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ABSTRACT. We show that, for countable sofic groups, a Bernoulli action with infinite
entropy base has infinite entropy with respect to every sofic approximation sequence.
This builds on the work of Lewis Bowen in the case of finite entropy base and completes
the computation of measure entropy for Bernoulli actions over countable sofic groups.
One consequence is that such a Bernoulli action fails to have a generating countable
partition with finite entropy if the base has infinite entropy, which in the amenable case
is well known and in the case that the acting group contains the free group on two
generators was established by Bowen.

1. INTRODUCTION

In [2] Lewis Bowen introduced a notion of entropy for measure-preserving actions of
countable sofic groups admitting a generating partition with finite entropy. This measure
entropy is defined relative to a given sofic approximation sequence for the group and thus
yields a collection of numerical invariants in general. For a Bernoulli action with finite
base entropy, Bowen showed that the sofic measure entropy is equal to the base entropy for
every choice of sofic approximation sequence. As a consequence he was able to extend the
entropy classification of Bernoulli actions in the amenable setting, due to Ornstein for Z
and to Ornstein and Weiss more generally, to the class of all countable sofic groups having
the property that any two Bernoulli actions with the same base entropy are conjugate,
which includes all countable sofic groups containing an element of infinite order. Moreover,
Bowen demonstrated that Bernoulli actions with nontrivial bases over a given countable
sofic group containing the free group Fb are all weakly isomorphic [1], which enabled
him to conclude in [2] that Bernoulli actions with infinite entropy base over a countable
sofic group containing F» do not admit a generating partition with finite entropy, thereby
answering a question of Weiss.

In [4] the present authors extended Lewis Bowen’s sofic measure entropy to general
measure-preserving actions of a countable sofic group on a standard probability space by
recasting the definition in operator-algebraic terms, much in the spirit of Rufus Bowen’s
approach to topological entropy for Z-actions, which replaces the analysis of set intersec-
tions with the counting of e-separated partial orbits. The main goal of [4] was to introduce
a topological version of sofic measure entropy and establish a variational principle relat-
ing the two. In this note we respond to a question that Bowen posed to the authors by
showing that, for countable sofic groups, a Bernoulli action with infinite entropy base has
infinite entropy with respect to every sofic approximation sequence. The argument makes
use of Bowen’s finite entropy lower bound and is carried out by representing the dynamics
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in a topological way. It follows that the entropy of any Bernoulli action of a countable
sofic group over a standard base is equal to the base entropy, independently of the sofic
approximation sequence (Theorem 2.3). As a consequence, conjugate Bernoulli actions of
a countable sofic group over standard bases have the same base entropy (Theorem 2.4), a
fact that Bowen proved under the assumption that the bases have finite entropy or that
the group is Ornstein, i.e., has the property that any two Bernoulli actions with the same
base entropy are conjugate. Another consequence is that a Bernoulli action of a countable
sofic group with an infinite entropy standard base does not admit a generating measurable
partition with finite entropy (Theorem 2.6), which is well known for countable amenable
groups and, as mentioned above, was established by Bowen for countable sofic groups
containing Fy using a different argument based on the weak isomorphism of Bernoulli
actions. Note that there exist countable sofic groups which are not amenable and do not
contain F5. Indeed Ershov showed the existence of a countable nonamenable residually
finite torsion group [3, Cor. 8.5] (see also [6]).

We now recall some terminology and notation pertaining to sofic measure entropy. We
refer the reader to [4] for more details. Let G be a countable sofic group. Let ¥ = {o; :
G — Sym(d;)}5°, be a sofic approximation sequence for G, i.e., {d;}32; is a sequence of
positive integers satisfying lim; .., d; = oo and the maps o; into the permutation groups
Sym(d;) are asymptotically multiplicative and free in the sense that

1—00

for all s,t € G and

lim 7‘{]{7 c {1 dz} : Ui,st(k) = Ui,sgi,t(k)}‘ =1

hm—}{ke{l Ldit i ois(k) #oig(k)} =1

1— 00

for all distinct s,¢ € G. The sofic measure entropy hy ,(X,G) of a measure-preserving
action of G on a standard probability space (X, u) with respect to X is defined, roughly
speaking, by measuring the exponential growth as ¢ — oo of the maximal cardinality of
e-separated sets of approximately equivariant, approximately multiplicative, and approx-
imately measure-preserving maps from L (X, ) into C%, where the latter is equipped
with the uniform probability measure. Instead of recalling the precise definition, which
can be found as Definition 2.2 in [4], we will give here an equivalent formulation more
suited to our purpose, which requires us to endow our measure-theoretic framework with
topological structure in order to facilitate certain approximations. We thus suppose that
X is a compact metrizable space, p is a Borel probability measure on X, and « is a con-
tinuous measure-preserving action of G on X. The notation « will actually be reserved
for the induced action on C(X), so that ay(f) for f € C(X) and g € G will mean the
function z +— f(g '), with concatenation being used for the action on X. Let P be a
finite partition of unity in C'(X) and let d € N. On the set of unital homomorphisms from
C(X) to C? we define the pseudometric

PP 00, 1) = max [|p(p) — P (p)]|oo-
peP

Let o be a map from G to the permutation group Sym(d) of the set {1,...,d}. We also
use o to denote the induced action on C? = C({1,...,d}), i.e., for f € C? and s € G we
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write o5(f) to mean foo; . We write ¢ for the uniform probability measure on {1,...,d},
and || - ||2 for the norm f — ¢(|f]?)*/? on C%. Let F be a nonempty finite subset of G,
m € N and § > 0. Define Homl)f(?, F,m,d,0) to be the set of all unital homomorphisms
¢ : C(X) — C% such that

(i) [Cop(f) = u(f)| <6 for all f € Prm,

(ii) lpoas(f) —osop(f)|l2 <d forall fe P andseF,

where P, denotes the set of all products of the form ay, (p1) - - - as, (p;) where 1 < j <m,
p1,...p; € P, and s1,...,s; € F. The measure-preserving version of Proposition 4.11 in
[4] (which can be established using the same argument) and the discussion in Section 5 of
[4] together show that if P is dynamically generating in the sense that there is no proper
G-invariant unital C*-subalgebra of C'(X) containing P, then

1
hs ,(X,G) = supinf inf inf limsup — log N.(Hom™ (P, F,m,d, ;),
E,,u( 5 ) 5>%]) F meN§>0 i—>oop di g 5( n ( s L5 170y z) piP,oo)
where N¢(-, pp ) denotes the maximal cardinality of an e-separated subset with respect
to the pseudometric pp o and F' ranges over all nonempty finite subsets of G.
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2. RESULTS

Let G be a countable sofic group and (X, u) a standard probability space. Taking
the product Borel structure on X< and the product measure &, we obtain a standard
probability space (X%, 1) on which G acts by the shifts g - (2)heq = (T4-1p)neq, and
we refer to this as a Bernoulli action.

The following lemma is a direct consequence of (and is easily seen to be equivalent to)
the lower bound for the sofic entropy of a Bernoulli action with finite entropy base that
is part of Theorem 8.1 in [2]. Recall that the entropy of a measurable partition Q of a
probability space (X, ) is defined by

H,(Q) = =) 1(Q)log u(Q).

QeQ

Lemma 2.1. Let G be a countable sofic group. Let ¥ = {o; : G — Sym(d;)};2, be a sofic
approximation sequence for G. Let (X, 1) be a standard probability space. Let R be a finite
measurable partition of X. Then for every nonempty finite set I C G and § > 0 one has

{ﬂ c fR{l""’di} .

ST wle(e) - C(

PERE ' gV

Lemma 2.2. Let G be a countable sofic group. Let ¥ = {o; : G — Sym(d;)};2, be a sofic
approzimation sequence for G. Let (X, u) be a standard probability space. Let Q be a finite
measurable partition of X. Then hy, ¢ (X%, G) > H,(9).

1
lim sup — log
1—00 7

N Ui(g)ﬂ‘l(so(g))>| < 6}' > H,(R).

geF
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Proof. We can identify X with a Borel subset of [0, 1] such that the closures of the atoms
of Q are pairwise disjoint. Then p extends to a Borel probability measure v on X such
that u(A) = v(A) for every measurable subset A of X. It follows that the Bernoulli
actions (G, X%, %) and (G,YG,VG) are measurably isomorphic. Thus hy, ,c (X4 @) =
hs,,a(X%, G). Denote by Q the partition of X consisting of @ for @ € Q. Then H,(Q) =
H,(Q). Thus we may replace X and Q by X and Q respectively. Therefore we will assume
that X is a closed subset of [0,1] and Q is a closed and open partition of X. Equipped
with the product topology, X¢ is a compact metrizable space. The shift action of G' on
XC is continuous, and u& is a Borel probability measure on X©¢. We write a for this
action as applied to C'(X%), following the notational convention from the introduction.

Denote by p the coordinate function on X, i.e. p(z) = x for x € X. Then P := {p,1—p}
is a partition of unity in C'(X) generating C(X) as a unital C*-algebra. Denote by e the
identity element of G. Via the coordinate map X¢ — X sending (xg)gea to xe, we will
also think of P as a partition of unity in C'(X%). Then P dynamically generates C'(X%),
and so according to the introduction we have

1 G
h X% @) = supinf inf inf limsup — log N.(Hom"; (P, F,m,d, c;), ,
2.6 (X7, G) supinf inf, nf lim sup - log = (Homyg (P, F,m, 6, 04), pp o)
where F' ranges over all nonempty finite subsets of G and the pseudometric pp o, on the
set of unital homomorphisms C(X%) — C% is given by

PP oo (s 1) = max |lo(f) — Y (f)l|oo-

fer

Take an € > 0 which is smaller than the minimum over all distinct Q,Q’ € Q of the
quantities mingeq yeq |2 — y|. Then it suffices to show

1
i%f naré%gg li?lsogp @ log NE(HomffGG(fP, F,m,6,0:), pp0c) > Hu(Q) — K
for every k > 0.

So let k > 0. Let F' be a nonempty finite subset of G, m € N, and § > 0. Note that,
for each f € Ppy,, the value of x € X G under f depends only on the coordinates of = at
g for g € F'. Thus we can find an n > 0 such that whenever the coordinates of two points
x,y € XY at g are within 7 of each other for each g € F, one has |f(z) — f(y)| < /3 for
all f S iPF,m-

Take a finite measurable partition R of X finer than Q such that each atom of R ha
diameter less than 7. For each R € R take a point i in R. Let ¢ be a map from G to
Sym(d) for some d € N. For each 8 € RiL-4 take a map O : {1,...,d} — X such
that for each a € {1,...,d} and g € F, the coordinate of ©s(a) at g is Tg(s(g)-14)- Then
we have a unital homomorphism I'(8) : C(X%) — C? sending f to f o ©3. Denote by
Z the set of a in {1,...,d} such that o(e)~to(g9)"ta = o(g)la for all g € F. For every
e RLdt e Pandae Z, we have

(L(B)(ag(f))(a) = ag(f)(©p(a)) = flg™'0s(a) = F((Os(a))yg) = f(Za(o(g)-1a)):

and

(@(@T(B)(H))(a) = (TB)(f))(o(9) " a) = f(Os(a(9) " a) = F(Os(a(9) " a))e)
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= f(@5(0(e)-10(9)10) = [ (@5(0(g)1a));
and hence

(C(B) (g (@) = (a(g)T(B)(f))(a).

When o is a good enough sofic approximation of G, one has 1 — |Z|/d < 42, and hence

IT(B)(ag(f)) = a(g)T(B)(f)ll2 <6

for all € R4} and f e P.

For each ¢ € RY', denote by Y, the set of z in X% whose coordinate at ¢ is in ((g) for
every g € F. Then {Y, : ¢ € RF} is a Borel partition of X“. For each ¢ € R pick a
Yp € Y, such that the coordinate of y, at g is x4 for each g € F. By our choice of 7
and R, we have

sup sup |[f(z) — f(y,)| <0/3
ZEGYSQ fEfPF’m

for every » € RF. For every g € R4t and a € {1,...,d}, define g, € RE by
¥3,a(g9) = B(o(g) " a). Note that the coordinates of ©g(a) and yy, , at g are the same for

cach g € F. For every 8 € R4} and ¢ € RF, one has

{aef{l,....d}:vpa=0}=[){ac{l,....d}: ¥salg) = 0(9)}

geF

= (N {ae{l,....d}: B(o(g)  a) = v(g)}
geF

= () a(9)8~ " (#(9))-
geF

Thus for every g € R{Ld} and f e Prm one has

1 d 1 d 1 d
CT@) =5 Z L(B)(f)(a) = 5 Z f(©p(a) = 5 Z (¥05.0)
Z fye)({ae{l,....d} 1 ¥p0 = 0})

pERF
- 3 (N a(g)ﬂl(so(g)))-
PERF geF

Let 7 be a strictly positive number satisfying 7 < 0/3 to be further specified in a
moment. Set

W = {ﬁ e fR{l’“"d} . Z

pERF

T #lele)) - C( N U(Q)B‘I(sO(g)))’ < T}.

geF geF

For every 8 € W and f € Pg,, one has, since 0 < f <1,

=Y / FapS mss Y pS Vo) fue) = > flye) T[] mle(9)

PERF PERFE PpERF ger
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< 2 £0¢( ) 0@ 6la))) =T @)
PpERF geEF
Therefore, when o is a good enough sofic approximation of G, the homomorphism T'(/3)
belongs to Homl)fGG(T, F,m,¢) for every € W.
Let # € W, and let us estimate the number of v € W satisfying pp o (I'(5),I'(7)) < e.
Note that

p,00(L'(B),T(7)) = X [p(©p(a)) — p(©4(a))|

= X [T 10) T P10

= max 17s0) = Ty

Thus ((a) and 7(a) must be contained in the same atom of Q for each a € {1,...,d}.

For @) € Q denote by R the set of atoms of R contained in (). Thinking of 8 as a
partition of {1,...,d} indexed by R, we see that {(,cpo(g 1B (p(g) : p € RE} is a
partition of {1,.. .,d}. Let Q € Q, Re R, and g1 € F. Then

gt R) = U ) o958 (e9)),
PER p(g1)=R g€F
and hence

CBTHR) = (ol (R) = ) [T nle(9)) =

PERF p(g1)=R g€F

£

and

cw—l(ﬂzQ)):c( U a(glw—l(R)) ~ Y Tute)

ReRg PERF p(g1)ERg 9gEF
= n(URg) = w(Q).

Similarly, we have ((y !(R)) ~, u(R) for every R € R. The conclusion in the last
paragraph can be restated as saying that 71 (Rg) = 7 }(Rg) for every Q € Q. Hence the
number of possibilities for + is bounded above by HQeQ Mpg o, where listing the atoms of
Rg as Ry, ..., R, we have

Myg= 3 (IB—lgﬂzQ)l> <\5_1(RQ)|—j1)m<|ﬁ L(Ro)| — P 1jk>

Jiin J1 J2 Jn
_y el
i nliel gl
where the sum ranges over all nonnegative integers ji, ..., Jn such that |jp/d—pu(Rg)| < 7
forall 1 <k <nand > p_;jr = |81 (Rg)|. Setting £(t) = —tlogt for 0 < ¢ < 1, for such
J1,---,Jn we have, by Stirling’s approximation,

Jilgal- - gn!

P20 < ey (S etin/d) - €087 @) ) )
k=1
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for some constant C' > 0 independent of |3~ !(Rg)| and ji, ..., j,. Since the function ¢ is
uniformly continuous, when 7 is small enough one has

D EUk/d) = €187 R)I/d) < D E(u(R) — E(u(@)) + #/19]
k=1 ReRg

for all ji,...,j, as above. Therefore

Mg g < Cd(2rd)Rel exp (( > &p (1(Q)) +/€/|Q\)d>

RG:RQ

for every @ € Q, and hence

I] ¥150 < 7 Uara) e (EErrnn!

Now we have

NE(Homfg(fP F,m,6,0), ppco)

> |W|/max H Mg g
QGQ

> [w|c a1 2rd) "R exp (( — H,(R) + H,(Q) — fg> d> :
Using Lemma 2.1 we thus obtain

1
lim sup - log N (Hom)\c' (P, F,m, 6,07), pp.0c)

> —HH(R) + HN(Q) — K+ hm sup d— log {ﬂ c :R{l,‘..,di} .
Z H u(g&(g)) - C( m O'Z<g)ﬁl(gp(g))> ‘ < 7—}’
pERF ' geF geF
Z HM(Q) — R,
as desired. -

For a standard probability space (X, u), the entropy H(u) is defined as the supremum
of H,(Q) over all finite measurable partitions Q of X. In the case H(u) < +oo, the
following theorem is Theorem 8.1 of [2] in conjunction with Theorem 3.6 of [4]. The case
H(u) = +o0 is a consequence of Lemma 2.2. When G is amenable we recover a standard
computation of classical measure entropy, in view of [5].

Theorem 2.3. Let G be a countable sofic group. Let ¥ be a sofic approximation sequence
Jor G. Let (X, ) be a standard probability space. Then hy, ,o(X%, G) = H(u).

As a consequence of Theorem 2.3 we obtain the following result, which was proved by
Bowen in the case that H(u) + H(v) < +o0 or G is a countable sofic Ornstein group [2,
Thm. 1.1 and Cor. 1.2]. We note that it is not known whether there are countably infinite
groups that are not Ornstein.
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Theorem 2.4. Let G be a countable sofic group. Let (X, u) and (Y,v) be standard prob-
ability spaces. If (G, X% u%) and (G,Y %, v%) are isomorphic, then H(u) = H(v).

The next lemma follows from Proposition 5.3 of [2] (taking [ there to be the trivial
partition) and Theorem 3.6 of [4].

Lemma 2.5. Let G be a countable sofic group. Let 3 be a sofic approximation sequence for
G. Let G act on a standard probability space (X, pu) by measure-preserving transformations.
Let Q be a generating countable measurable partition of X. Then hx, ,(X,G) < H,(Q).

The following theorem is a consequence of Theorem 2.3 and Lemma 2.5. In the case
that G is amenable it is a well-known consequence of classical entropy theory, and in the
case that G contains the free group F» it was proved by Bowen in [2, Thm. 1.4]. As
mentioned in the introduction, there exist countable sofic groups that lie outside of these
two classes [3, 6].

Theorem 2.6. Let G be a countable sofic group. Let (X, ) be a standard probability space
with H(p) = +o0o. Then there is no generating countable measurable partition Q of X&
such that H,c(Q) < +o0.
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