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Introduction to Knots and Primes – Jannes Bantje

1 Introduction to knot theory

1.1 Definition. A knot is the image of an embedding S1 ↪→ S3. A knot type is the equivalence
class of such embeddings under ambient isotopy.

We usually wont distinguish between these two notions and refer to a knot type simply as
a knot. To exclude some pathological knots we restrict our attention to tame knots:

1.2 Definition. A knot K is called tame if it is ambient isotopic to a polygonal knot, i.e. a knot
that is piecewise linear.

1.3 Example. Every smooth knot is tame, because by a classical theorem of calculus every
C1 map γ : [0, 1] → �n is rectifiable and this can be used to construct an ambient isotopy,
see Crowell and Fox [CF12, Appendix I.] (very technical!). It is also possible to show, that a
polygonal knot can be transformed into a smooth knot by an ambient isotopy.

Morishita [Mor11, p. 9] assumes every topological space considered to be a PL-manifold
and every map between topological spaces to be PL as well.

Since we are interested only in tame knots, for every knot K we have a tubular neighbourhood
Vk , that is: There is a vector bundle E → K and an embedding f : E → S3 such that (with s0

being the zero section of E→ K)

 f ◦ s0 � idK and

 VK B f (E) is an open neighbourhood of K in S3. see Hirsch [Hir76]

Note that any two such tubular neighbourhoods are isotopic, see Hirsch [Hir76, Chap. 4,
Thm. 5.3].

1.4 Definition. Let K be a knot. XK B S3 \ int(Vk) is the knot exterior of K. The knot group is
defined as the fundamental group of the knot exterior: GK B π1(XK).

1.5 Lemma. The knot group is a knot invariant, i.e. for two ambient isotopic Knots K1 and
K2 we have

GK1 � GK2

Proof: Pick embeddings 11 , 12 : S1 ↪→ S3 with 1i(S1) � Ki . Let F : S3× I → S3 be an ambient
isotopy, i.e. F0 � idM , Ft is a homeomorphism for each t ∈ I and F1◦11 � 12. Now F1 restricted
to the knot exterior XK1 is a homeomorphism XK1 � XK2 and therefore GK1 � GK2 since the
fundamental group is a topological invariant.

1.6 Remark.  The boundary of XK is a 2-dimensional torus

 A meridian of K is a closed (oriented) curve which is the boundary of a disk D2 in VK .

 A longitude is a closed curve in ∂XK which intersetcts which intersects with a meridian
at one point and is null-homologous in XK .
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By removing a point∞ ∈ S3 we may assume, that a knot K is contained in�3. When dealing
with knots one is often interested in two-dimensional representations of knots, so called knot
diagrams:

1.7 Definition. A projection of K onto a plane in �3 is called regular, if it has only a finite
number of multiple points, all of which are double points.

It’s possible to turn any projection of a knot into a regular one by slight pertubation of the
knot, so we only consider regular knot projections. If one marks the overcrossing line in the
projection the knot itself can be recovered from the projection.

1.8 Definition. The crossing number of a knot (type) is the least number of crossings in any
projection of a knot of that type.

1.9 Definition. Given two knots J and K the connected sum or composition J#K is the knot
obtained by removing a small arc from each knot projection and connecting the endpoint by
two new arcs.

A knot is called prime, if it cannot be written as the connected sum of two non-trivial knots
and composite otherwise.

draw trefoil and other prime knots

1.10 Definition. A knot is called alternating if it has a projection in which the crossings altern-
ate between over- and undercrossings while travelling along the knot.

1.11 Lemma. Two knot projections represent the same knot if and only if. up to planar iso-
topy, one can be obtained from the other via a sequence of Reidemeister moves.

draw a picture

2 Algebraic number fields and ring of integers

Throughout this section any ring is considered to be commutative with identity element; any
ring homomorphism φ : R→ S should satisfy φ(1R) � 1S.

2.1 Definition ([Neu13, Def. 2.1]). Let A ⊆ B be an extension of rings. An element b ∈ B ist
called integral over A, if ist satisfies a monic equation

xn
+ a1xn−1

+ . . . + an � 0

with coefficients ai ∈ A, n ≥ 1. B is called integral over A, if all its elements are integral.

2.2 Remark. The sum and the product of two integral elements are again integral. While this
might seem reasonable, the proof is far from being trivial! (see Neukirch [Neu13, Prop. 2.2])

2 Algebraic number fields and ring of integers 2
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2.3 Definition. The ring
A B {b ∈ B | b integral over A}

is called integral closure of A in B. A is called integrally closed, if A � A.

By proving the transitivity of the relation “is integral over” one sees, that A is indeed integ-
rally closed.

2.4 Definition. A finite field extension of � is called an algebraic number field.

This leads us to an object of central interest in algebraic number theory:

2.5 Definition. Let K be some algebraic number field. The integral closure OK ⊆ K of � ⊆ �
is called ring of integers of the algebraic number field K.

For fans of commutative diagrams:

OK K

� �

←↩ →
←
↩→

←↩ →

←
↩

→

We think of OK as a generalization of �, which raises the question whether OK has a unique
prime factorization. Let’s consinder an example. Let D , 0 be some square-free integer. The
field

K � �(
√

D) �
{
a + b
√

D
��� a , b ∈ �

}
is a quadratic field. OK can be explicitly computed:

2.6 Lemma. Let D , 0 be some square-free integer. With K � �(
√

D)we have

OK �


�
[√

D
]
, if D ≡ 2, 3 mod 4

�
[ 1+
√

D
2

]
, if D ≡ 1 mod 4

Proof: If D ≡ 1 mod 4 then p(X) � X2 − X + (1 − D)/4 ∈ �[X] and p
( 1+
√

D
2

)
� 0, therefore

1+
√

D
2 is integral. So OK has �[

√
D] as a subring and if D ≡ 1 mod 4 the bigger subring

�
[ 1+
√

D
2

]
. We show, that there are no other integral elements. The minimal polynom of a+b

√
D

with b , 0 is
p(X) � X2 − 2aX + (a2 − Db2)

So for a + b
√

D to be integral we need 2a ∈ � and (a2 − Db2) ∈ �. Since D is square-free we
also get 2b ∈ � and (a ∈ � �⇒ b ∈ �).

This leaves us with the a < �, implying that 2a � 2k + 1 is odd. We get

a2
+ Db2

�

(
2k + 1

2

)2

+
4Db2

4
�

4 j2 + 4 j + 4Db2 + 1
4

2 Algebraic number fields and ring of integers 3
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The numerator has residue 1 modulo 4 while the denominator is divisible by 4, if b ∈ �. Hence
b < � and 2b � 2l + 1, which leads us to

a2
+ Db2

�
4k2 + 4k + 1 − D(4l2 + 4l + 1)

4

For this to be an integer, we need to have D ≡ 1 mod 4. Our element a + b
√

D is contained in
the ring �

[ 1+
√

D
2

]
as a simple application of the famous “add zero”-trick shows:

2k + 1
2

+
2l + 1

2
·
√

D �
2k + 1

2
− 2l + 1

2
+

2l + 1
2

+
(2l + 1)

√
D

2
� (k − l)︸︷︷︸

∈�

+ (2l + 1)︸  ︷︷  ︸
∈�

· 1 +
√

D
2

This finished the proof.

2.7 Example. For d � −5 we have OK � �[
√
−5] � � + �

√
−5 by lemma 2.6. The following

factorization into irreducible elements is not unique

21 � 3 · 7 �

(
1 + 2
√
−5

)
·
(
1 − 2
√
−5

)
Historically this failure of of unique factorization led to the discovery of ideal theory (by

Edward Kummer 1847). Some basic properties of OK concerning ideals are:

2.8 Theorem ([Neu13, Thm. 3.1]). The ringOK is noetherian, integrally closed and every prime
ideal p , 0 is a maximal ideal.

This set of properties leads us to the following definition:1

2.9 Definition. A noetherian, integrally closed integral domain in which every nonzero prime
ideal is maximal is called a Dedekind domain.

Dedekind domains can be viewed as a generalization of principal ideal domains — just as
OK may be viewed as a generalization of�. The notion of divisibility for ideals is the following:
Let a , b ⊆ O be ideals in a Dedekind domain. Then a | b is defined as b ⊆ a, the sum of ideals
is

a + b � {a + b | a ∈ a , b ∈ b}

and may be regarded as the greatest common divisor. The least common multiple is the inter-
section a ∩ b. The product of two ideals is

ab �

{∑
i
ai bi

��� ai ∈ a , bi ∈ b
}

The ideals with this multiplication now have a unique prime factorization:

1 noetherian: every ascending chain of ideals is finite ⇐⇒ every ideal is finitely generated

2 Algebraic number fields and ring of integers 4
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2.10 Theorem ([Neu13, Thm. 3.3]). Every ideal a of a Dedekind domain O different from (0)
and (1) admits a factorization

a � p1 · · ·pr

into nonzero prime ideals pi of O which is unique up to the order of the factors.

There is a notion of dimension for rings which we will need later on

2.11 Definition. The Krull dimension of a commutative ring is defined as the supremum of
integers n such that there is a strict chain of prime ideals

p0 ⊊ p1 ⊊ p2 ⊊ · · · ⊊ pn

Obviously every Dedekind domain has Krull dimension one.

3 Localization

Given a integral domain R it is easy to construct the field of fractions

K �

{ r
s

��� r ∈ R, s ∈ R \ {0}
}

This construction can be generalized by choosing any nonempty S ⊆ R \ {0} which is closed
under multiplication instead of R \ {0}.

S−1R �

{ r
s

��� r ∈ R, s ∈ S
}

This is called the localization of R at S and has a canonical ring structure. By the very definition
of prime ideal the set S � R \ p is closed under multiplication. In this special case one usually
writes Rp instead of S−1R.

The localization Rp is often used when dealing with a single prime ideal p, because Rp “for-
gets everything that has nothing to do with p” ([Neu13]), which is illustrated by the following
lemmas:

3.1 Lemma. The mappings

q 7−→ S−1q Q 7−→ Q ∩ R

are mutually inverse one-to-one correspondences between the prime ideals q ⊆ R \ S of A and
the prime idealsQ of S−1R.

3.2 Lemma. Rp is a local ring, i.e. Rp has a unique maximal ideal, namely mp � pRp. There
is a canonical embedding

R/p ↪→ Rp/mp
indentifying Rp/mp with the field of fractions of R/p.

maybe talk about discrete valuation rings

3 Localization 5
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4 Affine schemes – the geometrization of ring theory

Let’s begin with a simple yet intructive example:

4.1 Example. Let f be some complex polynomial. f may be interpreted as a function on the
complex plane and for a point a in the complex plane the set of all functions that vanish at
a is a maximal ideal p � (X − a) of �[X]. We get a one-to-one correspondence between the
complex plane and the set M of maximal ideals of �[X]. An element f ∈ �[X] may now be
viewed as an function on M as follows: For every point p � (X − a) of M we have a canonical
isomorphism

�[X]/p �

←→∼

induced by evaluation at a. We may thus view the residue class

f (p) B f mod p ∈ κ(p)

in the residue class field κ(p) � �[X]/p as the “value” of f at the point p ∈ M.

4.2 Definition. Let R be a commutative ring.

Spec(R) B
{
p ⊂ R

�� p is a prime ideal
}

is called the prime spectrum of R. Spec(R) is endowed with the Zariski topology defined by
requiring the following sets to be closed

V(a) � {p | p ⊇ a} note that
V(a) ∪
V(b) �
V(ab)

where a varies over the ideals of R. A basis is given by the sets U f �
{
p
�� f < p

}
.

Note that X � Spec(R) is usually not Hausdorff and that the closed points correspond to the
maximal ideals of R. Pickung up example 4.1 we now can define the “value” of f ∈ R as

f (p) B f mod p

in κ(p) the field of fractions of R/p. Therefore the values of f do not lie in the same field in
general! The zero ideal p � (0) is called the generic point of X, since its closure in the Zariski
topology is the total space X. The sets V(a) are the vanishing sets of ideals a. Let’s consider
another example

4.3 Example. X � Spec(�)may be represented by a line, where for every prime number there
is a closed point and there is the generic point (0) as well. Since

X \ V(a) � {p | p ⊉ a}

an open set is obtained by by throwing out finitely many prime numbers p1 , . . . , pn . The value
of a ∈ � at the point (p) is the residue class

a(p) � a mod p ∈ �/p�

Therefore the fields of of values are then �/2�,�/3�, . . . ,�.

4 Affine schemes – the geometrization of ring theory 6
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This geometric interpretation of ring elements as functions on X � Spec(R) can be further
refined by the so called structure sheaf OX : For simplicity we restrict our attention to one-
dimensional integral domains R. We associate to ever nonempty open set U ⊆ X � Spec(R)
the ring of “regular functions” on U

O(U) �
{

f
1

���� 1(p) , 0 for all p ∈ U
}

This is the localization of R with respect to the multiplicative set S � R \ ∪p∈U p. There are
restriction maps ρUV : O(U) → O(V)which turn the system of rings O(U) into a sheaf on X.

4.4 Definition. A presheaf F of rings is a contravariant functor

F : Xtop −→ Rings

such that F (∅) � 0, where Xtop is the category which objects are the open sets of X and the
morphisms are given by inclusion. An element in F (U) is called section over U.

4.5 Definition. A presheaf F on the topological space X is called a sheaf , if for all open cov-
erings {Ui} of any open set U one has

(i) If s , s′ ∈ F (U)with s |Ui � s′ |Ui for all i �⇒ s � s′.

(i) If si ∈ F (Ui) is a family of sections such that si |Ui∩U j � s j |Ui∩U j for alle i , j, then there is
a section s ∈ F (U) such that s |Ui � si for all i.

The structure sheaf O(X) for X � Spec(R) is in fact a sheaf and the couple (X,OX) is called
an affine scheme.

Quotients correspond to closed subschemes

Let I ⊆ R be some ideal. The projection s : R ↠ R/I induces a continous map

s∗ : Spec(R/I) −−−−→ Spec R
p 7−−−−→ s−1(p)

It is a basic algebra excercise to prove, that this is well defined and the image consists exactly of
the prime ideals, that contain the ideal I. The image is therefore closed in the Zariski topology
and gives rise to a closed subscheme of the affine scheme.

4.6 Definition. The stalk of the sheaf F at the point x ∈ X is defined to be the direct limit

Fx � lim−−→
U∋x

F (U)

where U varies over all open neighbourhoods of x. Let sU ∈ F (U) and sV ∈ F (V) be sections.
They are equivalent if there is a neighbourhood W ⊆ U ∩ V of x such that sU |W � sV |W .
Elements of Fx are such equivalence classes and called germs of sections at x.

The correspondence between completions and “inifitesimal neighbourhoods” can not be
made completely explicit right now, but we consider an example in the next section.

4 Affine schemes – the geometrization of ring theory 7
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5 p-adic numbers

5.1 Definition. Fix a prime number p. The p-adic integers are defined as the projective limit

�p � lim←−−�/p
n�

This is the completion at the ideal (p).

This means a p-adic integer is a sequence (an)n of residue classes an ∈ �/pn� which are com-
patible in the following sense: Let λn : �/pn+1� ↠ �/pn� be the canonical projection. Then
λn(an+1) � an for all n ∈ �, i.e. the projective system looks like this

�/p� �/p2� �/p3� . . .←→λ1 ←→λ1 ←→λ3

The projective limit is a subring of the product ring
∏

n∈��/pn�, therefore addition and mul-
tiplication are defined componentwise. The additive inverse to (an)n is (pn − an)n and every
sequence with a1 , 0 has a multiplicative inverse, since a1 , 0 implies, that every an is not
divisible by pn and therefore as an inverse bn . The sequence (bn)n is an inverse for (an)n .

5.2 Definition. The p-adic numbers �p are defined as the field of fractions of �p .

 The mapping a 7→ (a mod pn)n defines an embedding � ↪→ �p .

 Every rational number x can be written as x � ± a
b pn for a unique n and p ∤ ab. The

p-adic absolute value of x is then given by

|x |p B p−n |0|p B 0

It can be easily shown, that this is a norm.

 The completion of �with respect to this norm is again �p , since the completion consists
of equivalence classes of Cauchy sequences in � and the p-adic value of x is small, if x
is divisible by a high power of p.

 �p is an integral domain: If ab � 0 we get |a |p · |b |p � 0 and therfore a � 0 or b � 0.

 �p is a local ring (even a discrete valuation ring) with maximal ideal m � p�p . The
residue class field is �p/p�p � �/p� � �p (Iso with isomorphism theorem). On the
spectras the inclusion � ↪→ �p induces a map Spec(�p) → Spec(�), which extracts the
scheme Spec(�p) from the line Spec(�).

draw picture

5 p-adic numbers 8
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