are discrete and agree with the classical p-completions. Since all prisms B and their Hodge-Tate
quotients B = B/I are derived p-complete, the prismatic site (R/A) is naturally equivalent to (R/A) ,
the relative prismatic site of the derived p-completion R over the derived p-completion g, where the J-ring
structure on A extends to A by [10, Lem. 2.18]. It follows that %t/‘iq depends only on the derived p-completion,
and similarly for the Breuil-Kisin twists and Hodge-Tate towers. The boundedness hypothesis can also be
replaced at the cost of using the animated prismatic site of Variant 2.16.

Remark 2.14 (Relative prismatic cohomology comparison). If (A, R) is a bounded prismatic d-pair (so that
A is a bounded prism and R is a bounded commutative A-algebra), then by Remark 2.5 our site-theoretic
prismatic cohomology agrees with the cohomology of the prismatic site of [10, Def. 4.1] and [7, Def. 4.1.1].*"

10Note that the definition in [7] should include the hypothesis that the prisms (B,IB) € (R/A) be bounded.
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Remark 2.15 (Absolute prismatic cohomology comparison). It follows by definition from Remark 2.5

that j;t/z[n]{i} agrees with the cohomology of O[n]{i} on the absolute prismatic site of Spf R studied in [7,

Def. 4.4.27] and denoted there by Rt (Spf R){i}.

Variant 2.16 (The animated prismatic site). Suppose more generally that A is an animated d-ring in the
sense of [3, App. A| and that R is an animated commutative A-algebra. We let Pairs®™® be the co-category
of such animated d-pairs. Recall from [8] that an animated prism is an animated d-ring B equipped with a
generalized Cartier divisor a: I — B such that B is (p, I)-complete and for any perfect F,-algebra k and any
animated d-ring map B — W (k) the extension of scalars I @ g W (k) — W (k) is equivalent to the inclusion of
the ideal (p) C W (k). Every ordinary prism is an animated prism.

The co-category (R/A)*® is defined to be the opposite of the co-category of commutative squares (1)
where B — B = B/I = cofib(a) is an animated prism, A — B is a map of animated é-rings and R — B is a
map of animated commutative rings. We equip (R/A)** with the structure of a site by declaring the covers

to be (p, I)-completely faithfully flat maps (of animated §-rings) in B. The objects O[n]{i} naturally extend
to sheaves on (R/A)*" with values in D(Z,);. We obtain upon taking global sections

a0 = RO((R/AP, 0™ ay),

which are all modules over animated site-theoretic prismatic cohomology %“/Sxe. If (A, R) is a -Pair, there is
an inclusion of the (underived) prismatic site (R/A) into the animated prismatic site (R/A)*". Upon taking
global sections, this inclusion induces a natural map

ansite : : ~ site
R/A lim B — lim B~ %4

(B,B)e(R/A)™ (B,B)E(R/A)

In the prismatic case, if A is a bounded prism, R is bounded, and L /A has p-complete Tor-amplitude in
[0,1], then the natural map

swsite  gie,
is an equivalence; see [8, Rem. 7.14]. Similar results hold for the Breuil-Kisin twists, Hodge-Tate cohomology,
and so forth.

3 The prismatic crystal

In this section we give the general definition of relative prismatic cohomology using the theory of prismatic
crystals.

Notation 3.1. If A is a commutative ring and M, N € D(A), we let M® 4N be the derived p-completion of
the derived tensor product over A; this makes the p-complete derived oco-category D(A)Q into a symmetric

monoidal stable co-category. In particular, without further decoration, M ®N denotes the tensor product in
D(Z), ~D(Zy)y. If (B,1) is a prism and M, N € D(B), we write (M @p N){, 1, or M@pN if the prism
structure is clear from context, for the derived (p, I')-completed derived tensor product; again, this endows

the (p, I)-complete derived oo-category D(B)f\p ) With a symmetric monoidal structure.

Definition 3.2 (Prismatic crystals). A prismatic crystal is a functorial assignment to each bounded prism

(B, I) of a derived (p, I)-complete object F(B) € D(B)(Ap 1y Where this assignment satisfies base change in the

sense that if (B,I) — (C,IC) is a map of bounded prisms, then the natural map IT(B)@BC — F(C) is an
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equivalence.'! The stable co-category of prismatic crystals is equivalent to D(WCart), the stable co-category
of quasi-coherent sheaves on the formal stack WCart by [7, Prop. 3.3.5]. Moreover, to define a prismatic
crystal, it is enough to make such a functorial assignment on transversal prisms, by |7, Lem. 3.3.10].

We introduce a prismatic crystal 3 (R/A) associated to any 0-pair where A is bounded. The prismatic
crystal definition of relative prismatic cohomology will be based upon RI'(WCart, H (R/A)).
Our construction is based on derived relative prismatic cohomology, which is introduced in [10, Sec. 7.2]

(see also [7, Sec. 4.1]). If k is a commutative ring, let CAlgy" denote the oo-category of derived p-complete
animated k-algebras. If (B, 1) is a bounded prism, then _,g: CAlgZ" — D(B)(Ap 1) is defined to be the
unique functor which preserves sifted colimits and agrees with the site-theoretic relative prismatic cohomology
of [10] on p-complete finitely presented polynomial B-algebras.

Definition 3.3 (Relative prismatic cohomology crystals). Let A — R be a J-pair and assume that A
is bounded; we can in fact allow R to be a p-complete animated commutative A-algebra. The prismatic
crystal H (R/A) associated to the pair (R/A) is the assignment, for each transversal prism (B, I), of the
derived prismatic cohomology H (R/A)(B) = ;;%éﬁ/A@B’ where AQB = (A®B)(Ap71). AS  peB/asp®BC >

REC/ABC for a map of bounded prisms B — C by [7, Rem. 4.1.5], this functor defines a prismatic crystal,

i.e., an object of D(WCart).

Remark 3.4. The boundedness hypothesis on A guarantees that if B is a transversal prism, then AQB
is a bounded prism. However, as we do not impose any assumptions on R, the ring R®B is in general an
animated commutative ring, which is why we require the generality of derived relative prismatic cohomology.
We could drop the boundedness condition on A and describe the value H (R/A)(B) for a non-transversal
prism B at the cost of using animated prisms as in [8]. Alternatively, note that every prism B admits a map
of prisms C — B where C is transversal by [7, Prop. 2.4.1]. Thus, the value of H (R/A) at B is computed

as  pac/asc®@cB.

Definition 3.5 (Hodge-Tate crystals). If A — R is a d-pair where A is bounded, let H—(R/A) be the crystal
which assigns to a transversal bounded prism (B, I) the derived Hodge-Tate complex

—rel

H-(R/A)(B) = graB/a6B-

The HodgeTate crystal H—(R/A) is equivalent to t,t*H (R/A) where .: WCart™" < WCart is the inclusion
of the Hodge—Tate locus.

Variant 3.6 (Breuil-Kisin twisted prismatic crystals). Besides H (R/A), there are the Breuil-Kisin twists

and these admit associated Hodge-Tate towers. In general, let " (R/A){i} be the prismatic crystal

I" @0wean H (R/A) @0wen Owcart {1}, where J is the ideal of the Hodge Tate divisor ¢: WCart"" < WCart
and Owcart {7} is the ith tensor power of the Breuil-Kisin line bundle Owcart{1} of |7, Ex. 3.3.8]. In other
words,

s (R/AB) = B 0

for transverse prisms B in the notation of [7, Const. 4.4.10]. There are fiber sequences
H (R4 (i} — H(R/A) (i} — H~(R/A){i +n}

in D(WCart) as in [7, Rem. 4.5.7] thanks to the equivalence J/J? 2 1, Owcapnr{1}. These assemble into
Hodge Tate towers H'™ (R/A){i} of prismatic crystals.

' More rigorously, a prismatic crystal is a cocartesian section of the cocartesian fibration whose classifying functor associates
to a prism (B, I) the stable co-category D(B)(Ap n and to a morphism of prisms the derived completed base change.
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Definition 3.7 (Cohomology of prismatic crystals). Suppose that A — R is a J-pair where A is bounded. Let
the relative prismatic cohomology be p/4 = RI'((WCart, H (R/A)), the cohomology of the prismatic crystal
H (R/A). Similarly, let /4 = RIO(WCart"™, ,*H (R/A)) ~ RI[(WCart, H—(R/A)), the cohomology of the
Hodge—Tate crystal. More generally, we have

wyali} = RD(WCart, 3" (R/A){i}),

which assemble into towers [1;}/ 414} with associated graded pieces computed by fiber sequences

+1] . — .
wi{iy > W0} > Trali+n}
Remark 3.8 (Cohomology as a limit over prismatic points). Given a transversal prism (B, I) there is a
canonical map pg: Spf B — WCart. It is shown in [7] that WCart is the colimit of these p maps over the
opposite of the category of transversal prisms. It follows that the cohomology of a prismatic crystal such as
H (R/A) is given as a limit

R/A = RF(WCart, H (R/A)) - translxilglsal B H (R/A)(B) - transl\g?sal B rﬁéﬁ/A®B.

A similar remark applies to the Breuil-Kisin twists and the Hodge—Tate cohomology.
The Hodge—Tate comparison theorem applies out of the box.

Proposition 3.9 (The conjugate filtration on Hodge-Tate crystals). If A — R is a 0-pair where A is bounded,
then the Hodge-Tate crystal H—(R/A), viewed as a quasi-coherent sheaf on WCart!"T, admits an increasing

erhaustive multiplicative conjugate filtration Ficfnjﬂ{f(R/A) with graded pieces given by
. ——%
griNH~(R/A) ~ LQg 4 ® Owcargnr{—*}—],

where LAQ;/A denotes the p-complete derived differential forms of R over A.

Proof. Recall that, as for the Cartier—Witt stack, the oo-category D(WCartHT) of quasi-coherent sheaves on

the Hodge-Tate locus is given by the limit over D(B);) as (B, I) ranges over all bounded prisms. For a fixed

bounded prism (B, I) and a p-complete animated B-algebra S, there is a natural increasing multiplicative

conj—Tel

conjugate filtration F&' s/B with graded pieces given by

—rel

s/B = LQS/E{—*} [—],

conj

gry

where L/\Q; /5 denotes the p-complete derived differential forms on S relative to B; see [10, Thm. 6.3] or [7,
Rem. 4.1.7]. The conjugate filtration is functorial and satisfies base change: if (B,I) — (C,IC) is a map of

. —rel —rel . . .
bounded prisms, then the natural map fge/ B~ ;e®§5 /¢ preserves the conjugate filtration and the induced

map ) .

(F&M s/8)05C = FE o5 50
is a filtered equivalence. From this, it follows that the conjugate filtration descends to give a filtration
Ficfnlj-(f(R/A) on the Hodge-Tate crystal H—(R/A). As LrsB/asE ~ LR/A@E, the graded pieces of the
conjugate filtration are the crystals

. . ~U e —
(B,I) — griconjj_(: (R/A)(B) ~ greo REB/AGE ™ LQR/A®B®§B{—U}[—U],
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where B{—u} ~ (I/I*)®~*. In other words,
gl MI(R/A) = DOp a © Owcarenr {~u} 1]

The exhaustiveness follows from the fact that D(WCart™ ") ~ limp D(B) »» where the limit is over all bounded
prisms (B, I). In particular, colim,, Ficsnijf(R/A) — H—(R/A) is an equivalence since it evaluates to an

equivalence in each D(B)). O

Variant 3.10 (Conjugate filtration on Breuil-Kisin twists). There is a conjugate filtration on the ith Breuil-
Kisin twist of the Hodge-Tate crystal obtained by tensoring Ficfmﬂ{f(R) over Oweargst With Owearear {i}-
The associated graded pieces are

. %
gro IR/ A) i} = L 4 @ Owoarnr {i — u}[~ul.

Construction 3.11. Taking global sections yields conjugate filtrations

dconj— .
Fg* ! R/A{Z}

for any ¢ € Z. The associated graded pieces are computed using the Sen operator:
grffonrR/A{i} = LQR/A@RF(WCM'EHT, Owcartur {i — u}t[—u]) ~ LQR/A@ﬁb(Zp — Z,)[—u]

by |7, Cor. 3.5.14]. These filtrations are exhaustive because R[(WCart™™, —) commutes with colimits by |7,
Cor. 3.5.13].

Proposition 3.12 (Invariance under quasi-étale extensions for prismatic crystals). If (4, R) — (A, R) is a
map of bounded d-pairs where Ligr) 4 vanishes p-adically (we call such a map A — A" p-adically quasi-étale),
then the map

5" (R/A) i} — 3 (R/A) i}

is an equivalence for each n and i.

Proof. This follows directly from the properties of the conjugate filtration, since L%, A= LY, Jar if
LA//A =0.

Corollary 3.13 (Invariance under localizations and completions).

(i) For any bounded 6-pair (A, R), if K C A is a finitely generated ideal contained in the kernel of
A — R and if the derived (p, K)-completion of A is discrete, then the natural map 9{[”}(R/A){z’} —
ﬂ{[n](RQ/A(Ap_’K)){i} is an equivalence for all i,n € Z.

(ii) For any bounded 6-pair (A, R), if S C A is a set of elements which map to units in R, then the natural
map H"™ (R/A){i} — ﬂ{[n](RI/)\,A[S_l]I/)\) is an equivalence for all i,n € Z.

Proof. For (i), let A’ be the derived (p, K)-adic completion of A. The d-ring structure on A extends uniquely
to A’ by [10, Lem. 2.18]. It follows from the d-conjugate filtration that it is enough to show that the natural
map Lr/4 — Lg/as is a p-adic equivalence. This occurs if and only if R ®4- L4//4 vanishes p-adically. As R
is K(-complete, this happens if and only if L 4/, 4 vanishes (p, K')-completely, which holds because A — A’ is a
(p, K)-adic equivalence, by definition. From (i), we can assume that A and R and derived p-complete. In
particular, it follows that the J-ring structure on A extends uniquely across A[S~!] by [10, Rem. 2.16]. Now,
part (ii) follows from Proposition 3.12. O
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The following is a slightly stronger version of [9, Thm. 3.1, namely descent for differential forms where
we also vary the base ring.

Lemma 3.14 (Descent for differential forms). Let (R/A) — (R°/A°) be a map of pairs of animated rings
where R — R is p-completely an effective descent morphism and let (R®, A®) denote the Cech nerve. Then,
the natural map

—k —~k
LQR/A — Tot LQR./A.
s an equivalence.

Proof. We observe that in the diagram of animated graded-commutative rings

ES\)*R/A —_— L/\Q;()/AU

| !

R—— R

the left vertical map is an effective descent morphism since the fiber is positively graded, the bottom horizontal
map is an effective descent morphism by assumption, and hence it follows that the top map is an effective
descent morphism (compare [20, Lem. 3.1.2]). In particular, this implies that

ES\);/A i) TothS\)*R./A.,
which degreewise (with respect to the grading given by x) implies the claim. O
Proposition 3.15 (Descent for prismatic crystals). Let (A, R) — (A% R°) be a map of bounded 6-pairs
with Cech nerve (A®, R®), and assume that R — R is faithfully flat, A — A is flat, and all Lpe/as have
p-complete Tor-amplitude in [0,1]. Then,
H " (R/A){i} — Tot 7™ (R*/A%){i}
s an equivalence for each n and i.

Proof. Since the H"/(R/A){i} for varying n > 0 form a complete filtration on 3 (R/A), it suffices to check
the claim for the associated graded H—(R/A){i}. We have that

——k —~k
LQR/A — TOtLQRo/Ao
is an equivalence, by Lemma 3.14. This implies that
FEVH—(R/A){i} — Tot FXVH—~(R® /A*){i}

is an equivalence for each k. Since the Tor-amplitude condition ensures that all of the terms on the right are
coconnective, Tot commutes with the colimit over k, leading to the desired statement. O]

Lemma 3.16. For each u, the functor LQﬁ/_: Pairs® — D(Z) commutes with sifted colimits.

Proof. The forgetful functor Pairs® — Pairs commutes with all colimits. Thus, it is enough to prove that
LOQ* s Pairs — D(Z) commutes with sifted colimits. To see this let (A;, R;);cr be a sifted diagram of pairs
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with colimit (A, R). As I — T2 is cofinal and we have
colIim LO%. 4, = C(;E}n L%, /4, ®a, Aj
~ collim L% /4, ®a, A
~ collim LQ%i@AiA/A

~ LOGim R;®a, AJA

Corollary 3.17.

(a) The functors of bounded §-pairs to D(WCart"™) and D(Zp)g, respectively, given by

(A,R) = H-(R/A){i} and (A, R) = ryali}

preserves sifted colimits for all i € Z and hence are left Kan extended from their values on finitely
presented free §-pairs.
b) The functors [_*] _{i} from bounded &-pairs to FD(D(Z,)?), the oo-category of complete filtrations with
/ p/p
values in D(Zp)g, preserves sifted colimits for all j € Z.

Proof. The preservation of sifted colimits in Part (a) follows from the facts that the conjugate filtration on
H—(R/A){i} is complete and exhaustive and that the associated graded pieces are left Kan extended by
Variant 3.10 and Lemma 3.16. For the fact that every d-pair is a sifted colimit of free d-pairs we note that the
free §-pairs are compact, projective objects and that they generate, since mapping out of them is conservative,
which is easily seen. Part (b) follows from part (a) since the Hodge-Tate tower on g/4{i} is complete by
construction. O

Remark 3.18 (Hodge-Tate filtration). When restricted to x > 0, we view E,;]/ 414} as a complete decreasing
filtration on g/4{i} and refer to this as the Hodge-Tate filtration.

Warning 3.19. It is not the case that _,_ is itself left Kan extended. For example, if A is a prism, then
the prismatic comparison of Proposition 5.17 implies that

~ AP

Ay 77 P /A (p,1)

Taking the colimit as s — oo results in a ring whose p-completion is not typically I-complete and hence is

not the prismatic cohomology of A[t}/*" R Jj) relative to A.

yeeey

Warning 3.20. While relative Hodge—Tate cohomology is left Kan extended, it does not typically preserve
all colimits, although this is the case in the prismatic setting over a fixed prism. For example, absolute
Hodge-Tate cohomology 7z, does not preserve pushouts as a functor to p-complete Eo-rings. Indeed, we

have 7Zp<z>/z,, ~ Zp<x>§§7zp/zp as one sees using the conjugate filtration. On the other hand, 7Zp<zl ,,,,, )/ Z0
is not equivalent to Zy(xz1, ..., :cpfe?izp/zp, using that grf,conj is non-zero.

Example 3.21 (Absolute prismatic comparison). (a) If A=7Z,, then X (R/Z,) ~ H (R), the prismatic
crystal introduced in [7, Const. 4.4.1], and the conjugate filtration Ficfn"f}(f(R/Zp) agrees with the
conjugate filtration on the absolute Hodge-Tate crystal of [7, Const. 4.5.1].
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(b) More generally, if A is a perfect 6-ring, then L,z vanishes after p-completion and hence ES\); /A~
%
LQp/z,. It follows that for each i € Z the natural map H—(R){i} — H-(R/A){i} is an equivalence

of quasi-coherent sheaves on WCart"" and thus, by J-completeness, H™ (R){i} — H" (R/A){i} is

an equivalence of quasi-coherent sheaves on WCart for all n,i € Z. In particular, r ~ g /4 and

R ™~ Rya, where g denotes the absolute prismatic cohomology of [7, Const. 4.4.10], defined as

the global sections of the absolute prismatic crystal H (R). This is a generalization to d-rings of the
relative-to-absolute prismatic cohomology comparison theorem [7, Prop. 4.4.12] for perfect prisms.

(¢) If A = Risderived p-complete, then the conjugate filtration implies that H—(A/A){i} ~ ARO\wcanr{i}

for all 7 € Z. Hence, since RF(WCartHT, —) preserves colimits as a functor to ﬁ(Zp) by [7, Cor. 3.5.13],

TAa AR gz, ~ Ae A[-1].

By J-completeness, the natural map AROwcart — K (A/A) is an equivalence. Thus, the natural map
A® z, — aya is an equivalence after completing the tensor product with respect to the Hodge-Tate
filtration on Z,-

Warning 3.22 (Two conjugate filtrations). As indicated by the notation, the conjugate filtration differs in
general from that considered in [10] in the prismatic case. Let FicfnjiR /A denote the filtration defined by

. . . j—rel . . . . . . .
using that A is a d-ring, and let F " :/ 4 denote the prismatic conjugate filtration on derived prismatic

cohomology, as studied in [10] when A is a prism and R is a p-complete animated commutative A-algebra.

. s —rel — . .
As proven in Proposition 5.17, Re /A = R/A, however the conjugate filtrations do not, for example when

A =7, and R =F,. In this case, the /-ring variant agrees with the absolute conjugate filtration, which has
groc R, yz, = DL iy — LG 5 )[—u] ~ fib(F, =5 F,),

while

conj

—rel {Fp if u =0, and
gry,

~ u — — ~
Fo/Zp = LQF”/F”{ il = 0  otherwise.
The prismatic conjugate spectral sequence degenerates at the E;-page, while the d-ring theoretic conjugate

spectral sequence supports d,-differentials and degenerates at the E,41-page.

We end this section by giving a different perspective on the definition of g/, that avoids the theory of
prismatic crystals. To this end we let Pairs be the category whose objects are given by pairs consisting of
a bounded prism (A4, I) together with a map of commutative rings A/I — R. Note that this is not a full
subcategory of Pairs® since we require the choice and existence of a prismatic ideal I, in contrast to the
definition of prismatic d-pairs (Definition 2.2) where we only required the mere existence. Still there is a
forgetful functor

Pairs — Pairs®

Moreover Bhatt—Scholze’s derived prismatic cohomology [10, Sec. 7.2] defines a functor
TE}A: Pairs — D(Z)7) .

A
p

rel

Proposition 3.23. Prismatic cohomology gja: Pairs® — D(Z)) is the right Kan extension of 7/A along

Pairs — Pairs®.

Note that since Pairs — Pairs’ is not fully faithful, it is not a priori clear that the right Kan extension
indeed leaves the value on a prismatic d-pairs unchanged. However, we will show that it does in Section 5.3.
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Proof. Let (A, R) € Pairs’ be a d-pair. We would like to compute the value of the right Kan extension on
(A, R). This is given by the limit of rSe/lC where C' and S vary over the category PairS(AyR)/, i.e. C has a
prism structure K C C a map of rings C/K — S and is equipped with a map of d-pairs (4, R) — (C,S). We
now consider the functor

TransPrisms — Pairs 4 g),

from the category of transversal prisms given by
(B,J) — (A®B, R®B),

as in the definition of the prismatic crystal (Definition 3.3). Now to prove the proposition it suffices to show
that this functor TransPrisms — Pairs 4 p) , is initial (in the sense that taking limits induces an equivalence,

i.e., the opposite of the notion of cofinality from [21, Sec. 4.1.1]), as the limit over the composite of this functor
with ’E}A is the definition of /4 (see Remark 3.8). By Quillen’s Theorem A (see [21, Thm. 4.1.3.1]), this
initiality comes down to checking that for each object

(C, S) S PaiI'S(A’R)/
the category of transversal prisms (B, .J) with a map of prism pairs
(A®B, R®B) — (C, S)

under (A, R) is weakly contractible. Such a map however is uniquely determined on the part of the tensor
product given by A and R so that it is equivalently given by a map of prismatic J-pairs

(B,B) — (C,S)

or equivalently a map of prisms (B,.J) — (C, K) since the map B — S is uniquely determined. Thus, the
category is equivalent to the category of transversal prisms over (C,S) which is weakly contractible since it is
sifted [7, Cor. 2.4.7]. O

We note that the proof actually shows something stronger, namely that one can even right Kan extend
from transversal prisms instead of all prisms, but we shall not need this here.

4 Prismatization

The goal of prismatization as developed by Drinfeld [11] and Bhatt—Lurie [7, 8] is to construct for each
p-adic formal scheme X a formal stack (in groupoids on the site of p-nilpotent affine schemes with the flat
topology), called WCart x, such that (1) quasi-coherent sheaves on X provide a good formalism for coefficients
for prismatic cohomology and (2) RT'(WCartx, Owcart, ) computes x, the absolute (derived) prismatic
cohomology of X. There is also a relative version, denoted by WCartx,4 when A is a prism, introduced
in [8]. For more on formal (higher) stacks, see Appendix A.

Definition 4.1 (Cartier—Witt divisors). Recall from [7, Def. 3.1.4] that if S is a p-nilpotent commutative
ring, then a Cartier—Witt divisor of S is a generalized Cartier divisor a: I — W (S) such that the image of

I % W(S) — S is nilpotent and the image of I < W(S) LN W (S) generates the unit ideal of W (S).

Definition 4.2 (Absolute Cartier—Witt stacks). Let R be a commutative ring with bounded p-power
torsion. Define WCartg to be the formal stack which assigns to a p-nilpotent ring S the groupoid of pairs
(I & W(S),R — W(S)), where a is a Cartier-Witt divisor of S and W (S) = W(S)//I is the animated
commutative ring with underlying chain complex given by the cofiber of «; see [8, Sec. 3].
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Morally one should think of an S-point of WCartg as making W(S) an object of the animated version of
the absolute prismatic site of R using [8, Remark 3.1.5]. The stack WCartp,4 that we define below similarly
has S points given by ways of making W (S) an object of the animated version of the relative prismatic site
of R relative to A.

Remark 4.3 (Insensitivity to derived p-completion). As moW(S) is a p-nilpotent ring by [8, Lem. 3.3],
WCartgr depends only on the derived p-completion of R.

Remark 4.4 (Extension to stacks). We will need the natural extension of WCart_ to formal stacks. If
F is any presheaf of spaces on p-nilpotent affine schemes, we can define a presheaf WCarts as follows: for
any p-nilpotent ring S, we let WCarts(S) be the space of pairs of a Cartier—Witt divisor a: I — W (S)
and a W(S)-point of F. With this notation, WCartp = WCartg,s g if R is bounded. The natural map
colimgpf p—,g WCartp — WCarts is an equivalence of presheaves of spaces, where the colimit ranges over
maps from p-nilpotent affine schemes.

Notation 4.5. If (A, ) is a bounded prism, we distinguish between the p-adic formal scheme Spf A and the
object Spf A. If S is a p-nilpotent commutative ring, then (Spf A)(S) = colim,, Mapca,,(A/p™, S), while
(Spf A)(S) = colim,, , Mapgaig(A/(p™, I™), S). Alternatively, Spf A C Spf A is the formal completion at I,
corresponding to maps A — S where [ is sent to a nilpotent ideal.

Definition 4.6 (Relative Cartier—Witt stacks). If A is a bounded prism, then there is a natural map
Spf A — WCart—. If S is a p-nilpotent commutative ring and g: A — S is a point of Spf A, so that the image
of I in S is nilpotent, then we can take the adjoint -ring map g#: A — W(S) and take the Cartier-Witt
divisor I ® 4 W(S) — W (S) obtained by extension of scalars. If R is a commutative A-algebra with bounded
p-power torsion, then Bhatt and Lurie define the relative Cartier-Witt stack WCartp, 4 in [8, Variant 5.1] as
the pullback

WCartr/y — WCartg

| |

Spf A ——— WCart.
Example 4.7. If B is a bounded prism, then the natural map
WCartg/B — Spf B

is an equivalence.

Construction 4.8 ([8, Const. 3.11]). If A is a bounded d-ring, there is a functor Spf A x WCart — WCart 4
obtained as follows. Given a p-nilpotent commutative ring R and an R-point of Spf A x WCart, which consists
of a pair consisting of a map A — R and a Cartier-Witt divisor I = W(R) over R, one uses the universal
property of the Witt vectors to obtain a d-ring map A — W (R). The composition A — W(R) — W(R)//I
together with (I, ) defines an R-point of WCart 4.

Definition 4.9 (Prismatization of d-pairs). Suppose that A — R is a bounded J-pair. We define the relative
Cartier—Witt stack of R over A as the pullback

WCartg g — WCartg

| |

Spf A x WCart —— WCart 4.
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In other words, if S is a p-nilpotent commutative ring, WCartpg,4(S) is the space consisting of quadruples

of a Cartier-Witt divisor I = W(S), a map R — W(S)//I of animated commutative rings, a map
A — S of commutative rings, and an equivalence between the compositions A — W(S) — W(S)//I and
A — R — W(S)//I. More generally, one can make an analogous definition when X is a bounded p-adic
formal scheme over Spf A to obtain WCartx, 4.

This definition agrees with the definition given in [8] when both make sense.

Proposition 4.10 (Agreement with prismatization in the prismatic case). If A is a bounded prism and R is
a bounded A-algebra, then there is a natural commutative diagram

WCartg 4 —— WCartgr

| |

Spf A L WCarty

Spf A x WCart —— WCart 4

of pullback squares where the outer square agrees with the defining square of Definition /.9.

In particular, the definition given in Definition 4.9 of WCartp, 4 agrees with that of [8, Const. 7.1] for
prismatic d-pairs.

Proof. The pullback of the top square defines the relative Cartier—Witt stack in the prismatic case by
definition [8, Var. 5.1, Const. 7.1]. It is enough to identify the bottom pullback as Spf A; write P for this
pullback. Evaluated at a p-nilpotent commutative ring S, P(S) is the space consisting of

(i) a Cartier-Witt divisor I % W (S) equipped with a map f: A — W(S)//I,
(ii) a map g: A — S and a Cartier—Witt divisor J LN W (S), and
(iii) an equivalence (I,a) ~ (J,3) of Cartier—Witt divisors on S and an equivalence of maps between

# —
AL W(S) = W(R)//Jand A — A ER W (S)//I, where g# is the map of -rings adjoint to g.

This data determines and is determined by a map A — S which sends I to a nilpotent ideal of S by rigidity
for maps between prisms [10, Lem. 3.59]. So, the pullback P is equivalent to Spf A, as desired. O

Lemma 4.11 (Insensitivity to I-adic completion). Suppose that A — R is a bounded p-complete d-pair and
that the kernel contains an ideal I which is locally generated by a distinguished element which is a non-zero
diwvisor. Let A} denote the I-adic completion of A, which is a prism. Then, the natural map

WCartR/A? — WC&I‘tR/A

18 an equivalence.

Proof. If S is a p-nilpotent commutative ring and z is a point of WCartpg,4, corresponding to the data of a

map A % S, a Cartier-Witt divisor J W(S), amap R — W(S)/J, and a specified equivalence between
#

A2 W(S) = W(S)/J and A — R — W (S)/J, then it follows from commutativity that g# sends the ideal

I C Ainto J. On the other hand, J maps to a nilpotent ideal of S by definition of Cartier—Witt divisors.

It follows that g and g# factor uniquely through the I-adic completion of A and hence that the map on
Cartier—Witt stacks is an equivalence. O
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Remark 4.12. In fact, in Lemma 4.11, we do not need I to be locally generated by a distinguished element
or for A} to be a prism. We need only for I to be some ideal such that the derived I-adic completion of A is
discrete. However, we will only apply the lemma in the prismatic situation.

Variant 4.13 (Derived (animated) Cartier—Witt stacks). Suppose that R is an animated commutative
ring. The derived Cartier—Witt stack WCart%' of R is defined to be the functor on p-nilpotent animated
commutative rings S with value the space consisting of pairs of an animated prism structure I = W(S) such
that the image of mo(I) — mo(W(S)) — mo(S) is nilpotent together with a map R — W (S) = cofib(a).

Let A — R be an animated d-pair. There is a natural extension of Construction 4.8 to a map Spf A x
WCart™ — WCart?' by using the universal property [8, Prop. A.23] of the Witt vectors for animated
commutative rings as the cofree animated d-ring functor. Define WCartf) 4 as the pullback (in presheaves of
spaces on derived schemes) of Spf A x WCart™ — WCart®' along WCartz' — WCart".

If A is a bounded prism and R is an animated commutative A-algebra, then the proof of Proposition 4.10
can be extended to the animated situation to give an equivalence between WCart'j}n/ 4, as defined above, and
the definition given in [8, Const. 7.1].

Lemma 4.14 (The Cartier-Witt stacks are sheaves). If A — R is a bounded 0-pair, then WCartr 4 is a
sheaf for the flat topology on p-nilpotent commutative rings.

Proof. Compare the proof of [8, Lem. 7.3]. By definition of WCartp, 4 as a pullback, it is enough to show that
WCart is a flat sheaf and that WCart 4 is a flat sheaf for any commutative ring A with bounded p-torsion.
The functor WCart is a flat sheaf by flat descent for generalized Cartier divisors, which can be seen as follows
(see also Remark 3.1.7 in [7]): the construction S +— W(S) satisfies flat descent. The category of invertible
modules satisfies flat descent, the conditions of being nilpotent satisfies flat descent (since for every exponent
it can be written as the vanishing of a certain module map), and finally the prism condition can be checked
after base change along a faithfully flat map (as one sees by a direct verification).

Suppose that G — I is a map of presheaves of spaces on some site. If F' is a sheaf of spaces and if the
fibers of G — F, computed as presheaves, are in fact sheaves, then G is a sheaf. Thus, it suffices to show
that the fibers of WCart 4 — WCart are flat sheaves.

Let S — S° be a faithfully flat map of p-nilpotent commutative rings with Cech nerve S®. If I % W (S) €
WCart(S) is fixed, then

W(S) — Tot W(S*)
is an equivalence since W(S) — Tot W (S*®) is an equivalence and I is a perfect W(S)-module. But,
Map(A, W (S)) ~ Tot Map(A4, W(S*)). It follows that the fiber over a of WCart4 — WCart is a flat sheaf,
as desired. O

Definition 4.15 (Prismatic cohomology via Cartier—Witt stacks). For a bounded §-pair (A, R), let
R4 = RI(WCartr,a, Owcart s, )-

There are Breuil-Kisin twists Owcart /a {i} on WCartp,4 obtained by pullback from WCart; there is also a
quasi-coherent sheaf of ideals J obtained by pullback from the Hodge—Tate ideal on WCart. Thus, we can

also define V};C/’A[‘n]{i} = RI(WCartg/4,3%" BOwearey,, OWCartn ., {1}) and the Hodge-Tate tower X‘;’E]{i}.
The associated graded pieces of the Hodge—Tate tower fit into fiber sequences

wc,[n+1] (- wc,[n] - —Wwc .

Y = e = TRyali+n).
Definition 4.16 (Relative Hodge Tate stacks). Pulling back WCart™™ < WCart along WCart /A — WCart
produces a relative Hodge-Tate stack WCartIIgA. By construction,

RI(WCart}]y, Owearnr {i}) = yafi} = cofib (7l = Joia}).

R/A
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Example 4.17. In the situation of Proposition 4.10, when A is a bounded prism and R = A, one has a

natural equivalence WCart%7 4 = Spf A.

Variant 4.18. If A — R is an animated J-pair, we can define '}‘%“/VX = RI'(WCarty) 4, OWCart;;/A) as well as

Breuil-Kisin twists and so on. If 2/A is a bounded d-pair, then the classical locus of WCart) 4 is WCart g4
by definition, so there is a natural map %n/vj“’f — "é‘} A

Before comparing different definitions of prismatic cohomology, we develop some of the theory of the
prismatization of d-pairs.

Lemma 4.19 (Compatibility with limits). Suppose that {X; — Spf A; }ier is a natural transformation of
I-indexed diagrams of bounded p-adic formal schemes. Assume that the A; are are equipped with 6-ring
structures and the maps in the diagram are §-ring maps. If the diagrams {X;}icr and {Spf A;}ier are
Tor-independent, meaning that their limit in p-adic formal schemes agrees with their limit in derived p-adic
formal schemes, then letting X = lim X; and Spf A = lim Spf A; the natural map

WCartx 4 — li}n WCartx, 4,

18 an equivalence.

Proof. Indeed, each of the other vertices in the definition of WCarty, /4, in Definition 4.6 is compatible with
limits by [8, Rem. 3.5]. O

The following lemma is similar to, but easier than, [8, Lem. 6.3].

Lemma 4.20. Suppose that A — A° is a map of bounded 6-rings and R is a bounded commutative A°-algebra.
If A — A is p-completely faithfully flat, then the natural map

WCartr/a0 — WCartpg, 4

18 surjective in the flat topology.

Proof. Let R® = A°&@ 4 R. Then, because R is already a commutative A°-algebra, there are maps of d-pairs
(A,R) — (A°, R) — (A° R). To prove that WCartg a0 — WCartp,4 is surjective, it is thus enough to
prove that WCart go/40 — WCartp /4 is surjective. However, this morphism is the top arrow of a pullback
diagram

WCartRO/Ao WCartR/A

i |

Spf A° x WCart — Spf A x WCart.

The bottom arrow is surjective by hypothesis, and hence the top one is too. O
Corollary 4.21 (Prismatization preserves quasisyntomic covers). Suppose that (A, R) — (A% R®) is a
p-completely faithful flat map of bounded §-pairs, meaning that A — A° and R — R® are p-completely
faithfully flat. If Lpo,p has p-complete Tor-amplitude in [0,1], then the natural forgetful map

WCartRo/Ao — WCartR/A

is surjective in the flat topology.
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Proof. The map in question factors as WCartgo,40 — WCartgo,4 — WCartg 4. The first map is surjective
by Lemma 4.20. The second map is the left vertical map in the cartesian diagram

WCart go/4 —— WCart o

| |

WCartg 4 — WCartg.

The right vertical map is surjective by [8, Lem. 6.3], which applies by our assumption on Lgo,. Thus, the
left vertical map is surjective. O

5 Comparison theorems

If A — R is a bounded J-pair, then there is a natural commutative diagram of maps between the various
forms of prismatic cohomology of R relative to A constructed in the previous sections:

A=Z, prismatic rel
R ge 321 B/A " prop 5.7 R/A
Cor. 5.5
anwclem. 5.16 e

R/A = RJ/A

\LThm‘ 5.6

ansiteVar- 915 site
R/A R/A"

The lower horizontal arrows are constructed using the inclusion of discrete commutative rings into animated
commutative rings; see Variants 2.16 and 4.18. The vertical arrows as well as the upper horizontal arrow
are constructed below. The top right arrow exists in the case of a bounded prismatic -pair and the top left
arrow exists, and is an equivalence, by Example 3.21.

We prove that these maps, as well as the corresponding maps on Breuil-Kisin twists and Hodge—Tate
towers, are equivalences for a large class of d-pairs satisfying quasisyntomicity conditions.

5.1 Stack and crystal

We use the base change results of the appendix to identify the pushforward of the structure sheaf along
WCartp 4 — WCart.

Proposition 5.1 (Crystal comparison). Given a bounded §-pair (A, R) where Lr,4 has p-complete Tor-
amplitude in [0,1], the pushforward of the Breuil-Kisin twisted structure sheaf j%%artnm ® Owcart 4 {i}

along the composition WCartr, 4 — Spf A x WCart P2y WCart is naturally equivalent to fH[n](R/A){i} for
each n,1 € Z.

Proof. First, we handle the case where n =4 = 0. Consider the pullback diagram
WCartI@E/A@B — WCartg/a

o

Spf B e WCart,
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where (B, 1) is a transversal prism and where the upper-left vertex is identified using Tor-independence of
(B,B) + (Z,,Z,) — (A, R) and Lemma 4.19 to obtain identifications

Spf B xXwcart WCartp g ~ WCartg/B XWCartz, z, WCartp s ~ WCartR®§/A®B.

Note that the p-completed tensor product A®B is possibly not a prism so that WCart 55 JAGE is not by
definition the relative Cartier-Witt stack studied in [8]. However, the natural map WCart p55 J(ABB))
WCart pop /ABB is an equivalence by Lemma 4.11. It follows that

qx OWCartR/A (B) = PEC]* OWCartR/A _— q; OWCart ~ RF(WC&I‘thg/(A@B)? ’ OWCart

R®B/(A®B)} R@E(A@B),A)

by base change for bounded above quasi-coherent cohomology; see Corollary A.41. The latter is equivalent to

ﬁ@? 1AGB under our p-complete Tor-amplitude hypothesis by [8, Thm. 6.4, Rem. 7.23]. This identification
is natural in B, so the lemma follows for ¢ = 0.

For general n,i, we use the fact that OWCartR/A{ i} ~ ¢*Owcart{i} and jWCartR/A ~ q*j%%%art’ so the
projection formula (see Proposition A.37) implies that ¢.(J%" ® Owcarty, 4 {i}) = I%" @ ¢u(Owcart 4 ) {1} =~

H"(R/A) (i) O
Remark 5.2. As H (R/A) is naturally an A-module in D(WCart), it can be considered as a quasi-coherent

sheaf on Spf A x WCart. The proposition shows in fact that it agrees with the pushforward of Owcarty, 4
along the canonical map WCartr,4 — Spf A x WCart.

Variant 5.3. If (A, R) is a d-pair where A is bounded and R is an animated commutative A-algebra such
that O o(R/p)/A/p i finitely generated over mo(R)/p and if (B, ) is a transversal prism, then Bhatt and Lurie

show in [8 Thm. 7.20] that ROB/(AGB)) ™ RF(WC&rt?{gB/(A@B)MOWC&”“E;@B/(M@B)A)‘ Thus, it follows

from the argument in Proposition 5.1, and an appeal to Variant 4.13, that g, Owcart;{“/A ~ 3 (R/A).

Corollary 5.4. Given a bounded §-pair (A, R) where L a has p-complete Tor-amplitude in [0,1], the
pushforward Q*OWCart%7A{i} along q: WCart%?A — WCart"T is naturally equivalent to *¥ (RJA){i} for

each i, where : WCart™T — WCart.

Proof. We have to show that the canonical map
L H (R/A){Z} - q*OWCartg7A {Z}

is an equivalence. This can be verified after applying ¢, in which case both sides can be identified with the

cofiber of the map ﬂ{[l](R/A){i} — H (R/A){i} by Proposition 5.1. O
Corollary 5.5. If (A, R) is a bounded 5 paz’r where L 4 has p-complete Tor-amplitude in [0, 1], then there
are natural equivalences E;L}A{i} ~ R/A {z} and  g/a{i} ~ R/A{z} for each i,n € Z.

Proof. Take global sections in Proposition 5.1 and Corollary 5.4. O

5.2 Stack and site

If (A, R) is a bounded d-pair and (B, I) € (R/A) , then by functoriality of the relative Cartier—Witt stacks

there is a canonical morphism WCartg /B WCartg/ 4, which induces a map Véc/ A V];C/ B = B. These
assemble into a natural morphism
site

WwC
R/A ™ R/A
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by definition of site-theoretic relative prismatic cohomology. This natural map extends to a natural transfor-
mation on Hodge—Tate towers and Breuil-Kisin twists.

Theorem 5.6 (Stack-site comparison). Let (A, R) be a bounded -pair. If Lg/a has p-complete Tor-amplitude
in [0,1], then the natural map

PR U TR
is an equivalence for all n,i € Z.

We will need a few preliminary results. Our strategy is to show that both sides satisfy a restricted form
of quasisyntomic descent, which lets us reduce to the case of pairs (A, R) where A is a prism and R is a
commutative A-algebra, i.e., the situation studied in [10]. In that case, the comparison theorem will follow
from [8].

Lemma 5.7 (Rezk). Given é-rings A, A', B, and maps A — A’ — B such that

(1) the map A — A’ is p-completely formally étale and a §-ring map and
(2) the composite A — B is a d-ring map,

the map A’ — B is also a §-ring map.

Proof. Consider the diagram
A A B

| |

WQ(A) —_— WQ(A/) E— Wg(B)

| |

A — B

where the upper vertical maps are the maps encoding the J§-structure, and the lower vertical maps are the
canonical projections. The lower square commutes trivially, the upper left square commutes by by the
assumption that A — A’ is a d-ring map, the upper outer square commutes by the assumption that A — B
is a d-ring map, and the right outer square commutes trivially. To show that A’ — B is a §-ring map, we
need to show that the upper right square commutes, i.e. that the two composites A’ — W5(B) agree. By
assumption, they fit into a commutative square

A4>W2

J/J

Al — B,
and by the uniqueness part of lifting formally étale extensions along square-zero maps, they agree. O

Lemma 5.8 (Insensitivity to formally étale extensions I). Given a sequence A — A" — R, where A — A’
is a map of 6-rings which is p-completely formally étale, the natural map WCartg, 4 — WCartg 4 is an
equivalence. In particular, the natural maps

PR ORI R

are equivalences for all n,i € Z.
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Proof. Consider the diagram
WCartR/A/ —— WCartg

! J

Spf A’ x WCart —— WCart 4/

| |

Spf A x WCart —— WCart 4.

The upper diagram is a pullback square by definition. If we show that the lower square is a pullback diagram,
it follows that the outer diagram is a pullback, and thus WCartp 4 ~ WCartg /4.

Let P denote the pullback of the lower square; there is a canonical map Spf A’ x WCart — P. An S-point
in P is given by a map A — S, a generalized Cartier-Witt divisor I — W (S), and a factorization of the
composite map A — W(S)/I through A’.

Since A — A’ is p-completely formally étale, this factorization lifts uniquely to a map A" — W(.S) agreeing
with the d-ring map A — W (S) on A. This map is automatically a d-ring map by Lemma 5.7. Since W (S)
is the cofree d-ring on S, this is the same datum as a map A’ — S extending the original map A — S. So
a point in the pullback is the same datum as a pair of map A" — S and generalized Cartier-Witt divisor
I — W(S), which is to say a point of Spf A’ x WCart. O

Remark 5.9. The consequence for prismatic cohomology in Lemma 5.8 can be proved using the conjugate
filtration on Hodge-Tate cohomology (Proposition 3.9) and Corollary 5.5 under the stronger hypothesis that
L 4r/4 vanishes p-adically.

Lemma 5.10 (Insensitivity to formally étale extensions II). Given A — A’ — R with A — A’ a p-completely
formally étale map of §-rings, the sites (R/A) and (R/A’) agree. In particular,

[n]site r .y . [n]site
R/A {i} ~ R/A’

for all n,i € 2.

Proof. Given an object B of (R/A) , we get a unique dashed lift making the diagram

L L

R—43sR—> B/J
of commutative rings commute. The map A’ — B is automatically a §-ring map by Lemma 5.7, so this

defines an equivalence (R/A) =~ (R/A’) . O

Lemma 5.11 (Comparison for prismatic d-pairs). Given a 6-ring A and an A-algebra R with bounded
p-power torsion, if the kernel of the map A — R contains a Cartier divisor I which makes the pair (A, T)
into a bounded prism and if LR/Z has p-complete Tor-amplitude in [0, 1], then the natural map

PR U YR

s an equivalence for all n,i € Z.
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Proof. By Proposition 4.10, our WCartr,4 agrees in this case with the relative prismatization as studied
in [8, Sec. 5]. It follows from [8, Thm. 6.4] (and [8, Rem. 7.23]) that the cohomology of WCartp,4 with

coefficients in jW%artR/A{ i} computes the cohomology of the corresponding sheaf on the relative prismatic

site. O

Corollary 5.12. Fiz a §-pair A — R. If A — R factors as A — A’ — R where A — A’ is a p-completely
formally étale map of -rings, the kernel of A’ — R contains a Cartier divisor I making A’ into a prism, and
LR/W has p-complete Tor-amplitude in [0, 1], then the canonical map

IR U YR
is an equivalence for all n,i € Z.

Proof. Combine Lemmas 5.8, 5.10, and 5.11. O

Lemma 5.13. As a functor of commutative A-algebras, [" me{z} has descent with respect to quasisyntomic

covers of the form
R~ R[V77]1 (2~ p)

for all n,i € 2.

Proof. For fixed A and R we have a canonical ‘forgetful’ functor (R/A) — (Z,/Z,) that induces an
adjunction

fr:Sw((R/A) ) === SW((Zp/Zy) ): [

between oco-topoi whose right adjoint f* is the restriction functor. The left adjoint f; sends the terminal
object to the object

R/A: (B, B/J) = Maps_p.;.((4, R), (B, B/J)) .

Moreover the right adjoint f* preserves the structure sheaves o {z} As a result we can write Ig /A Slte{ 1

which is defined as the maps out of the terminal object in Shv((R/A) ) to O[n]{ }, as maps in Shv((Z,/Z,) )
from R/A to 0"{i}.

For a general morphism R — R’ of rings under A this procedure translates the Cech complex
RHR/HR/@)RR/ R/®RR/®RRIH-“

into the Cech complex of the map R'/A — R/A (considered as an augmented simplicial object) in the

oo-topos Shv((Z,/Z,) ), as one immediately verifies. Thus to verify descent for a map R — R’, that is the
fact that the diagram

t. t ,sit — s ,sit P —
1;/,4511 e{ }— ng/s;xe{ J—= B;L’]QSIRE}}%’/A{ }*i [éL’]QSIR%I(@RR//A{Z} —a

is a limit diagram, it then suffices to show that the morphism R'/A — R/A is an effective epimorphism in
the topos Shv((Z,/Z,) ).
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Concretely, we need to show that for every object B in (R/A) , there exists a B’ € (R'/A) whose
restriction covers B, i.e. for each B we find a B’ in the following diagram

A B B’

o |

R—— B/J —— B'/J

|

R/

such that B — B’ is faithfully flat.
Now we let R’ = R[z'/P"]"/(z — p). and simply take B’ to be the prismatic envelope

B/ {Z;p};” :

with §(z) = 0. This is p-completely faithfully flat over B by [10, Prop. 3.13]. O

Proof of Theorem 5.0. Both sides of the comparison map have descent with respect to an extension of the
form R — R[z'/?7)"/(z — p). For the right-hand side, this is Lemma 5.13. For the left hand side, it follows
from Proposition 3.15 and Corollary 5.5.

The nth term in the Cech-nerve of the map R — R® = R[z'/P™]"/(z — p) is given by

R" = Rnfl[zl/p“]/\/(z _p)

and Lgn-1,4 has p-complete Tor-amplitude in [0, 1]. Therefore, it suffices to see that the comparison map is an
equivalence for A — R[2'/P7]"/(z —p) =: R'. This map factors through A — A’, where A’ = A[zl/pw]?p —p)
(with 6(z) = 0). As the kernel of A’ — R[2'/P™]"/(z — p) contains a distinguished non-zero divisor, z — p,

making A’ into a prism, Corollary 5.12 applies to give the desired comparison equivalence since

L jcar)—p) = Lirja @4 (4'/(2 = p))
has p-complete Tor-amplitude in [0, 1] since (A’/(z — p)) is p-completely free as an A-module. O

Remark 5.14. Note that for a prism A and an A/I-algebra R, the condition that Lg,4 has p-complete
Tor-amplitude in [0, 1] is slightly weaker than that Lg/(4,r) having p-complete Tor-amplitude in [0, 1]. So
Theorem 5.6 is slightly more general than the comparison result obtained in [§].

Variant 5.15. Using a similar argument as the proof of Theorem 5.6, one can prove that the animated site-

theoretic prismatic cohomology ?%“/SXC satisfies sufficiently fine descent in R in order to reduce to the prismatic

case, where it follows from [8, Rem. 7.14] that it agrees with j%t/eA Thus, one finds that if (4, R) is a bounded

[n],ansite [n],site

d-pair and Ly 4 has p-complete Tor-amplitude in [0, 1], then the natural maps R/A {i} = R/A {i} are
equivalences for all n,i € Z.

To conclude the section, we give a generalization of the classicality result [8, Cor. 8.13] to our relative
Cartier—Witt stacks.

Lemma 5.16 (Classicality of relative Cartier—Witt stacks). If A is a quasisyntomic 6-ring and R € QSyn 4,
then WCart) 4 is classical and

U U

s an equivalence for each n,i € Z.
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Proof. 1t suffices to prove that WCar }*{‘/ 4 1s a colimit (in derived stacks) of objects represented by discrete
commutative rings. By quasisyntomic descent, Corollary 4.21, and Lemma 4.19, we can assume that
R € QRSPerfds and in particular that Ly 4 has p-complete Tor-amplitude in [1,1]. Consider the map of
d-pairs (A, R) — (A[z1/P7], R[z"/P7]/(z — p)) =: (A%, R°) and let (A®, R®) be the associated Cech complex
in d-pairs. By Corollary 4.21 (or rather its derived variant), the induced map WCarto 40 — WCart%) 4 is a
surjective map of stacks in the flat topology on p-nilpotent commutative rings. By the derived version of
Lemma 4.19, the Cech complex of this map is WCartg. /4. However, for each s > 0, the d-pair (4%, R%) is
in fact prismatic and the prismatic cohomology gs 4+ is discrete since Ls/4+ has p-complete Tor-amplitude
in [1, 1], so that the Cartier-Witt stack WCart%. 4. is affine and classical by [8, Cor. 7.18]. The lemma now
follows by taking the geometric realization and global sections. O

5.3 Comparison to [10]

Let (A,I) be a bounded prism and let R be an animated commutative A-algebra. There are now two
definitions of g4, namely as the global sections of the prismatic crystal H (R/A) and as the derived relative

prismatic cohomology of [10, Sec. 7.2]. For the remainder of this section, we write rﬁ?} 4 for the latter. By
combining Propositions 5.1 and 4.10 with [8, Rem. 7.23|, we find that g4 ~ ;{?}A when R is discrete and
Lp /A has p-complete Tor-amplitude in [0, 1]. The next proposition shows that in fact no condition on R is

required.

Proposition 5.17. If (A, I) is a bounded prism and R is an animated commutative A-algebra, then there is
a natural equivalence Vg4 : [Rf]/A{*} = g’%‘*} {x}.

Proof. To construct the natural transformation -, let T4 be the category of transversal prisms (B, J) equipped

with a map of prisms B I, A. For each (B, f) € Ty, let A®B denote the (p, J)-adic completion of A ® B.
The map f and multiplication induce a map of prisms AQB — A. We can evaluate the crystal H (R/A) at
B to obtain a natural composition
1 1 1
r/a = H(R/A)B) =~ 155488 7 Re A4 RjA>

where the final map uses the A-linear multiplication map R®4 A — R.

The construction of the map is natural in B: for another choice B’ with a map B — B’ in T4 we get a
natural homotopy between the two induced maps p/4 — gg} 4 Which is induced from a ‘hammock’ between
the constructions for these maps:

rel =N rel
R®RB/A®B R, A/A

R/A R/A

™ e

rel rel
R®B’/AQB’ R®aA/A

As Ty is sifted by [7, Cor. 2.4.7|, this implies that the map g4 — %}A does not depend on the
transversal prism B chosen (for example by taking the colimit over all these maps in the arrow category).

120ne could also prove this by a Kan extension argument from the case just explained, but we would like to give an explicit
argument.
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This specifies the natural transformation yz,4 when A is fixed. A similar argument can be made with the
help of an intermediary transversal prism B € T4 to construct commutative diagrams

rel
R/A

]

1
R//A'H IE//A'

R/AH

for maps of bounded prismatic d-pairs (A, R) — (A, R"). Siftedness of T4 again implies that this diagram
does not depend on the choice of B. Continuing in this way, we obtain a natural transformation as desired.'”
Both sides commute with colimits in the variable R as functors to D(A)g\p 0 Thus, we can immediately

reduce to the case of R = A[z]. Now, we can use base change in A and Zariski descent to reduce to the case
of the universal oriented prism A°. Then, we can test whether vp /Ao is an equivalence by base change along
the faithfully flat map to the perfection Agerf of A®. But, then, we have a commutative square

R/Z— > R

|

perf
R/Agerf > R/A0

The vertical arrows are equivalences because Agerf is perfect, using the conjugate filtrations on the Hodge—Tate

cohomology in both cases, and the top arrow is an equivalence by Example 3.21. O
Remark 5.18. From now on, we drop the distinction between r}g} 4 and  g/4 in the case of prismatic

d-pairs.

6 The Nygaard filtration

In this section, we introduce the Nygaard filtration and Nygaard-completed Frobenius-twisted prismatic
cohomology relative to -pairs and prove the related statements of Theorem 1.2.

Definition 6.1. Let (A, R) be a bounded d-pair and let 5 (R/A){i} be the ith Breuil-Kisin twisted prismatic
crystal associated to (A, R). This object is an A-module in D(WCart), so we can form its Frobenius twist

H O (R/A{i} = H (RIA{i} @, A.
If (B, I) is a transversal prism, then the value of this crystal on B is naturally equivalent to the (p, I')-completion
of
r&B/(asp)) {1} ®a,0 A.

1)

Note that this is not typically equivalent to the usual Frobenius twist RGB/(ABB

) {i} of [10] because we
I

use only the Frobenius of A and not of (A®B)}.

13To make this construction rigorous, consider the co-category Pairs® @2 of prismatic d-pairs (A, R) where A is bounded

and R is an animated commutative A-algebra. Let q: T — Pairs’ 2" denote the coCartesian fibration with fiber over (A,R)
6 an

given by T4. On Pairs are defined sections (_),(_) and Ee_l) /(=) of the coCartesian fibration Iﬁ?g — Pairs® @ with fiber

over (A, R) given by the oo-category of (p, I)-complete derived commutative A-algebras. The construction above induces a
natural transformation y: (_y,—)yoq — Eil>/(7) o g where naturality can be seen similar to the case above. Taking a left Kan

extension along g produces a natural transformation from (_y,_) — Ee_l) /(=) since the fibers of ¢ are contractible.
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In this section, we use an approach analogous to the one from [7] to construct the Nygaard filtration. Our

goal will first be to produce a filtration on RI'(WCart, H(l)(R/A){i}).
Let F denote the Frobenius endomorphism of WCart. Recall from [7, Theorem 3.6.7] that the diagram

WCart"" —— WCart

| %

Spf Z,, —2 WCart

yields pullback diagrams on global sections for any quasi-coherent sheaf on WCart, where pggr is the point of
WCart corresponding to the crystalline prism (Z,, (p)). Commutativity of the diagram yields a canonical
equivalence

F*8|WCartHT = S’dR ® OWCartHT (2)

for any prismatic crystal €, where €4r denotes the p-complete complex pjr€. We will apply this for
& = HY(R/A){i}.

Remark 6.2 (Prismatic cohomology relative to animated crystalline prisms). Since (Z,, (p)) is not transver-
sal, our definition of H (R/A) when (A, R) is a bounded d-pair does not allow us to a priori compute
PirH (R/A) = H (R/A)qgr if A has p-torsion. Rather, we view H (R/A)qr as the definition of ggr,/a
where we view A as an animated crystalline prism.'* Nevertheless, this notation is unambiguous as it agrees
with the definition of '}‘%névkﬁp /A which uses that A is only a d-ring. A similar comment applies to the Frobenius

twist H(R/A)qr.

Remark 6.3 (Prismatic cohomology relative to animated prisms). More generally, one can use the formalism
of prismatic cohomology relative to animated J-pairs to give a definition of prismatic cohomology ;4 when

(A, A) is an animated prism and R is an animated commutative A-algebra, for example as RT'(WCar 74, 0);
see Variant 4.13.

Lemma 6.4 (de Rham comparison for prismatic cohomology relative to d-rings). Let (A, R) be a bounded

d-pair. There is a canonical multiplicative equivalence J-C(l)(R/A)dR ~ d/ﬁR/A, where the target denotes
p-completed derived de Rham cohomology of R over A. It fits into a commutative diagram

F*:H:(l) (R/A)|WCartHT — d/-1:\{13/14 ® OwcartHT

L

HY(R/A)ar © Owcarenr

of equivalences, where the vertical map comes from (2) and the horizontal map from relative de Rham
coOmparison.

Proof. We follow the argument from [7, Section 5.4]. For a prism B, we have a canonical pullback diagram

Spf B—— WCart!'T

.

Spf B— WCart.

4 Note that while animated prisms are introduced in [8], they are used there only to define derived Cartier-Witt stacks and
not as possible bases for relative prismatic cohomology.
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The quasi-coherent sheaf F*J—C(l)(R/A) pulls back to

reB/468 ®asB,, A®B
on Spf B, and hence to
R®B/AR®B ®A@B,g@ A®B

on Spf B. By the relative de Rham comparison |7, Prop. 5.2.5], this is naturally equivalent to

—

Hence we have a natural equivalence
F*j{(l)(‘R/A)‘WCartHT =~ d/ﬁR/A ® OWCartHTa

providing the horizontal map in the commutative diagram. Together with the equivalence (2), this determines
a unique multiplicative equivalence

H (R/A)dar ® Owcarnr = d/f{R/A ® OwcartHT-

of quasi-coherent sheaves on WCartT making the diagram commute. To finish the proof, we need to check
that this is induced from a natural multiplicative equivalence

HY(R/A)qr =~ ARy a
in D(Z,). To see this, it suffices to check that the map
HY(R/A)ar — RT(WCart"™ dR /4 © Owcarer)
factors uniquely and multiplicatively through the canonical map
dRp 4 — RO(WCart™ dR g4 ® Oyearenr)-

Since the 9{(1)(R/A)dR is left Kan extended from d-pairs (A, R) with R quasisyntomic over A we may reduce
to that situation. Then, since dRp/4 satisfies quasisyntomic descent, we may reduce to the case where
Lg/4 has Tor-amplitude in [1,1]. But then dRg,4 is discrete, and agrees with the connective cover of

RI'(WCart™T, dRp /4 @ Oweapent), J—C(l)(R/A)dR is connective, and the desired lift is uniquely determined.
O

Corollary 6.5. If (A, R) is a bounded §-pair, then there is a natural pullback diagram

RT(WCart, K (R/A){i}) AR/

! !

RI(WCart, F*H" (R/A){i}) —— dRp/a ® RI(WCart"'T, Oyycaren)

for each i € Z.

Proof. We combine the pullback diagram obtained from (6) with the equivalence ﬂ{(l)(R/A){i}dR o~ d/f\{R/A
obtained by multiplying the equivalence from Lemma 6.4 with the canonical trivialization of the Breuil-Kisin
twist Z,{i} (compare [7, Variant 5.4.13]). O
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Definition 6.6 (Nygaard-filtered Frobenius-twisted prismatic cohomology). Let (A, R) be a bounded d-pair

and fix ¢ € Z. We define the Nygaard filtration on RF(WCart,fH(l)(R/A){i}) as the pullback of filtered
spectra

N>*RT(WCart, K (R/A){i}) FZ*dRp/a

| |

RI(WCart, N>* F* K" (R/A){i}) —— FZ*dRp 4 © RO(WCart™™, Oyeapnr),
where the lower left term uses the pointwise Nygaard filtration on the prismatic crystal
B pepasplil ®agp,, A®B

corresponding to F' *fH(l)(R/A), and the bottom map uses that the composite

FrH D (R)A)i} — K (R/A){iar @ Owoarinr = AR ® Oyguas
is a combination of the canonical trivialisation of F*Owcart{¢} on the Hodge-Tate locus, and the de Rham
comparison map

r5B/458 Casp.e AOB = [eB/asp ©asp, ADB ~ dRR/.BB

which takes the Nygaard filtration into the Hodge filtration (see |7, Const. 5.5.3]).

Definition 6.7 (Nygaard-completed Frobenius-twisted prismatic cohomology). If (A, R) is a bounded §-pair,
we define Nygaard-completed (Frobenius-twisted, Breuil-Kisin twisted) prismatic cohomology of R over A as

the completion
NZT0) i} = (NZ*RT(WCart, 'Y (R/A){i}))".
Remark 6.8 (Absolute Nygaard comparison). Since the Frobenius on the d-ring Z, is the identity,

N%Ag;z,){i} ~ N>*AR, where the latter denotes the Nygaard complete absolute prismatic cohomology

of [9, 7]. Indeed, in this case J{(l)(R/ZP) ~ H (R), in the notation of [7], and our construction of the
Nygaard filtration and completion agrees with the one in [7, Sec. 5.5].

We now recall the Hodge-Tate point n: Spf(Z,) — WCart which assigns to every p-nilpotent ring R
the Cartier-Witt divisor given by V(1): W(R) — W(R). In analogy to [7], we write Qg/A for n*H—(R/A).
This inherits a conjugate filtration from the J§-conjugate filtration on the relative Hodge-Tate crystal by
Proposition 3.9, and, since

g} MHA(R/A) = T, 4 © Owcaunr {—=i} =),
we have gr‘{oang/A ~ f&'\l;z/A[—i].
Lemma 6.9. If (A, R) is a bounded 6-pair, then there are natural maps of fiber sequences

i (1 - conj O-+i conj
8N ;;A{J} — Fg ]Qg/A — nglﬁgm

| l |

RI(WCart, grl, 3" (R/A){j}) — FE08 245 Ferial

R/A R/A
_ . o+i
r/ali} Qg/A E— Qg/A
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P )
the description of quas-coherent sheaves on WCart? of [7, Sec. 3.5].

in D(A))y, where © is the Sen operator on F?ijg/A induced from the Hodge—Tate crystal H—(R/A) under

Proof. The Hodge—Tate comparison provides that for every transversal prism B the relative Frobenius map

N reB/aaplit @agp, A®B) = papasslit
factors through an equivalence to Fgfj73®§/A®B{i}. In particular, grf\IF*fH(l)(R/A) is supported on the
Hodge—Tate locus, and global sections can be expressed through the Sen operator, leading to the bottom two
rows.
For the top row (and the map between the top two rows), we first observe that the pullback diagram

defining N>*Ag) 4 provides a pullback diagram

erk ) ald} TSR]

! !

RI(WCart, gri F*H (R/A){j}) —— LQp 4[~i] © RT(WCart™™, Oyycapynir).-

Relative de Rham comparison on the level of prismatic crystals identifies gri F' *9{(1)(R/A) {7} with the
prismatic crystal

conj— PN
B—=¥" reBasn

and the bottom map is obtained from the canonical map

conj— conj— ~ e .

<i ReB/ABB — 8% reB/agp > LQgal-i].
The bottom two terms can now be expressed as fibers of the respective Sen operators © + 4, and the right
vertical map is the canonical map

—i , —i L Oti =i ' i i .
LQp,a[—i] = fib(LQp a[—i] —= LQg a[—i]) = LQp 4[] © L a[—i — 1].
This yields the claimed first row (and the map to the second row). O

Corollary 6.10. For each i € Z, grﬁAg}A{j} is sifted-colimit preserving, has faithfully flat descent as
a functor on bounded &-pairs, satisfies base change in the base §-ring, and is invariant under quasi-étale
extensions, finitely generated completions, and localizations in the base §-ring (as in Proposition 3.12 and
Corollary 5.13). Moreover, if we consider N>* g;A{j} as a functor to complete filtered objects then it is
sifted-colimit preserving, has faithfully flat descent as a functor on bounded §-pairs, satisfies base change in
the base §-ring, and is invariant under quasi-étale extensions in the base §-ring.

Proof. The second claim follows from the first. The first claim follows from the fact that gr{\IAg} 4 is built
out of differential forms by Lemma 6.9. Differential forms have the necessary descent by Lemma 3.14, the
necessary invariance under quasi-étale extensions, finitely generated completions, and localizations, and by

definition preserve sifted colimits and satisfy base change. O

In the case of a prismatic d-pair (A, R), i.e. one where A admits the structure of a prism, and R the
structure of an A-algebra, NZ* g/) 411} now potentially has two meanings: The one defined above, and the
Nygaard filtration from relative prismatic cohomology. Our goal is now to identify the two. Temporarily, we

will write Nif/\g; 411} for the Nygaard filtration from relative prismatic cohomology.
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Definition 6.11. I updated this to use the argument from 5.22 to handle the non-transverse case. We define
>x7
rel

a transversal prism B with a map of prisms to A, we have the composite map of filtered spectra

a comparison map N>+ R/A{ it >N R/A{ i} as in the proof of Proposition 5.17: before completion, given

NZ*RD(WCart, K" (R/A){i}) — RD(WCart, N>*F*3H" (R/A){i}) — N2} (L st = N YRGS

where the first map comes from the definition, the second is evaluation at pg: Spf B — WCart, and the
third uses the multiplication map. After completion, this gives rise to a map

> >%x7(1)
N=* R/A{ i} = N R/A{ i},
which one shows as in Proposition 5.17 does not depend on B and which is natural in prismatic d-pairs (4, R).

Proposition 6.12 (Relative prismatic Nygaard comparison). The map from Definition 0.11 is an equivalence
for all prismatic §-pairs (A, R).

Proof. As functors to complete filtered spectra, both sides preserve sifted colimits. For the left hand side this
is part of Corollary 6.10, for the right hand side this is seen analogously using gry. — r/a{j} ~F gz r/A1I}
and the fact that the associated graded pieces of the -conjugate filtration are also built out of differential
forms. This reduces us to the case R = A[ry,...,2,]. Also, both sides satisfy base change as functors to
complete filtered spectra, so we may assume that A is the free oriented prism Z{d}[d(d)~"]} ;. For this A,

the map A — AP to its colimit perfection is (p, d)-completely faithfully flat, so by again appealing to base
change, we may reduce to the case of perfect prisms A. In that case, we have a commutative diagram

N>* (1)Z {]}

[~

1) >%x"(1)
NZ* (/A{J} B— Nr>el S%/A{ 1.

The left vertical map is an equivalence, which follows from the fact that LQ R/Z, LQ R/A Is an equivalence,
since (L4 /7, ) ~ (0 as A is perfect. The diagonal composite agrees with the completlon of the composite

N>*RI(WCart, H (R/Z,)M{j}) — RT(WCart, N>*F*K (R/Z,)M{j}) = N2} §%1<)X>A/Z a0y = NT Rjats),

which is the map from |7, Construction 5.6.1]. According to [7, Theorem 5.6.2|, it is an equivalence. O

From now on we drop the notation Nrel

Corollary 6.13. If (A, R) is a bounded d-pair and A — R is relatively quasiregular semiperfectoid, then

N>+ (1/A{j} is discrete with discrete associated graded, and the filtration on it agrees with the underived

pullback of the Hodge—Tate filtration along o: R/A{j} — R/A{j}
Proof. Let A — A" — R be a factorization of A — R such that A — A’ is relatively perfect, (A, R) is a

prismatic d-pair, and Lg/4: has p-complete Tor-amplitude in [1,1]. In the diagram

Oalit — RAUY

l |

R/A’{]} — R/A/{J}
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the vertical maps are all isomorphisms, so it suffices to prove the claim in the case of a prismatic §-pair. For
that, it suffices to check that the associated graded terms are discrete, and that the map on associated graded
pieces is injective. In the prismatic case, we have a factorization

conj—

i (1 . . — .
gry %}A/{]} ~FZ" pradit = ryadil,

where the latter map is an injective map between discrete objects since all associated graded terms of the

conjugate filtration fﬁ; /al—1] are discrete. O

Remark 6.14. Since we can cover every R/A with R quasisyntomic over A by relatively quasiregular
semiperfectoids, Corollary 6.13 yields another characterization of the Nygaard filtration through descent and
left Kan extension by Lemma 9.14.

Remark 6.15. If R is smooth over A (which never happens in the prismatic case), then the conjugate
filtration on Qg /A is the Postnikov filtration, and the fiber sequences from Lemma 6.9 exhibit grk g/) A1) as

the (—i)-connective cover of g/a{i}. This identifies N>*Ag} 41J} as the Beilinson-connective cover of the
Hodge-Tate filtered r,4{j}, providing yet another characterization. The analogue of this fact curiously also
holds in the prismatic case if R is smooth over A. The relationship between these two facts can be explained
as follows: if R is a smooth A-algebra, then the [-adic filtration on R has associated graded given by the

smooth A-algebra R[I], with R = R ®4 A. Filtered prismatic cohomology provides a filtration on grf\l/\g/) A

A%[)U a0 from which the connectivity statement from relative prismatic

cohomology implies the one in prismatic cohomology relative -rings.

with associated graded given by gr

7 Relative syntomic cohomology

We write can: N%Ag/) Ai — Ag) 414} for the canonical map. We define the divided Frobenius maps
following [7, Sec. 5.7]. Finally, we define relative syntomic cohomology.

Definition 7.1 (The relative Frobenius). The Frobenius on the prismatic crystal H (R/A) factors as
K (R/A) O-linear g_c(l) (R/A) @-semilinear F*j‘((l)(R/A) O-linear i (R/A)

By definition, N%F*ﬂ-f(l)(R/A) — H (R/A) factors canonically through J* @ H (R/A). Tensoring with
Owcart{i} and using the equivalence F*(Owcart{i}) ~ I~*{i} we obtain a map

N> (R/AY i} — 3 (R/A){i},

which is moreover compatible with the Nygaard filtration on the left-hand side (in weights at least i) and the
J-adic filtration on the right-hand-side. Hence, after taking global sections, there are maps

NZ'RI(WCart, K" (R/A){i}) — RT(WCart, N> F*H"V (R/A){i}) = r/afi}.

Since the J-adic filtration on H (R/A){i} is complete, inducing the complete Hodge—Tate filtration on
R/a{i}, this map factors through the Nygaard completion, inducing a filtered map

* (1 . —i] .
NZ 5%/),4{’}_> E’;/A]{Z}'
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Definition 7.2 (The map cp). The Owcars-linear map of crystals H (R/A){i} — H (R/A){ } induces a
map p/afi} — RF(WCart ﬂ-f(l (R/A){i} on global sections, which we may compose with the map to the

Nygaard completion R J A{z} to obtain a map

co: roafil = E}A{i}-

Construction 7.3. For every filtration N2* indexed on (N, >), we form a new filtration indexed on (N, >)
given as
N?P-* ® p*zp,

the Day convolution product of the re-scaled filtration N=P* and the p-adic filtration on Z,. Concretely, this
filtration has the form

(can,p)
L= NZP @y, NZP Byso, N2¥ = N2P @pyso , N20 — N20

3

where the pushout maps to the left are the canonical maps and the maps to the right are the multiplication by
p maps. For example, if N=* is the (d)-adic filtration on an oriented transversal prism, then this construction
produces the (dP, p)-adic filtration.

Remark 7.4. If N>* is complete and N2° is p-complete, then the filtration is NZP* ® p*Z, complete too.

Lemma 7.5 (The map c¢). There exists a natural p-semilinear, N-filtered multiplicative map

i x> (NPT 6 @ pty).

Proof. By Remark 7.4, both sides are complete filtrations, and they are left Kan extended as such from finitely
presented free §-pairs by Corollaries 3.17 and 6.10. Thus to construct the map we can assume that (A, R) is
a finitely presented free d-pair. By relative quasisyntomic descent in R (Proposition 3.15 and Corollary 6.10)
we further reduce to the prismatic case where (A, I) is a prism and R is an animated commutative A-algebra
and assume additionally that L, /A has p-complete Tor-amplitude in [1, 1]. In this case, all objects in question

are discrete. In this case, the map co: g/a{i} — Ag}A{z’} is the natural map obtained by (p, I)-completed

extension of scalars along ¢4 by Proposition 6.12. It is enough to prove the result when ¢ = 0 and when
~1)

A is orientable and transversal, with I = (d), in which case ¢: g4 — R/A is a wa-semilinear map of
commutative rings, which sends d to ¢ 4(d) = d? + pd(d). As d € N1 S%)A, it follows that ¢ 4(d) is in weight

(1)

> 1 with respect to the Day convolution filtration (N>p* 4 ®p*Zy). By multiplicativity, pa(d") is in

Welght n. This shows that ¢y refines to a filtered map as des1red for such pairs (A, R). Descending and left
Kan extending produces the map c. O

Remark 7.6. We expect that by forgetting the filtered structure on ¢ one recovers the map ¢y, but we do
not explore that here.

Definition 7.7 (The divided Frobenius). We let cp denote the resulting composition

i~(1)
N> (it = ralit S TG
Definition 7.8 (Relative syntomic complexes). The relative p-adic syntomic complexes Z,(i)(R/A) are

defined as ) .
Z,(i)(R/A) = fib (N> {i} <=5 "), (i})
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Remark 7.9. When A = Z,,, we have that Z,(i)(R/Z,) agrees with the syntomic complexes of [9, 7| by
Remark 6.8.

The following result establishes Corollary 1.3 from the introduction.

Corollary 7.10. For each i € Z, the relative p-adic syntomic complexes Zy(i)(R/A) satisfy descent for maps
of pairs (A, R) — (B, S) such that R — S is a universal descent morphism (with no condition on A — B).

Proof. The corollary follows immediately from Corollary 6.10. O

We close this section by noting that one can compute syntomic cohomology also by a non-completed
version of Frobenius-twisted prismatic cohomology. Specifically we set g} RS-y A{i}® A,pA and denote

by é the map g}A{i} — Ag}A{i} induced from ec.

Construction 7.11. We can define the Nygaard filtration on R Y A{z} as the pullback

N>* (1),4{7’} N>* g%l/)A{Z}

Lo
(i} —— "0}

N>* (1)

The completion of /A{ i} recovers R/A{ i} by construction. Since the map c: pg/a{i} — AR/A{i}

factors through ¢ by definition, there are decompleted divided Frobenius maps cyp: N> ) R/ Roalit — g/) At}
compatible with the completed ones. We can then define the equalizer

. i can— cap 1 .
Zy())(R/A)™ = fib (N> ) (i} =2 O) (i}).
The clumsy notation is only used temporarily, since this constructions turn out to be nothing new:
Proposition 7.12. The canonical map
Zy(i)(R/A)™ — Zp(i)(R/A)
is an equivalence for any §-pair where A is bounded and R is an animated commutative A-algebra.

Proof. We treat the second map, the first works completely analogous. We can write any abstract equalizer
fib(A I9, B) as a pullback of the diagram

AY9 g BA B

Now consider the following commutative diagram

(can,cp)

NZ R/A{ i} R/A{Z} x R/A{ }<7 gzl/)A{Z}
i (can,cyp) ~ 3 X A .
N> aliy TRl ¢ Ruli) =" Rt}

| |

(can,cp)
R/A{ i} x R/A{ }% R/A{ i}.

N> R/A{ i}
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The pullback of the top and bottom horizontal row are Z,(i)(R/A)"® and Z,(i)(R/A), respectively. We claim
that in the diagram the maps between the pullback of all rows are in fact equivalences. For the map from the
pullback of the first row to the second this follows by the fact that the upper left square is a pullback and the
right upper vertical map is an equivalence. For the map from the pullback of the middle row to the pullback
of the last row this follows similarly since the left lower vertical map is an equivalence and the right lower
square a pullback. O

8 The prismatic package

Recall from the introduction the definition of the co-category €4 which is the natural home of the prismatic
package (we will review this soon). The main goal of this section is to conclude from the results of the
previous sections that our objects

—R/A = ( [];]/A{*}a N>*A§21/)A{*}> (&) ‘P)

indeed form objects of this category and then use this to define and study syntomic cohomology.

First we would like to rigorously define C4. It will be the category of E-algebras in a symmetric monoidal
category G4 so that we would like to define G 4.

By a filtered, graded A-module we mean a functor

H: (Z,>) x Z — D(A),

where (Z, >) denotes the poset of integers and Z denotes the discrete set of integers. We shall write H=*{;}
for the evaluation at ¢ and j. The category of filtered, graded A-module admits a symmetric monoidal
structure given by Day convolution with respect to the sum operation on both Z’s. We note that this
tensor product does not involve any signs or so shifts (as sometimes used on graded/filtered things). Such a
filtered graded A-module is called complete of for fixed j all the filtered objects H>*{j} are complete, i.e.
@iH Zi{j} = 0. The tensor product descends to a tensor product on complete things.

There are two operations that we can perform on a filtered, graded object. The first is the shearing, which
changes the filtration degree by subtracting the grading degree:

(shH)Z'{j} = H>"77{j}

This is indeed a lax symmetric monoidal endofunctor of the oo-category of filtered, graded objects since it is
induced from a symmetric monoidal endofunctor of (Z,>) x Z.
The second construction sends a filtration N to a new filtration indexed on (N, >) x Z given as

sep(N) = (NZP*{j} ® p*Z)

explained in Construction 7.3 above. Again this is a lax symmetric monoidal operation since p*Z is an
algebra. The filtration scp(IV) has the property that if we take the levelwise modulo p-reduction we get the

convolution of the scaled filtration N2P*/p with the filtration on F, given by ... = F, N F, N F,. This

filtration has a multiplicative map to the filtration ... - 0 — 0 LN F,, which is the Day convolution tensor
unit over F),. Thus we conclude that there is a canonical map of filtrations

scp(N)/p — NZP*/p .

Also note that if N is complete and p-complete, then so is scp(N).
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Definition 8.1. We define the co-category §4 to be the co-category consisting of quadruples (H, N, ¢, )
where H and N are p-complete and complete filtered graded A-modules, the filtration on N is constant in
non-positive degrees (equivalently it is (N, >) x Z filtered), the map ¢: H — scp(N) is a ¢ 4-semilinear map
of (N, >) x Z-filtered, graded A-modules and ¢ is a map of graded filtered objects N — sh(H) over A.

As an oo-operad, the category G4 is given as the pullback

—

Fun((N, >) x Z,D(A4))A 1A}

-

Fun((N, >) x Z,D(A))*,

(m1,shoma,ma,p ™ 0scpomy)

Fun (Z,>) x Z,D(A)) x Fun((N, >) x Z,D(4)))

where each vertex is viewed as an co-operad using the Day convolution symmetric monoidal structures on

Fun and the pointwise monoidal strucrtures on (7)AlHAl and (—)*, where the notion Fun indicates that
we consider complete and p-complete filtrations, and where the map ev is evaluation at the four vertices of
AYIT AL

The oo-category C4 is defined as the category of E.-algebras in G 4.

Note that since C4 is algebras in a pullback, this co-category is also the pullback of the respective
categories of algebras, which are given by categories of lax symmetric functors resp. arrows in lax symmetric
monoidal functors. monoidal functors.

Remark 8.2.

(i) The category G4 is a variant of the category of prismatic F-gauges of Bhatt—Lurie, except that it it
not a category of quasi-coherent sheaves on a variant of WCart but rather the global sections of such
sheaves. We view this category C4 simply as a tool to formalize the structure present on prismatic
cohomology and streamline some of the coming proofs.

(ii) For any 6-ring A we have an object A € Gz given by setting

N:H:(---—>0—>0—>A£>A£>~-.)

and the map ¢ = ¢ and ¢ = id. (The reason for the surprising interchange is that we think of the N as
the Frobenius twist of H, but that identifies with A.) Then an A-module internal to Gz is the same as
an object in G4. Thus we might as well work with the absolute category.

(iii) The assignment A — C4 defines an fpqc stack (in stable co-categories) on the opposite of the category
of d-rings and é-ring maps. Thanks to the pullback definition of €4 this boils down to (ile\cking that each
vertex in the pullback is an fpqc stack which in turn follows from the fact that A — Fun((Z, >),D(A))

defines an fpqc stack as Fun((Z, >),D(A)) ~ Modp_ (GrD(A)) where D_ is the graded ring Z®&Z[—1](1).
See for example [27, Thm. 3.2.14].

Proposition 8.3. The co-categories C4 and G4 have all colimits and taking the associated graded of H and
N preserves colimits.

Proof. All functors on the pullback des/cﬂption of G4 preserve colimits. Thus colimits in G4 are computed
underlying in Fun ((Z,>) x Z,D(A)) x Fun((N, >) x Z,D(A)). In the category of complete filtrations colimits
are computed by taking the colimit in filtrations and then completing. These induce colimits on associated
graded pieces and can in fact be determined there.

The case of algebras either follows the same way (it is also a pullback of the categories of algebras) or
simply using that algebras have colimits if the underlying category has operadic colimits. O
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Definition 8.4. The syntomic complex Z,(i)(H, N, ¢, ) for an object of our category (H, N, ¢, ¢) is defined
as

fib (N>'{i} S5 N20(i}) € D(2))
Similarly, we define F,(¢) as the mod p reduction Z,(7)/p.

Lemma 8.5. Fiz an integer i. If j satisfies (p — 1)j > pi, then for every object of C4 the morphism
NZ3{i}/p =5 N>~ H{i}/p
lifts canonically and functorially as
NZ{i}/p = N2 {i}/p =% N2 =i} /p.
Proof. We use that mod p we have a morphism c: H>*/p — NZP*/p of filtrations. Thus in particular a map
[ HZI-1 Sy NEp(—i) cang i
since p(j — i) > j by assumption. Thus the map c¢: N=7 — N>J~% in fact lifts through a map N2J — N=J
and thus the difference can — c¢ lifts through the map id —I. Now, we claim that id —{ is in fact an equivalence.
This follows since [ lifts one filtration bit further and both id and [ are filtered maps (applying the construction

for all j). Since the filtration on N7 is complete we can test equivalences on graded pieces, where id is
obviously an isomorphism and [ is zero, since it lifts further. O

Proposition 8.6. Fiz an integer i. If j satisfies (p — 1)j > i, then we have an equivalence
By (i)(H, N, p,c) = fib (N> {i}/N>1{i} /p =5 NZO{i}/N>{i} /p)

In other words: we may quotient out a high enough Nygaard filtered pieces to compute syntomic cohomology.

Proof. Consider the diagram
N>{i}/p ————= N>I""{i} /p

\L can J{ can

NZH{i} [p ———"—= N>{i} /p
which exist by the previous lemma. We take the vertical cofiber. Now the claim is that this doesn’t change
the horizontal fibers, which is obvious since the upper horizontal fiber is zero. O

Corollary 8.7. The functors Z,(i), Fp(i): Sa — D(Z); preserve all colimits and all limits.

Proof. For a fixed i, fix a j as in the statement of Proposition 8.6. Then, F,(¢) is a fiber of two functors
which evidently preserve all colimits since they only depend on finitely many graded pieces. Thus, F, (i)
preserves all finite colimits. To check the statement for Z, (i) we can reduce mod p since we land in p-complete
complexes and thus to the statement about F,(i). The preservation of limits is clear. O

Theorem 8.8. The object
* * (1
apa=( B NTTO ey)

is an object of Ca. In fact it refines to a functor Pairs® — @z , which is a algebra over the functor (A,R)— A
(see Remark 8.2). As such it is left Kan extended from free d-pairs.
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Proof. The object E;]/ 1%} is constructed in Section 3 as a functor to complete filtered objects. It is shown
in Corollary 3.17 that it is Kan extended as such (note that this Kan extension only involves filtered colimits,
so we do not have to worry about the distinction whether we Kan extend with or without algebra structure).
The fact that it is a graded, filtered E-algebra follows from the combination of two facts. First the facts
that the crystal (R/A){x} is a graded filtered algebra, which follows from the fact that the filtration
is multiplicative (since it is I-adic on the crystal) and that we tensor with a tensor algebra over a line
bundle, which is also multiplicative. Secondly the functor taking global sections of prismatic crystals is a lax
symmetric monoidal functor.

The object N2*Ag/) 41*} is produced in Definition 6.7 and it is multiplicative for the same reason as

[1;}/ 41x} above combined with the global pullback against another multiplicative filtrations. One simply
has to check that the comparison functors in the defining pullback are also multiplicative, which is clear by
construction, see Lemma 6.4. This term is Kan extended by Corollary 6.10.

The maps ¢ and ¢ are produced at the beginning of Section 7 and are clearly multiplicative (the filtration
by definition). Finally we note that the description of colimits in Cz then implies the Kan extension statement
and we are done. O

Now, we can prove Corollary 1.4.

Corollary 8.9. For each i € Z, syntomic cohomology as a functor

Z,(i)(—/—): Pairs’ — D(Z))

1s left Kan extended from finitely presented free §-pairs.

Proof. We consider the prismatic package

—R/A T ( Ec*g]/A{*}7N>* 531),4{*}’07 tp) €Ca

as an object of Cz by forgetting the A-algebra structure. As such a functor, it is left Kan extended by
Theorem 8.8, so the result follows by Corollary 8.7 and the fact that syntomic cohomology on €4 factors
through the forgetful functor €4 — Cz. O

Corollary 8.10. Fori <0, Z,(i)(R/A) ~ 0.

Proof. By Corollary 8.9, it is enough to prove the corollary when (A, R) is a finitely presented free §-pair and
then we can use Corollary 7.10 to reduce to the bounded prismatic case and even to the bounded oriented
prismatic case, so assume that (A, (d)) is an oriented bounded prism. Using Proposition 6.12; we know our
construction agrees with the Nygaard filtration on relative prismatic cohomology introduced in [10]. For
1 < 0, the Frobenius cp: Ag/)A{i} — Ag}A{i} is divisible by d~*. It follows that, for i < 0, cip is topologically
nilpotent, so that can — cy is an equivalence. O]

9 Computation using descent

Recall that /4 has descent in A and R (Proposition 3.15) and is invariant under relatively perfect maps and
completion in A (Proposition 3.12 and Corollary 3.17). Knowing this, we can give a descent style description
of R4 using a relative version of the quasisyntomic site, that we will describe now. In fact one could also
use this to give an independent definition of the prismatic package, specifically the Nygaard filtration. This is
not only a theoretical tool, but will be applied for practical calculations. After this discussion, we prove the
uniqueness claim from Theorem 1.2.
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Definition 9.1 (Relatively quasisyntomic rings). A bounded é-pair (A, R) is relatively quasisyntomic if R is
derived p-complete and L, 4 has p-complete Tor-amplitude in [0, 1]. If A is a bounded d-ring, let QSyn 4 be
the category of relatively quasisyntomic d-pairs (A, R).*”

Definition 9.2 (Relatively quasiregular semiperfectoids). Say that a bounded é-pair (A4, R) is relatively
quasiregular semiperfectoid (or relatively qrsp) if R is p-complete, there is a factorization A — A’ — R where
A — A’ is a p-completely relatively perfect map of d-rings, the J-pair (A’, R) is pre-prismatic as exhibited by
an ideal I C A’, the map A" — R is surjective, and L yru has p-complete Tor-amplitude in [1,1]. Call such a
factorization a pre-prismatic factorization. Note that a relatively quasiregular semiperfectoid is relatively
quasisyntomic in the sense of Definition 9.1. Let RQRSPerfd C Pairs® be the full subcategory consisting of
the relatively quasiregular semiperfectoid d-pairs.

Note that we can replace A’ by A’ [6([)_1]@7 1)> so that we can assume in fact that A’ is a prism, with
R/A = RJA'-

Example 9.3. Let (A4, I) be a bounded é-ring with a Cartier divisor I. If 71,7, ... forms a regular sequence
in A/T and if A— R= A/(I,r1,r2,...) is pre-prismatic, then it is relatively quasiregular semiperfectoid with
A=A

Example 9.4. Assume that R is a semiperfectoid ring in the sense of [9, Definition 4.20]. Then we claim
that Z, — R is relatively quasiregular semiperfectoid in the sense of Definition 9.2. To see this we pick
a perfectoid ring R’ such that R = R'/I and Lp/p has Tor amplitude in [1,1], see [9, Lemma 4.25].
Then A’ = Ain¢(R) exhibits that Z, — R is relatively qrsp. Assume conversely that Z, — R is relatively
quasiregular semiperfectoid in the sense of Definition 9.2. Then, the prism in the definition has to be perfect
so that A’/I is perfectoid and R a quotient thereof, which implies that R is qrsp in the sense of [9, Definition
4.20].

Example 9.5. Assume that (A, I) is a bounded prism. Recall from [10, Definition 15.1] that a A/I-algebra
S is called large if it is flat, the cotangent complex has Tor-Amplitude in [1, 1] and there is a surjection
AXPTN 8
1/p°°]A
i (p,I)
Moreover we have an induced surjective map A" — S, for which Lg, 4 has Tor-Amplitude in [1,1].

for some set ¢ € I. In this case we can consider A’ = A[X which is relatively perfect over A.

The significance of relatively qrsp pairs is that prismatic cohomology can be understood very explicitly.

Theorem 9.6 (Bhatt—Scholze). Let A — R be relatively qrsp. Then the prismatic cohomologies B;LA{*}
and N>*Ag}A{*} including all the filtered pieces and all the graded pieces are concentrated in degree 0 and
the relative Frobenius N>* 5%1/)A{*} — [};]/A{*} is injective.

If more specifically R = A'/(I,r1,72,...) for some prism (A, I) and a regular sequence 1,73, ... € A'/I
then we have

A

A ~
R/A ™ A {7‘1 2 } and (I)A ~ A {w(ﬁ) plr2) }

717 e R/ o) o) N

15The notation QSyn 4 diverges from that of [6], which would require also that A and R be quasisyntomic in the sense of [9].
However, QSynZP does agree with the category by the same name in [6] and also with QSyn from [9].
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with the Hodge-Tate filtration on gsa given by the I-adic filtration and the Nygaard filtration on Ag}A given

by the intersection'® of the I-adic filtration with the obvious inclusion

A A
A {(io(rl)7 (p("q?)’m} c A Q’ 7;27
o) ") ), Ny~ { I'1I }(p,n

)

The map c: gja — Ag/A is given by applying ¢ and the relative Frobenius Ag)A — RyA 15 given by the

inclusion. The Breuil-Kisin twisted versions have the analogous form with A" replaced by A'{i}.

Proof. Using that __p,4 =~ __ g4/ this reduces to the work of Bhatt—Scholze [10] where it is shown in Sections
12 and 15. H

Definition 9.7 (Quasismooth maps). Say that a map of §-rings A — A’ is quasismooth if it is p-completely
flat and L 44 has p-complete Tor-amplitude in [0, 0]. Such a map is a quasismooth cover if it is additionally
p-completely faithfully flat.

Remark 9.8. Note that if we have a factorization A — A’ — R with A — A’ quasismooth and R € QSyn 4
then the transitivity triangle

LA//A ®Ra R— LR/A — LR/A’
implies that R € QSyn 4.

Lemma 9.9. Assume that (A, R) is a relatively quasisyntomic §-pair. Then there is a factorization A —
A" — R with A — A’ a quasismooth cover and (A’, R) relatively qrsp. In fact we can choose A’ in such a
way that (A', R) is pre-prismatic, exhibited by an ideal I, such that A’'/I — R is a surjection whose cotangent
complex has Tor-Amplitude in [1,1].

Proof. Choose a surjection #: A[{z;}ier];, — R extending A — R. Now set
A" = Al{zi}ier, 2],

with the §-ring structure with §(z;) = §(z) = 0. Moreover A’ is a quasismooth A algebra. Now consider
the map A’ — R extending k with z — p. Then, the kernel contains I = (z — p) which exhibits the J-pair
(A’, R) as pre-prismatic. Moreover the map A’ = A’/I — R is surjective and the transitivity triangle for
A — A’ — R takes the form

Larja ®ar R = Lgja — Lg/x

The first term has Tor-Amplitude in degree 0. The second term has, by quasisyntomicity of (4, R), Tor-
Amplitude in [0, 1]. Moreover since A’ — R is surjective, the first map is surjective on mp. It follows that
Ly a7 has Tor-Amplitude in [1,1]. O

We note that the converse also holds: whenever we have a bounded p-complete d-pair (A4, R) that admits
a quasismooth cover by a relatively qrsp (A, R), the pair (A, R) is relatively quasisyntomic.

Lemma 9.10. For any factorization A — A° — R as in the last lemma (i.e., A — A° is a quasismooth
cover and (A%, R) is relatively qrsp), consider the Cech diagram A® for A — A® with A" ~ A°®4 ... ®a A,
All the terms A™ — R are relatively qrsp.

16Tn particular, (p, N)-convergent sequences are exactly the ones that converge (p, I)-adically in the ambient space of the
(1)

inclusion R/Ag R/A-
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Proof. Let us first assume that (A°, R) is already a prismatic -pair. Then all the terms A™ are also prisms
using the ideals given as base changes along any of the flat maps A® — A™. Moreover consider the transitivity
triangles

LAn/AO ®an R — LR/AO — LR/An .

where the first term has Tor-Amplitude in [0,0] and the second in [1,1]. Tt follows that L 4, has Tor-
Amplitude in [1,1].

In the general case, suppose that A° — B — R is a factorization where A? — B is p-completely relatively
perfect, B — R is a surjective pre-prismatic é-pair, and LR/§ has Tor-amplitude in [1,1]. Then, A™ — R
factors as A" — B® 40 A™ — R, which is a factorization exhibiting R as relatively qrsp over A™, as desired. [

For a fixed bounded R, consider the category QSyn,p of relatively quasisyntomic bounded 4-pairs (A, R).
We have the full subcategory
RQRSPerfd/R - QSyn/R

and consider the opposite of both categories as sites with the quasismooth topologies. We leave it as an
exercise to see that these are indeed sites: the key is to verify that for a quasismooth cover A —+ A’ and a
map A — B over R the map A’ ®4 B — R is relatively quasisyntomic. This follows using that B — A’ ®4 B
is a quasismooth cover using Remark 9.8.

Proposition 9.11 (Unfolding in the base). For each fixed R, the inclusion induces an equivalence
ShV@(QSyn(/)%) ~ Shve(fRQRSPerfd?%)

of co-categories of C-valued sheaves for any oco-category C.
Proof. This follows from the previous lemmas by an argument similar to the proof of [9, Prop. 4.31]. O

Definition 9.12 (Quasisyntomic maps). Say that a map R — R’ of commutative rings is quasisyntomic if it
is p-completely flat and L/, 5 has p-complete Tor-amplitude in [0, 1]. Such a map is a quasisyntomic cover if
it is additionally p-completely faithfully flat. Note that if A is a bounded §-ring, R € QSyn 4, and R — R’ is
quasisyntomic, then R’ € QSyn 4.

Lemma 9.13. A bounded §-pair (A, R) with R derived p-complete is relatively quasisyntomic if and only if
there is a quasisyntomic cover R — R’ with R’ € RQRSPerfd .

Proof. Assume that there exists a quasisyntomic cover R — R’ with R’ € RQRSPerfd,. Then, there is a
transitivity triangle

Lr/a ®r R' — Lg/ja = L/ /g
which shows that Lp,4 ®g R has Tor-Amplitude in [~1, 1], which implies that Lp,4 has Tor-Amplitude in
[—1,1] by faithful flatness. Since Lp/4 is connective it follows that it has Tor-Amplitude in [0,1], i.e. (A, R)
is relatively quasisyntomic.

Assume conversely that (A, R) is relatively quasisyntomic. Choose a set of p-complete generators {r;}icr
of R as an A-algebra and consider the cover

oo 1 oo
R — R[p'/? Ar; /e Vierly = R
This cover is quasisyntomic. We claim moreover that (A, R’) is relatively qrsp. To see this we consider

A = Al Yier 277D
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k .
with the d-ring structure with 5(23/]) ) =0 and 6(21/#) = 0. The map A — A’ of §-rings is p-completely
relatively perfect. Moreover, the map
A= R
k k
which sends z1/?" to p'/P" and zj/p to rz.l/p is surjective by construction and has the ideal (z — p) in its
kernel, so (A’, R) is pre-prismatic. O

Similar to the unfolding in the base we would like also see that one can use descent in the ring to compute
prismatic cohomology. For a fixed J-ring A let RQRSPerfd4 be the full subcategory of QSyn, consisting
of the grsp A-algebras. We claim that for fixed A the categories QSyn” and RQRSPerfd} form sites with
respect to the quasisyntomic topologies.To see this, it is enough to see that if S’ is the p-completed pushout
of a diagram R’ +— R — S of maps in QSyn 4 (resp. RQRSPerfd4) where R — R’ is a quasisyntomic cover,
then S’ € QSyn, (resp. RQRSPerfd 4). This is left to the reader as an exercise with the conormal sequence
for the cotangent complex.

Proposition 9.14 (Unfolding in the ring). The inclusion RQRSPerfd — QSyn* induces an equivalence
Shve(QSyn’) =~ Shve(RQRSPerfd}’) of co-categories of C-valued sheaves for any oo-category C.

Proof. If R € QSyn, and f: R — S is a quasisyntomic map with S € RQRSPerfd 4, then every S™ in the
Cech complex of [ is in RQRSPerfd4 as well. Indeed, Lg/4 has p-complete Tor-amplitude in [1,1], so Lg/r
has in fact p-complete Tor-amplitude in [1,1] as well. Thus, every Lgn gn-1 (via any choice of maps in the
cosimplicial diagram) has p-complete Tor-amplitude in [1, 1], so L., yra has p-complete Tor-amplitude in [1, 1]
for any choice of prismatic factorization of S = SY. Now, follow the proof of |9, Prop. 4.31] using the previous
lemma to show that every object is locally relatively quasiregular semiperfectoid. O

Now we want to explain why and how Theorem 1.2 uniquely determines relative prismatic cohomology
and how to compute it in practice. This will also show the advantage of the relative approach since we will
use descent in A which would not be possible otherwise. We would like to argue that the assignment

(R,A) = _p/a €Ca

is uniquely determined by properties (1), (2), (4), (6) and (8) (or alternatively by (1), (2), (4), (5) and (8)).
In fact a much weaker axiom ($) replacing (1), (2) and (8) is sufficient to determine the whole theory in the
presence of (4) and (5) or (6):

() If (A, R) is relatively qrsp, with prism (A’,I) then __p 4 agrees naturally with the derived prismatic
cohomology /4 of Bhatt and Scholze [10], which in this case is discrete and the relative Frobenius
is injective.

The advantage of this formulation is that it can be formulated without reference to Bhatt—Scholze’s theory,
as long as one constructs the prismatic cohomology _ /4, explicitly, e.g. as an initial prism. Here naturality
in (A’,I) means that we have to make the choice of (A4’,I) and it depends on that, since the Bhatt—Scholze
theory a priori does. More precisely there is a category RQRSPerfd’ of relatively qrsp pairs (4, R) with a
choice of a prism (A’,T) and maps given by maps of d-pairs that come with a compatible choice of a map
between the respective prisms. Axiom ($) asserts the existence of a commutative diagram

RQRSPerfd’ — Pairs

lT J/rel (3)

RAQRSPerfd ——— Cg,

where the first two functors are the forgetful functors.
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Proposition 9.15. The functor __ is uniquely'” characterized on Pairs’ by ($), (4) and (6) or alternatively
by (3), (4) and (5).

Proof. Using (4), the functor is uniquely determined by its restriction to quasisyntomic J-pairs since it is
Kan extended from those. Now using (6) and Proposition 9.11 or (5) and Proposition 9.14 it is uniquely
determined by its restriction to relatively qrsp pairs. Now we want to argue that diagram (3) already uniquely
determines the right hand functor __, in other words there is at most one dashed functor

rel

RORSPerfd’ —— €z

7
e
T -
e
e

RARSPerfd

As a first step we note that the upper horizontal functor ™ really takes values in the full subcategory

€y C Cgz given by those quadruples (H,N,c, ) where H and N are discrete, strict filtrations (i.e. all
transition maps are injective), and ¢ is injective. This subcategory is actually a 1-category. Since the left
vertical functor 7: RQRSPerfd’ — RQRSPerfd is by definition essentially surjective this also implies that any
lift has to take values in €7 and therefore we may replace Cz by €. Moreover, there is a forgetful functor

U: €y — Fil(Ab)  (H,N,c, ) — H,

where P/‘i\l(Ab) is the category of derived complete strictly filtered abelian groups, i.e. functors (Z,>) — Ab
whose transition functions are injective and whose derived inverse limit vanishes. The functor U is faithful,
which follows since maps between quadruples are determined on the filtration H since ¢ is injective, i.e. the
map on N is determined by the map on H. Applying the next Lemma 9.16 to U and T shows that to prove
the proposition it suffices to show that there is at most one dashed lift in the diagram

RQRSPerfd’
T (4)
RORSPerfd — — > Fil(Ab).

To see this we note that for a given object A — A’ — R € RQRSPerfd” we have that (B, B) = ( E’}A,,igy)
is a prism equipped with a natural map x: A’ — B of prisms by [10, Lemma 7.7]. Moreover, this map induces

an equivalence

rel =~ rel
R/A ™" BB -

We declare a class of morphisms in RQRSPerfd’ by
W' ={(4—4 =R % (B B-TB)| A A - R e RORSPerfd' }

and let W be the image of W' under the functor T : RQRSPerfd’ — RQRSPerfd. Now the functor ™! in
diagram (4) sends W’ to equivalences. Thus any factorization RQRSPerfd — P/‘i\l(Ab) has to send W’ to
equivalences as well. Therefore we can invert the classes W/ and W in Diagram (4). But then the uniqueness
of the dashed arrow follows from the assertion that the induced functor

U : RQRSPerfd’[(W') 1] — RQRSPerfd[WW 1]

17"Meaning up to a contractible space of choices.



10. Filtered prismatic cohomology 48

is an equivalence. To see this, we consider the functor
RAORSPerfd — RORSPerfd” (A — R) — ( r/a = Rr/a — R/A)-

This functor depends on the choice of an extension in (4) which we fix (if there were no extension, then
there would be nothing to show). This functor sends W to equivalences since the prismatic cohomology
agrees. Thus it induces a functor

Q: RORSPerfd[W 1] — RQRSPerfd’[(W')~1].

We have natural isomorphisms
~eW —
(A= R) =55 ( pya — pja) = VQ(A — R)

and
(A5 A" R 5 (B—B—B)=QU(4— A - R),

which finishes the proof. O

Lemma 9.16. Assume that we have a commutative'® square of 1-categories

9114f>61

1
e
T , U
/

fRz'*q>€2

where T is essentially surjective and U is faithful. Then there exists either an empty or a contractible space
of lifts Ry — C1 as indicated.

Proof. Fix two lifts Fy, Fy, with natural isomorphisms n;: Uo F; — g and v;: F;oT — f. (These are required
to be compatible in the sense that their composites goT — U o f have to agree with the natural isomorphism
provided as part of the commutative square.) For z € Ry, we have the composite

1

U(Fi(2) 25 g(z) —255 U(Fa(a)).

By faithfulness of U, there exists at most one lift of this composite along U. If there exists one for each x,
together the resulting maps €, : Fy () — F»(z) form a natural transformation, and any natural transformation
compatible with the diagram needs to be of this form. For existence, we pick Z with 7'(z) = x, and compose
the resulting isomorphism

U(Fi(z)) = U(F(T(x))) = U(f(2))

for i = 1 with the inverse of the corresponding isomorphism for i = 2. O

10 Filtered prismatic cohomology

As a consequence of the base change property, prismatic cohomology of d-pairs inherits gradings and filtrations,
generalizing the observation from [?, Remark 3.8]. Indeed, recall that graded objects can be encoded as
quasicoherent sheaves on BG,,, i.e., as objects with an Og, = Z[z*']-coaction. Since Z[zT!] carries a

m

18This means up to a chosen natural isomorphism, as usual in the higher categorical context.
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canonical d-ring structure with §(z) = 0, if (A, R) is a J-pair, we may consider (A ® Og,,,R® O0g,,) as a
0-pair as well. Then, we may define graded J-pairs as d-pairs with an Og, -coaction. By base change, the
map N

R/A = R0, /A®0q, =~ Rr/A®0G,,

then induces a Og,,-coaction on g, (as a complete filtered object), so g/4 inherits a grading for a graded
d-pair (A, R). Analogous statements hold for filtered J-pairs. We now want to develop this theory in more
detail.

Convention 10.1 (Nonnegative decreasing filtrations). Throughout this section, all filtered commutative
rings F*R and filtered d-rings F*A (to be defined below) will be decreasingly filtered commutative rings with
F'R — F~™R is an equivalence for m > 0; we set R = F'R.

Definition 10.2. A filtered abelian group F*M is strict if F™ M — M is a monomorphism for each m € Z.

Definition 10.3 (Filtered §-rings). A filtered d-ring is a pair (F* A, §) consisting of a strict filtered commutative
ring F*A and a é-ring structure on A = FA with the property that §(F™A) C FP™ A for all m > 0.

Remark 10.4. Given a filtered d-ring F* A, the Frobenius ¢ on A also has the property that p(F™A) C FPmA.
Conversely, given a filtered commutative ring F* A such that A and each graded piece gr"* A is p-torsion free,
then any lift of Frobenius ¢ satisfying p(F™A) C FP™ A arises from a unique filtered d-ring structure in this
way. This follows since pd(z) € FP™ implies 6(x) € FP™ by the assumption on the graded pieces.

Remark 10.5. If F*A is a filtered §-ring, then there is an induced 6-ring structure on gr’A. Note that this
implies that no power of p can be in positive filtration weight in A.

Definition 10.6 (Filtered prisms). A filtered prism consists of a filtered d-ring F* A together with a prism
structure (A4, I) on A = F°A such that each gr'A is I ® 4 gr’ A-torsion free and I ® 4 gr’ A-complete. Note that
the assumption means that (gr®A, I ®4 gr’A) is a prism as is the (p, I ® 4 gr’A)-completion of EBm>0 g’ A.
A filtered prism is called complete if the filtered commutative ring F*A is derived complete with respect to
the filtration.

Example 10.7 (Filtered Breuil-Kisin prisms). Consider the ring A = W(k)[z] equipped with the z-
adic filtration and a prism structure given by (E(z)), where E(z) is an Eisenstein polynomial. Then
(E(2)) ®4 gr’A = (p) C W(k). As each graded piece gr*A = W (k) is p-torsion free, this defines a (complete)
filtered prism, which we call a filtered Breuil-Kisin prism.

Definition 10.8 (Flat filtrations). Given a filtered ring F*A and an A = F®A-module M, the flat filtration
on M is defined to be F*M = M ® 4 F*A.

Remark 10.9. If F* A is a filtered d-ring and (A, I) is a prism structure, not assumed yet to make A into a
filtered prism, then B
0—>FI—>FA-SFA—-0

is an exact sequence of filtered abelian groups, which follows because A is I-torsion free and hence so is each
F?A by the strictness assumption in the definition of a filtered é-ring. The filtration F*I is automatically
strict in this situation. The pair (F*A,I) is a filtered prism if and only if the associated graded pieces of the
flat filtration on A are discrete or equivalently that the flat filtration on A is strict.

Definition 10.10. A filtered J-pair consists of filtered §-ring F*A and a map of filtered commutative rings
F*A — F*R. A §-pair is strict if the filtration on R is strict (recalling that the filtration on the filtered é-ring
is strict by definition). We say that a filtered d-pair is prismatic if the kernel of F*A — F*R contains a
Cartier divisor I C A making (F*A, I) into a filtered prism.
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We introduce the filtered prismatic site and filtered prismatic cohomology. This is not the main focus
of our study, so we include it only for the sake of the curious reader. Below, we will give a more detailed
study of filtered prismatic cohomology using prismatization and we compare the two theories in the case of a
regular filtered quotient of a filtered prism (see Proposition 10.41).

Definition 10.11 (Filtered prismatic site). Fix a strict filtered d-pair F*A — F*R. The filtered prismatic
site (F*R/F*A) of F*R relative to the filtered J-ring F* A is the opposite of the category of commutative
squares

F*A——F*B

| .

F*R ——F*B,
of filtered commutative ring maps where (F*B, I) is a bounded filtered prism and F*A — F*B is a filtered
0-ring map. The topology is the filtered p-adically faithfully flat topology, meaning that F*B — F*C' is a

cover if B — (' is (p, I)-adically faithfully flat and gr*B — gr*C is a (p, gr°I)-adically faithfully flat map of
graded commutative rings.

Definition 10.12 (Filtered structure sheaves). The presheaf F*O which to any square (5) associates F*B
is a sheaf of strictly filtered commutative rings by arguing as in [10, Cor. 3.12]; see also Lemma 2.8. Similarly,
the presheaf O—, which sends (5) to F*B is a sheaf of strictly filtered commutative rings.

Definition 10.13 (Filtered Breuil-Kisin twists). The filtered Breuil-Kisin twists F*O {i} assign to each
filtered prism B the flat filtration B{i} ® g F*B on B{i}.

Definition 10.14 (Filtered prismatic cohomology). We let F* §ite, /s A» OF mOTE briefly F* %t/eA, denote
RI'((F*R/F*R) ,F*O ) and similarly for filtered Hodge-Tate cohomology F*ij;/i, and the Breuil-Kisin

twists F*iz/A{i}, etc.

Example 10.15 (Filtered absolute prismatic cohomology). The case where F*A = Z,, with the trivial
filtration (so F'Z, = 0 for i > 0) gives F* %'}ezp, a filtered version of absolute prismatic cohomology for any

filtered commutative ring F*R.'?

Example 10.16. Suppose that the filtrations on F*A and F*R are trivial, meaning that F'A ~ 0 and
F‘R ~ 0 for i > 0. Then, any square (5) can be factored as

A——-B——-TF*B
R——>B—>F*B.

Conversely, any object in the unfiltered site (R/A) can be equipped with the trivial filtration. It follows in
this case that F* %t/eA is naturally equivalent to %t/eA with the trivial filtration.

The goal of the remainder of this section is to outline the general theory of filtered prismatic cohomology
from the stacky perspective of [8].

9Note again that p*Z, does not define a filtered J-ring.



51 10. Filtered prismatic cohomology

Construction 10.17 (Graded and filtered Spec). Given a filtered commutative ring F*R we can associate
to it the graded Rees algebra
Rees(F*R) = (P F"R - ™,
meZ
where t has weight 1, whose spectrum Spec Rees(F*R) is a G,-equivariant affine scheme over A! (on the
coordinate t). Let FSpec R = FSpec F*R denote the quotient
(Spec Rees(F*R)) /G,

viewed as a stack over A'/G,,. We have a commutative diagram in which we can identify the fibers of
FSpecF*R over 0,1 € A'/G,,:

Spec @, ¢z gr'" R — GrSpec gr* R —— FSpec F* R <—— Spec R

| | L,

Spec Z BG,, Al/G,, <~ SpecZ,

where GrSpec gr* R denotes the quotient stack (Spec Dncz grmR) /G,. Note that these constructions are
examples of relative Spec for F*R and gr*R viewed as commutative algebra objects in D(A'/G,,) and
D(BG,,), respectively.

As we are interested in functors on p-nilpotent commutative rings, we will in fact use the following p-adic
formal version of the construction above. See Appendix A for more details on p-adic formal stacks, especially
Warning A.3 which clarifies that A = Spf Z[t] ~ colim Spf Z[t]/p", not colim Spf Z,,[t]/t".

Construction 10.18 (Graded and filtered Spf). For a filtered commutative ring F*R, we can restrict the
functors above to p-nilpotent commutative rings to obtain a commutative diagram of pullback squares

SpfP,,cz g™ R —— GrSpf gr* R —— FSpf F*R <—— Spf R

| Lo

Spf Z, BG,, 0 . AYG,, <—SpfZ,

of formal stacks.

Remark 10.19 (Functor of points for graded and filtered Spf). Given a filtered commutative ring F*R,
the filtered formal spectrum FSpf R has the following universal property as a stack over A'/G,,. Given a

point Spf S — Kl/ém, described by the choice of a rank 1 projective module L over Spf R and a section
s: L — R, the pullback

P FSpf R
spts —2LAL/G.

giving the fiber over (L, s) is the space of maps of graded commutative rings Rees(F*R) — S[L*!] taking
t~' € F~!R to the element s~! of L®~! corresponding to the dual of s, where S[L*!] = @, _, L®™ is the
graded commutative ring with the natural multiplication of sections. .

Similarly, if R* is a graded commutative ring, then Gr Spf R is described as a stack over BG,, by saying
that the fiber of GrSpf R over a point Spf.S — Bam corresponding to a rank 1 projective module P is the
space of maps R* — S[L*!] of graded commutative rings.

meZ
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Now, we describe the Cartier—Witt stack controlling filtered prismatic cohomology.

Lemma 10.20. Let F*A be a filtered §-ring. Let FSpf F* A, or FSpf A for short, denote the formal stack
defined above. Then, FSpf A is naturally a §-stack and the canonical map FSpf A — A'/G.,, is a map of
d-stacks.

Proof. By definition, FSpf A = (Spf @ F™A - tm)/am, so it can be computed as the colimit of of the
simplicial object (Spf @ F™A-t™) x a;;’ corresponding to the one-sided bar construction. The filtered §-ring
structure on A gives Spf @F™A -t the structure of a formal d-scheme. Specifically, the d-operation on
PF"A-t"™ sends x - t"™ € FMA - ™ to d(x) - tP™ € FPA P As p(x) = 2P 4 pd(zx) is a lift of Frobenius
on A, it follows that the formula ¢(z - t™) = (P + pd(x)) - tP™ defines a lift of Frobenius on the direct sum.
Now, by [10, Lems. 2.17 and 2.18], there is an induced é-ring structure on the p-completion. Finally, the
comultiplication V: @ F"A - t™ — @F™A - t™ ®z Z[tT'] encoding the am—action is defined for x € F™A by
V(z-t™) = (x-t™) @ ™. The comultiplication is thus a map of o-rings as

5(V(zt™)) = 5((a-t™)@t™) = §(a-t™)@tP ™+ (2P ™)@ (E™)+pd (x-t™)@O(™) = §(z-t™) D™ = V(8(z-4™))

and remains such upon p-completion. It follows that the simplicial object from the start of the proof is a
simplicial object in formal affine d-schemes. O

Construction 10.21 (Filtered prismatization). Let F*A — F*R be a filtered é-pair. The filtered prismati-
zation FWCartp« g/p+4, or FWCartg,4 for short when the filtrations are clear from context, is the formal
stack defined as the pullback

FWCartF*R/F*A —— WCarthpf R

| |

FSpf A x WCart —— WCartpgpt 4,
where the bottom map is defined thanks to the naturality of [8, Const. 3.11]; see also Construction 4.8.

Construction 10.22 (Graded prismatization). Given a graded é-ring A* and a graded A*-algebra R*, define
GrWCartg« 4~ as the analogous pullback where GrSpf A replaces the filtered formal spectrum.

Remark 10.23 (Functor of points of filtered and graded prizmatizations). Using Remark 10.19, we can
describe FWCartg, 4 as a stack over A'/G,, along the compositions FWCart /4 — FSpf A x WCart —
FSpf A — A!/G,,. If p is nilpotent in S, an S-point of FSpf A x WCart corresponds to a collection

(L,s, f: Rees(F*A) — S[L*],a: T — W(9)),

where « is a Cartier—Witt divisor and (L, s, f) describes an S point of FSpf A. On the other hand, an S-point
of WCartpgps 4 corresponds to a Cartier—Witt divisor (a: I — W(S)) together with a W (S)/I-point of
FSpf A, and similarly for WCartrgpt . The bottom natural transformation FSpf A x WCart — WCartrgps 4
sends the collection (L, s, f, @) to the Cartier—Witt divisor a: I — W (S) together with the Teichmiiller lift
[L] of L and [s] of s and the composition

Rees(F*A) — W(S)[[L]F'] — W(S)/I[[L]*!]

obtained from adjunction using the d-stack structure of FSpf A. Thus, an S-point of FWCartp,4 consists of
(L, s, f,«) as above together with a Cartier—Witt divisor 8: J — W(S), a rank 1 projective module M over
W (S)/I, a section u: M — W(S)/I, and a map Rees(F*R) — W (S)/I[M*'] sending ¢t~ to u~! together
with a fixed equivalence between o with 3, a fixed equivalence between [L] and M over W(S)/I compatible
with the equivalence between o and 3, and a fixed equivalence between Rees(F*A) — W (S)/I[[L]*!] and
Rees(F*A) — Rees(F*R) — W (S)/J[M™*!] compatible with the other identifications.
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Lemma 10.24. There are natural equivalences
D(Kl/am x WCart) ~ FD(WCart) and D(Bam x WCart) ~ GrD(WCart).
Proof. See Appendix A.1. O

Construction 10.25 (Filtered and graded prismatic crystals). Define the filtered prismatic crystal F*3 (R/A)
to be the (derived) pushforward of the structure sheaf of FWCartg/4 along the maps FWCartp 4 —

FSpf A x WCart — Al / G,, x WCart. Define the graded prismatic crystal gr*H (R/A) in the analogous
way as a sheaf on BG,,, x WCart.

Warning 10.26. As in Proposition 5.1, we view this definition of the filtered prismatic crystals as correct
only under filtered quasisyntomicity conditions.

Definition 10.27 (Filtered and graded prismatic cohomology). If F*A — F*R is a filtered d-pair, let
F* g4 = RI(FWCartg/ 4, Orwcarty , ), the filtered prismatic cohomology of F* R relative to F*A. Similarly,
if A* — R*is a graded d-pair, let gr* g/a = RI'(GrWCart g« /a+, Ocrweart g 4+ )-

Remark 10.28. By Lemma 10.24, we can view F*H (R/A) as a filtered object in prismatic crystals, and

similarly for the graded prismatic crystal. By pushing forward along A'/G,, x WCart — A!/G,,, we can
view F* g/ as being a filtered object of D(Z);).

Proposition 10.29. The commutative diagram

WCartéB P Py GrWCartg/a FWCartg 4 <——— WCartgrees(r)/Rees(a) < WCartg 4

| T | |

WCart — Bam x WCart — 2> Kl/ém x WCart <—— Al x WCart ! WCart

consists of pullback squares which satisfy base change for bounded above quasi-cohomology, where @ gr™R

and @ gr™ A denote the p-completed direct sums.

Proof. For simplicity, we will prove the result for square (A); the rest of the proof uses the same ideas. Square
(A) fits into a commutative diagram

GrWCartp/ gy ———— FWCartr 4 ——— WCartrspt r

l l |

GrSpf A x WCart —— FSpf A x WCart ——— WCartpgps 4 (6)

| | |

Bam x WCart ——— Kl/ém x WCart —— WCartKl/a :
The top outer square fits into another commutative diagram

GrWCartp g — WCartarspr r — WCartrspr r

| | |

GrSpf A x WCart —— WCartGrspfA WCaI‘thpfA.
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In this diagram, the left square is a pullback by definition and the right square is a pullback as WCart_
commutes with limits. It follows that the outer square is a pullback which proves that the top outer square
of (6) is a pullback. As the top right square of (6) is a pullback by definition, it follows that the top left
square of (6) is a pullback, as desired (see for example [21, Lem. 4.4.2.1]). But, the bottom left square of (6)
is a pullback square as it is the pullback of a pullback square to WCart. It follows that square (A) is a
pullback square as it is the outer left square in (6).

To prove base change for bounded above quasi-coherent cohomology for square (A) in the proposition, it is
enough to prove it for the top-left and bottom-left squares of (6). The bottom-left square is left to the reader:
it is geometric and standard arguments work. For the top-left square, we can pull back everything along the
Cech complex of A! x WCart — A'/G,,, x WCart. This results in a cosimplicial commutative diagram

WCartgrR./grA. WCartR. JA®

i |

Spf(EgriA) x Gt, x WCart — Spf(Rees(A)) x G, x WCart

| |

afn x WCart Al x a,’n x WCart,

of pullback squares, where A® and R® are the global sections of Spf(Rees(A)) x Gp, and Spf(Rees(R)) X
G?,, respectively, while grA® and grR® are shorthands for the global sections of Spf(€ gr‘A) x G®, and
Spf(P gr'R) x G, respectively. Again, the bottom square satisfies base change for quasi-coherent cohomology,
which uses that the closed inclusions afn < Al x a;n have finite flat dimension. The top square satisfies base
change for bounded above quasi-coherent cohomology by Corollary A.42 in each cosimplicial degree. Arguing
as in the proof of that corollary, one deduces base change for bounded above quasi-coherent cohomology for
the colimit diagram. O

Definition 10.30. Say that a strict filtered d-pair F*A — F*R is filtered relatively quasisyntomic if

Rees(F*A);) — Rees(F*R);) is relatively quasisyntomic.

Remark 10.31. A strict é-pair F*A — F*R is filtered relatively quasisyntomic if and only if A — R and
DA SN A . . .

(D ngA)p — (B grzR)p are relatively quasisyntomic.

Corollary 10.32. For a relatively quasisyntomic filtered §-pair F*A — F*R,

(i) RI(WCart, @,,cz 8™ grr/grea) =~

.. . -
(ii) gr F*R/F*A = &I or*R/gr*A; and

) @nLEZ grmR/®7n€Z g!‘mA7
A
( 11 ReeS(F* F*R/F*A)HT — Rees(F*R)/Rees(F*A)> and

ii)
(iv) F=%° per/Fra ™~ Rya,

where the direct sum in (i) is taken in D(WCart) and hence implicitly completed along p and the Hodge—Tate
locus and the Rees algebra in (iii) is completed at the Hodge—Tate tower. In particular, the associated graded
pieces of the filtration F* g, 4 depend only on the graded 0-pair gr*A — gr*R.

Proof. This follows from Prop 10.29 and Proposition 5.1. O

Warning 10.33. The filtration F* g, 4 is not typically complete, even when F*A — F*R is a complete
prismatic d-pair.
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Remark 10.34. The right square in

WCart —> Al x WCart — A!/G,, x WCart

L |

Spf Z,, Al Al/G,,

does not satisfy base change for quasi-coherent cohomology. The issue is that pullback along the bottom
horizontal arrow is the p-completed Rees constsruction, which need not be complete with respect to the
filtration induced by the Hodge—Tate locus. However, the outer square does satisfy base change for quasi-
coherent cohomology on those filtered crystals F*JH which eventually stabilize at equivalences --- — F™H ~
F=13( ~ F™=23( ~ .... This explains the Hodge-Tate completion necessary in (iii) of Corollary 10.32 while
there is no completion necessary in (iv).

Proposition 10.35 (Filtered and graded Hodge-Tate comparison). Suppose that F*A — F*R is a pris-
matic filtered d-pair, which is additionally formally smooth. Then, FWCartII%?A — FSpf R is naturally a

TF*R/F*A{l}#—gerbe. Similarly in the graded case.

Proof. This follows immediately from [8, Prop. 5.12] by pulling back over the Cech complex Spf ReesA x é;n
of Spf ReesA — FSpf A. The graded case is similar. O

In order to gain understanding of filtered prismatic cohomology, especially in the case of prismatic filtered
d-pairs, we need to verify that a specific filtered prismatic envelope construction does produce a filtered prism.

Construction 10.36 (Filtered Koszul complexes). Recall that if J = (z1,...,2.) is an ideal in A, then we

will say that the sequence (z1,...,xz.) is Koszul-regular if the Koszul complex Kos(z1,...,z.) is a resolution
of A/J (so has no higher homology). If F*A is a strictly filtered commutative ring and each z; has weight
w(j), meaning that z; € F*WA but 2; ¢ F*)+1] then one can make the Koszul complex Kos(x1,...,z.)
into a complex of filtered F* A-modules, which we will call the filtered Koszul complex F*Kos(z1, ..., z.).
For example, if J = (21, z3), then the filtered Koszul complex of the sequence (x1,x2) will be
()
—T1 Ty T2
v 0 PrreMmw@ g X 2 prowl) g g Frow2) 4 (—)> F*A 50— .
We say that (z1,...,z.) is a filtered Koszul-regular sequence if the filtered Koszul complex F*Kos(z1, ..., z.)
has vanishing positive homology and if Ho(F*Kos(z1,...,z.)) is a strict filtration, necessarily on A/J. This
implies that (z1,...,z.) is a regular sequence and much more. Equivalently, F*Kos(z1,...,z.) has vanishing

positive homology (in the abelian category of (non-strict) filtered complexes) and the associated graded
complex gr*Kos(zq,...,z.) also has vanishing positive homology. We let F*A/J = Ho(F*Kos(x1,...,x.))
and F*J = ker(F*A — F*A/J) when (21,...,2.) is a filtered Koszul-regular sequence generating J. In
this case, F*A/F*J = F*A/J; moreover the filtration on A/J is the image filtration obtained by letting
FrA/J =im(F"A — A/J).

Remark 10.37. There is a natural extension of the definition above to infinite sequences of elements; we
will use this extension below.

We will be applying this to the case where F* A is a filtered prism and J = (d, 21, ...,2.). In this case,
note that d has weight 0.
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Example 10.38 (Breuil-Kisin quotients). For example if k is a perfect field of characteristic p and E(zg) €

A® = W(K)[z0, ..., 2s]) is an Eisenstein polynomial corresponding to a uniformizer w € Ox = W (k)[20]/E(20),
then we can view A® has having the adic filtration with respect to the ideal (2g,...,2s). The ideal J =
(E(z0), 28,21 — 20, - ., 25 — 20) 1s filtered Koszul. To see this, use the decomposition

F*Kos(E(20), 20 s 21—20, - - - » 2s—20) =~ F*Kos(E(z0))®r+ aAF*"Kos (2] )@r+ aAF*Kos(21—20) @+ 4+ - -®@p+ aF*Kos(z5—20)

to realize the filtered Koszul complex as quasi-isomorphic to w*Og /@™, which is a strict filtration on the
quotient.

Example 10.39 (The stack of a filtered prism). Let (F*A,I) be a filtered prism. We compute the
stack FWCart /a- Recall that the unfiltered stack WCart /4 1s equivalent to Spf A. We show that the

filtered stack is equivalent to FSpf A = Spf (Rees(A)(Ap) I)) / G,.. For this, we can form the Cech complex

of Spf(Rees(A)) x WCart — FSpf A x WCart and pull back FWCartz,, — FSpf A x WCart to the Cech
complex. This results in a commutative diagram

WC&rtRees(Z)’/Rees(A)' —— FWCartZ/A

|

Spf(Rees(A)) x a,’n x WCart — FSpf A x WCart

where the geometric realization of the left vertical arrow is the right vertical arrow and where Rees(A4)® and
Rees(A)® are the global sections of Spf(Rees(A)) x G®, and Spf(Rees(A)) x G?,, respectively. Now, the fiber

of Rees(A) — Rees(A) is Rees(I) by the filtered prism condition. Zariski locally on Spf(Rees(A)), Rees(I) is
generated by a distinguished element d and hence Rees(I) ~ Rees(A), i.e., the é-pair Rees(A) — Rees(A)
determines a prism after Rees(I)-adic completion (which is the same as I-adic completion using that Rees(A)
is an A-algebra). The same is true of Rees(A)® in each cosimplicial degree. Thus, there is an identification of

simplicial objects
LIVAN
1)

by Lemma 4.11; by definition, the right-hand side has geometric realization FSpf A, as desired.

WCartReeS(Z)./ReeS(A). ~ Spf(Rees(A)

Construction 10.40 (Filtered prismatic envelopes). Let (F*A4,(d)) be a filtered prism and let J =
(d,z1,...,2.) be a ﬁlteredﬁKoszul—regular ideal, so that the image sequence x1,...,x. defines a filtered
Koszul-regular ideal in F*A. Let F*A{%-, ... 217 ) denote the (p, d)-completed filtered (derived) tensor

> d S(pd
product R

(F*A{al, ey ac}5 ®F*A{r17...,ru}5 F*A) (pd)°

Here F*A{ry,...,r.}s is the free filtered d-ring over F*A on weight w, generators r, and similarly for
F*A{ai,...,a.}. The left map is the filtered -ring map sending r,, to da, — x,; the right map sends r,, to
zero. Let F*R = F*A/(z1,...,7.). We will show in the next proposition that the filtered prismatic envelope
computes the filtered prismatic cohomology of R relative to A.

Proposition 10.41. If (F*A,(d)) is an oriented filtered prism and J = (d,z1,...,2.) C A is an ideal
generated by a filtered Koszul-reqular sequence (d,x1,...,x.), then

(a) F*A{%, ..., %}(Ap,d) is a filtered prism,

(b) F*A{%, ..., %}(Ap,d) defines a final object of the filtered relative prismatic site (F*R/F*A) , and

(c) the natural maps FSpf A{"F,..., % }(,, 4) = FWCartp/4 andF* pja — F* ;i,ﬁ‘ ~ AL, o
are equivalences.
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Proof. We give the case when ¢ = 1 and write x for z; and w for w(1). The general case is obtained by
taking suitable (p, d)-completed tensor products. The Rees algebra Rees(F*A{%}é\pﬁ ) has (p, d)-completion
the prismatic envelope (Rees(F*A)){g}(Ap’ ) by symmetric monoidality of the Rees construction. By our
assumption on z, (Rees(F*A)){%}é\pyd) is discrete. Thus, the Rees algebra Rees(F*A{%}(Ap,d)) is a connective
A-module whose (p,d)-completion is discrete. Moreover, it is a countable coproduct of (p,d)-complete
A-modules. This implies that Rees(F*A{%}(Ap’ d)) is already discrete, which shows that the filtration on the
filtered prismatic envelope is filtered discrete. Moreover, the (p, d)-completion of Rees(F*A{ %}E\p, )/ t=1
is equivalent to Rees(F*A{%}f\p’d))(Ap’d) /t=1. The latter is seen to be equivalent to the prismatic envelope
(DBncz grmA){g}(A% ) Py symmetric monoidality of taking the cofiber of t~! (the associated graded). This is
again discrete by the result for prismatic envelopes in Bhatt—Scholze. So, the same decompletion argument
shows that Rees(F*A{%}é\pyd))/tfl, which is again a direct sum of connective (p,d)-complete A-module
spectra, is discrete. This implies that the filtration on the filtered prismatic envelope F*A{%}@Ld) is strict.
Hence, the filtered prismatic envelope is a filtered §-ring. To show it is a filtered prism, we have to show

strictness of the induced filtration on the Hodge—Tate locus, which is to say that we want to show that
A A — A
Rees(F*A{%}p) and ReeS(F*A{%}p)/t’1 are discrete. After p-completing Rees(F*A{%}p), we obtain an

object equivalent to Rees(F*A){%}7 /d, which is discrete by the d-torsion freeness of the prismatic envelope
of [10]. Similarly, p-completed and mod ¢ we obtain an object equivalent to (€D,,cz g™ A){5}, /d (using the
graded regularity of the element x), which is discrete again. Thus, arguing as above and decompleting, we
obtain discreteness, as desired. This proves (a).

By part (a), the filtered prismatic envelope defines an object of the filtered prismatic site. Given an object
F*B of the filtered prismatic site, there is a unique induced map A{%}@L i B of -rings. For this to be a
map of filtered prisms is a property since the filtrations on filtered d-rings is assumed to be strict. To see
that this induced map is indeed filtered it is enough to note that the induced map A{a}s — B respects the
filtrations by construction and hence the factorization through the (p,d)-completed quotient A{%}g\% 0 s
filtered. This proves part (b).

For part (c), we claim that F* /4 is a filtered prism, which follows from the filtered Hodge-Tate
comparison theorem. Thus, it defines an object of the filtered prismatic site and hence there is a map

F*A{%}(\p,d) — F* gya. The composite F* 5,4 ER A{%}(Apd) I, pr R/4 is an idempotent map of filtered
d-rings. By |7, Lem. 4.3.10], f and g are isomorphisms on F° and hence the composite g o f is the identity
on FO. The only way to make the identity map filtered is by letting it act as the identity on each filtered
piece, so g o f is the identity on each '™ g, 4. It follows from strictness of the filtrations that f and g are
isomorphisms on each F™, proving the second statement of part (c). The first statement is proved by a
Rees-algebra argument. O

Construction 10.42 (Filtered syntomic cohomology). Given a bounded d-pair (A4, R), the prismatic package
__gya includes, for each integer i, the following information:

(a) the Nygaard-filtered, Nygaard-complete, Frobenius-twisted, Breuil-Kisin cohomology N>*Ag%1/) At
which is a complete filtered A-module;
(b) an A-linear map can: N> g)A{i} — g;A{i};

(¢) a pa-semilinear map cy: N>iAg)A{i} — Ag}A,

from which one builds

(d) relative syntomic cohomology complexes

Z,(0)(R/4) = fib (N> ) (i} <=5 70 i},
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This data is functorial in maps of bounded d-pairs.

Now, suppose that (F*A,F*R) is a filtered d-pair. We can use descent along the formally smooth
morphism Spf Rees(F*A) — FSpf A and the naturality of the constructions above to construct an co-category
Crspr 4 by right Kan extension (thanks to Remark 8.2(iii)) and a filtered prismatic package _ p.p JFrA €
Crspta = ( [F*l R/F* A {x},N=* ;I)R/F* 1%}, ¢, o) using Theorem 1.2(6, 7). To see that the underlying prismatic
part [F*l R/F* A {x} agrees with F* EL{/A {x} of Definition 10.27, one uses that Spf Rees(F*A) x WCart —
FSpf A x WCart is a formally smooth cover together with base change (after Hodge-Tate completion) for
relative prismatic cohomology (Theorem 1.2(7)). The filtered prismatic package includes, for each integer i,

(a) FZ*N=* (I/A{z} N=* (I)R/F*A{z} which is a filtered F* A-module equipped with a second filtration
(the Nygaard filtration) for which it is complete

(b) a filtered F>* A-linear map can: F>*N>i R/A{z} — F2* S}A{i}'
~(1)

(c) a p-filtered?” @p. 4-semilinear map cy: FZ*N>? (1)A{z} — F2* RJA"
From this, we can define, for i > 0,
(d) filtered relative syntomic cohomology complexes

{} can—cey F;,( (1)

F>*2,(i) (F* R/F* A) = fib (F>"N>""() RRGY

R/A
for i € Z.%!
As above, we often write F*Z,(¢)(R/A) for F*Z,(i)(F*R/F*A) when it seems no confusion can arise.

Variant 10.43. If (A*, R*) is a graded o-pair, then there is a graded version of the construction above,
producing a prismatic package _ p. /4« € Carspr a+. However, because the Frobenius map cy is p-graded in
the sense that it takes weight ¢ into weight pi, the induced syntomic cohomology

Z,(i)(R* /A%) = fib <69 N it 5 e b }>

*€Z *€Z

is filtered, not graded. The filtration is given by

FZ, () (R*/A%) = fib (| @ er' N> (i} =5 P er ), (1)

*=m *=>m

Proposition 10.44. Let (F*A F*R) be a relatively quasisyntomic filtered d-pair. The pullback maps
1%: Crgpra — Cgpra and 0%: Crgpr 4 — CarsprarrA induce natural equivalences

((1) lx __F*R/F*A ~ —R/A and
(b> —F*R/F*A 7—{9,1*}\’/?,1*/—\

Proof. This follows from base change for the prismatic package, Theorem 1.2(7). O

Corollary 10.45. For each i € Z and all relatively quasisyntomic filtered §-pairs A — R, there are natural
equivalences

(i) gr*Z,(i)(F*R/F*A) ~ gr*Z (i)(gr*R/gr*A) and

(ii) FOZ,(i)(F*R/F* A) ~ Z,,(i)(FOR/FO A).

20 A map of filtered objects F* M — F* N is p-filtered if it arises from a map F*F*M — F*N where F is the Frobenius on
Al/Gp,

21Here we use that a p-filtered map of decreasing N-indexed filtration forgets to a filtered map since FP* M maps canonically
to F?M for i > 0.
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A Some formal stack theory

We give some background on quasi-coherent sheaf theory on p-adic formal stacks in A.1 culminating in the
establishment of some results on base change for quasi-coherent cohomology in Section A.2. We claim no
originality for this material, but do not know of a suitable reference.

A.1 Quasi-coherent sheaves on formal stacks

Our goal in this section is to compare several possible definitions of a quasi-coherent sheaf on Spf R. While
in the body of this paper, all constructions are by default derived unless specified otherwise, given an abelian
group M, we will need to work both with the derived reduction modulo p of M, which we will write as M //p,
and the non-derived version M /p = Ho(M //p).

As in the rest of this paper, we work with formal prestacks, i.e., presheaves of spaces (aka anima) on the
category of spectra of p-nilpotent rings. Formal stacks are sheaves of anima or spectra with respect to the
faithfully flat topology on spectra of p-nilpotent rings.

Remark A.1. Our formal stacks are formal analogues of higher stacks as opposed to derived stacks (see [29]
for an overview of the distinction and further references). Quasi-lci conditions guarantee that the Cartier—-Witt
theory developed here using formal higher stacks agrees with the derived analogue, as in [8].

Example A.2 (Formal spectra). Given a commutative ring R, Spf R denotes the formal stack given by the
restriction of Spec R to a functor on spectra of p-nilpotent commutative rings. If R has bounded p-power
torsion, then the natural map Spf RZ/,\ — Spf R is an equivalence of formal stacks.

Warning A.3. We will write A! for Spf Z[t] and G,, for Spf Z[t*!]. Note that this diverges from common
notation in the literature, where for example A denotes the prestack on all affine schemes, which to any
Spec R assigns the non-unital ring of nilpotent elements in R. By contrast, for us, formal will always mean
formal with respect to the p-adic topology.

Definition A.4 (Quasicoherent sheaves on formal stacks). Given any formal (pre)stack X, one defines
D(X) = limgpt r—x D(R) where the limit ranges over all p-nilpotent commutative rings R and all Spf R points
of X. In all cases studied in this paper, the limit above is computed as the limit over a small category and so
we will not get into size considerations here.

For an object F € D(X) we will refer to the ‘value’ on x: Spf R — X as the pullback and write it as
z*F € D(R).

Example A.5. If p is nilpotent in R, then D(Spf R) ~ D(R).
Definition A.6. Let X be a formal prestack and let F € D(X) be a quasi-coherent sheaf.

(i) We say JF is perfect if for every p-nilpotent commutative ring R and every point z: Spf R — X the
pullback z*F € D(R) is perfect. Write Perf(X) C D(X) for the full subcategory of perfect objects.

(ii) We say F has p-complete Tor-amplitude in [a,b] for a,b € Z U {£o0} if for every z: Spf R — F the
pullback z*J belongs to D(R)[4.3), i-e., Hi(2*F) = 0 for i ¢ [a, b].

Now, we study p-complete Z-linear stable presentable oco-categories.

Definition A.7 (p-completion). Given a D(Z)-module € in Pr", the p-completion of € is C) = C®pz) D(Z);.
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Remark A.8. The object D(Z);) is idempotent in the co-category of D(Z)-modules in Pr¥. Indeed, consider
the localization sequence
D(Z([1/p]) = D(Z) = D(Z),

of D(Z)-modules. Tensoring with D(Z); results in another localization sequence, for example by [1, Cor. 3.5].
However, D(Z);) is compactly generated by F), so that D(Z);) ~ D(Endz(F})) and hence D(Z[1/p]) ®p(z)
D(Z);,; ~ D(Z[1/p] ®z Endz(F,)) ~ 0. Thus, D(Z);) — D(Z); ®p(z) D(Z);, is an equivalence. It follows that
Modpz)» (Pr") is a full subcategory of ModD(Z)(PrL), that the inclusion has a left adjoint, and that it is
given by p-completion in the sense above.

Note also that we could have worked over the sphere spectrum as opposed to Z here, but we will not need

this generality.

Definition A.9 (p-completeness). A D(Z)-module € in Pr" is p-complete if the natural map € — € is an
equivalence. By the remark above, this property is equivalent to saying that € admits the structure of a
D(Z);)-module in Pr¥. Moreover, by idempotentness of D(Z),;, the p-completion of any C in ModD(Z)(PrL)
is p-complete.

Our philosophy is that formal geometry is algebraic geometry done in D(Z);\—modules in Pr¥. Recall
from [23, Sec. 23.1.2] that a compactly assembled presentable oco-category C is one which is a retract, in
PrY, of a compactly generated oo-category. This is equivalent to the dualizability of € in Prlﬁt. IfCis a
D(Z)-module in Pr, then it is dualizable as a D(Z)-module if and only if it is dualizable in Prk by [23,
Thm. D.7.0.7]. Moreover, a D(Z)-linear version of [23, Prop. D.7.3.1] implies that dualizability relative as
a D(Z)-module in Pr’ is equivalent to being a retract, in D(Z)-modules in Prl, of a compactly generated

D(Z)-linear presentable co-category.

Lemma A.10. For any compactly assembled D(Z)-module C in Pr", the natural map C ®p(z) D(Z);,; —
lim,, € ®p(zy D(Z/p™) is an equivalence.

Proof. The case of D(Z); =~ lim,, D(Z/p") follows from Proposition A.11 below. Now being dualizable relative
to D(Z) implies that the functor € ®pz) — has a left adjoint given by tensoring with the dual CV. Thus it
preserves limits. O

Proposition A.11. For a commutative ring R with bounded p-power torsion, there are natural equivalences

D(Spf R) ~ li7rln D(R/p") ~D(R) g p-cp = D(R)) ~ Modr(D(Z)}),

P
where D(R) g jp-cp1 s the co-category of R//p-local objects in D(R).

Proof. The fourth equivalence holds more generally: if € is any presentable D(Z)-linear stable co-category,
then D(R) ®p(z) € ~ Modg(€C). This follows from the definition of the tensor product on Pr¥; see [22,
Prop. 4.8.1.17]. The third equivalence follows from the equivalence between complete and torsion objects:
D(R)Rrp-cpt = D(R)p-tors, Wwhere the torsion category is the full subcategory of R-module spectra M where
each x € m, M is annihilated by some power of p (depending on z); see [25, Thm. 3.9] or [15, Thm. 3.3.5]. On
the other hand, D(R)-tors is compactly generated by R//p, for example by [25, Prop. 3.7]. It follows that

D(R)R//p-Cpl =~ D(R)p-tors = D(R ®z Endz(F,)) ~ D(R) ®D(Z) D(Endz(F,)) ~ D(R) ®D(Z) D(Z)Z/)\,

functorially in R.

Now, we prove the second and first equivalences. If R is an animated commutative ring, then D(R) g yp-cp1 =~
limD(R//p"). This is closely related to [25, Prop. 2.21], which implies that if S° = R/p and if S* is the
descent complex associated to R — S°, then D(R)rjp-cpt =~ limTot(D(S®)). One can rewrite the limit
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as lim,, Tot" (D(S*)), the limit of the finite totalizations. As each Tot™ is a finite limit, the natural map
D(Tot™(S*)) — Tot™(D(S*)) is fully faithful and the map D(R) — Tot™(D(S*)) canonically factors through
the subcategory D(Tot™(S®)) generated by the unit. One has Tot™(S®) ~ S//p"*! for all n > 0 by [25,
Prop. 2.14] and hence there are functors

D(R) g jp-cpt = imD(R/p" ™) — lim Tot™(D(S*)),

where the composition is an equivalence and the right-hand map is fully faithful. It follows that the left-hand
map is fully faithful and essentially surjective, i.e., an equivalence.

Note that D(Spf R) ~ lim,, D(R/p™) as every R — S where p is nilpotent in S factors through some R/p".
To complete the proof of the lemma, we now show that if R is a commutative ring with bounded p-torsion,
then natural map lim,, D(R/p") — lim, D(R/p™) is an equivalence. As R/p is a compact generator of D(R);
and hence gives a generator of lim,, D(R//p™) by the equivalence above, it suffices to check that it determines a
compact generator of lim,, D(R/p™) and that the induced map on endomorphism ring spectra is an equivalence.
First, we check that it is a compact generator. Suppose that {M,,} is a tower of { R/p" }-modules defining an
object of the limit. We claim first that M; is non-zero. To see this, it is enough to assume inductively that
M is non-zero. Then, My ~ My ®p/p2 R/p. But, R/p* — R/p is descendable by [24, Prop. 3.35] and hence

D(R/p?) — D(R/p) is conservative by [24, Prop. 3.22]. As limD(R/p") M B(R/p) commutes with

all colimits, it follows that this functor reflects colimits. Now, given a tower {M,,} as above,

Mapyim, p(r/pm) {R/P" @1 R}, {Mn}) = lim Mapp,,.« (R/p" ©r R//p, My)
~ lirrln(Mn ®r R/p)[-1]
~ lim(M, @ry/pe R/p" ©r Rp)[-1].

Each R/p™ ®r R//p fits into a canonical fiber sequence

R/p"[pl[1] — R/p" ®r R)/p — R/p

where the outer terms are canonically R/p-modules. We see that each M,, ®r/,» R/p" @r R//p fits into a
fiber sequence

M, ®R/p R/p"[p|[l] = M, QR /pn R/p" ®r RJ/p — M.

As R has bounded p-power torsion, the limit of the left-hand terms vanishes because it is pro-zero. The limit
of the right-hand terms is M;. Thus, the mapping spectrum above is naturally equivalent to M;[—1]. By what
we have already said, the functor {M,,} — M; is conservative and reflects filtered colimits, which completes
the proof that R//p maps to a compact generator in lim, D(R/p™). The proof that the endomorphism ring
spectra agree is an exercise in the Mittag—LefHler condition using boundedness of p-power torsion; it is left to
the reader. O

Remark A.12. This is one point where the derived approach is more natural. If one works with formal
spectra of p-nilpotent animated commutative rings in the context of derived formal stacks, then for any
animated commutative ring R there is an equivalence D(Spf R) ~ D(R);.

Corollary A.13. Let X be a (non-formal) higher stack. If D(X) is compactly generated and D(X)¥

has bounded p-power torsion, then then the natural map D(X) — D(DAC) is equivalent to the morphism
D(X) — D(X) =~ lim, D(X) ®p(z) D(Z/p"). Here X is the restriction of X to a functor on p-nilpotent
commutative rings.
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Proof. Our assumption on D(X) implies that D(X); ~ lim, D(X) ®pz) D(Z/p") by Lemma A.10. On

the other hand, colim X xz Spf Z/p™ ~ X, so D(§C) ~ lim,, D(X xz Spf Z/p™). The limits agree under our
assumption on bounded p-power torsion. O

Example A.14. Recall that D(BG,,) ~ GrD(Z), the stable co-category of graded Z-module spectra. We
have GrD(Z) ~ [[,. D(Z), so

D(BG,,) =~ GrD(Z) @p(z) D(Z))

=~ (H D(Z)> ®p(z) D(Z),
i€Z
~[[p2),
i€Z

~ Gr(D(Z) ;\),
the co-category of graded objects in p-complete Z-module spectra. Here, one commutes the product with the
tensor product either from geometric considerations or from the fact that infinite coproducts and products
agree in Pr" as can be proved using [21, Thm. 5.5.3.18)].

Example A.15. Similarly, D(A!'/G,,) ~ FD(Z) ~ Fun(Z°?,D(Z)), the stable co-category of filtrations in
Z-module spectra. The p-completion is equivalent to D(A'/G,,) ~ Fun(Z°?,D(Z)}), the oo-category of
filtrations in p-complete Z-module spectra.

Remark A.16. Spectral sequences can behave in strange ways in the p-complete world. For example,
consider the filtration p*Q, on Q, where p"Q, C Q, consists of the elements of p-adic valuation at least n.
As a filtration in D(Z,), this is complete and exhaustive, i.e., colim, .. p~"Q, = Q,. However, as a filtration
in D(Zp)g, valid because each p"Q, = Z,, this filtration is complete but has colimit 0, the p-completion
of Qp. Thus, this is a complete exhaustive filtration on 0 where the associated graded pieces gr’ are all
equivalent to F;,. The associated spectral sequence degenerates at the E;-page, but the E, = E;-page is

very far from the associated graded of the induced filtration on the homotopy groups of the abutment.

Example A.17. Let B + A — C be a p-completely Tor-independent diagram of bounded commutative
rings with pushout B ®4 C. Then D(B ®4 C) ~ D(B) ®p(a) D(C). It follows that

D(Spf(B ®4 C)) =~ liTanD(B/p” ®a/pn C/p") = li}}l D(B/p") @p(aspm) D(C/p") ~ D(B), @D (A)) D(C)p.

Moreover, this is equivalent to D(B ®4 C) ®p(z) D(Z);,.

Now, we briefly discuss the standard ¢-structure on quasi-coherent sheaves on formal stacks.

Definition A.18. Let X be a formal stack. An object F € D(X) is connective if *F € D(R)>¢ for all
p-nilpotent rings R and all R-points x: Spf R — X. The full subcategory D(X)>o C D(X) defines the
connective part of a t-structure on D(X).

Example A.19. Suppose that R is a bounded p-complete commutative ring and consider D(Spf R)>o C
D(R);. Recall that D(Spf R) ~ Modr(D(Spf Z,)). We claim that F € D(Spf R) is connective if and only if
the underlying object of D(Spf Z,) is connective, which happens if and only if H;(F) = 0 for ¢ < 0. In other
words, pushforward along Spf R — Spf Z,, is t-exact. If H;(F) = 0 for ¢ < 0, then for every R — S where p is
nilpotent in S, one has that ¥ ®z S is connective as connective objects are closed under tensor products.
On the other hand, F ~ lim,,(F ® g R//p"™) and each term of F @ g R/p™ is connective as it fits into an exact
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sequence J ®@r R/p™ @p/pr Rp"][1] = T ®r RJp" — T ®g R/p" and the outer terms are connective by
hypothesis. Moreover, the fiber of ¥ @ R//p" — F @g R//p"~" is naturally equivalent to F ®z R/p and is
in particular connective. It follows that in the tower {F ®r R/p™}, the induced maps on Hy are surjective
and so the Mittag—Leffler condition applies and the limit is connective. Thus, the ¢-structure on D(Spf R) is
the standard t-structure; the coconnnective objects are precisely those derived p-complete R-module spectra
which are coconnective. The heart of D(Spf R) is the abelian category of derived p-complete R-modules.

Warning A.20. The coconnective objects in D(Spf R) do not necessarily have the property that their base
change to Spf S is coconnective for S an R-algebra in which p is nilpotent.

A.2 Base change for prismatic crystals

Now, we give a discussion of base change and the projection formula for prismatic cohomology of general
prismatic crystals.

Definition A.21 (Base change for quasi-coherent cohomology). Suppose that

’

XL (7)

lf/ lf

y_9 .y
is a commutative square of formal stacks. We say this square satisfies base change for quasi-coherent
cohomology if the commutative diagram

l,*

DY) —= D)
b

D(Y')

of left adjoint functors is right adjointable in the sense of [22, Def. 4.7.4.13]. Using the equivalence a: f*og* ~
g’* o f* witnessing the commutativity of these squares, this means that the natural transformation of functors
gofi = fiof*ogtofi=flog™of*ofi— flog™: D(X)— D(Y) is an equivalence.

Warning A.22. Right adjointability is not a symmetric notion, and hence neither is the notion of a square
satisfying base change for quasi-coherent cohomology. In other words, if it holds for a square as above, it
might or might not hold for the transposed square.

Variant A.23. (i) We say that (7) satisfies base change for bounded above quasi-coherent cohomology if
g* and ¢'* preserve bounded above objects and if the natural transformation ¢g* o f, — f. o ¢’* is an
equivalence when evaluated on any bounded above object of D(X).

(ii) We say that (7) satisfies base change for O-cohomology if the natural transformation g* o f. — f. o g”*
is an equivalence when evaluated on Ox.

There is also the projection formula. See [28, Tag 08EU] for the classical case of schemes.

Definition A.24 (Projection formula). A morphism f: X — Y of formal stacks satisfies the projection
formula (for quasi-coherent cohomology) if the induced symmetric monoidal functor f*: D(Y) — D(X) does,
i.e., if for every F € D(X) and § € D(Y), the natural map f.(F)® G — f.(F® f*(9)) is an equivalence.
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Variant A.25. We say that f satisfies the projection formula for bounded above quasi-coherent cohomology
with respect to a class of objects A C D(Y) if f.(F) ® 9 — f.(F® f*(9)) is an equivalence for F € D(X)
bounded above and § € A. When § = Oy, the projection formula morphism is always an equivalence. Thus, f
satisfies the projection formula for quasi-coherent cohomology with respect to objects in the thick subcategory
generated by the unit Oy in D(Y).

Example A.26. For us, we will be primarily interested in the class A of objects in D(Y) which can be
written as filtered colimits of uniformly bounded above perfect objects, i.e., the full subcategory of those §
such that G ~ colim; §; where I is filtered and each G; is locally of Tor-amplitude in (—oco, N| for some N
independent of i. Call this class Ind™ (Perf(X)) C D(X).

Lemma A.27 (Colimits and the projection formula). Suppose that f: X — Y is a colimit in formal stacks of
morphisms fi: X; = Y;. If each f; satisfies the projection formula and if each of the induced squares

xiL)x
fi f

Yy, sy

satisfies base change for quasi-coherent cohomology, then f satisfies the projection formula.

Proof. Fix § € D(X) and § € D(Y). As D(Y) = lim; D(Y;), to prove that f.(F) ® G — f.(F & f*(9)) is
an equivalence, it is enough to prove that for each 4 the natural map b} (f.(F) ® §) — b} f.(F @ f*(9)) is
an equivalence. Using symmetric monoidality of the pullback functors as well as base change for quasi-
coherent cohomology, this map can be rewritten as the natural map f;.(af(F)) @ b1 (G) — fixal (FR f*(9)) ~
fis(@F(F) @ f7(b(5))), which is an equivalence by the projection formula for f; applied to af(F) € D(X;)
and b7 (9) € D(Y,). O

Variant A.28 (Colimits and bounded above projection formula). If in the situation of Lemma A.27 each
fi satisfies the projection formula for bounded above quasi-coherent cohomology with respect to classes
A € D(Y;), if A C D(Y) is a class of objects which is sent under b} into A;, and if a} preserves bounded above
objects, then f satisfies base change for bounded above quasi-coherent cohomology with respect to A.

Lemma A.29 (Colimits and base change). Suppose that a square O as in (7) is realized as a colimit in
formal stacks of commutative squares

’
g.
po——

0 = lf{ J/fi

.
Y, ——=Y;

over some indexing simplicial set I. For each edge j — i in I, let

Y —=Yi v, —= Y.

If0;, 0, ;, and DQJ- satisfy base change for cohomology for each edge j — i in I, then so does colim;¢y [l; ~ [J.
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Proof. The lemma follows from [22, Cor. 4.7.4.18(2)], to which we refer for more details. At the level of
quasi-coherent sheaves, applying D(—) turns these colimit diagrams into limit diagrams in Pr", i.e., D(0) ~
lim D(CJ;). As 4 varies, the pullback functors D(Y;) — D(X;) give a functor D(f*): I°? — Fun(A', Pr"). By
hypothesis, this functor factors to give a functor D(f*): I°P — FunRAd(Al, PrL), where FunRAd(Al7 PrL) is
the (non-full) subcategory of Fun(A', Pr™) on all left adjoint functors € — D is Pr™ and where the morphisms
are natural transformations (€ — D) — (& — F) in Pr" corresponding to right adjointable commutative

squares
¢
e

The same result for the maps induced by X! — Y/ gives another functor D(f’*): I°° — Fun®*4(A! Prl).
Moreover, the condition on the squares [J; implies that pulling back along the maps f; and f! gives a
natural transformation D(f*) — D(f*) of functors I°? — Fun®*4(A!, Prl). Taking limits and applying [22,
Cor. 4.7.4.18(2)], the result follows. O

—_—

_

B3

Remark A.30. The proof of Lemma A.29 also shows that the commutative squares

|

Y

X, ——= X'

eV

H’H‘d'

% >

PR

<.

satisfy base change for quasi-coherent cohomology for all ¢ € I as well.

Remark A.31 (Colimits are universal). Recall the fact that colimits are universal in an co-topos, meaning
that they are stable under pullback. In particular, if colim;c; Y; ~ Y as formal stacks and if X — Y is a map
of formal stacks, then colim;c; Y; xy X — X is an equivalence. See [21, Sec. 6.1].

Variant A.32. Suppose that {X; — Y};cs is an I-indexed diagram of morphisms of formal stacks. If each
square

al;
x]‘ —— DCZ

Oij = ifj lfi
Ajj

Y ——=Y

satisfies base change for quasi-coherent cohomology, then so does each square

X —Lex

S

Y —— =Y

where (X — Y) ~ colim;(X; — Y;). The proof is similar to that of Lemma A.29. However, we will need a
Version which holds under weakened hypotheses in the bounded above case. Specifically, assume that each a;;
and a . preserve bounded above objects and that each square [J;; satisfies base change for bounded above
quasi- coherent cohomology. Then, so does each square [J;. To prove this, consider an object F € D(X)* and
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note that F ~ lim ¢, ¢*F. Let F; = ¢;*F. So, we can view F as the compatible family of objects F; € D(X,),
meaning that there are compatible equivalences J; ~ a;}ff}]— for all arrows j — 4 in I. Applying f, one finds
that foF ~limy f.g}, F; ~ lim; g;« fi:F;. We want to know that ¢F foF ~ fi.g/*F ~ f,.F;. However, there are
equivalences a;; fi«F; ~ fj*agffi >~ f;+J;, compatible in I, by our assumption on base change for bounded
above cohomology and the preservation of bounded above objects by a7; and a%. Thus, the objects f;.F;
(together with the given equivalences) determine an object of lim D(Y;) ~ D(Y) (or a cartesian section of an
appropriate fibration corresponding to i — D(Y;)). This object is f.F and the proof is complete.

Remark A.33. Let D(X,) — I°P be the cartesian fibration corresponding to i — D(X;) together with the
pullback maps. The limit D(X) is the oco-category of cartesian sections of the fibration. There is by hypothesis
a natural transformation D(Y,) — D(X,) of cartesian fibrations over I°P and the pullback functor f* takes
cartesian sections to cartesian sections. The functor D(X,) — D(Y.), corresponding to the right adjoints fi,
need not take cartesian fibrations to cartesian fibrations. However, this is exactly what is guaranteed by our
assumption on the squares [J; ;.

Lemma A.34. Let B+ A — C be a diagram of bounded p-complete commutative rings. If the diagram is
p-completely Tor-independent (for example if B or C is p-completely flat over A), then

Spf(B®4C) — Spf C

L

Spf B Spf A

satisfies base change for quasi-coherent cohomology. In addition, Spf C — Spf A satisfies the projection
formula.

Proof. The assumptions imply that this square is the colimit of the squares

Spf(B/p™ @4 /pm C/p"™) — Spf(C/p")

| |

Spf(B/p") ————— Spf(A4/p")

and each of these squares satisfies the projection formula and base change for quasi-coherent cohomology by
a standard argument; see for example [28, Tags 08EU, 08IB]. The statement now follows from Lemmas A.27
and A.29. O

Remark A.35. This simple case of base change can be proved directly. Consider the commutative square

D(A)) —— D(C))

| i

D(B)) — D(B&4C)).

For a derived p-complete C-module spectrum M, the base change transformation is a morphism BRaM —
(B®4C)®cM, which is an equivalence. However, the lemma gives an illustration of how we will use colimits
to produce new cases of base change.
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Lemma A.36. Let B <+ A — C be a diagram of bounded prisms. If the diagram is (p,I)-completely
Tor-independent (for example if B or C is (p,I)-completely flat over A), then the pullback square

Spf(B®4C) — Spf C

L

Spf B Spf A

satisfies base change for quasi-coherent cohomology. In addition, Spf C — Spf A satisfies the projection
formula.

Proof. Follow the proof of Lemma A.34 but with Spf(—/I"). O

In order to prove more general cases of base change for prismatic crystals, we need a base case provided
by the next proposition.

Proposition A.37. Suppose that A is a bounded prism and that X is a quasicompact separated formal
scheme over Spf A. If X is bounded and LX/Z has p-complete Tor-amplitude in [0,1], then for every map of
prisms A — B of bounded (p, I)-complete Tor-amplitude, the pullback square

WCarth/B — WCaI‘tx/A

l i

SpfB—— = SpfA

satisfies base change for bounded above quasi-coherent cohomology. Moreover, WCartx,4 — Spf A satisfies
the projection formula for ¥ € D(WCartx,4) and § € Ind™ (Perf(Spf A)).

Proof. We have the following lemma, which is not a special case of Lemma A .29.

Lemma A.38. Suppose that

’
o
X " X

J/fé if

y 9 oy
is a finite diagram of commutative squares each satisfying base change for (bounded above) quasi-coherent
cohomology. Then, the colimit diagram

v

T

[

satisfies base change for (bounded above) quasi-coherent cohomology. Moreover, if each f; satisfies the
projection formula, then so does f.
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Proof. Write h;: X; — X. Fix F € D(X) which by definition is equivalent to lim h;h}F. Let F; = hfF. Thus,

~ g*lim f,hi F;
~ lim g* fuhi F;
~ lim g* f; F;
~ lim f], g;*F;
~lim f] hg"*F
~ fig" 7,
where the third equivalence is because g* commutes with finite limits and the fifth is by the assumption of

base change. The proof of the claim about the projection formula is similar using that left adjoint functors
between stable co-categories commute with finite limits. O

Now, one reduces the proof of the proposition using Lemma A .38 to the case where X = Spf R by induction
on the number of affines needed to cover X. Indeed, assume the proposition is true for formal schemes which
can be covered by at most n affines, and assume that X can be covered by n + 1 affines {Spf Ri}?jll. Then,
let Y = U, Spf R; and Z = Spf R,,+1. The intersection W =Y N Z satisfies the hypotheses of the lemma,
and is covered by n affines. Moreover,

WCarty 4 — WCartz, 4

| l

WCarty, 4 — WCart x4

is a pushout in formal stacks and similarly for the base change to B. Now, apply the lemma.
Now, assume that X = Spf R and let R — R be a quasisyntomic cover where R is relatively quasiregular
semiperfectoid over A. Let R® be the resulting Cech complex. By [8, Thm. 7.17], there are natural equivalences

WCartR®X§/B ~ Spf R&B/B and WCartp/a ~ Spf g/a,

where Spf g4 is the functor Mapr, AlgA( R/A, —) restricted to (p, I)-nilpotent A-algebras and similarly for
Spf R&,B/B Throughout, we use that g,4 ~ Tot ge 4 and that | Spf ge a| ~[Spf g/a| and similarly
for the base change to B. The first equivalence is by descent for prismatic cohomology; the second is because
WCartpo 4 — WCartpg, 4 is a surjection of flat sheaves (by [8, Lem. 6.3]) and by compatibility of WCart_,4
with pullbacks (which follows from [8, Rem. 3.5]).

Warning A.39. Note that despite the apparent affine behavior of WCartpr, 4, it is not typically the case
that the global sections functor D(Spf g/4) — D( g/ A)Q) ; is an equivalence. This complicates the proof of
base change. However, when g/, is discrete, taking global sections is an equivalence.

Thus, the pullback square of the statement of the proposition is equivalent in the affine case to a pullback
square

’

Spf R@ZE/BLSpf R/A

| K
Spf B——2 - Spf A.

We prove a lemma giving some properties of this square.
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Lemma A.40. (a) The map ¢’ satisfies the projection formula.
(b) The map f satisfies the projection formula for bounded above objects with respect to Ind™ (Perf(Spf A)).
(c) The natural map f*g.B — g.f"* B is an equivalence.?”

Proof. For parts (a) and (c) we use the commutative diagram

Spf R*®4B/B Spf R&®<B/B Spf B

S

Spf Re*/A %Spr/A %—SpfA

The left vertical arrow represents a simplicial diagram in morphisms of stacks satisfying the projection formula.
The induced pullback functors on quasi-coherent sheaves gives a cosimplicial diagram in FunRAd(Al, PrL)
with limit the pullback map on quasi-coherent sheaves associated to the middle vertical arrow. It follows
from Variant A.32 that the left-hand square satisfies base change for quasi-coherent sheaves in each simplicial
degree. Thus, by Lemma A.27, the map ¢’ satisfies the projection formula. As the exterior square satisfies base
change for quasi-coherent cohomology, so does the right-hand square by taking a limit in FunRAd(Al7 Prh).

For part (b), suppose that ' € D(Spf g,4) and G € Spf A are bounded above and assume that G can be
written as a filtered colimit of uniformly bounded above (p, I')-completely perfect complexes of A-module
spectra. The natural map

[ F)@aG = fu(F ®ogy ., [7(9))

R/A
can be written as
Tot(T*)®4G — Tot(T*®49),

where J* denotes the pullback of F to Spf ge,4. The map is an equivalence for any (p, I)-completely perfect
A-module spectrum. As totalizations commute with filtered colimits of uniformly bounded above objects, the
map is an equivalence for G as well. O

Returning to the proof of the proposition in the case when X = Spf R is affine, consider the natural
map g*f.F — fi9"TF for F € D(Spf g a) bounded above. As g, is conservative, to test if this map is an
equivalence, we can apply g, to obtain g.g* f+F — g« fL¢*F, which can be rewritten as a map

f*gr@AB — f*gfkg/*g:2 f*(g;ospf R@ZE/B ®OSpf RJA g:) = f*(f*g*B(g)Ospf R/A 3:) = g*B@Af*grv

where the first equivalence is by part (a) of Lemma A.40, the second by part (c¢), and third by part (b), which
uses that B has bounded (p, I)-complete Tor-amplitude as an A-module and hence can be written as a finite
iterated extension of shifts of (p, I')-completely flat A-modules, which are filtered colimits of finitely presented
projective A-modules by a (p, I)-complete version of Lazard’s theorem. One checks that the map is indeed
the natural equivalence between the left and right-hand sides, which completes the proof. Finally, the claim
about the projection formula is Lemma A.40(b). O

Corollary A.41. Suppose that A is a §-ring and X is a quasisyntomic p-adic formal scheme over Spf A. If
X s quasicompact and separated and Lx,a has p-complete Tor-amplitude in [0,1], then for every transversal
prism BC the pullback square

WCartXE/A@BO — WCart x4

| |

Spf B? WCart

22That is, the transposed square satisfies base change for O-cohomology.



A.2 Base change for prismatic crystals 70

satisfies base change for bounded above quasi-coherent cohomology. Moreover, WCartx 4 — WCart satisfies
the bounded above projection formula with respect to Ind™ (Perf(WCart)).

Proof. Let Spf B®* — WCart be the Cech complex of Spf B® — WCart. Pulling back WCart x,4 — WCart
along Spf B®* — WCart, we obtain a commutative diagram

WCartXF/A@B. — WCart x4

| |

Spf B® WCart

where the vertical arrow on the left defines a simplicial object in morphisms of formal stacks. For each
[m] — [n] in A°P the pullback square

WCartXBT/A@Bm —_— WCartXﬁ/AgéBn

| l

SpfB™ —— ~ SpfB"

satisfies base change for bounded above quasi-coherent sheaves by Proposition A.37 and the right-hand
morphism satisfies the projection formula for bounded above objects. The desired base change and projection
formula result by Variant A.32. O

Corollary A.42. Let A — R be a relatively quasisyntomic 6-pair and let A — B be a map of §-rings which
has p-complete bounded Tor-amplitude. The pullback square

/

WCartR@AB/B -4 WCartr,a

o

Spf B x WCart —2= Spf A x WCart

satisfies base change for quasi-coherent cohomology and f satisfies the projection formula for bounded above
quasi-coherent cohomology with respect to Ind™* (Perf(Spf A x WCart)).

Proof. Fix a transversal prism C° and consider the Cech complex Spf C'* — WCart of pco: Spf C? — WCart.
Pulling back along Spf A x Spf C* — Spf A x WCart for a transversal prism point po: Spf C — WCart, the
resulting cosimplicial pullback square is equivalent to

g
WcartRQAB@?ﬁ/B®C° —— WC&MR@?/A@C'

|- |

Spf(BRC'*) —— = Spf(ARC®).

Each of these squares satisfies the hypothesis of Proposition A.37 by our assumption of the p-complete bounded
Tor-amplitude of B as an A-module and hence it satisfies base change for bounded above quasi-coherent
cohomology. We would like to now apply Lemma A.29, but we need a variant which applies in the bounded
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above setting, along the lines of Variant A.32. Fix

a®: WCartR@ao/Agéc — WCartp 4,
b*: Spf(ARC®) — Spf A x WCart,
a’®: WC&”R@,,B@@‘/B@C — WCart}@AB/B,
b'*: Spf(BRC*®) — Spf B x WCart,

Consider 7 € D(WCartg, 4), which is equivalent to limp;;ea ala™F. Let F; = a'*F. By Variant A.32, b™* f,F ~
fixF; for all ¢, naturally in ¢. Thus, the pullback ¢* f.F is determined by the compatible family g** fo.Fe (as an
appropriate cartesian section corresponding to an object of D(Spf B x WCart) ~ lim Spf (B@C’). However, by
base change for bounded above quasi-coherent cohomology in each (co)simplicial degree, g** foxFo =~ f..9'** T,
which is checked in the same way to yield f.g*F upon passage to limits using Variant A.32 again. O
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