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Abstract

These are notes for a course taught at the Max-Planck Institute for Mathemat-
ics in Bonn in Summer 2016. They are in extremely preliminary form. Comments,
corrections and remarks are welcome.
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Definition 1.1. Algebraic topology studies spaces through algebraic invariants.
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1. The homology groups H.(X;Z) of a space are graded abelian groups.
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2. Can not dintinguish all spaces, e.g. CP? and S* Vv S* since

Z  forx=0,2,4

H,(CP*%7)~ H,(S*V S*7Z) =~
0 else

have both the same homology groups. Here we can use the cohomology ring H*(X,Z)
as a graded ring. For example we get that

H*(CP*7Z) = Z[z] /2 x| =2

but
H*(S?Vv SHZ) = Zz,yl/a* =y =2y =0 |z[ = 2,[y| = 4

3. What about XCP? and SV S®? Again isomorphic cohomology groups and also rings
(since multiplication trivial in positive degrees for suspensions). Use Steenrod opera-

tions ' '
Sq': HY(X;Z/)2) — H""(X;Z/2)

which are also homotopy invariants. We have that

7]2  forx=0,3,5

0 else

H*(XCP?%*7/2) = H*(S® Vv S*Z/2) = {
but Sq¢* : H3(XCP?*Z/2) — H5(XCP? Z/2) non-trivial, whereas Sq¢* : H3(S® V
S5, 7,/2) — H5(S3 Vv S5, Z/2) is trivial.

4. What about FoL7y and FyL75? Here F5X = X x X \ A is the configuration space of
two points and L,, = S/(Z/p) the 3-dimensional Lens space. Isomorphic cohomology
rings and Steenrod actions. Use triple Massey products

(x,y,2z) C H"(X,Z) non-empty if vy = yz =0

Salvatore, Longoni: All Massey products for F2L7,1 vanish (i.e. contain 0) but for
FyL7 5 there is a non-trivial Massey product.

Massey products are a consequence of the existence of a chain level multiplication on
C*(X,Z). So the last observation suggests that one should use the cohomology equipped
with Massey products or even the DGA of cochains C*(X,Z) as an invariant of X. Note
that this works over all rings, in particular we could have also worked over Q.

Question 1.3. What are good invariants?
There are two requirements that we impose

e The invariants are of algebraic nature, i.e. assign to X something like a group, ring
etc. which can be studied by algebraic means.

e They are powerful, i.e. a great deal of information about X can be extracted from
them and many spaces can be distinguished by them!
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More formally we consider functors
F :Ho(Top) — B

where B is some ‘algebraic category’ which are as close as possible to being fully faithful. If
that can’t be achieved we hope that F reflects equivalence and is full, so from F(X) ~ F(Y)
we can conclude X ~ Y. This sound very ambitious, but surprisingly there are indeed some
good invariants that come close to the requirements. Now let us outline the content of the
lecture.

1.1 Rational Homotopy theory

We sketch the main foundational results of rational homotopy theory (following Quillen and
Sullivan). Therefore denote by CDGAFR the category of commutative differential graded
algebras over a ring R which are non-negatively graded as cochain complexes.

Theorem 1.4 (Quillen, Sullivan). There exists a functor
Apyp : Top”? — CDGAg (piecwise linear differential forms)

such that for a space X the underlying rational DGA of App(X) is connected by a zig-zag
of multiplicative quasi-isomorphisms to the DGA of rational cochains C*(X,Q). It induces
a functor

Ho(Apy) : Ho(Top) — Ho(CDGAg)

which is fully faithful when restricted to the full subcategory of Ho(Top) spanned by the simply
connected, rational spaces of finite type.

Here a simply connected space X is called rational of finite type when either of the
following equivalent conditions are satisified:

1. all homotopy groups 7,(X) are finite dimensional rational vector spaces.

2. all homology groups H,.(X,Z) are finite dimensional Q-vector spaces

Idea for construction of Apr: if X was a manifold and we worked over R then we could
use Q*(X) as a CDGA model for C*(X,R). This idea can be used to define Ap;, for an
arbitrary space by doing if for simplices (where rational forms make sense) and then left
Kan extending the functor. O]

The situation is even better, there is a functor back Ho(CDGAg) — Ho(Top) which
sends A” to the space Mapcpga, (A, Q). It is right adjoint, i.e. we have an adjunction

Ho(Top) === Ho(CDGAq)?”

and the adjunction unit X — Mapcpga(Apr(X),Q) is an equivalence for X simply con-
nected, rational and of finite type. For general simply connected spaces of finite type it is the
raionalization! In particular we can recover the rational homotopy groups and all rational
invariants from the CDGA

Question 1.5. How algebraic is the category Ho(CDGAgq)?



1 INTRODUCTION 4

Definition 1.6. A minimal Sullivan algebra is a CDGA over Q of the form (AV,d) where
V= ®n20 V; is a non-negatively graded rational vector space plus some minimality condition
that we spell out later.

The category Ho(CDGAEin) C Ho(CDGAg) is the full subcategory spanned by the
minimal Sullivan algebras.

Theorem 1.7 (Sullivan). The canonical inclusion functor Ho(CDGAG™) — Ho(CDGAg) is

an equivalence of categories. Every morphism in Ho(CDGAg™) is represented by a morphism
of CDGA’s (not a zig-zag) and is an isomorphism in Ho(CDGAZ™) (i.e. a quasi-iso of
CDGA’s) if and only if it is an isomorphism of CDGA’s.

In particular for every CDGA over QQ there is a minimal Sullivan model of it that is
unique up to isomorphism.

Corollary 1.8. There is a functor
Ho(Top”) — Ho(CDGAG™)

that is fully faithful when restricted to the full subcategory of rational spaces. In particular
rational spaces X andY are homotopy equivalent if and only the associated minimal Sullivan
models are isomorphic.

For a minmal model A* = (AV, d) we can compute the homotopy groups of the associated
space Mappga (A, Q) as

HOmEO(CDGASm)((AV, d),Q) ~ Homg(V, Q)

Thus if X is a simply connected space of finite type, then we can compute 7,(X) ® Q as the
dual space of V' for the minimal Sullivan model (AV, d) of Ap.(X).

Example 1.9. Lets consider the sphere S™. First for n odd, choose a representative x, €
1 (S™) of a generator H™(S™, Q) = Q. Get morphism of CDGA’s

A(zn) = Ap(S")

which is quasi-iso and thus a minimal model! For n even do the same, but A(x,) — Ap (S™)
not quasi-iso. Choose Yz, 1 € ARy 1(S") so that dys, 1 = 2. Then

A(‘Tnv y2n71> — A;’L(Sn>

18 quasi 1s0. Thus we can compute

Q forx=n
T(S")@Q=2Q forx=2n—-11ifn=2k
0 else

We will prove all the results stated here. In fact we prove much more, namely we show
how to get rid of the simply connected and finite type assumptions.
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1.2 p-adic homotopy theory
Recall that Ap; was a strictly commutative model for C*(X, Q).

Question 1.10. Can we repeat to story for C*(X,F,) or even C*(X,Z)?

This can not happen, its in fact obstructed by the existence of Steenrod operations. More
precisely we have the following:

Proposition 1.11. There can not be a functor
Ag, : Top” — CDGAF,

such that there exists a zig-zag of quasi-isomorphisms of chain complexes over F,, between
Ar, (X) and C*(X,F,) that is natural in X (the similar thing is also impossible for C*(X,Z)
or over other non-rational rings).

There are however ways to remedy the situation and get sort of a commutative ring
structure:

e One can consider C*(X,F,) as a cosimplicial commutative algebra, that is a functor
A — CAlgg,. The cosimplicial algebra that models C*(X,F,) sends [n] € A to
the commutative algebra of maps HomSGt(SingX s IFp) with pointwise multiplication.
Here (SingX) = Homr,(JA"|, X) is the singular complex of X.

e One can consider C*(X,F,) as being equipped with a multiplication that is commu-
tative up to coherent homotopies. This sort of strucuture is called an E.-algebra
structure over IF, and will be discussed carefully in the course.

This two approaches are in fact intimately related. For every ring R there are ‘forgetful’

functors
Ho(CDGAR) huffley Ho(csCAlgy) — Ho(E, AlgR)

which do not change the underlying chain complex. If R is rational then these functors are
equivalences. This explains why we were able to find a rational commutative differential
graded algebra App(X) that models C*(X,Q) with the cosimplicial structure (or the Fo-
structure). But for R = F, or R = Z neither of the two functors is an equivalence. We will
however see that the second functor is fully faithful on the class of cosimplicial commutiative
algebras that arise as C*(X, R) for some space X.

Definition 1.12. We say that a simply connected space X whose homotopy groups are p-
complete and finitely generated (in the completed world), is a simply connected, finite type,
p-complete space.

One can show (and we will) that for every space X which is simply connected and of
finite type there is a p-completion X — Xzﬁ\ which has the effect of completion on homotopy
groups.

Theorem 1.13 (Goerss). Consider the functor

C*(—,F,) : Top” — csCAlgg,
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which assigns to every space its cochains C* (X, Fp) over the algebraic closure Fp considered
as a cosimplicial algebra. Then the associated functor

Ho(Top)” — Ho(csCAlgz )
s fully faithful on the subcategory of simply connected, finite type, p-complete spaces.

In fact we can recover every such space X as the space Map.cay,, (C*(X,F,),Fp) so
P

from the cochains with value in F,,. In fact Goerss proves a much sharper result, namely he
works with simplicial coalgebras insteadt of algebras to remove the finiteness hypothesis on
X. Also he considers the class of F,-local spaces. The key is a good algebraic understanding
of coalgebras over algebraically closed fields. We will explain all of that.

Theorem 1.14. There are functors
C*(—,F,): Ho (TOpGal(E/Fp)>Op — Ho <csCAlg]Fp>
C*(—,F,): Ho(Top)?” — Ho (csCAlg§;°b>

which are fully faithful on the subcategories of simply connected, finite type p-complete objects.

We will also prove a version over the integers. A similar but much deeper result has been
obtained by Mandell

Theorem 1.15 (Mandell). Consider the functor
C*(—,F,) : Ho(Top) — Ho (EooAlgE> :

then it is full faithful when on the subcategory of simply connected finite type p-complete
spaces.

The key is to use the Postnikov-Tower and find a good E.-presentation of the cochains
on Eilenberg-MacLane spaces. This will involve understanding the Steenrod actions. Gen-
eralization over [F),.

Theorem 1.16 (Lurie). There is a functor
C:(—,F,) : Ho (TopGal(E/Fp)yp — Ho (EooAlng) .

then it is full faithful when on the subcategory of simply connected finite type p-complete
spaces.

Mandell has even a sort of integral version. Therefore recall that a topoloigical space is
called nilpotent if its fundamental group is nilpotent and it acts nilpotently on the higher
homotopy groups. In particular all simply connected and simple spaces are nilpotent.

Theorem 1.17 (Mandell). Assume for two nilpotent topoloigcal spaces X and Y of finite
type the B -algebras C*(X,7Z) and C*(Y,Z) are equivalent as E-algebras over Z. Then X
and Y are weakly homotopy equivalent.

Unfortunately there is no analouge of the Sullivan minimal models. Thus the category
of cosimplicial rings, resp. F.-algebras are still very complicated to understand and maybe
not terribly algebraic.
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2 Bousfield localization of spaces

When we say space we shall mean a CW complex (or a Kan complex). In particular we will
only talk about homotopy equivalence and not weak homotopy equivalence (we will be more
careful about this aspect soon). Now let E be a homology theory on the category of spaces.

Definition 2.1. A morphism X — Y of spaces is called an E-equivalence if the induced
morphism E,(X) — F,(Y) is an isomorphisms. A space Z is called E-local if for every FE-
equivalence X — Y the induced map Map(Y, Z) — Map(X, Z) is a homotopy equivalence
(equivalently for every E-equivalence the induced map on homotopy classes [Y, Z] — [X, Z]
is an iso). A map X — Xpg is called E-localization if it is an E-equivalence and Xp is
E-local.

One of the main goals of this lecture is to show that an E-localization always exists and
try to understand it.

Example 2.2. o Let E = HQ be rational homology. Then the local objects are called
rational spaces and the map X — Xg s called a rationalization. A map X — Y
is a rational equivalence if an only if the induced map in cohomology H*(Y,Q) —
H*(X,Q) is an isomorphism as one immediately sees from UCT since H*(X,Q) =

Homg(H.(X,Q), Q).

o This implies that all Filenberg-Mac Lane spaces K(Q,n) are rational. More generally
using UCT shows that for a rational vector space V we have

H*(X,V) =Homg(H.(X,Q),V).
and thus that that K(V,n) is a rational space if V' is a rational vector space andn > 1.

e Rational spaces (as all E-local spaces) are obviously closed under homotopy limits. As-
sume a spaces X 1is simply connected or more generally simple. We have the Postnikov

tower
X ~lim7<, X
and since each T<, X sits in a (homotopy) pullback square
Tan pt

| |

Tgnle—>K<7Tn<X),n + 1)

we conclude inductively that if all homotopy groups of X are rational vector spaces
then X is a rational space. We will show the converse below.

Example 2.3. o Let = HF), be ordinary homology with mod p coefficients. The local
objects are called IF),-local spaces.

Sometimes the terminology p-complete and p-adic equivalence is used, but we try to
avoid that terminology since it conflicts with other uses of these words. More precisely
there is a another functor constructed by Sullivan et al. called p-profinite completion
of spaces that we will discuss later in the lecture. This agrees with F,-localization on
spaces with finitely generated homotopy groups. There is also a third p-completion
functor used by Bousfield-Kan that agrees with F,-localization on nilpotent spaces (or
more generally good spaces).
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o Again the same argument as above shows that K(V,n) is F,-local for every F,-vector
space V' since
H*(X,V) = Homg, (H.(X,Fp), V).

More generally we find that K(M,n) is F,-local for every Z/p*-module M as we have
a short exact sequence
0—pM — M — M/pM — 0

in which both outer modules are F,-vector spaces. This induces a long exact sequence
— H*(X,pM) — H*(X, M) — H*(X,M/pM) — H*"' (X, pM) — ...

which by the 5-Lemma implies the claim. Inductively using the decomposition of a
Z/p*-module M as
0—pM — M — M/pM — 0

we find that every Eilenberg Mac-Lane space K(M,n) for an Z/p™-module M is IF,-
local.

e Now the natural question is if for an abelian group M the Filenberg-Mac Lane spaces
K(M),n) is Fy-local. Recall that M) = @M/pk We certainly get that the space

1s p-local. To compute the homotopy groups of that space we use the Milnor sequence

and get
M) for x =n
Te(—) = @n,ch/pk%() forx=n+1
0 otherwise

This is equivalent to the space K(M)',n). As an example we see that K(Z),n) is
F,-local.

e Finally again using a Postnikov-Tower argument we can conclude that if a simple space
X has p-complete homotopy groups then it is Fy-local.

o Warning: for general M the map K(M,n) — K(M]',n) need not be an F,-equivalence,
but we will see that it is if M s finitely generated! Also we will see that there are lots of
spaces that are p-complete but whose homotopy groups are not p-complete in the naive
sense.

Proposition 2.4. An E-localization of X is, if it exists, uniquely up to canonical homo-
topy equivalence determined by X. The map X — Xg admits in Ho (Top)X/ the following
universal descriptions

o [t is initial among maps X — Y with Y an E-local space (Y =~ limZeHo(TOp)l)?; Z)

o [tis terminal among maps X — Y which are E-equivalences (Y =~ COlimZeHO(Top)equin)
X/

A map X — X' between E-local spaces is an E-equivalence if and only if it is a (weak)
homotopy equivalence.
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Proof. Let Ho(Top)r C Ho(Top) be the full subcategory of E-local spaces. Lets us prove
the last claim and leave the other two as an exercise. Assume that f : X — Y is an E-
equivalence and that X and Y are E-local. Then for every other E-local space Z (e.g. X
or Y itself) we get that [Y,Z] — [X, Z] is an isomorphism. But this shows that the map
on corepresented functors [ X, —|, [Y, —] : Ho(Top)r — Set is a natural iso, which by Yoneda
implies that the map X — Y is an iso in Ho(Top)g. O

Remark 2.5. Bousfield shows in [Bou7j|] that if E is connective it induces the same local-
ization as the homology theory H.(—, R) where R is either R = Z[J '] for J a set of primes
or R = ®pEJ Z/p. We will try to understand the cases R = Q and R = Z/p explicitly the
other cases work exactly similar.

A particular interesting case is that of the mop p Moore spectrum S/p. Then localization
with respect to that is equivalent to the IF,-localization as one sees as follows: The AHSS
H.(X,7m.(S/p)) = (S/p)«(X) implies that every IF,-equivalence is also an S/p-equivalence
(here we also have to use that H.(X, A) for A a finite, abelian p-torsion group is an iso if
H.(—:F,) is). Conversely since S/p@ HF, ~ HF,&XHF, we find that every S/p-equivalence
is also an Fy-equivalence. That last is a fact which is stably (i.e. for the category of spectra)
wrong (Why? Answer: The AHSS does not converge always stably, since it is not clear that
the morphism

X®S/p =~ yin(X ® T<nS/p)

is an equivalence. If X is a space this follows since it gets higher and higher connected).
Stmilarly one shows that localization with respect to ZQ 15 equivalent to localization with
respect to L) = Z[J7'] where J contains all primes except for p.

Theorem 2.6. 1. A simply connected space X s rational if and only if all homotopy
groups are rational.

2. A morphism f : X — Y between simply connected spaces is a rational equivalence
precisely if it induces an isomorphism m.(X) ® Q — m.(Y) ® Q.

3. For a simply connected space X there exists a rationalization X — Xg where Xg is
also simply connected

Proof. One direction of the first assertion has already been proved in Example 2.2l The
other direction will follow from the combination of (2) and the proof of (3).

To prove (2) assume that a morphims f : X — Y induces an isomorphism on rational-
ized homotopy groups. We have to show that it also induces and isomorphism in rational
homology. We consider the homotopy fibre F' which is connected and has torsion homotopy
groups. Using the Serre spectral sequence H.(Y, H.(F,Q)) = H.(X,Q) we see that it suf-
fices to show that the rational homology of F' vanishes in positive degrees. We prove this by
induction over the Postnikov Tower of F. We have H,(F,Q) = H,(7<,F,Q). Using induc-
tion and again the Serre Spectral sequence for the fibre sequence K(A,n) — 1<, F — 1< 1 F
we can reduce to the case where F' is an Eilenberg-Mac Lane space K(A,n) for a torsion
group A. Using the Serre Spectral sequence for

K(A,n) —»pt— K(An—1)

(which is H*(K(A,n — 1), H.(K(A,n),Q) = Q)we can assume that n = 1. Then A is a
filtered colimit of finite abelian groups. Thus we are left to show that for A finite abelian
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group the homology H.(K(A,1),Q) = H.(A,Q) vanishes in postive degrees, which is true
(by a transfer argument) and thereby proves part (2).

Finally to prove part (3) we want to construct Xg which has rational homotopy groups.
In fact we will prove a slightly more general statement, namely that there is X with rational
homotopy groups and a map X — Xg that induces an isomorphism on rational homotopy
groups. First assume X is an Eilenberg MacLane space K(A,n). Then we simply set
X = K(Ag,n) and by (1) and (2) this does the job. Assume we have a fibre sequence
X =Y — Z and we already have rationalizations of Y and Z (of the given form) then we
claim that the fibre of Yy — Zg is a rationalization of X. To see this call this fibre Xg then
we get a diagram To see this use that we have a long exact sequence

—— 41 (Z) ——= T (X) —— (V) ——=mp(Z) —

l L

—— Tn11(Zg) — m(Xq) — mu(Yg) — mu(Zg) —

of exact sequences. From the bottom one it follows that m,.;(Xg) is rational and then
tensoring the upper one with Q remains exact and we find that m.(Xg) = m.(X) ® Q.
Thus we can construct rationalization of the Postnikov sections 7<,, X inductively. But then
Xg = lim(7<,Xg) is a rationalization of X (the lim' terms vanish since the tower has
eventually constant homotopy groups in every degree). [

Similarly one can show that X is rational iff H.(X,Z) is rational and that we have an
isomorphism H,(Xqg;Z) = H.(X,Q). Now we turn to the considerably more complicated
case of the p-adic localization.

Definition 2.7. We say that an abelian group is derived p-complete if Hom(Z/p>, A) = 0
and the canonical map A — Ext(Z/p>, A) is an isomorphism where Z/p>* = hﬂZ/ Pt =
Z[1/p|)Z = Q/Zy) is the Pruefer group.

Remark 2.8. The Functors Ext(Z/p>,—) and Hom(Z/p>, —) are the left derived functors
of completion (which is not left exact!). Thus we have for example a short exact sequence

0— I&anor(Z/p", A) = Ext(Z/p>, A) = A} =0

For example if 7, X has bounded order of p-torsion (e.g. if it is finitely generated) we get that
Ext(Z/p>, A) = A} In particular we get that Z/p" and Z;) are derived p-complete groups.
Another way of stating the definition to the say that

A — RHom(Z/p™[~1], A) =~ limA /p"

is a quasi iso. This is by the ses Z — Z[1/p] — Z/p™ equivalent to saying that RHom(Z[1/p], A) ~
0.

It is true (but a bit tricky to prove.... ) that if A — Ext'(Z/p™®, A) is an isomorphism
that then also Hom(Z/p>, A) = 0 so that A is derived p-complete. Thus our definition is
slightly redundant. The argument (thanks to Tobi and Achim) is as follows: assume that
A= Ext'(Z/p>, A). Then the long exact sequence

0 — Hom(Z/p>, A) — Hom(Z[1/p], A) - Hom(Z, A) — Ext(Z/p>™, A)
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implies that the map Hom(Z[1/p], A) — Hom(Z, A) is zero. Similarly you see that also all
K\ *

the maps Hom(Z[1/p], A) v, Hom(Z, A) are zero. Unfolding what it means to have an

element in Hom(Z[1/p], A) this already shows that the whole group has to be zero. As a

consequence also Hom(Z/p>, A) is trivial.

Theorem 2.9. 1. A simply connected space X s F,-local if and only if all its homotopy
groups are derived p-complete.

2. A morphism X — Y of simply connected spaces is an F,-equivalence precisely if the
relative homotopy groups m,(Y, X) := m,_1fib(X — Y) are uniquely p-divisible.

3. For a simply connected space X there exists an IF,,-completion X — Xp, where Xp, is
also simply connected and we have a split short exact sequence

0 — Ext(Z/p>, 7, X) = 7, Xg, — Hom(Z/p™>, 7,1 X) = 0
We will prove part of this theorem in a couple of steps.

Lemma 2.10. An abelian group A is uniquely p-divisible precisely if RHom(Z/p>, A) ~ 0.

Proof. By the ses Z — Z[1/p| — Z/p*> we see that the vanishing of RHom(Z/p>, A) is
equivalent to saying that the canonical morphism RHom(Z[1/p], A) — A is an equivalence.
Thus A is a Z[1/p]-module. Conversely if A is a Z[1/p]-module then

RHom(Z/p>, A) ~ RHom(Z/p™, A®"Z[1/p]) ~ RHomgz ) (Z/p™®"Z[1/p], AR*Z[1/p]) ~ 0.

where Z/p™ ®F Z[1/p] is easily sees using flatness of Z[1/p] and the colimit description of
Z7/p™. O

Lemma 2.11. Under the same assumption as in the last lemma we have that H.(K(A,1),F,) =
0 for = > 1.

Proof. We can write the Z[1/p]-module A as filtered colimit of its finitely generated sub-
modules B C A. These are all summs of either finite groups of order coprime to p and
Z[1/p]. For the finite summands its clear that the group homology vanishes, thus it remains
to show that H,(Z[1/p],F,) = 0. To that end we write Z[1/p] as the colimit limH,(Z,F,)
by multiplication with p in Z. But since H,(Z,F,) = H,(S',F,) = F, for *x = 1 and 0 else
we get that this colimit is zero. O]

Lemma 2.12. Every morphism of simply connected spaces X — Y whose relative homotopy
groups are uniquely p-divisible s an IFp-equivalence.

Proof. Let FF — X — Y denote the homotopy fibre of the map which is connected. Using
the Serre-Spectral sequence H,(Y, H.(F\F,)) = H.(X,F,) we see that if suffices to show
that H,(F,F,) vanishes in positive degree. We want to show that for every connected space
F for which p-acts invertible on the homotopy groups the F,-homology H.(F,F,) vanishes in
positive degree. Now we use the Postnikov tower of F' and the same tricks as in the rational
case to reduce to the case F' = K (A, 1). But then it is the statement of Lemma [2.11] O



2 BOUSFIELD LOCALIZATION OF SPACES 12

Now we want to understand the F,-localization of the Eilenberg-Mac Lane spaces K (A, n).
Therefore let us define

K(A,n))p" = K(0<—A£A<—O<— )
~ fib(K(A,n+1) 2 K(A,n+1))
~ K(A/p*A,n) x K(Ap_tor,n+ 1)

where the first line is the Eilenberg-Mac Lane space associated to the chain complex that
sits in the bracket and which has A in degree n and n + 1 and 0 otherwise [[] Then we define

K(A n)g, == @K(A, n) /p"

Lemma 2.13. The canonical map K(A,n) — K(A,n)g, eshibits K(A,n)g, as the -
localization of K(A,n). Moreover the relative homotopy groups are uniquely p-divisible.

Proof. First we deduce from the fact that the homotopy groups of K (A,n)/p* are p-power
torsion that it is F,-local (see Example . Therefore also the limit is F,-local. Since
both spaces are EM-spaces associated to chain complexes the fibre is also an EM space
associated to the homotopy fibre of the map of chain complexes A — RHom(Z/p>, A)
which is RHom(Z[1/p], A). But this fibre is a Z[1/p] module, thus its homotopy groups are
Z[1/p]-modules. Then the last lemma finishes the proof. O

Also note that we have

Ext(Z/p>,A) forx=mn
T.(K(A,n)r,) = ¢ Hom(Z/p>, A) for x=n+1

0 else

Lemma 2.14. Assume that X — Xy, and Y — Yg, are F,-localizations whose relative
homotopy groups are uniquely p divisible Let f : X — Y be a map with fibre F' and Fg, the
fibre of the map Xv, — Yg,. Then the map F' — Fg, has the same property.

Proof. Consider the diagram

F X Y
Fy XF Yr

We get a long exact sequence .7, (Ff,, F') = m,(Xp,, X) = m,(YF,,Y) — ... which easily
implies that the relative homotopy groups of (Xg,, X) are Z[1/p] modules (since Z[1/p] is
flat).

O]

Partial Proof of Theorem[2.9. Tt follows from the last Lemma [2.13] and a Postnikov tower
argument that a simply connected space all of whose homotopy groups are derived p-complete
is [F-local. We also know by Lemma that a morphism whose relative homotopy groups
are Z[1/p] modules is an F,-equivalence.

LQuestion: are the maps zero or Bocksteins?
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Now we show that for every simply connected space X there is another simply connected
space Xy, with a map from X such that the fibre is uniquely p-divisible. If X is Eilenberg
Mac Lane then this follows from Lemma [2.13] Assume we know it for 7<_1, X. Then we use
the pullback

TSHX pt

| |

Tgnle—>K<7Tn<X),n —+ 1)

and the last Lemma to deduce it for 7<, X. Finally a limit argument shows if for X.

Finally if we have a map between simply connected spaces X — Y then it is an IF,-
equivalence iff the induced map Xp, — Y, is a homotopy equivalence. But the fibre F' of
the map X — Y is also the fibre of the map Fx — Fy where Fx and Fy are the fibres of
X — Xp, and Y — Y, as can be seen from the diagram

F——pt
+ |
Fx Fy pt
R
X Y Yr,
and thus it is clealy p-divisible by the long exact sequence. O]

We have not proved the converse of part (1) of the Theorem and the fomula for the
homotopy groups of the localization Xp,. We skip that but it can be done by a careful
analysis of the construction of the localization.

Let us finally note that these statement are more generally true than for simply connected
spaces. We will only mention these results and not give proofs. The classical reference is the
book [BKT72] by Bousfield and Kan.

Definition 2.15. A connected space is called simple if the fundamental group is abelian and
the action on all higher homotopy groups is trivial. A connected space X is called nilpotent
if the fundamental group (X)) is nilpotent and the action of m1(X) on m,(X) is nilpotent.
The first means that the lower central series

G:GO QGl 2 QGn:{e} GZ: [Gz;l,G]

terminates after finitely many steps in the trivial group. A m;(X)-module is nilpotent if it
admits finite filtration by 71 (X) such that m1(X) acts trivially on each filtration quotient
(think of an action in upper triangular form).

Example 2.16. Every abelian group is nilpotent. FEwvery trivial module is nilpotent. In

particular simple spaces are nilpotent. A further special case are simply connected spaces.
Upper unitriangular matrices over any field are nilpotent. A group that is not nilpotent

is the free group Z * 7 so S* vV S is not a nilpotent space. Also S'\V S? is not nilpotent

(why?).
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A morphism X — Y of spaces is called an K (A, n)-principal fibration (extra structure)
if it fits into a homotopy pullback square

X pt

|

Y —K(A,n+1)

Note that a morphism of spaces X — Y with homotopy fibre a K(A,n) is classified by a
morphism Y — B(hAutK(A,n)) ~ K(A,n + 1)haut.,a) Where this denotes the homotop
quotient (we have that hAuta,(K(A,n)) ~ Autap(A) x K(A,n+ 1)). Thus a priori it fits
into a pullback square

X BAutAb(A)

| |

Y — K(A> n+ 1)hAutAb(A)

and we seek to lift the classifying map through Y — K(A,n + 1). This is of couse possible
it Y is simply connected. We have the following more general result:

Lemma 2.17. A connected space is simple precisely of the Postnikov tower of X consists
of abelian principal fibrations. A connected space X is nilpotent precisely if the Postnikov
tower of X can be refined to a tower of principal fibrations. That means that for every n
there is a factorization

TSnX = XO — Xi... > X, = Tfn—lX
in which each map X; — X;11 is a principal K(A,n)-fibration for some abelian group A.
Corollary 2.18. FEvery nilpotent space is HZ-local.

Proof. We use a similar strategy as employed in Example 2.2 Every nilpotent space can
be Lemma be obtained as an iterated pullback of Eilenberg MacLane spaces K(A,n)
for A abelian. Thus it suffices to shows that K(A,n) is HZ local. Assume f: X — Y is a
homology equivalence. Using the 5-Lemma and the UCT sequence

0 — Ext(H,-1(X,Z),A) - H"(X,A) — Hom(H,(X,Z),A) — 0
we conclude that f induces an isomorphism [V, K(A,n)] — [X, K(A,n)]. O

For a nilpotent group G we say that G is Malcev-complete (or rational) if G admits unique
roots, i.e. for every g € G and integer n there exists a unique h € G such that ™ = g. For a
nilpotent group G we denote by 7 (G)q the Malcev completion of 7;(G) which universally
adds all roots i.e. is uniquely determined by a universal property. The question is whether
it exists. This is indeed the case and the map j : G — Gg can be characterized as follows
(due to Quillen Corollary 3.8 in the Appendix of Rational homotopy theory)

e (g is nilpotent and uniquely divisible
e The kernel of j is the torsion subgroup of GG

e For every g € Gg there exist n sucht hat ¢" € im (j).
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A construction is given as Gg = Grp(Q[G]}) where I = ker(Q[G] — Q) is the augmentation
ideal and Grp are the grouplike elements in a (complete) coalgebra, i.e. all elements h
with the property that A(h) = h®h. The relevant fact is that it induces on the abelian
quotients in the central series the old rationalization. Similarly one can make sense of a
group Ext(Z/p>, G) for G nilpotent such that it it reduces to the old thing on quotients (see
Bousfield-Kan).

Theorem 2.19 (Bousfield-Kan). Analogoues of Theorem and Theorem remain valid
for simple spaces and even for nilpotent spaces.

2.1 Some oo-category theory

Now we want work towards proving that localization for every homology theory E and every
space X exists (by the universal property it has to agree with the one we have discussed so
far). We will freely use the theory of co-categories as developed by Joyal, Lurie and others
in this course. Recall that an oo-category is a (large!) inner Kan simplicial set. For any pair
of oo-categories C and D there is a new oo-category Fun(C, D) which is just the inner Hom
in simplicial sets. We will also use that there is a theory of co-categories that works pretty
much like ordinary categories (limits, colimits, adjunctions etc.).

Definition 2.20. The oco-category S of spaces is the homotopy coherent nerve of the sim-
plicially enriched category of Kan complexes.

Concretely we have the following description of the simplicial set S = heN(Kan®):

1. a 0-simplex in § is a Kan complex

2. a l-simplex consists of two Kan complexes Xy, X; together with a simplicial map
Xo — X;1.

3. a 2-simplex of § is given by the following triple of data: three spaces Xy, X1, X»
together with maps

for 1 Xo = Xy fo2 1 Xo = Xo fi2 1 Xh — Xo

and finally a simplicial homotopy between fi5 o fo; and fos.
4. The n-simplices of S are given by simplicial functors €[A"] — Kan® where €[A"] is
the simplicial category with objects 0, ...,n and simplicial sets of morphisms given as

Mapgian (n,m) = N{M C {n,n+1,..,m} |n,me M},Q)

under inclusion. There is a functor
NTop — S

induced by the singular complex functor Sing : Top — Kan® (the left hand side is the
ordinary 1-category of topoloigcal spaces considered as a discrete simplicial category).

Definition 2.21. We will say that a functor C — C’ of co-categories exhibits C’" as the Dwyer-
Kan localization of C at a class W C C; of weak equivalence if for every other oco-category

D it induces an equivalence
Fun(C’, D) — Fun"" (C, D)

of co-categories where Fun' (C, D) C Fun(C, D) denotes the full subsimplicial set spanned by
those functors that send weak equivalences in C to equivalences in D. We write C' ~ C[IW 1.
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This in particular implies that Ho(C)[W '] ~ Ho(C'). Tt is easy to see that this universal
property determines C’ uniquely up to equivalence and also that it exisits for every large
oo-category (and is also large). For example one can construct C[W™!] as the homotopy
pushout

LleW Al e “
Lew A° cw=]

in the Joyal model structure or using Dywer-Kan’s Hammock localization.

Proposition 2.22. 1. The functor Sing : NTop — S exhibits S as the Dwyer-Kan local-
wzation at the weak equivalences.

2. The co-category S is presentable

Proof. The first statement is invariant under Quillen equivalence, hence we can replace Top
immediately by sSet (i.e. we have immediately NsSet[I¥ 1] ~ NTop[WW~!]. But then for
every simplicial,combinatorial model category M we have an equivalence

NM[W '] =~ heNME
and this is a presentable oo-category as shown in [Lur(09]. [

Presentability is an important concept here. A large oo-category C is called presentable
(the analogue of the property that is called locally presentable for ordinary categories) if it
admits all small colimits and there exists a regular cardinal x and an essentially small, full
subcategory Cy C C of k-compact objects such that every object in C can be written as a
r-filtered colimit of objects in Cy. For that to make sense recall that an oco-category I is
called r-filtered if for every functor

fiK—=1

with K k-small there exists an extension f : K* — I. An object z in an oco-category C is
called k-compact if for every colimit diagram p : I® — C with I a k-filtered oo-category (in
short: k-filtered colimit) the induced diagram Map,(z, p) is a colimit in spaces. In short: if
Map,(z, —) commutes with r-filtered colimits. If K = w then we will just say filtered and
compact and not w-filtered and w-compacft.

A nontrivial consequence of presentability for C is that C then also admits all small
limits (1) and that it is locally small (for every pair of objects a,b of C the mapping space
Mape(a, b) is essentially small).

Example 2.23. The ordinary category of sets is presentable as we can take finite sets as
the (essentially) small subcategory.

A priori if we invert a class of weak equivalence in an ordinary category D there is no
size control about ND[W™!].

Proposition 2.24. Let C be an oo-category. Then the following are essentially equivalent
data

1. full subcategories C° C C such that the inclusion admits a left adjoint (sometimes called
colocalizing subcategories).
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2. endofunctors L : C — C which admit a transformation n : ide — L such that the two
induced maps LX — L*X (which are no L and Lon) are equivalences for every X € C.

3. Classes of weak equivalences S in C (i.e. S C Cy) such that the Dwyer-Kan localization
C — C[S‘l] admits a right adjoint that is fully faithful (here two such S and S’ are
considered equivalent if those morphisms in C that are sent to equivalences in C[S™!]
and C[S"™'] agree).

Proof. We give a sketch, for details see [Lur09, Section 5.2.7]. First if we start with a colo-
calizing subcategory C° C C then we obtain a functor as in (2) by looking at the composition

L:C—=c'cc

and it comes with a transformation id — L as the unit of the adjunction. Then clearly if for
an object X € C° we find that the morphism X — L(X) is an equivalence. Since L(Y) is in
CY for every Y € C this shows that the functor L is idempotent.

Vice versa if we have a functor L as in (2) then we define C° := L(C) as the full subcategory
of C spanned by the essential image of L (this is in fact the essential image of L). By definition
we have an inclusion i : L(C) C C and an induced functor L’ : C — L(C). The transformation
above can now be interpreted as a trafo id — ¢ o L and it is easy to see that it exhbits an
adjunction between L’ and the inclusion.

Given an endofunctor L as in (1) and (2) we define S to be the set of morphisms that
are send to equivalences under L. To see that L' : C — C° is the Dwyer-Kan localization at
S we have to verify the universal property, namely that

(L)* : Fun(C°, D) — Fun®(C,D)

is an equivalence for any other oo-category D. An explicit inverse of the functor L* is given
by ¢* which follows easily from the fact that the transformation X — LX isin S.

If we are conversely given S then we look at the category of S-local objects, which are
the objects Z € C such that for every X — Y the induced morphims

Map(Y, Z) — Map(X, Z)

is an equivalence. We claim that this subcategory is equivalent to the essential image of the
right adjoint R of the functor L : C — C[S™!]. Certainly every RZ’ is local since

MapC(Xv RZ/) = MapC[Sfl](LXa Z/)
UJ

If we are given one of these equivalent data, then we say that C° s a Bousfield localization
of C. Note also that even if S is an arbitrary class of morphisms in C it makes sense to speak
of S-local objects and S-equivalences: an object X is called S-local if for every morphism
A — B in S the induced morphism Map(B, X) — Map(A, X) is a homotopy equivalences.
A morphism A — B is called S-equivalence if for every S-local object X the induced map
Map(B, X) — Map(A4, X) is an equivalence. The set of all S-equivalences is denoted by
S C C;. Clearly S C S. Finally note that the situation for homology localizations of
Ho(Top) is exactly situation (3) (clearly a localization of an co-category gives a localization
of the homotopy category). The question really is if there is an adjoint to inclusion of local
objects.
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Theorem 2.25 (Bousfield, Smith, Lurie). Let S be a class of morphisms in a presentable
oo-category C with corresponding full subcategory C° C C of S-local objects. Then TFAE

1. CY C C is colocalizing and C° is presentable.

2. C° C C is colocalizing and the inclusion preserves r-filtered colimits for some reqular
cardinal K

3. There exists a small set SO_Q S such that an object in C is S-local precisely if it is
S%-local (equivalently S° = S).

4. There exists a colimit preserving functor F': C — D to a presentable oo-category D
such that S consists of those morphisms which are sent to equivalences by F'.

This is in [Lur09, Section 5.5.4]. Do not confuse the Bousfield localization at S with
C[S™']. The two only agree (under the equivalent condition of the Theorem) if S = S or
equivalently if S is closed under pushouts, retracts and transfinite compositions.

Remark 2.26. In the situation of Theorem one can not directly characterize the
local objects in terms of the functor F' : C — D. But one can produce examples. Let
R : D — C denote the right adjoint to the functor F. Then R(Z) is S-local for every object
Z of D since we have

Map¢(X, RZ) ~ Map,(FX, Z).
But certainly in general not all S-local objects are of this form as the example
X¥:S—5p

shows. The 3%°-equivalences are precisely the HZ-equivalences (which are exactly the stable
equivalences). But R(Z) = Q>(Z) is a simple space for every spectrum Z, in particular has
abelian 7. We have already seen that nilpotent spaces are also HZ-local.

Remark 2.27. The topic of this lecture (in its simplest form) can now be abstractly formu-
lated as follows:

Find colimit preserving functors f : S — B where B is a presentable oo-category
of ‘algebraic’ nature such that the induced functor S[S™'] — B (equivalently the
restriction of flso : S® — B to the S-local objects S® C S) is fully faithful.

Under these assumptions the functor then admits a right adjoint R : B — S[S™'] (induced

by the right adjoint to f) and the questions whether f |so is fully faithful is then equivalent
to saying that the unit

X — RF(X) ~ Mapg(F(pt), F(X))

is an S-localization (the latter formula for X — RF(X) will become clear in Section [3).
Equivalently this map is an equivalence for every S-local object.

Example 2.28. This is for example far from being true for the functor
S —D(Z) X — Cu(X,Z)
as the unit is given by
X — Mapp g (Z, C.( ~ [ K (H 1)
and induces on homotopy groups the Hurewicz map

(X)) = H, (X, Z)
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2.2 Back to Homology localizations

In the following Sp is the oo-category of spectra. We will introduce this carefully in a second
but lets first sketch the application to Bousfield localization. The oo-category Sp is freely
generated from S as a stable, presentable co-category. As a consequence there is a unique
functor ® : Sp x Sp — Sp (the smash product) that preserves colimits seperately in each
variable and such that S® S ~ S.

Example 2.29. For every spectrum E consider the following functor
S — Sp X—=YFXQF

This preserves colimits and thus the Bousfield E-localization exists by Theorem[2.25. Clearly
the local equivalence are just the E-local equivalence of Definition |2. 1.

Definition 2.30. The oco-category Sp of spectra is defined as
Sp := Exc, (S S)

Here Sf* C S, is the full subcategory of the co-category of pointed spaces S, := heN(Kan?) ~
Spty consisting of finite pointed spaces (i.e. those generated under finite colimits from
SY = pt U pt). The oco-category Exc, (S S) C Fun(Sit, S) is the full subcategory con-
sisting of the reduced excisive functors F. A functor F' is called reduced if F'(pt) ~ pt and
excisive if it sends pushout squares to pullback squares.

The oo-category Sp is presentable. This can be seen as follows: the functor category
Fun(Sfi®, S) is presentable (as every functor category from a small oo-category to a pre-
sentable co-category). The claim is that Sp is a colocalizing subcategory that is presentable.
Using Theorem [2.25( we have to exhibit the reduced excisive functors as the set of S-local
objects for a set S. To this end use

S={0—=pt, XUxuzZ—Y}

where the underline denotes the corepresented functor and for every pushout square

Y X
J—XUy Z

in Sfin,
The functor Q® : Sp — S given by evaluation at S° admits a left adjoint denoted as
¥ : 8§ — Sp (this adjoint can be constructed as the composition Sp = Exc, (S, S) C

Fun(Sin, §) 5% 8).

Remark 2.31. Here are a couple of equivalent descriptions of Sp:

1. The oco-category Sp s the inverse limait
S48 88 %

of co-categories (the homotopy limit in the Joyal model category). Unfolding the def-
initions we get that a spectrum of this type is given by a sequence of pointed Kan
complexes (X,)n>0 together with pointed homotopy equivalences X, — QX 41.



2 BOUSFIELD LOCALIZATION OF SPACES 20

2. Sp =~ NSpyoagalW ™ where Spyoqe i one of the model categories of spectra (e.g.
sequential, symmetric, orthogonal etc...). If Spyoge @S moreover a simplicial model
category then we also have Sp ~ heN(Spyroqa) oy

Sp =~ Ind(@(Sf“ B, gfn X gfn ))

Here the colimit in the bracket is the oo-categorical avatar of the classical Spanier-
Whitehead category. An object in this colimit can be described as a pair consisting of a
nonegative integer n and a pointed finite CW complex X . The space of morphisms be-
tween (X, n) and (Y, m) is the homotopy colimit over the spaces Map, (SF~" X, Xk=mY)
as k — oo. Then Ind formally adds filtered colimits (so that the resulting category has
all colimits).

Ind(C) for a small co-category C is defined as the subcategory of P(C) := Fun(C,S)
consisting of the filtered colimits of representables. One can be more concrete: for any
pair of such filtered colimits liQXZ- and liﬂYQ (where we assume for simplicity that they

are indezed by N(Z=°,C) and X; and Y; are representable (i.e. in C C Fun(C,S))

Mapr,q(c) (h_n)lXu llﬂYz) ~ @gi@jMapC(Xi, X;)
That is how the Ind-category is usually defined 1-categorically.

Example 2.32. Consider the endofunctor Sp — Sp giwven by X — X ® E. Then the
localization at the E-equivalences exists. This is called the Bousfield localization of spectra
at the E-equivalences.

Theorem 2.33. For the spectrum E = HQ the exact analogue of Theorem holds true:
A spectrum X is rational if and only if all homotopy groups are rational and a morphism
f: X =Y of spectra is a rational equivalence precisely if it induces an isomorphism m,(X)®
Q — m(Y)®Q. In fact there is a formula Xo ~ X @ HQ.

For the spectrum E = S/p the exact analogue of Theorem holds true: A spectrum X
is p-complete (aka S/p-local) if and only if all its homotopy groups are derived p-complete.
A morphism X — Y of spectra is an Fp,-equivalence precisely if the homotopy fibre has
uniquely p-divisible homotopy groups. For the p-completion of any spectrum we have a split
short exact sequence

0 — Ext(Z/p>, 7, X) = 1, X, — Hom(Z/p*, mp_1X) = 0
In fact there is a formula
X} ~map(S7'S/p®, X) ~ @X//p"
where S/p> is the Moore spectrum for the Priifer group Z/p> which can be obtained as the
cofibre of the map S — S[1/p].

Proof. Everything follows from the formulas for the localization. Thus we need to proof that
X — X ® HQ is a rationalization. This is obvious since HQ ® HQ ~ HQ.

Using the fibre sequence Y7!'S/p® — S — S[1/p] we see that the fibre of the map
X — map(XS/p>, X) is given by map(S[1/p|, X). This fibre is an S[1/p]-module and we
claim more generally that every S[1/p]-module M is acyclic. To see this we use the fibre
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sequence M — M[1/p| = M ® S/p*> in which the first morphism is an equivalence. Finally
we have to show that @X J/p" is p-complete. This follows exacty as in Example by
inductively showing that all X /p" are p-complete.

The deduction of the formula for homotopy groups is left to the audience. Better try to
prove the more general fact that for every Moore spectrum M A and every spectrum X there
is a short exact sequence

0 — Ext(A, m,41X) = mymap(MA, X) - Hom(A,7,X) — 0

This is in generall not splittable as the example MA = X = §/2 of the mod 2 Moore
spectrum shows, since in this case the sequence becomes Z/2 — Z/4 — Z/2. Thus we need
an argument for the splitting. O

In fact the above proof just shows that rational spectra are exactly modules over HQ
(we have not really spoken about module objects so far...). Note how much easier this result
was than the corresponding one for spaces...

Definition 2.34. The oco-category of chain complexes over a ring R is defined as the co-
category
D(R) := N(Chg)[q "]

where Chpg is the ordinary 1l-category of R-chain complexes and ¢ is the class of quasi-
isomorphisms.

Remark 2.35. Here are a couple of equivalent descriptions of D(R):

1. The oo-category Chgr is equivalent to the homotopy coherent nerve of the following
simplicial category: objects are DG-projective chain complexes and the simplicial set of
morphisms from Cy to D, is given by the simplicial set associated to the chain complex
of maps from Co to De. (DG-projective means that the chain complex is levelwise
projective and that every map from it to an exact chain complexis chain nullhomotopic.
FEquivalently that Hom(C,, —) preserves quasi-isomorphisms).

2. The oo-category Chpg is equivalent to the homotopy coherent nerve of the following
simplicial category: objects are DG-injective chain complexes and the simplicial set of
morphisms from Cy to D is given by the simplicial set associated to the chain complex
of maps from Cs to D.. (DG-injective for Co means that every entry C, is injec-
tive and every morphims from an exact chain complex to Cy is chain nullhomotopic.
Equivalently that Hom(—, C,) preserves quasi-isomorphisms).

3. The oco-category Chg is equivalent to the oo-category of module spectra over the Eilenberg-
Mac Lane spectrum HR. This essentially follows by observing that Ch is a presentable,
stable oo-category with a single compact generator which is the chain complex R and
whose endomorphism spectrum is given by HR.

In particular the co-category D(R) is presentable and stable. The homotopy category of D(R)
15 the ordinary unbounded derived category of the ring R.

There is a ‘forgetful functor’
D(Z) — Sp



3 RATIONAL DIFFERENTIAL FORMS FOR SPACES 22

which has both adjoints. This functor is not fully faithful (there are Steenrod operations...)
nor essentially surjective. The image consists exactly of those spectra all of whose k-
invariants vanish, i.e. which are products of Eilenberg Mac-Lane spectra for groups. If
R is commutative then there is again a functor

®r : D(R) x D(R) — D(R)

such that it preserves colimits seperately in each variable and such that R @z R ~ R. It
is obtained by deriving the ordinary tensor product but also uniquely (in the appropriate
sense) characterized by the properties above.

Example 2.36. For every chain complex E € D(Z) there is an endofunctor given by ten-
soring with E and thus a resulting Bousfield localization of D(Z). Again this Bousfield
localization for the case E = Q0] and E = TF,[0] satisfies the same result as Theorem[2.35

3 Rational differential forms for spaces

Now we want to use the universal property of the co-category of spaces. Roughly speaking
it says, that spaces are freely generated under pushouts from the point.

Proposition 3.1 ([Lur09]). For every large co-category D which admits all small colimits
the functor
Fun®(S,D) — D

induced from the inclusion A° P S is an equivalence of co-categories. Here Fun™(S, D) C
Fun(S, D) denotes the full subcategory of Fun(S, D) consisting of those functors that preserve
all small colimats.

Proof. We sketch the idea. The point is that any space X € & can be written as the colimits
colimxpt of the constant diagram on the indexing oo-category X. Thus the value of any
colimit preserving functor F' : & — D on X is necessarily given by colimx F'(pt) and thus
determined by the value on the pt. O]

We shall denote the functor & — D induced by d € D as X — X ® d. In fact if D is
locally small then the functor

D—S y — Mapp(d,y)
is right adjoint to D.

Example 3.2. 1. If D = S the infinity category of spaces then every colimit preserving
endofunctor is of the form X — X x D for some space D. The right adjoint is given
by Mapg (D, —).

2. Bvery colimit preserving functor from spaces to spectra is given by X — NFX @ B ~
X ® E for some spectrum E (i.e. by taking E-homology of X ).

What are concrete ways of constructing functors & — D that are colimit preserving? By
the fact that S is the Dwyer-Kan localization of Top at the weak homotopy equivalences it
follows that a functor § — D can equivalenlty be described as a fucntor NTop — D. Let R
be a ring.
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Proposition 3.3. The chain functor C(—, R) : S — D(R) induced by the respective functor
Top — Chpg preserves colimits and the functor C*(—, R) : S — D(R) preserves limits for
every ring R.

Proof. First it is clear that the functor in question, i.e. the fatorization of Top — Chg
to the oo-level exists, since Cy(—, R) : Top — Chp sends weak equivalence of spaces to

quasi-isomorphisms. We observe that we have for a disjoint union of spaces X = | | X; that
Ci(X;, R) ~ @ C.(X;, R), Moreover we have for a pushout square

FUNV) F(U)
F(V) FUuUV)

in D(R) for every open cover by two sets of a space X. This is a formal consequence of the
existence of a Mayer-Vietoris sequence since we can just inert the homotopy pushout of chain
complexes into the square (say P) and then both, P as well as F'(U U V') have compatible
Mayer-Viertoris sequences. Thus an application of the 5-Lemma proves that F'(U U V) is
quasi-isomorphic to P. For the functor C*(—, R) we have similary that it sends disjoint
unions to products and pushouts to pullbacks.

Thus it suffices to prove the following: assume a functor NTop — C for some oco-category
C sends weak equivalences to equivalences, open covers {U,V} of X = U UV to pushouts
and disjoint unions to coproducts. Then the induced functor S — C is colimit preserving.

To see this we use that every pushout in & can up to equivalence be described as a
cellular pushout for cellular inclusions. Choosing open neighbourhoods then shows that every
pushout can up to equivalence be decribed as an open cover pushout. Thus the assumptions
imply that the induced functor & — C preserves pushouts and infinite coproducts. It is
a general fact that in a oco-category all colimits are generated from pushouts and infinite
coproducts. Thus it preserves all colimits. [

Remark 3.4. There is a ‘better’ proof of the above fact as follows: the chain functor factors
through simplicial sets, i.e. we have a factorization

Sing

Top N Chp

and since the first induces an equivalence after Dwyer-Kan localisation we can just prove
that the second functor preserves weak equivalences and colimits.

A sufficient criterion for a functor F : sSet — M where M is a model category to induce
a colimit preserving functor S — My, = NM[w™1] is the following: the functor F is left
adjoint (as a functor of 1-categories), the induced map F(OA™) — F(A™) is a cofibration
and F(A}) — F(A") is a trivial cofibration. This is well known. The argument works as
follows:

We first arque that F' preserves weak equivalences. To this end we first arque that it
sends trivial cofibration to trivial cofibrations. Then since every weak equivalence f : X — Y

can be factored as a X = X 2 Y with a a trivial cofibration and b a right inverse to

a trivial cofibration this implies that F' preserves weak equivalence. Now we consider the
induced functor F' : NsSet — My,. There is also a functor G : NsSet — My with a
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natural transformation G — F which does preserve weak equivalence and induces a colimit
preserving functor (it is determined by the value on the point which we set to be F(pt)). Now
we want to show that for every simplicial set X the map G(X) — F(X) is an equivalence.
We will do this by induction over the dimension of X. FEventually it suffice to prove that
attaching a cell preserves this. Since we have that

F(OA™) F(X)

| |

F(A™) —— F(A" Ugan X)

this follows by induction over the cells and finally using the filtered colimit.

This criterion is in the case of the functor C.(—, R) and the injective model structure
(cofibrations being monos) on Chg obviously satisfied since C.(—, R) preserves monos and
for a horn is a quasi-iso (as it is for example equivalent to the chain complex generated by
the non-degenerate simplices).

As a next goal we want to define the piecwise linear differential forms for a topological
space X. We will first do this for simplicial sets. Therefore let us start with the simplicial
set A™. Then we define

(AT = Ao(zoy vy Ty, dxg, ..., dxy)
o S et =1L dry =0

with degz; = 0 and degdzr; = 1. By Ag we mean the free rational, commutative graded
algebra and it is equipped with a differential d(z;) = dx;. It can also be described (!7) as
the free CDGA on generators zy, .., x, with > z; = 1.

For example in degree 0 it is given by polynomial functions

@[f(b“'axn] —. A
dicoTi=1

on the algebraic n-simplex SpecA. Then the piecwise linear differential forms are the algebra
of Kahler differentials on that. As a result from this description we immediately get that

AOPL(AR) =

pr(A") @y, (an) CT(|A"]) = Q7(JA"))

where we use the obvious inclusion A — C*(]A"|). To see this use that Q"(|]A"|) for a
smooth manifold M has the correct rank as a module over C*(|A"|).

Then App(A®) forms a simplicial object in the category CDGAg given by the obvious
(17) face and degeneracy operators which can be described as follows:

Tk k<1
0; + Ap (A") — A}L(Anfl) Tp+— <0 k=1
Trp_1 k>1
and
Tk k<1
si 0 App (A™) — App (A™) Tp = T+ X1 k=1

Thi1 k >
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Definition 3.5. For a simplicial set X we define
pr(X) = Homgset (Sing(X), App(A*))

where we consider the target as a simplicial set by forgetting the differential, the grading, the
algebra structure and the rational vector space structure. Then this inherits the pointwise
structure of a rational CDGA from these structures. In other words the degree n component
A"(X) is given by Homgset (Sing(X), A%, (A®)) for fixed n. For a topological space Y we set
App(Y) := Ap(SingY).

This defines a functor
App : Top = CDGAg

Remark 3.6. This functor is equivalent to the functor obtained by first forming the right

Kan extension

A 2L CDGAg
7

e
e
e
'

sSet”’

and then postcomposing with the singular complex functor Top” — sSet®”. The right Kan
extension itself can by described as the functor

X — / HomSet(X’rn A}L(An))
neA

which s clearly given by the simplicial maps.

Remark 3.7. The definition of Apr(X) makes sense over any field and even over rings.
There is a priori no characteristic 0 bound. It turns out that in general is really oddly
behaved, e.g. the next proposition fails very badly (thanks to Matthew for pointing out that
even Apr(A™) is non-contractible over IF,,).

Proposition 3.8. If we consider Ap; as a functor Top™ — Chg then it is naturally quasi-
isomorphic to C*(—, Q). In particular it sends weak equivalence to quasi-isomorphisms and
the induced functor S — D(Q) preserves limits (thus it is right adjont since the target is
locally small by the discussion at the beginning of this section) .

Proof. We first construct a map
[0 5 )
natural in the topoloigal space X. By abstract nonsense it suffices to provide a natural map
pr(A") = C7(A", Q)

such a map is provided by the usual integration map which is in this case certainly a quasi-iso
(note that A™ is the simplicial simplex and not the geometric one). We claim that 4 sends
0A™ — A" to a fibration, i.e. the restriction

.APL(AH) — ApL(aA”)
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is a levelwise surjective map of chain complexes. This is clear since it is in level n given by
Homgget (A", A%, (A®)) — Homggser (OA™, AL, (A®))

and since the underying simplicial set of A%, (A®) is a contractible Kan complex this is
surjective. To see that it is a contractible Kan complex use ... Now use induction on
dimension of X to finish the proof. m

Now we need to understand the co-categories of of CDGA’s and of DGA’s over a ring R.

Definition 3.9. Let R be a commutative ring. Then we define the co-category of CDGA’s
over R as
CDGA% := N(CDGAR)[g™ "]

where ¢ are the morphisms of CDGA’s whose underyling morphism of chain complexes is a
quasi-isomorphism. Similarly we define the category of DGA’s over any ring R as

DGAY% := N(DGAR)[¢ ]

The following theorem is (in the language of model categories) well known and due to
many people.

Theorem 3.10. The oo-categories CDGAg and DGAFR for an arbitrary ring are presentable
and the canonical forgetful functors

CDGAgZ — DGAg — D(Q) DGAY — D(R)
are right adjoint, in particular preserve all limits.

This statement follows from the existence of transfered model structures and is standard.
We will skip it here since we will discuss these model structures more extensively soon.

Remark 3.11. The CDGA part of the Theorem fails very badly over field of positive char-
acteristic or rings. We do not know whether CDGAF’ is presentable or has limits/colimits.
But even if it has limits then the forgetful map CDGAOO — D(F,) can not be limit preserving
which makes would make it useless for our purposes.

Corollary 3.12. 1. The functor C*(—, R) induces a limit preserving functor
S? — DGAY

2. The functor App induces a limit preserving functor

S — CDGA

3. The composition Sev Art, CDGAG — DGAG is equivalent to the functor C*(—, Q).
In partciular the cohomology algebm of A%, is isomorphic to the cohomology ring
H*(X,Q) for every space X.

Proof. We know in all cases that the functors preserve limits since they do by what we
have earilier shown when considered as functors with value in chain complexes (the forgetful
functors reflect equivalences and preserves limits). Thus it suffices again to compare on
points, where it is obvious. [
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Remark 3.13. One does not even need to construct Apy, explicitly to know that there is
a CDGA model for C*(—,Q) and proceed with the abstract theory. The mere existence of
limits in CDGAQ and the fact that the forgetful functor CDGAgy — DGAg preserves limits
allows to deduce that there is a factorization of C*(—, Q) through a functor of CDGAs.

Remark 3.14. It follows that there exists a zig-zag of natural quasi-isomorphisms between
the functors Apy, : Top” — CDGAg — DGAgq and the functor C*(—, Q) : Top” — DGAg.
This is a non-trivial result. Even for a fized manifold M and for ordinary differential forms
its tricky to exhibit a direct quasi-isomorpism of DGAs between Q*(M) and C*(M,R) as the
usual deRham map is not strictly multiplicaitve.

3.1 Cosimplicial algebras

We have seen that the rational approach, namely to refine the DGA C*(—,Q) to a CDGA
does not naively work in the characteristic p-case. Later we will use Steenrod operations
to prove a hard no-go theorem for that. Thus we now want to discuss ways around that.
There are two possibilities (as already said in the intro): cosimplicial commutative rings or
[E.-algebras. This will be the content of this and the next section.

Definition 3.15. Let R be a commutative ring. The ordinary category of cosimplicial
commutative R-algebras is defined as cosimplicial objects in the category of commutative
R-algebras

csCAlgy := Fun(A, CAlgy)

Recall that we can picture such a cosimplicial algebra A® as follows:

80 L
AP Al A?
_—
o1 9

where the 0; are the (co)face operators and the s; are the codegeneracy operators. Every
cosimplicial commutative algebra A® has an underlying cohomologically positively graded
chain complex (A®,d) whose n-th group is given by A" and whose differential is the alter-
nating sum of the coface operators

d: A" > A" g =Y (=1)';

Proposition 3.16. The singular chain complex functor admits a refinement
C*(—, R) : sSet” — csCAlgp

where C*(X, R) sends [n] € A to the commutative algebra of maps Homge (Xn,R) with
pointwise multiplication. Under the forgetful functor csCAlgp — Chp this agrees with the
old singular chain complex.

Definition 3.17. We define the oco-category of cosimplicial R-algebras as
csCAlg® = NesCAlg[g ]

where ¢ are the morphisms which induce on underlying chain complexes a quasi-isomorphism.
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By definition we have a functor csCAlgy — D(R) which reflects equivalences. Thus we
immediately see that the functor C*(—, R) induces a functor

S — csCAlgy

Now we want to discuss the relation between cosimplicial commutative algebras, CDGAs
and DGAs. We will establish canonical functors

CDCAZ’ — csCAlg, — DGAR

which preserve the underlying chain complex up to quasi-isomorphism and thus the notion
of equivalence. In particular they will immediately refine to functors on the respective co-
categories. For this I found [Frel5, Section 5] a good reference. We will start with the second
functor:

Let A® be a cosimplicial R-algebra (actually we will only need associativity of A here).
In order to make the associated chain complex into a DGA we have to supply maps

R— A"  and AfFggAl — AFY

which are maps of chain complexes and consitute a DGA over R. The first map is given by
the unit in A° and the second is the Alexander-Whitney map

T @y > (7). (00)y

where o : [k] = [k + 1] is the ‘front face’ given by the map that sends i € [k] to i € [k +].
The map oy : [I] = [k +1] is the back face that sends i € [I] to i + k € [I]. In other words we
have the inclusions

0,1, .k} 5 {0,1, .k k+1,.., 0 & {0,1,....1}
that interlap exactly in k.

Lemma 3.18. This endows (A®,d) with the structure of a DGA over R and supplies a
functor csCAlg, — DGAR.

Proof. Explicit check, left for the reader. O]

Note that the Alexander-Whitney map is not symmetric in any sense, so that there is
no way to extend this construction to the commutative situation. One can more generally
shot that the functor Chz’ — Fun(A, Modg) admits a lax monoidal structure (but not lax
symmetric monoidal!).

In order to describe the functor CDGAp — csCAlg, we have to review a bit of the
Dold-Kan equivalence. So far we have used the functor which sends a cosimplicial abelian
group or R-module M* to the chain complex which is M™ in (cohomological) degree n. A
better variant of this functor is the (cosimplicial version) of the reduced Moore functor N M*

defined as »
(NM®) = (\ker (s;: M' — M) € M"
=0

where the s; are the codegeneracy operators. The differential is defined as the restiction
of the old differential, i.e. by the alternating sum of face operators. Thus we have that
(NM*,d) C (M*,d) is a subcochain complex. This inclusion is a quasi-isomorphism (in fact
a chain homotopy equivalence).
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Proposition 3.19 (Dold-Kan). The functor
N : Fun(A, Modg) — Chz’
is an equivalence of categories.

Remark 3.20. If A® is a cosimplicial algebra then the DGA structure on (A®,d) restricts
to a DGA structure on (NA®,d) C (A®,d).This defines a variant of the functor csCAlgy —
DGAR. Since the inclusion is a quasi-iso this does not make a real difference.

To verify this one has to check that for two elements v € A* and y € A' in the kernel
of all codegeneracy maps the product (of).x - (04).y is also in the kernel of all codegeneracy
maps. We first use that

si(ogx - opy) = (siooy)(x) - (si00m)(y)

For i < k we have that s;00p = oyos; : [k] = [k +1]. Fori > k we have that s; o o}, =
0p 0 Si—g 1 [l] = [k =1] as one verifies by an explicit calculation.

One can use the fact that the source of our Dold-Kan correspondence is a functor category
and the fact that IV is obviously colimit preserving to derive an ‘explicit’ form of the inverse.
The inverse K : Chz’ — Fun(A, Modg) is given by K(C*),, = Homcp, (NG, C*) where G,
is the cosimplicial R-module

RlHoma (], 0)) === R{Hom (), (1)) =% RlHom i, [2)]

where R[X] denotes the free R-module generated by the set X. This functor is by construc-
tion right adjoint to N and to prove the Dold-Kan equivalence one makes the functor I even
more explicit, e.g. using the following Lemma. This we first learned from the article [Get15]
of Ezra Getzler.

Lemma 3.21. There is a canonical isomorphism NG, = (A,)"Y where A" is the exterior

algebra (over R) on RI%"} where the generators e; € RI%+™ sit in cohomological degree -1.
The differential is defined on generators by de; = 1. This isomorphism is compatible with
the simplicial maps and sends the algebra structure on A™ to the coalgebra structure on NG,
(this coalgebra structure comes from the coalgebra structure on G, using Proposition m
below).

As a consequence we get an induced isomorphism
’C(C.)n = HomChR (NGn, C.)
= HOHlChR<R[O], c* & NGX)
= 7°(C* @A)
where we have used that NG, is dualisable. If C*® is a CDGA the latter clearly carries

a commutative product. More generally from this description the functor K admits the
structure of a lax symmetric monoidal functor.

Proposition 3.22. This gives a well defined functor CDGAg — csCAlgr. The composition
CDGApR — csCAlgp R DGAFR is equivalent to the identity.



3 RATIONAL DIFFERENTIAL FORMS FOR SPACES 30

Proof. The first part of the claim ist clear. It remains to show that the composition is
equivalent to the identity.... O]

Withour our explicit description of the functor there is another abstract argument show-
ing that the functor in question admits a lax symmetric monoidal structure. By abstract
nonsense this is the same as an oplax symmetric monoidal structure on the inverse N. This
is a well known structure called the Eilenberg-Zilber or shuffle map.

Proposition 3.23. The functor N : Fun(A, Modg) — Chﬁ0 admits the structure of a oplax
symmetric monoidal transformation. That is there is a natural morphism

A:N(C*®D*) — NC*® ND*

which is symmetric and associative and an isomorphism N(R™") = R[0]. Moreover A is a
quasi-iso for all C'* and D°.

Proof. We define the map A in degree n
A:N(C*®D*)"'CC"®D"— (NC*® ND*)" C P C*@ "

ptq=n

and in the (p, q) factor as
A(ZL‘ ® y) - ZSign(U) ’ fa(x) ® ba(y)

where the sum runs over all shuffle permutations o € ¥,,, with o(1) < ... < o(p) and
olp+1) <..<o(p+q). For any such o the maps f, : [p+q] — [p] and b, : [p + q] — [q]
are given by

fo =501y Sotprqg  ARd by = S,(1) " So(p)
(HERE IS A MISTAKE WITH THESE MAPS) Now there are a couple of things to check.
First symmetry is clear since interchanging x and y exactly results in a sign as needed.
Associativity is seen similary by using a 3-dimensional shuffle description. [

Proposition 3.24. The oo-category csCAlgy is presentable and the canonical forgetful func-
tor csCAlgy — D(R) preserves limits (and reflects equivalences).

Proof. There is a well known combinatorial model structure on cosimplicial commutative
rings such that the forgetful functor csCAlg, — Chp is right Quillen. This will be discussed
in more detail later. O]

Corollary 3.25. The functors S Apr, CDGAY — csCAlgy and S RSN csCAlgy

are equivalent.

Proof. Both functors preserve limits (as the underlying D(R)-valued functors do). Thus it
suffices to compare them on the point which is easy. [

The next corollary has essentially the same proof as the last. It will be used later the
prove that there can not be a variant of Apy, in non-rational situations (see Proposition m
in the introduction).

Corollary 3.26. Assume we are given a functor Ag : Top” — CDGAg whose composite
NTop” — NCDGARr — D(R) is equivalent to C*(—,R). Then the functor NTop® —
NCDGApR — csCAlgy is equivalent to the cochains functor. In particular for every space X
there is an zig-zag of quasi-isomorphisms of cosimplicial rings C*(X, R) ~ Ar(X).
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4 Coalgebras and Goerss’ theorem

In the last section we have seen that the chains C*(X, R) have the extra structure of a
cosimplicial commutative R-algebra or in the rational case (up to equivalence) the structure
of a CDGA. There is a coalgebra structure on singular chains C, (X, R) which dualises to this
structure. Thus the coalgebra structure should be considered the more fundamental object.
More precisely for every simplicial set X the chains C,(X, R) which are given in degree n
by R[X,] (i.e. the R-module generated by X,). This carries a cocommutative coalgebra
structure induced from the diagonal X,, — X,, x X,, since R[X,, x X,,] = R[X,] ®r R[X,].

Definition 4.1. Let coCAlgy denote the category of cocommutative coalgebras over a com-
mutative ring R. By scoCAlg, we denote the category of simplicial objects in coCAlgy and
refer to it as simplicial (cocommutative) coalgebras. For convenience we will suppress the
adjective cocommutative and take the convention that all coalgebras are cocommutative.

By coCAlgy we dento the co-category obtained from scoCAlgy by inverting the under-
lying quasi-isomorphisms.

With this notation we have a functor C,(—, R) : sSet — scoCAlgy which refines to a
functor Ci.(—, R) : & — scoCAlgy. Recall that we denote by Si the Bousfield H R-local
spaces. Then we clearly get an induced functor S — scoCAlgy by restriction (which
is the same as factoring using the fact that Si is a DK-localization at the R-homology
equivalences).The result that we want to prove now is

Theorem 4.2 (Goerss). The functor C.(—, k) : Sg — scoCAlgy® is fully faithful for an
algebraically closed field k.

Let us note that the target category is a presentable oo-category as a consequence of
model structures that we will discuss later. The idea of the proof is the construct an explicit
right adjoint with unit an equivalence. We first start by an analogous fact in ordinary land.

Lemma 4.3. For every ring R the functor
R[—] : Set — coCAlgp
admits a right adjoint given by
(—)8 : coCAlg, — Set C — Homeocalg, (R, C)

Proof. Clear. O]

First we will denote the comulitplication for a coalgebra over R by A : C' — C ®gr C' and
the counit by € : C' — R. For example for the coalgebra R (over R) the comultiplication is
given by A(r) =r-(1® 1) € R®g R and the counit by the identity.

Using this the right adjoint (—)& can be made more explicit. Therefore note that a
morphism R — C' of coalgebras is given by sending 1 € R to an element ¢ € C' which has
the property that A(c) = ¢® ¢ and €(c¢) = 1. Such elements are called grouplike. Vice versa
every grouplike element in C' determines a unique morphism of coalgebras R — C. Thus
the right adjoin is given by sending a coalgebra C' to the subset C'8? C (.

Lemma 4.4. Let R be an integral domain. Then the unit X — R[X|8Pof the adjunction is
a bigection. In particular R|—| : Set — coCAlgy is fully faithful.
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Proof. The comultiplication A : R[X] — R[X] ® R[X] is given by A(z) = 2 ® x where
x € R[X] denotes the basis element z corresponding to x € X. The counit € : R[X]| — R is
given by €(x) = 1. Thus clearly all basis elements are grouplike. Let y = > _\ .- = € R|z]
be a grouplike element of R[X]. Then we get that > _ %, = 1 and that

D r@r=Al) =yQy= D Y-y 107,

zeX z,x'eX

We obtain that v, vy,» = 0,,./y,. By the first condition there has the be a non-zero coefficient,
say Y.,. Lhen since ygo = Y., by the second propery we find that y,, = 1 and by y,, - y. =0
for x # x¢ we find that all other coefficients are zero. O

Using this observation and assuming that R is a domain we find that the functor
C.(—, R) : sSet — scoCAlgy, is fully faithful and in fact has a left inverse given by (—)% :
scoCAlgp — sSet. All we need to do to prove Goerss theorem is to show that this adjoint
functor also descents to a functor scoCAlgy — Sk to prove that Ci(—, R) is fully faithful
(since then this induces an adjunction on the level of co-categories). Thus we have to in-
vestigate when the functor (—)% sends quasi-isomorphisms to R-homology equivalences of
spaces. Since R-homology equivalences are detected by applying Ci(—, R) this comes down

to trying to understand the composition functor
scoCAlg, — scoCAlg,  Co — R[CSP]

and when it preserves quasi-isomorphisms (a prioiri it could also be that we have to derive
the functor but this will not be the case here...). It will turn out that this is the case for
R = k an algebraically closed field. In fact we will show that the counit map k[C] — C,
is naturally split injective in this case.

4.1 Structure theory for coalgebras

A good source for the basic theory of coalgebras is [Swe69]. The presentation here follows
Goerss’ paper [Goe95] with some additions. Recall that all all coalgebras are cocommutative.

Proposition 4.5 (Fundamental theorem of coalgebras). Let C' be a coalgebra over a field k
and x € C. Then there exists a finite dimensional subcoalgebra D C C with x € D.

Proof. Write A(xz) =), z; ® ¢; and

(A@id)(A@) =) Al@)®c =Y a;®@b;@c.
7 2,
We can assume that the (¢;);e; are linearly independet and the (a;);c; are also linearly
independent (to see that the form given above and the independence is possible assume for
example that the ¢; and q; all lie in a prefixed basis). Let D C C' be the subspace spanned
by the b;;. Now by counitality we have x =}, . €(a;) - bij - €(c;) € D. We want to show that
D is a subcoalgebra, i.e, that A(D) C D ® D which then finishes the proof since D is by
definition finite dimensional.
First note that we have

Z Afaj) ®@ by @ ¢; = Zaj ® A(bij) @ ¢

1,J 1]
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by coassociativity. Since the ¢; are linearly independent this implies that for every i we have
Zj A((l]’) ® bij = Zj CL]' ® A(bm) ThUS

Y a;@Alby) eCRC®D

J

and since the (a;);es are linearly independent this implies that A(b;;) € C ® D. A similar
argument shows A(b;;) € D ® C and thus we have A(b;;) e Co DND®C=D®D. O

It easily follows that every finite sequence of elements 1, .., z,, or every finite dimensional
subspace is contained in a finite dimensional subcoalgebra (exercise!).

Corollary 4.6. Every coalgebra C' is the filtered colimit over its finite dimensional subcoal-
gebras.

Proof. This follows immediately from the last result. The only non-trivial thing is to show
that the vector space colimit C' of a diagram C; of coalgebras is again a coalgebra (and in
the fact the colimit in the category of coalgebras). This is straightforward. O]

Remark 4.7. Note that the ‘dual’ statement for algebras is totally wrong. Not every algebra
is a filtered limit of finite dimensional algebras. For example the polyonomial ring k[x] is
certainly not. In fact the limit over the finite dimensional quotients is the power series ring

k]

Corollary 4.8. The category coCAlg, for a field k is presentable and the forgetful functor
coCAlg, — Vecty, has a right adjoint (the cofree coalgebra).

Proof. First coCAlg, admits all colimits (which are formed underlying). Now we consider
the full subcategory of finite dimensional coalgebras. This is essentially small and every
coalgebra is a filtered colimit of finite dimensional coalgebras. Thus it only remains to show
that finite dimensional coalgebras are compact objects in coCAlg,.This is clear since every
morphism into a filtered colimit has to factor through a finite stage. Thus we have shown
that coCAlg, is presentable. Then the adjoint functor theorem implies that the forgetful
functor coCAlg, — Vect, has a right adjoint since it preserves all colimits. Show that it
admits colimits and then use adjoint functor theorem. In fact its a nice exercise to get an
explicit formula for the cofree coalgebra on a vector space V' (it is a bit tricky). O]

A coalgebra C' over k is called simple if it has no non-trivial subcoalgebras (i.e. besides 0
and C'). Let K/k be a finite field extension. Then K = Homy (K, k) is a finite dimensional
coalgebra over k and is simple, because subcoalgebras of KV corresponds to quotients of K
which do not exist.

Proposition 4.9. All simple coalgebras over k are up to isomorphism of the form KV for a
finite field extension K over k.

Proof. The fundamental theorem of coalgebras implies that every non-finite dimensional
coalgebra over k£ has a non-trivial subcoalgebra. Thus every simple coalgebra C' is automati-
cally finite dimensional. Then C" is a finite dimensional, commutative algebra over k which
has no non-trivial quotients. This implies C' has only the trivial ideals (zero and C'V') which
implies that it is a field. Since everything was finite dimensional we get that C' = CVV. [
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The latter in particular implies that if k is algebraically closed there are no simple coal-
gebras besides k itself.

Definition 4.10. Let C' be a coalgebra over k. Then the étale part EC' is defined to be the
direct sum ®¢,ccCy where C, runs through all simple subcoalgebras of C' (counted several
times if the same isomorphism class occures several times).

Lemma 4.11. Let C' =, ., C; be a (not necessarily direct) sum of subcoalgebras C; C C.
Then every simple subcoalgebra of C' is is a subcoalgebra of one of the summands.

Proof. Let D C C be the simple subcoalgebra in question. Since D is finite dimensional it
lies in finiteley many summands. Inductively we can assume that D lies in two summands,
i.e. it suffices to prove that if D C C; + C5 then D lies in one of the summands. If D is not
contained in C then we have D N} = 0 since this intersection is a subcoalgebra of D. We
choose a linear map f : C' — k with f|p = ep and f|e, = 0. Then we find for d € D:

(f @id)A(d) = (ep ® id)A(d) = d.

But A(D) C A(Cy) + A(Cy) = Cy @ Cy + Cy @ Cy. Since f|e, = 0 we find for every d € D
that d = (f ® id)A(d) € Cs. O

Lemma 4.12. The canonical morphism EC — C' is an injective morphism of coalgebras.
In fact the assignment C +— EC refines to an endofunctor E : coCAlg, — coCAlg, such
that the inclusion EC' — C' is natural in C'.

Proof. We want to show that the sum of simple coalgebra >  C, C C is direct. Thus we
have to show that C,, N )", Lo C, = 0 for evey ap. Since C,, is simple it follows that
if Cag N D psag Ca # 0 then Cpy C 37 Cs. Thus by Lemma m this implies that
Coy = C4,, a contradiction.

The second claim of functoriality follows if we know that for a morphism of coalgebras
f:C — D the image f(C,) C D is simple for every simple subcoalgebra C, C D (note that
the image of a coalgebra map is a subcoalgbra). Since the image is a quotient of C,, this
will follow if we show that all quotients of simple coalgabras are again simple. Using this
is equivalent to saying that subalgebras of finite field extensions are again field extensions
which is obvious (the inverse of every element is polynomial in the elements since its an
algebraic extension). O

aFap

Example 4.13. Let X be a set and consider k[ X| = @ k as a coalgebra as before. We find
that E(k[X]) = k[X] since every point x € X defines an inclusion of coalgebras k — k[X].

Proposition 4.14. Let k be an algebraically closed field and C' be a coalgebra. Then the
adjunction unit k[C®] — C' factors through the inclusion EC C C and induces a natural
equivalence

k[C®) = BC

Proof. Since the coalgebra k[C®P] is equal to its étale part it follows by the functoriality
of E(—) that the coalgebra morphism k[C®] — C factors through the étale part. Now a
simple subcoalgebra of C' is given by k, thus the étale part is given by the direct sum over all
homomorphisms k — C' (which is automatically injective) but this is exactly the description
of C*®P. m
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Finally the most important result in this section is the following:

Theorem 4.15. Let k be a perfect field. Then for every coalgebra C' the inclusion EC' — C
has a unique and natural split which is a map of coalgebras.

To prove this theorem we will need a number of preparation steps. We will call a coal-
gebra irreducible if it has a unique simple subcoalgebra, i.e. if the étale part consists of a
single summand. A subcoalgebra D C (' is called irreducible component if it is a maximal
irreducible subcoalgebra of C.

Lemma 4.16. Every coalgebra over a field k (not necessarily perfect) is the direct sum over
its irreducible components. More precisely for every simple subcoalgebra Co, C C' there is a
unique irreducible component C,, C C' that contains C, and the canonical morphism

EBO_Q—>O

is an isomorphism of coalgebras where the sum is indexed over the simple subcoalgebras of

C.

Proof. First we note that the sum of all irreducible subcoalgebras of C' which contain C,, is
again an irreducible subcoalgebra. To see this note that if another simple C3 is a subcoalgebra
of this sum then it has to factor through one of the summands (as shown in Lemma
which can’t be. By construction this sum contains C,, and is maximal thus an irreducible
component. Also by construction it is unique.

To see that the irreducible component are disjoint we assume that they are not, i.e. there
is a non-trivial intersection Coy N> Zao C,, for some . Then this intersection contains a

simple subcoalgebra which has to be C,, since it is a subcoalgebra of Cy,. An application
of Lemma [4.11| shows that is also has to lie in one C,, for o # ap which is a contradiction.
Finally we need to see that every element ¢ € C' lies in a sum of irreducible components.
For this it suffices to show that it lies in a finite sum of irreducible subcoalgebras since
every subcoalgebra lies in an irreducible component as shown above. Let {c} be the sub-
coalgebra generated by c, i.e. the intersection of all subcoalgebras containing c¢. This is by
the fundamental theorem of coalgebras finite dimensional. Replacing C' by @ we can thus
without loss of generality assume that C' is finite dimensional (think about it for a second
why this reduction is allowed). Then by the structure theory of artinian algebras we have
that A= A; @ ... & A, for local artinian subalgebras. Then C' = A} @ ... ® A and thus it
suffices to show that each A} is irreducble. This is clear by definition, since local algebras
have only a single field quotient. O]

Lemma 4.17. Let f : C'— D be a morphism of coalgebras. Then f restricts to a morphism
of irreducible components C,, — f(Cy) for every simple C, C C.

Proof. First lets assume that f is surjective and that C' is irreducible. We claim that then
automatically D is irreducible as well. The unique simple subcoalgebra of D is then au-
tomatically given by f(Cp) for Cy C C the simple subcoalgebra (recall that this image is
always simple). To see that D is irreducible we first write C' = ligC’i as a filtered colimit
of finite dimensional algebras. We get that D = limf (C;). If we can show that f(C;) is
irreducible, then D is irreducible as well. Thus we can without loss of generality assume
that C' and D are finite dimensional.
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By dualizing we get an inclusion of algebras A C B with B = CV a local k-algebra and
A = DY. We have to show that A is local as well. It suffices to show that the subset of all
elements A which are not a unit form an ideal. This follows since an element d € A is a unit
precisely if it is a unit in B: one direction is clear for the other we use that if d € B is a unit
the inverse d~! is polynomial in d, i.e. ' = p(d) for p € k[z] by finite dimensionality.

More in detail: there is map k[zr] — B sending = to b. Then this map factors as
k[x]/q — B for some polynomial 0 # ¢ € k[z]. But ¢(0) # 0 since otherwise  would be a
zero divisor in k[x]/q and thus b a zero divisor in B which cannot be for a unit. But then we
can assume that ¢(0) = 1 and p := (1 — ¢)/x has the property that p(b) -b=1—¢q(b) = 1.

Finally lets get back to the general situation of a morphism f : C' — D of coalgebras.
By the first part we know that the image f(C,) is irreducible. Thus it is contained in an

irreducible component which contains f(C,), thus in f(C,). O

Lemma 4.18. Let C' be an irreducible coalgebra over a perfect field k. Then there is a unique
retract of the inclusion EC C C which is a map of coalgebras. This retract is natural in C.

Proof. First note that FC' = KV is the dual of a finite field extension K of k. Thus we
can use the fundamenal theorem of coalgebras to write C' as the filtered colimit over finite
dimensional subcoalgebras C; C C which all contain FC and are still all irreducible. If
we prove the result for all C; then it follows for C'. Thus we can assume without loss of
generality that C' is finite dimensional over k£ and dualise the whole situation. Then the
statement becomes the following:

Given a finite dimensional, local algebra A over a perfect field k. Denote the unique
maximal ideal m C A. Then there is a unique subfield X' C A such that A = K @ m (as
vector spaces). Note that then automatically K = A/m.

Since k is perfect the field extension A/m is seperable over k. Thus by the primitive
element theorem it is generated by a single element i.e. of the form A/m = k(«) for some
a € A/m. Let p € k[x] be the minimal polynomial of & which is a separable polynomial over
k. Thus p/(«) # 0. Now note that A is complete with respect to the m-adic topology since
we have m” = m"*! for some n which by Nakayama implies m” = 0. Thus it follows from
Hensel’s lemma that there is a unique element x € aw C A such that p(z) = 0 in A. Then we
define K = k(x) C A. This has the required property since the composition K —- A — A/m
is an isomorphism by construction.

For naturality we have to show that if C' — D is a morphism of irreducible coalgebras
over k then for the commutative diagram

EC—FED

]

C——D

also the diagram of retracts C' — EC and D — ED commutes commutes. If the coalgebra
map is injective we have that EC' = ED is an isomorphism. Then the commutativity follows
from the uniqueness. Since a general coalgebra map can be factored into a surjective map
followed by an injective map it remains to treat the surjective case C' — D. Writing C' as
a filtered colimit of finite dimensional algebras we can again reduced to a finite dimensional
situation, i.e. we have an inclusion A C B of local algebras. Then we have to show that
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diagram
A/n—— B/m
A B

commutes. Since n = mMNA one can use a similar argument as above to deduce the ungiueness
of the complement and thus one gets that A = B/mNA@&mNA = k@ A which implies the
claim. O

Note that in the case of an algebraically closed field k& (which is the most relevant case
for now) the last lemma is much easier to prove since then EC' = k and the retract is given
by the counit of the coalgebra.

Proof of Theorem [{.15 We need to show that for every coalgebra C' over a perfect field &
there is a natural and unique split C' — EC. By Lemma we have that ' = @ C,, and
EC = @ C,. There can not be a split mixing the components since it has to fix C\, thus we
have to take for every a the split C,, — C, of Lemma . It is natural in C' by Lemma

117 O
Corollary 4.19. Let k be an algebraically closed field. Then the counit of the adjunction
k[—]: : Set =—=coCAlg;: (—)8 given by k[C®] — C has a natural retract.

Proof. Combine Proposition 4.14] with Theorem [4.15 O

Finally we can give a proof of Goerss theorem, stated as above:

Theorem (Goerss). The functor C.(—, k) : Sg — scoCAlgy is fully faithful for an alge-
braically closed field k. For every space X the canonical map

X — 1v[apscoCAlg"Ro (k7 C*(X7 k))
exhibits the target as the k-localiztaion of X .

Proof. The adjunction between k[—] : Set — coCAlg,, and (—)& : coCAlg, — Set induces
and adjunction sSet <> coCAlg,. We equip the left hand side with the k-local weak equiva-
lences (recall that this only depends on the characteristic of k) and the right hand side with
the underlying quasi-isomorphisms. Then both functors preserve weak equivalences, the first
by definition and for the second by Corollary [£.19, Thus we get an induced adjunction on
the level of co-categories. Since the initial adjunction has an isomorphism as counit it follows
that the induced adjunction has an equivalence as counit . This shows fully faithfulness.
For the second part it is clear by the general theory of localization that the right adjoint
factors through the local objects and the counit is a localization (see Remarks and
. Thus the only remaining thing is to show that the right adjoint has the claimed form
(despite being the induced map from the 1-categorical right adjont). But this follows from
the universal property of spaces as stated in Proposition [3.1{ and below. O
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4.2 The case of I,

We now want to give a description in the case k = IF,. This is inspired by the work of Kriz
[?7]. We first have to introduce some terminology.

Definition 4.20. A commutative F,-algebra A is called Boolean (or just a p-ring following
McCoy and Montgomery) if for every x € A we have 2 = z. In other words if the Frobenius
is the identity.

Example 4.21. The ring F,, is Boolean and also the rings [[x F, = Map(X,F2) for every
set X. The field Fyn is not Boolean. More generally the field F), is the only p-Boolean
domain.

Example 4.22. For a ring R the relation x> = x already implies that 2 = 0 since 0 =
22 —2 = 2. But 2P = x does not imply characteristic p. For example in Z/2 we have 2° = x

for every element but its not a 3-Boolean ring.

Remark 4.23. The name Boolean ring arises as follows: for p = 2 it turns out that 2-
Boolean rings (usually only called Boolean rings) are equivalent to what is classically called
Boolean algebas. The latter are sets B together with operations V : B x B — B (the
join/disjunction/OR) and N\ : B x B — B (the meet/conjuection/AND) and = : B — B
(negation/NOT) satisfying a list of axioms akin to classical logic rules. Given a 2-Boolean
ring we construct a Boolean algebra by letting B = R the same underlying set and aN\b := a-b
and aV b:=a+ b+ ab and —x := 1+ x. This in fact defines an isomorphism of categories.

As an ezample to remember the relation consider the set P(X) = Map(X,Fy) for a set
X. Then it becomes a classical Boolean algebra with V = U, A =N and =(A) = X \ A. On
the other hand with pointwise operations it becomes a 2-Boolean algebra as defined above.
Under the identification as above we have A+ B = AUB\ ANB thus AUB = A+ B+ ANB
and X \A=X-A=1+A.

Now we want to formulate a dual version of this statement. To this end we need to
introduce the Frobenius endomorphism of a coalgebra in characteristic p.

Definition 4.24. Let k£ be a field of characteristic p and C be a k-coalgebra. Then the
Frobenius ¢, : C' — C'is the unique coalgebra morphism which has the following properties:

e [t is natural in coalgebra maps
e the dual )y : OV — CV is given by the usual Frobenius x + 2?.

This uniquely fixes ¢, since it does for finite dimensional coalgebras and thus for all by
the fundamental theorem and naturality. The only little thing to check is that the morphism
constructed this way really has the property that the morphism ¢, is the pre-dual of the
Frobenius morphism for infinite dimensional coalgebras. But this again follows by naturality
of the usual Frobenius and the fact that ¢ = lim(C}’) for finite dimensional subcoalgebras
C; CC.

Definition 4.25. A coalgebra C' over F), is called Boolean (or more precisely p-Boolean) if

@p(z) = x for every x € C. We denote the category of cocommutative Boolean coalgebras
Bool

over I, by coCAlgy’
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We now want to give a different and more conceptual description of the Frobenius of a
coalgebra. This will be the description that we generalize later on to ringspectra. To this
end we have to consider the algebraic Tate-construction. Let M be an abelian group with
an action by a finite group G. Then we denote by M the quotient of the G-fixed points
M€ modulo the norms, i.e. elements of the form N(m) = > geq gm for some m € M. For
example if the G-action on M is trivial we have that M'¢ = M/|G|. Since every G-module
is a module over the G-module with trivial action this implies that |G| is invertible in all
the Tate groups.

Lemma 4.26. For every abelian group M and every prime p the map
Ay M- (M. M)  meme..2m)

s additive. If M 1s p-torsion then it is an isomorphism.

Proof. For additivity we compute

Ap(mo +my) = [ Z mi, @ My, ®_”®mip]
(40,-,ip)€{0,1}P

= Ap(mo) + Ap(ma) + [ Y N(miy, @ mi, @ ... @my, )] = Ay(mg) + Ay(my)

[205--,ip]

where in the second sum [i, ..., i,,] runs through a set of representatives of orbits of the cyclic
Cp-action on the set S = {0,1}? \ A which are all isomorphic to C,,.
To see that A, is an isomorphism if M is an F-vector space we claim that the endofunctor

Ab—Ab M~ (M®..0 M)*°r

commutes with arbitrary sums. The proof is a categorification of the proof above. For a
sum of two vector spaces Vy @ V; we get the same decomposition as above and use that for
Cp-modules induced up from the trivial group the Tate-construction vanishes. Then abitrary
sums follow from the more general fact that the functor commutes with arbitrary filtered
colimit. To see this we use that

(colimM; ® ... ® colimM;)*“» 2 (colim(M; @ ... @ M;))*“» = colim(M; ® ... @ M;)*

where the latter equivalence follows since taking fixed points commutes with filtered colimits
and taking the quotient of course does. Finally this reduces the claim to the case of [, in
which it is obvious. O

Before we go on, we want to give a flavour of what the Tate construction actually does
in characteristic p. In the category Vect]%’ there exist exactly the indecomposables V; for
1 < d < p which are d-dimensional and where the generator of C), acts in a basis by the
Jordan matrix
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We get that Vdc” = [, spanned by the first basis vector (using that these are the Eigenspaces
of 1) and for d = p we get that

N(Gd) =eq+ Aed —+ A2€d + ...+ Apiled.

In this sum the only occurence of e; is in the very last summand, since the matrices A*
for k < p — 1 all have a zero on the upper right but A?~! has a one. Thus we get that
N(eq) = eq. We conclude that (V)% = 0 for d = p. For the other representations one
checks easily that the norm is zero, thus we get that thCp = [, for d < p. Thus taking the
Tate-construction corresponds to giving a one dimensional space for all occurences of the
non-maximal dimensional indecomposable.

Lemma 4.27. The functor (=) : Vectgz — Vecty, admits a lax symmetric monoidal
structure.

Proof. To construct a lax symmetric monoidal structure on the functor (—)*“». To this end
we have to come up with a map

Vi @ Wi — (V @ W)

for every pair of Cj,-representations V,W. We have an obvious inclusion V% @ W% C
(V@W)%%_ in particular the fixed points functor admits a lax symmetric monoidal structure.
We claim that this descents to a functor V¥ @ W — (V @ W) To see this we have to
check that for elements v € V and w € W the element N(v) ® w vanishes in (V @ W)
and vice versa. But this follows since

Nw)@w=(Y gew=>Y (gegw)=Nueuw).

9€Cp 9€Cp

For the unit we get that ]F;,C” = T,. O

Remark 4.28. One can check that the lax symmetric monoidal structure @y on the Tate
functor Vectg;’ — Vecty, is strong ezactly in the case p = 2. To see this consider the matriz

11
=0 )
This defines the two dimensional indecomposable C),-represention Vs for every p. In charac-
teristic 2 this is isomorphic to the regular representation Fo[Cs] thus we get that Vo ® Vy =
Fy[Coy x Cy) = Vo @ Vy but in characteristic p > 2 we get that Vo @ Vo =2 V) @ V3 as a straight-
forward computation of the Jordan normal form of the Kronecker product of the matriz A
with itself shows. Thus we get that

<‘/2 ® VQ)th ~ (‘/'1 D Vé)th _ ‘/vlth

SVi? ~F,aF,

For the last equation we need that p > 3. In this case we get that V;CQ ® V;CQ 1S one
dimensional but (Vo @ V)% is two dimensional. It might still be (as I had initially claimed)
that the map is injective....
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Corollary 4.29. The lax symmetric monoidal structure on the functor
Vecty, — Vectp, Vie (V..o V)c

inherited from the one of (—)!¢» is strong symmetric monoidal and the map V — (V@ ... ®
V)i is a symmetric monoidal transformation. In fact the later exhibits an equivalence of
this functor to the identity as lax symmetric monoidal functors.

Proof. Use the universal property or a direct argument to show that the Tate-diagonal
transformation from the identity functor is compatible with the lax symmetric monoidal
structure. O

Lemma 4.30. Assume C is a coalgebra over F,. Then (C ® ...® C)!" admits a coalgebra
structure such that the Tate diagonal A, is a map of coalgebras. Also the map

CCR.e0)% 2 (Cw...0C)°%

is a morphism of coalgebras. Here AP denotes the p-fold iteration of the coproduct defined
inductively as A% := A and A" := (A ®id) o A" ! = (id® A) o AL,

Proof. The first and second part are clear by the claim before. For the third part we consider
the following commutative diagram

C Ar (C®-- ®C)C can (C®-- ®C)Cr
lA \L(A®"'®A)Cp (A@...@A)tcpl
AP®AP Cp can th
CoC——(C® - ®0C)e(C® () (Ce®0)e(C®..0C0)

H r X

CoC APQAP (C®.,.®C)Cp@(C@---@C)CPM(C(@"‘@C)th®(C®"'®C)tcp

and conclude that the outer two compositions agree. This shows that the upper horizontal
map is a map of coalgebras.

[]

Proposition 4.31. The Frobenius of a coalgebra C over ), is given by the composition

CA%(C®..00)0% ™ (C..00) 2,

Proof. By the last lemma it follows that the map above is a natural morphism of the identity
functor on the category of coalgebras over IF,,. That is also sometimes called the center of the
category of coalgebras. Since the category of coalgebras is the Ind-completion of the category
of algebras this is the same as the center of the category of finite dimesnional algebras over
F,. We claim that the center of the category of finite dimensional F,-algebras is given by
N generated by the Frobenius endomorphism. We leave this as an exercise (more generally
the reader should try to prove that the center of the category of R-modules for a ring R is
given by the center of R).

We conclude that there has to a natural number n such that the given composition is
equal to n-th iteration of the Frobenius operator. We now consider the coalgebra C' =
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Fp{1,¢,¢* %, ...} with comultiplication given by A(t") =3, . ' ® /. This is the predual
of the power series ring F,[[t]]. The Frobenius operator of C'is given by

o t"P if n is divisible by p
0 else

On the other hand the map

CA(Ce.00)% ™ (.00 2 ¢

is given by
" A;l[ Yo e ®t"z’] =A@ L@t =P
i1+“.+ip:n
if p divides n and zero otherwise. Thus the transformation has to be the Frobenius. O]

Corollary 4.32. A coalgebra C' over F, is Boolean precisely if the following diagram is
commugtative:

(C®..0C)°%
e
AP
C C®..®C)c%

In other words [AP(c)] = Ay(c) for all c € C.

Theorem 4.33 (coStone Duality). The functor F,[—] : Set — coCAlgg  factors through the

Bool

ool ¢ coCAlgg and induces an equivalence Set ~ coCAlgy’

subcategory coCAlng

Proof. Since F,[X] for a set X is given by € F, we immediateliy obtain that the Frobenius
is trivial.

Conversely we claim that for a coalgebra with trivial Frobenius the inclusion FC — C
is an isomorphism and the simple subcoalgebras are all of the form IF;,/. The second claim is
clear since the only finite field extension of I, with trival Frobenius is the identity.

For the second claim we have to show that every irreducible coalgebra over [F, with
trivial Frobenius agrees with F,. After reducing with the fundamental theorem to the finite
dimensional case this means that every finite dimensional, local FF,-algebra A with trival
Frobenius is isomrophic to F,. To see this we note that as earlier we get that m"” = 0 for
some n using the Nakayama Lemma. We can assume that p-divides n. But then 2" =x € m
for all x € m this can only happen if m = 0. O]

Corollary 4.34. For a general coalgebra C over F, we can describe the counit IF,[C®] C C'
as the fized points of the Frobenius ¢, : C' — C.

Corollary 4.35. The category of simplical sets is equivalent to the category of simplicial
Boolean coalgebras over F,. Under this equivalence the quasi-isomorphisms of coalgebras
correspond to F,-equivalences of spaces.

Definition 4.36. The oo-category of simplicial Boolean algebras over I, is the co-category
obtained by formally inverting the underlying quasi-isomorphisms in the category scoCAlgI?;’Ol.

In formulas we have
(scoCAlgg’;’Ol)Oo = NscoCAlg_f)Il?;O1 [
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Remark 4.37. We will see soon, that this is also the same as the oo-category of simplicial
coalgebras equipped with a homotopy between the Frobenius and the identity.

Corollary 4.38. The canonical functor
Ci(—,F,) : Sp, — (SCOCAlgESOI)w

1s an equivalence of co-categories.

4.3 Non algebraically closed fields

Assume now that we are given a perfect field & with algebraic closure k. Then for a coalgebra
C over k we try to compare C* with (C @ k)®P. There is an obvious map C®" — (C'® k)8P.
We denote the Galois group of k over k by G. There is an obvious action of G on (C' ® k)&P.

Lemma 4.39. For every coalgebra k over k the canonical map induces an isomorphism
= (C o))"

Proof. Let us describe the canonical map C® — (C' ® k). It takes a grouplike element
ce C (ie. e(c)=1and Alc) = c®c) to the element ¢ ® 1 € C ® k. It is not hard to check
that this is also grouplike. This map is obviously injective since C' — C ®y, k is.

Moreover it clearly lands in the fixed points for the G action since 1 is fixed. Since we
have that (C' ® k)¢ = C ® £~ O we get that a fixed point in C' ®y, k is fixed under G
precisely it it lies in the image of the canonical map. O

Note that the Galois group G is among other things a profinite group. We will have to
deal with that soon. But lets first try to understand the case of finite absolute Galois group
as a toy example. Think for example about the case C over R. In fact it is a consequence of
a theorem of Artin and Schreier that (5 is the only non-trivial finite group that can occur as
the absolute Galois group, namely iff the field is real closed. In this case it is automatically
of characteristic 0. But we are in any case more interested in the methods than the exact
group G. It will be our standing assumption that the absolute Galois group of £ is finite
until stated otherwise.

We consider the co-category 8¢ = Fun(BG, S) which is given by ‘naive’ G-spaces. One
explicit model for Fun(BG,,S) is given by N(sSet”)[W '] where sSet” denotes the cate-
gory of simplicial sets equipped with an action by G and W denotes the underlying weak
equivalences. Thus we will first try to understand the pure algebra.

Proposition 4.40. There is a left adjoint functor Set® — coCAlg, which sends a G-set X
to the coalgebra

(EV [X])G — k°[X]

obtained as the coinvariants of the G-action obtained by acting on k and X (recall that
colimits of coalgebras are formed underlying). The right adjoint coCAlg, — Set® is given by
sending a coalgebra C' to the set

HomCOCAlgk <Ev, O) = HomcoCAlgE (E, C & E) = (C & E)gp

of grouplike elements over k equipped with its canonical G-action.
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Proof. The first half of the statement is clear since the given functor obviously preserves
colimits. Then also the first given form of the right adjoint is clear by adjunction since the
left adjoint sends the generator GG to k. The only statement that requires proof is the last
isomorphism. At the level of vector spaces this is clear since

Homy (%", C) = Homy(k, C © k) = Homg(F,C @ F)

which follows from finite dimensionality of k. Then it remains to check that under this
isomorphisms maps of coalgebras correspond to maps of coalgebras which is left as an exer-
cise. 0

Example 4.41. The G-set G with left multiplication gets mapped to k. Since this is a
generator of Set® this already determines the whole adjunction. On the other hand the
trivial G-set pt gets mapped to k as a k-coalgebra. The transitive cosets G/H get mapped to

all intermediate field extension (EH)V as a result of the Galois correspondence.
Corollary 4.42. The functor k°[—] : Set® — coCAlg,, is fully faithful.

Proof. We have to understand the unit of the adjunction which is the morphism
X — HomcoCAlgE (E, k° [X] R E)

We get an isomorphism

(EV[X]/G) o kb = (EV[X] R E) /G = (RenB)'[X]) /G = (@DFIX))/C

12

k[x]

under which the counit corresponds to the counit for the field k. We have seen earlier
that this is an isomorphism. Note that we have seen in reality that the composite functor
Set® — coCAlg,, — coCAlgy is equivalent to the functor Set® — Set — coCAlgz.

m

Now we can give a slightly more conceptual proof of Lemma as follows: there is a
factorization

k[—]: Set Y, GetG Kol coCAlg,
where the left hand functor is given by considering a set as a G-set with trivial action.
The right adjoint to the functor triv is the fixed point functor, thus the claim follows by
composition of right adjoints, namely that C® = Homc,calg, (k, C ®% k).

There is an obvious simplicial version
C9(—, k) : sSet® — scoCAlg,
obtained by applying k7[—] levelwise.

Remark 4.43. There is a dual version of this functor for cohomology which might be a bit
more suggestive. It is given by

Co(X, k) = CI(X k)" = C*(X, k)©

In order to study the homotopical properties of the functor C7(—, k) : sSet? — scoCAlg,,
we say that a morphism of G-spaces (resp. G-simplicial sets) X — Y is a k-equivalence if
the underlying morphism is a k-equivalence.
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Proposition 4.44. The notion of k-equivalence defines a Bousfield localization of S¢. For
a space X with G-action the Bousfield localization X — X in S is given by taking the
Bousfield k-localization of the underlying spaces X — Xy and equipping it with the induced
G-action.

Proof. This follows from the more general fact that for a functor category into a Bousfield lo-
calization L : C — C° — C there is an induced Bousfield localization Fun(7,C) — Fun(Z,C°)
so that the local equivalence are the pointwise equivalences. The easiest way to see this
is the note that the endofunctor L, : Fun(/,C) — Fun(/,C) is clearly idempotent since L
is. Thus it corresponds to a localzation. The equivalence as well as the local objects are
pointwise. ]

Lemma 4.45. The functor C7 : sSet® — scoCAlg, sends k-equivalences to underlying
quasi isomorphisms of simplicial coalgebras. More generally the underlying chain complex of
C2(X, k) is naturally isomorphic to C.(X, k).

Proof. We have that as a G-module &' = k[G] and thus k' [X] = k|G x X] as a G-module.
Thus we have a natural isomorphism k7[X] = k[G x X|/G = k[X] as a k-vector space. This
implies the second claim and the first is an immediate consequence. O

Note that this statement really shows that we could also have taking homotopy orbits as
opposed to actual orbits. That is how we should think about it: C7(X, k) ~ C., (X, Ev)hG.
Also note that while C7(X, k) as a vector space does not depend on the G-action on X
at all the coalgebra structure does since e.g. C?(Gj, k) = k' for G as a left G-set but
C2(Gy, k) = CI(Gy, k) = k[G] for the trivial action of G on G.

Theorem 4.46. The functor
C7 : 8¢ — coCAlgy®

is fully faithful. For a space X with G-action the morphism X — Mapcocmg;o <Ev, C7(X, k))
ezhibits the target as the k-localization of X (in the category S¢).

Proof. The proof is literally the same as the proof of Goerss theorem. We claim that the 1-
categorical adjunction descends to an co-categorical adjunction which is then automatically
also fully faithful. We have just seen that the left adjoint preserves weak equivalences. The
right adjoint is as described above given by sending C, to (C, ®j, k)8 which preserves weak
equivalences since base changing from k to k does and since taking group like elements
does send quasi-isomorphism to k-local equivalences. But these are the same as the k-local

equivalences. O

Corollary 4.47. For a space X (without G-action which we consider as trivial G-action)
the map X — MapcoCAlgzo(k, Ci(X, k)) is equivalent to the map X — Mapg(BG, X) where
Xy 18 the k-localization of X .

Proof. By Theorem [4.46| we get that
MapcoCAlgio(k? C* (Xa k)) = 1v[ap($G);C (pt7 X) = MapSG (pt7 Xk’) ~ (Xk)hG

which agrees with the given formula since the action is trivial. O]



4 COALGEBRAS AND GOERSS’ THEOREM 46

Note that the last corollary is far from optimal since the next one always applies under
our assumtion of the finiteness of the absolute Galois group.

Corollary 4.48. Let k =R (or in fact every real closed field). Then the functor
Ci(—,R) : Sg — coCAlgy
is fully faithful.
Proof. The counit of the adjunction is given by the map X — Map(BG, Xg) ~ Xg. O]

Now we want to turn to the usual case where G is not finite. Then G is among other
things a profinite group, i.e. a formal inverse limit of finite groups. Moreover k is a discrete
G-module which can be expressed in a couple of equivalent ways. More generally for a G-set
X the following are equivalent:

e When we equip X with the discrete topology and G with the profinite topology then
the action is continuous

e All orbits are finite with closed stabilizer group.
e All stabiliser subgroups are open.

e We have that X = @GQX Ga where the colimit is taken over open subgroups G, C G
(necessarily of finite index) ordered by the superset relation.

The equivalence between these conditions is easily seen. A key fact to use is that a subgroup
H C G is open iff it is closed and of finite index. This is a consequence of the profinite
topology. Simuilar descriptions apply to modules, rings etc. with group action.

There is an obvious category of discrete G-sets. Let us give some equivalent descriptions
of this category.

1. Let Fin® the category of finite, discrete G-sets. Call a family {S; — S}icr of such a
cover if it is jointly surjective. Then consider Shvge (Fin®).

2. Consider Orbf := FinG, . C Fin® and endow it with the Grothendieck topology
consisting of all maps (clearly all maps are surjective). Then consider Shvge(Orbit).

3. Consider the (finite) étale site Spec(k)s. Then consider Shvget(Spec(k)s). Note that
every profinite group arises as a Galois group of a field but not necessarily as the
absolute Galois group.

4. Write G = @nGi as a cofiltered limit of finite groups (which is possible since we have
a profinite group). One can always take G = @UQG open, normal G/U. Then consider
the limit l'ngetGi of categories where the transition morphisms Set® — Set® for
f Gy = G, are given by the right adjoint f; : Set® — Set®. This right adjoint is
given by taking the Kj;;-fixed points where K;; C G, is the kernel of f (at least for
surjective f and we can withour loss of generality assume that all maps are surjective).

Proposition 4.49. All these categories are equivalent to the category of discrete G-sets.
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Proof. Let us first prove the equivalence between the categories (1)-(4). For (1) and (3) we
claim that the sites are actually equivalent. To see this note that every scheme étale over
Spec(k) is of the form []Spec(k;) for finite field extensions k; of k. Really we should say
finite, separable field extensions, but this is automatic since we assumed that k is perfect.
Now we define a coproduct preserving functor Fin® — X which sends G/H to %, This
is essntially surjective by what we have just said and clearly fully faithful. It is also easy to
check that covers exactly correspond to jointly surjective maps. The equivalence between
(1) and (2) is clear since the descent property implies that coproducts of orbits are sent to
products. Then the only decent that is left is ‘Galois descent’. Now finally to see that (2)
and (4) are equivalent we just use that the limit in categories is formed by taking sequences
of objects together with isomorphisms upon applying the transition functors (THE WAY IT
IS DONE HERE ONLY WORKS FOR ABELIAN GROUPS OTHERWISE ONE HAS TO
DEAL WITH THE FACT THAT NOT EVERY SUBGROUP IS NORMAL).

It remains to understand the equivalence to the category of discrete G-sets. Therefore
we first have to describe a functor Shv(Spec(k)s) — Set®. This functor is given by taking

the ‘stalk’ at Spec(k). The concrete formula is
FSpec(fc) = COthgk, finite over kF(SpeC(K))

We can also directly describe the functor Shvget (Orbgn) — Set® as F +— colimyce openF'(G/U).
Then it is immediate that it carries a G-action and that it is discrete (using the last of our
equivalent conditions). Then the inverse functor Set® — Shvset(Orbgn) is given by sending
a discrete G-set X to the functor which sends G/U — XY. It is straightforward to check
that these two functors are inverse to each other. O

Note that the proof of the equivalence between (1) to (4) actually works for sheaves with
values in any oo-category in place of the category of sets (if one is careful in defining the
functors).

Remark 4.50. The functor
Shvse,(Orbg') = Set  F = Fap = limuca open (G/U)
has the following properties:

e [t detects equivalences. This is a consequence of the fact that it factors as Shvset(Orbg“) =
Set® 27 Set. Here the second functor does as is easily checked.

e [t is a topos point, i.e. it preserves finite limits and all colimits. For the colimits
part we have to verify that the functor PShset(Orbfg‘) — Set descends to the Bousfield
localization, i.e. that it sends covers of G/U to colimits. But we find that (G/U) , =

G /U which makes this clear. Alternatively one can also easily see that the forgetful

functor Set® — Set commutes with colimits. The finite limits part follows sincte the

indexing category of the stalk is filtered or again by looking at the forgetful functor.

Note that it does not commute with arbitrary limits, e.g. G = @G/N is not discrete!

Together this shows that the topos has ‘enough points’.

Now we want to pass to other settings like non-concrete categories or oo-categories where
it does a priori not make sense to talk about ‘discrete’ G-sets. The idea is to use the equivalent
descriptions of a G-action given in Proposition which also make sense for sheaves with
values in an arbitrary category or oco-category. However there is a catch that does not allow
to do this completely naively. This has to do with sheaves versus hypersheaves.
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4.3.1 Digression: Hypercompletion

Let X be an oo-topos. Then there is a truncation functor 7<g : X — 7<¢X. We can also
consider the morphism X°" — X induced by evaluation at the basepoint pt — S”. This
makes X°" an object of the slice topos X /x and we define the n-th homotopy sheaf of X to
be

Tn(X) = Ten(X") € T<o(X)x).

Example 4.51. Let X = S be the oco-topos of spaces. For a space X we have that
7<0(S/x) ~ T<o(Fun(X, S)) ~ NFun(7<; X, Set).

Under the equivalence S;x ~ Fun(X,S) the object X" — X corresponds to the functor
which sends x € X to Map,((S™,pt), (X, z)). Thus we get that

(X)) 1 <1 X — Set z = m, (X, ).

Note that 7 is in this example and in general a constant functor. One can also easily
show that the higher homotopy groups are group objects using that 7<o commutes with finite
products.

Example 4.52. Let X = Shv(NC) be a sheaf oco-topos for C a Grothendieck site C. Then
the internal homotopy groups can be described as follows: for a sheaf F': NC? — S we have
that mo(F) € Shvset(C) (or rather its pullback to the terminal object) is the sheafification of
the presheaf NC — S =% NSet. For the higher homotopy groups consider the objects c € C
as basepoints. By this we mean that we study the pullback of m,(F') along the morphism
Shv(NC).) ~ X). — X)x for every morphism ¢ — X. We get hat m,(F, c) is the sheafificaton

of the presheaf (NC ;)P £ S, I Set.

A morphism f : FF — G in X is called oco-connected if it induces isomorphisms on all
homotopy sheaves. By this we mean that it induces an isomorphism between the homotopy
sheaves of X and the pullbacks of the homotopy sheaves of Y (QUESTION: Do we need to
assume that it is additionally an effective epimorphism?). The following is an equivalent de-
scription: a morphism is oo-connected if all the truncations 7<, X — 7, Y are equivalences.
Since Postnikov towers do not converge in a general co-topos this does not necessarily imply
that it is an equivalence.

Definition 4.53. Let X be an oo-topos. An object F' € X is called hypercomplete if it
local with respect to the oo-connected morphisms. We say that X" is hypercomplete if every

object is hypercomplete or equivalently every oo-connected morphism is an equivalence, i.e.
Whitehead’s theorem holds.

Example 4.54. The co-topos S is hypercomplete.

The following is essentially shown in [Lur09, Section 6.5.3]. Recall that an augmented
simplicial object U®* — M in a site C is called hypercovering if for each n > 0 the morphisms

U, — cosk,,_1(Us)

is a covering. Here cosk is taken over M, i.e. in the slice category C,y. For example for
a hypercover we get that Uy — M is a covering, Uy — Uy Xy Uy is a covering etc. For
convenience we have assumed that disjoint unions and pullbacks along covers in the site
exist. Otherwise one has to use sieves or directly work with effective epimorphisms in the
associated topos.
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Proposition 4.55. A sheaf F is hypercomplete precisely if it is a hypersheaf in the sense
that for every hypercovering U® of M we have a limit

F(M) ~lim F(U*)

Note that for ordinary sheaves it is equivalent to have hyperdescent or descent. It only
differs in the oco-categorical setting.

Example 4.56. Assume that C is the nerve of an ordinary site which has enough points
or more generally the oco-topos associated to a 1-topos with enough points.. Then the stalks
of the homotopy sheaves are exactly the homotopy groups of the stalks (this follows since
geometric morphisms commute with truncations and finite limits). Thus a morphism is co-
connected iff it induces an equivalence on all stalks. In particular the oo-topos has enough
points. Vice versa if an oo-topos has enough points then it is automatically hypercomplete
since S 1s.

Example 4.57. Consider the profinite group G = Z" = Gal(F,,F,). Then we claim that
the co-topos Shv(NFin®) ~ Shv(NOrb') o~ Shv(NSpec(F,)¢) is not hypercomplete.

To see this consider a finite, connected nontrivial CW complex M all of whose homotopy
groups are torsion. For example take a Moore space M (Z/nZ, k) for somen > 1 and k > 0.
Consider the functor F : NOrb — S which is constant with value M. We claim that F is a
sheaf, i.e. belongs to ShV(NOl“bgn). To see this first note that for every finite group H acting
trivial on M we get that the diagonal inclusion M — M" = Map(BH, M) is a homotopy
equivalence by the Sullivan conjecture (as proven by Miller). This immediately implies that
the sheaf condition is satisfied.

On the other hand consider the functor F' : NOrb — S given by

Z/nZ — Map(R/nZ, M) ~ LM

Then F' is also a sheaf since the functor Olrbgn — S given by Z/nZ — R/nZ ~ S' sends
quotients to quotients. In other words the homotopy fized points for the action of Z/kZ on
the free loopspace LM are equivalent to the free loopspace again.

Now there is an obvious map F — F' which is the inclusion of constant loops. We claim
that this morphism is co-connected. By what we have said before we can test this at the stalk
at G, i.e. it suffices to check that the morphism

M ~ limy F(G/U) — F'(G/U) = ligMap(R/nZ, M) ~ limLM

The claim that this is a weak equivalence. To see this we identitfy the homotopy groups of the
target, i.e. of LM with m,(X) @ m.y1(M) such that the map M — LM acts as the inclusion
(M) = m (M) @ 7. (LM) (this can be done using the natural split inclusion). Then we get
that

. (limMap(R/nZ, M)) = m.(M) ® lim, 1 (LM)

where the colimit is taken over the divisibility poset of N. The transition maps in this poset
act by multiplication with any natural number. Thus since all homotopy groups of M are
torsion the colimit vanishes. This shows that the map I — F' is oo-connected. But it is
certainly not an equivalence, since the Loopspace LM 1s not weakly equivalent to M unless
M is discrete which was excluded.

This example is a variant of [Lur09, Warning 7.2.2.31] and is attributed there to Wieland.
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The following statement is proven in [Lur09) Section 6.5.2].

Proposition 4.58. For every co-topos X the full subcategory of hypercomplete objects X}{\yper C

X is a subcategory of local objects for a left exact, accessible localization of X. In particular
it s itself an co-topos.

Definition 4.59. Let G be a profinite group. We define the oco-category S¢ to be the
hypercomplete oo-topos HyShv(NOrbi!) ~ HyShv(NFin®).

Clearly as before, if G is the absolute Galois group of a field k£ then this is equivalent to
HyShv(NSpec(k)et)-

Example 4.60. If G is finite then this is equivalent to S® ~ Fun(BG, S).

Also from the general theory we see that there is a geometric morphism S — S given by
taking the stalk at G. This geometric morphism is conservative. In fact it maps to the naive
category of G-spaces given by Fun(BG,S). Thus we can think of S¢ as some sort of special
G-spaces. QUESTION: Is the functor S¢ — Fun(BG, S) fully faithful, most probably not?

Proposition 4.61. There is an equivalence
NsSet“[W 1] ~ 8¢

where the left hand site denotes simplicial objects in discrete G-sets and W denotes the
underlying weak equivalence, i.e. after forgetting the G-action.

Proof. The category sSet” is equivalent to simplicial sheaves on Orbgn. The underlying
weak equivalences correspond under this equivalence to the stalkwise equivalences. This is
the Joyal model structure. The claim thus is equivalent to stating that the Joyal model
structure models the hypercomplete oo-topos which is well known. [

Now we want to discuss Bousfield-localizations of the category of hypersheaves.

Definition 4.62. Consider the co-category Shv(NOrb') and a spectrum E. We call a
morphism ' — G an FE-local equivalence if the morphism on stalks Fz — G¢ is a E-local
equivalence.

Proposition 4.63. The notion of E-local equivalence defines a Bousfield localization of
PSh(NOrb®) (and also of Shv(NOrb) and HyShv(NOrbi) — S).

Proof. The stalk functor PSh(NOrb®%') — Shv(NOrb') — HyShv(NOrbi) — S is a left
adjoint functor. Thus this follows from the left adjoint condition in Theorem [2.25] O

Now we try to understand the E-local replacement.

Proposition 4.64. The oo-category of E-local objects in SC is equivalent to the localization
of the oo-category (Sg)Y at the stalkwise equivalences, i.e. under the stalk functor

In particular o presheaf F - (NOrbiM? — S that is E-local is levelwise k-local and a
hypersheaf.
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Proof. We consider the following commutative diagram

HyShvg, (NOrbf") <% HyShvs(NOrb)

L(—m L(—m
Sk L S

which commutes by the way colimits are computed in Sg. Thus it follows that E-local
equivalences can be tested on the associated stalk of the localization. This implies the
claim. =

Lemma 4.65. Assume that D is a compactly generated oco-category (i.e. presentable and
w-accessible). Then the stalk functor

HyShv,,(NOrbf) — D
18 conservative.

Proof. Let (d;);cr be a set of compact generators. Then the family of functors Map(d;, —) :
D — § is conservative. Thus we consider the induced diagrams

HyShv(NOrbfin) M@0 goghy (NOrbfn)
,ZL) Map(d;,—) ‘£

which commutes by the fact that Map(d;, —) commutes with filtered colimits, thus with the
stalk-functor. Now we use that the stalk functor for the category of spaces is conservative.
It follows that the stalk functor of D is conservative. O]

The last lemma makes sure that the ‘hypercompletion’ is already local with respect to
stalkwise equivalences. We would like to apply this to the oo-category Spq of rational spaces.
Unfortunately we do not know that this is compactly generated.

Question 4.66. Is the co-category of rational spaces compactly generated? If this is the case
then probably the point is a compact generator. Thus it would be implied if the following is
true: is a filtered colimit of rational spaces again rational?

Now let me give some indication why the answer could be ’yes’: first a simply connected
(or more generally nilpotent) space is rational if and only if its homotopy groups are uniquely
divisible. This property is obviously closed under filtered colimits. Thus a filtered colimit
of simply connected, rational spaces is again rational. Bousfield characterizes rationality
for arbitrary spaces as a property of homotopy groups, but this property is also homotopy
theoretic in nature so that I am unable to decide if it is preserved by filtered colimits.

The second indication is that one can study the stable analogue of this question: is a
filtered colimit of rational spectra again rational. The answer is yes. This is in fact equivalent
to the fact that rationalization is a smashing localization. This observation also shows that
the class of S/p-local spectra for a prime p cannot be closed under filtered colimits since
p-completion is not smashing. A consequence is that F,-local spaces (a.k.a. S/p = M(Z/p)-
local spaces) are not closed under filtered colimits (recall that the functor 2*° preserves
filtered colimit as well as S/p-localizations).
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Proposition 4.67. Let X be a nilpotent connected, Q-local space and G = Gal(Q, Q). Then
the constant functor
N(OrbIyr - S G/U— X

18 Q-local.

Proof. 1t is clear that the constant functor is a sheaf (since rationally homotopy fixed points
for a trivial action of a finite group are trivial) and that it is levelwise Q-local. Thus it only
remains to show that it is a hypersheaf. To see this we write X as the limit 7<,,X. Then all
the truncations are also Q-local (as we have seen before). Then the constant sheaf on X is
the limit of the constant sheaves on 7<,X. Thus is follows that the constant sheaf on X is
a limit of truncated sheaves. The truncated sheaves are all hypercomplete, thus also X is.
Need finally an argument about how it can be written as a limit. O]

Question: What about the fixed points in (S%")B?

4.3.2 Back to Coalgebras

Note that it is important to note that by definition the co-category S¢ is generated by finite
G-orbits which can equivalently by considered as Spec(K) for a finite field extension K over
k. The same applies of course to the category Set® of discrete G-sets. Now we can start to
generalize Theorem to the setting of non-finite Galois group. Thus lets recall that G is
the profinite absolute Galois group of k with fixed algebraic closure k.

Proposition 4.68. There is a left adjoint functor k°[—]: Set® — coCAlg, which sends a
finite G-orbit G/U (for U C G open) to the coalgebra (EU)V. The right adjoint coCAlg, —
Set® is given by sending a coalgebra C' to the set

limy Homeocalg, <(EU)V, C) = Homeooalg, (k,Cok) = (C®k)®®

of grouplike elements over k equipped with its canonical discrete G-action.

Proof. By the presentation Set® ~ Shv(NOrb?;n) to construct the left adjoint it suffices to
provide a functor
NOrb® — coCAlg,

and check that is satisfies ‘codescent’. Such a functor is given by the assignment G/U
(EU)V and it satifies codescent since G/U + kU satifies descent and everything is finite
dimensional.

The right adjoint RC' for a coalgebra C' is now as a sheaf given by

G/U v Homeconrg, ()", C)
which in turn is (by an analysis is as in Proposition isomorphic to
Homeocalg, s (l_fU, C ®y EU) = (C ® EU>gp
Now passing to the colimit we get the claimes result. O]

Lemma 4.69. The underlying vector space of k%[ X]| for a discrete G-set X is naturally
isomorphic to the underlying vector space of k[X].
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Proof. The more precise claim is that we have a commutative diagram of colimit preserving
functors
Set” —— coCAlg,

|

Set Vect,,

This can be checked on generators where we have a natural equivalence

K7IG/U] = (KY)v = ((K[G])")" = k[G/U].

Lemma 4.70. The composite functor
Set¢ X1, coCAlg;, ok, coCAlg;,
is equivalent to the functor
Set® — Set E) coCAlg;.
Proof. Check again on generators. This is similar to Corollary [4.42] O
Lemma 4.71. The functor k%[—]: Set® — coCAlg, is fully faithful.

Proof. We have to understand the unit of the adjunction

X = (K[ X] @y k)P

By the last lemma the right hand side is given by k[X]#? in which case we have seen earlier
that the canonical morphism is an isomorphism. [

Finally we again get a twisted chains functor
C9(—, k) : sSet” — scoCAlg,
Remark 4.72. Again there is a slightly easier description of the dual functor
(CO(X, k)Y =2 C(X, k)% = CHX, k)
which can be seen by observing that both sides send colimits of discrete G-spaces to limits.
Therefore we can reduce it to finite orbits in which case it is clear by definition.

Theorem 4.73. The functor C7 : sSet® — scoCAlg,, sends k-equivalences to quasi isomor-
phisms of simplicial coalgebras and thus induces a functor

SS — scoCAlgy.
This functor is fully faithful.

Proof. The first part immediately follows from Lemmal[4.69since the equivalence only depend
on the chains of the underlying simplicial set. For the second part we want to invoke Lemma
[4.71] Therefore it suffices to show that the right adjoint functor sends quasi-isos to k-local
equivalences. Since this is the same as k-local equivalences and follows as before. [

Corollary 4.74. The functor
Cy: Sy — scoCAIgg

18 fully faithful when restricted to nilpotent rational spaces.

Proof. Study the counit of the adjunction. n
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