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ABSTRACT. For discrete measured groupoids preserving a probability measure we introduce
a notion of sofic dimension that measures the asymptotic growth of the number of sofic ap-
proximations on larger and larger finite sets. In the case of groups we give a formula for free
products with amalgamation over an amenable subgroup. We also prove a free product formula
for measure-preserving actions.

1. INTRODUCTION

For certain kinds of infinite-dimensional structures it is possible to define a notion of volume
or complexity by measuring the asymptotic growth of the number of models in finite or finite-
dimensional spaces of increasing size. This idea occurs prototypically in the statistical mechanics
of infinite lattice systems, where one defines the mean entropy as a limit of weighted averages
over finite-volume configurations. Via the action of lattice translation, this mean entropy can
be recast as a particular instance of dynamical entropy. For continuous actions of amenable
groups on compact Hausdorff spaces, dynamical entropy can be expressed either in information-
theoretic terms using open covers or as a measure of the exponential growth of the number of
partial orbits up to an observational error. Kolmogorov-Sinai entropy for measure-preserving
actions of amenable groups can also be viewed in a similar dual way.

In a recent breakthrough, Lewis Bowen showed how the statistical mechanical idea of counting
finitary models can be used as a means for defining dynamical entropy in the very broad context
of measure-preserving actions of countable sofic groups [2]. A generalization of both amenability
and residual finiteness, soficity is defined by the existence of approximate actions on finite spaces,
and it is these approximate actions which provide the setting for dynamical models. Hanfeng Li
and the second author subsequently applied an operator algebra perspective to develop a more
general approach to sofic entropy that yields both topological and measure-theoretic entropy
invariants [13, 12].

This “microstates” approach to dynamical entropy can be compared with the packing for-
mulation of Voiculescu’s free entropy dimension for tracial von Neumann algebras, for which
the finite modeling takes place in matrix algebras instead of finite sets or commutative finite-
dimensional C*-algebras. While sofic entropy measures the exponential growth of the number of
dynamical models relative to a fixed background sequence of sofic approximations for the group,
free entropy dimension counts the number of matrix models for a finite set of operators (which
might for instance come from both the group and the space in a crossed product) up to an
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observational error and measures the growth of this quantity within an appropriate superexpo-
nential regime as the dimension of the matrix algebra tends to infinity. A major open problem
concerning free entropy dimension is whether it takes a common value on all finite generating
sets and hence yields an invariant for the von Neumann algebra. This is true in the hyperfinite
case [10] but is unknown for free group factors. In [22] Shlyakhtenko defined a free-entropy-type
quantity using a combination of permutations and general unitaries that yields an invariant for
discrete measured equivalence relations.

In the present paper we define a notion of sofic dimension for groups and measure-preserving
group actions that is based on discrete models in the manner of sofic entropy but counts all
models for the structure in the spirit of free entropy dimension. In fact we set up the theory
of sofic dimension in the more natural and general framework of discrete measured groupoids
(more precisely, what we call probability-measure-preserving (p.m.p.) groupoids), so that it si-
multaneously specializes to groups, measure-preserving group actions, and probability-measure-
preserving equivalence relations. This means in particular that, for free measure-preserving
actions of countable groups, sofic dimension is an orbit equivalence invariant.

The dimension is first defined with respect to several local parameters. One of these param-
eters determines the scale at which the sofic approximations are distinguished, while the others
determine how good the sofic approximation is. We take an infimum over the latter and then
a supremum over the former to produce an invariant. We show that the value of this invariant
can be determined by restricting the parameters to a generating set, which renders it accessible
to computation. Our main result in the group case gives, under certain regularity assumptions,
a formula for the sofic dimension of free products with amalgamation over an amenable group,
in analogy with those for free entropy dimension [3] and cost [8]. This gives in particular a
free probability proof of the fact that soficity for groups is preserved under free products with
amalgamation over an amenable group, which was shown in [4] assuming the amenable group to
be monotileable and in [6, 18] in general. We also establish a free product formula for measure-
preserving actions under similar regularity assumptions. In a separate paper devoted to the
equivalence relation viewpoint [5] we give a formula for the sofic dimension of a free product of
equivalence relations amalgamated over an amenable subrelation, which applies most notably
to free actions of free products of groups amalgamated over an amenable subgroup.

We begin in Section 2 by defining the sofic dimension $(¥¢) of a p.m.p. groupoid ¥, as well
as a variant s(¢), the lower sofic dimension, obtained by replacing the limit supremum in the
definition of (%) with a limit infimum. We prove in Theorem 2.11 that these invariants can be
computed on any finite generating set. We also show that the lower sofic dimension of a sofic
p.m.p. groupoid with infinite classes is at least 1 (Proposition 2.14). In Section 3 we record a
couple of basic results for countable discrete groups, including the fact that s(G) = 1 — |G|~
for a finite group G (Proposition 3.5). Section 4 contains the amalgamated free product formula
for groups, Theorem 4.10, which asserts that, under suitable regularity assumptions, if G; and
(9 are countable discrete groups and H is a common amenable subgroup then

1
S(G1 * Gg) = S(Gl) + S(Gg) -1+ m
As corollaries we deduce that s(F,) = s(F,) = r for every r € NU {oco} where F, is the free
group of rank r, and s(G) = s(G) = 1 — |G|~! for amenable groups G. In Section 5 we show
how the definition of sofic dimension for a measure-preserving action G ~ X of a countable
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discrete group on a probability space, for which we use the notation s(G, X) and s(G, X), can
be reformulated so as to conveniently separate the group and space components. We use this
reformulation in Section 6 to establish the free product formula, Theorem 6.4, which asserts
that, under suitable regularity assumptions, if G; and Gy are countable discrete groups and
G1 %G9 ~ X is a measure-preserving action on a probability space, then

s(G1 % Ga, X) = s(G1, X) + s(Ga, X).

As a corollary, for every r € N we obtain s(F,, X) = s(F,, X) = r for every measure-preserving
action of the free group F;..

While working on this project we learned that Miklés Abért, Lewis Bowen, and Nikolai Nikolov
also defined and studied the same notion of sofic dimension for groups. It is their terminology
that we have adopted. Our paper answers a question of Miklés Abért, who asked whether the
theory can be extended to measure-preserving group actions [1].
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for helpful discussions on the subject. We are especially grateful to Hanfeng Li for extensive
comments and corrections.

2. PROBABILITY-MEASURE-PRESERVING GROUPOIDS

For a groupoid ¢ we denote the source and range maps by s and t, respectively, and write
40 for the set of units of 4. For a set A C 9° we write ¥4 for the subgroupoid of ¢ consisting
of all z € ¢4 such that s(x) € A and v(z) € A, with unit space A.

A discrete measurable groupoid is a groupoid ¢ with the structure of a standard Borel space
such that 40 is a Borel set, the source, range, multiplication, and inversion maps are all Borel,
and s~!(x) is countable for every z € 4V.

A probability-measure-preserving (p.m.p.) groupoid is a discrete measurable groupoid ¢ paired
with a Borel probability measure 1 on 4° such that

/ 71 (x) N Bl dy() = / "L (x) N B du(x)
@0 @0

for every Borel set B C ¢. The assignment of this common value to a Borel set B defines a
o-finite Borel measure on ¢ which restricts to p on 4°. It will also be denoted by p. When
speaking about a p.m.p. groupoid (¢, u) we will often simply write ¢ with the measure p being
understood.

Let (¢,n) and (7, v) be p.m.p. groupoids. We say that & and 7 are isomorphic if there
exist Borel sets A C 99 and B C . such that A and B have full measure in 4° and 79,
respectively, and a groupoid isomorphism ¢ : ¥4 — 3 which is Borel and satisfies . = v.

In order to express the notion of a finite approximation to a p.m.p. groupoid (¢, ) that will be
the basis of our definition of sofic dimension, we will think of ¢ in terms of its inverse semigroup
Iy of partial isometries, defined as follows. Let B be a Borel subset of ¢ such that the restrictions
of 5 and t to B are injective. We obtain a partial isometry sp on L?(%, i) by declaring spé(z)
for £ € L?(4, 1) and x € ¢ to be £(y~!) where y is the element of t~!(s(z)) satisfying zy € B,
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or 0 if there is no such y. We then define I as the collection of partial isometries which arise in
this way. When convenient we will think of elements in Iy themselves as characteristic functions
on ¢4 which are identified if they agree p-almost everywhere. The collection Iy forms an inverse
semigroup, where the inverse of an element s is its adjoint s*, and it is closed under taking sums
of finitely many pairwise orthogonal elements. It is a subset of the von Neumann algebra VN(¥)
of ¢, which can be defined as the strong operator closure of the space A of functions n on ¢
for which the functions z — >° c.—1(,) [n(y)] and @ — 32 .1,y [n(y)] on % are essentially

bounded, with A being represented on L?(¥, 1) via the convolution

nxéx) =Y )iy,

yer!(s(z))

One can show in fact that Iy generates VN(¥) as a von Neumann algebra.

Write 7 for the normal trace on VN(¥) associated to p and || - ||2 for the 2-norm a — 7(a*a)
on VN(¥). For elements a in L(¥, 1), and in particular for @ in the linear span of Iy, the trace
is given by

1/2

7(a) = (alyo, 1go) 24,0 = L

g

a* lgo dp = / a(x)du(x).
0 %o

We will be using the 2-norm to measure distances between elements of Iy .
The three basic examples of p.m.p. groupoids are the following;:

(1) a countable discrete group G, in which case I can be identified with G along with the
zero element, and the inverse of the inverse semigroup is the same as the group inverse,

(2) a countable discrete group acting by measure-preserving transformations on a standard
probability space, which reduces to the previous example when the space consists of a
single point, and

(3) a measure-preserving equivalence relation R on a standard probability space, in which
case Ir is the collection of partial transformations ¢ with nonnull domain such that
(z,¢(x)) € R for all z in the domain of ¢, with two such partial transformations being
identified if they agree on a subset which has full measure in the domain of each.

We write I; for the inverse semigroup of all partial transformations of {1,...,d}. This
is the inverse semigroup associated to the full equivalence relation {1,...,d} x {1,...,d} on
{1,...,d}, which we view as a p.m.p. groupoid with respect to the uniform probability measure
on {1,...,d}. We thus view I both as the set of all partial transformations of {1,...,d} and
as the set of all partial permutation matrices in My, i.e., partial isometries whose entries are all
either 0 or 1. The context will dictate which particular meaning is intended. We write Sy for the
subset of I; consisting of all permutations of {1,...,d}, which we also regard as permutation
matrices in My in accordance with our double interpretation of I;. For a finite set E we write
Sym(FE) for the set of all permutations of E. This will occasionally be convenient as a substitute
for Sy when dealing with a d-element set that comes with a description other than {1,...,d}.

We write the unique tracial state on My as tr, or sometimes try if there are matrix algebras
of different dimensions at play. Note that for s € I the square ||s||3 = tr(s*s) of the 2-norm is
equal to 1/d times the cardinality of the domain of s as a partial transformation. Also, for any
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s,t € I; we have, writing &1, ..., &y for the standard basis vectors of C% and dom for domain,

s = #13 = (s~ 1)°(s ~ 1) éz 061 (s = D€;)

—_

> —|{ce{1,....d}: sc#tc}|

—

= j(dom(s)Adom(t)) U {c € dom(s) N dom(t) : sc # tc}|.

This inequality will be useful for example in the proof of Lemma 2.5. In the case that s,t € Sy
we have

s — #]2 = é}{ce (L,....d} : sc £ tc}].

Given a p.m.p. groupoid ¢4 and a d € N, we wish to count the number of models of Iy in 1.
We do this by counting the number of approximately multiplicative maps Iy — 1.

For a subset Q of Iy we write Q* for {s* : s € Q}. For n € N we write Q*" for the n-fold
Cartesian product  x --- x Q. This is to be distinguished from Q", which denotes the set of
all products s7 - - - s, where s1,...,s, € Q. We write Q=" for the set Usp—y Q™ and [Q] for the
linear span of © in VN(¥).

Given an Q C Iy we write I(£2) for the set of all elements in Iy which can be written as a
finite sum of elements in 2. Note that the elements in such a sum must have pairwise orthogonal
source projections, as well as pairwise orthogonal range projections.

Let 4 and 7 be p.m.p. groupoids. Let I’ be a finite subset of I. For an n € Nand a § > 0,
a linear map ¢ : [Iy| — [L] is said to be (F,n,d)-approzimately multiplicative if

(st sk) —@(s1) - p(s)ll2 <0

forall k =1,...,n and (sq,...,s;) € F**. For d,n € N and a § > 0 we define SA(F,n,d,d) to
be the set of all (F'U F*, n,d)-approximately multiplicative linear maps ¢ : [Iy] — [I4] = My
such that o((F U F*)<") C I and |tro ¢(s) — 7(s)| < 4 for all s € (F U F*)=".

Definition 2.1. The p.m.p. groupoid ¥ is said to be sofic if for all finite sets FF C 4, n € N,
and ¢ > 0 the set SA(F,n,d,d) is nonempty for some d € N.

Given sets F and A with F C A, a set Z, and a collection % of maps A — Z, we write
|% | for the cardinality of the sets of restrictions ¢|g where p € #'. Note that SA(F,n,d,d) D
SA(F',n’,d',d) and hence [SA(F,n,d,d)|g > |[SA(F',n',¢',d)|g whenever F C F', n < n/,
0 >0, and F and E’ are subsets of Iy satisfying F D E’.

Definition 2.2. Let € be a subset of Iy, E and F finite subsets of I, n € N, and § > 0. We
set

F, =i
sg(F,n,d) lglsogpdlog

mBSE(F, n,d),

7108 [SA(F,n,6,d)[p,

sp(F,n) =

sp(F) = inf sp(Fin),
) =

sp(Q 1nfsE( ),
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s(2) = sup sp(2)
E

where F' in the second last line and F in the last line both range over the finite subsets of 2. We
similarly define sp(F,n,d), sg(F,n), sg(F), sp(Q), and s(Q2) by replacing the limit supremum
in the first line with a limit infimum. If SA(F,n,d,d) is empty for all sufficiently large d we set
sp(F,n,d) = —o0, and if SA(F,n,d,d) is empty for arbitrarily large d we set sp(F,n,d) = —occ.

Note that if €2 is finite in the above definition then the notation sg(£2) is unambiguous since
sp(F") < sg(F) whenever F and F’ are finite subsets of Iy with F’ D F.

Definition 2.3. The sofic dimension s(¢) of 4 is defined as s(Ig), and the lower sofic dimension
s(9) as s(ly).

It is clear that sofic dimension and lower sofic dimension are invariants for isomorphism of
p.m.p. groupoids.

For the remainder of the section (¢, 1) will be an arbitrary p.m.p. groupoid.

Given a finite set £ C Iy, on the set of all unital linear maps from [Iy] to [I;] = My we define
the pseudometric

pe(p,¥) = max|lo(s) — 9(s)ll2.

For € > 0 write N.(-, p) for the maximal cardinality of an e-separated subset with respect to the
pseudometric p. Note that No(SA(F,n,0,d), pg) = |SA(F,n,d,d)|g.

Definition 2.4. Let E and F be finite subsets of 4, n € N, and é > 0. We set

1
st.c(Fn,8) = limsup —— log N.(SA(F,n,,d), o)

d—o0 logd
spe(Fyn) = }I;ESE,E(F,n,&).

We similarly define sp . (F,n,d) and s . (F,n) by replacing the limit supremum in the first line
with a limit infimum. If SA(F,n,d,d) is empty for all sufficiently large d we set sg.(F,n,0) =
—o0, and if SA(F,n,d,d) is empty for arbitrarily large d we set sp .(F,n,d) = —oo.

Lemma 2.5. For every k > 0 there is an € > 0 such that
Htelg:|t—s|2<e} < dr.

foralld e N and s € 1.

Proof. Let € > 0. Let d € N and s € I;. Given a t € I; we have

1
s —t]|3 > g‘{ce {1,...,d} : sc # tc}|

and so if ¢ satisfies ||s — t||]2 < e then the cardinality of the set of all ¢ € {1,...,d} such that
tc # sc is at most e2d. Consequently the set A of all ¢ € I such that ||t —s||2 < ¢ has cardinality
at most ( Leg‘ dJ)dLEQdJ, which is less than d®¢ for some k£ > 0 depending on € but not on d with
kK —0ase—0. 0

Lemma 2.6. Let E be a finite subset of Iy. Let k > 0. Then there is an € > 0 such that
sp(Fy,n) < spe(F,n)+k and sg(F,n) < sp (F,n) + k for all finite sets I' C Iy containing E
and all n € N.
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Proof. This is a straightforward consequence of Lemma 2.5. O

Definition 2.7. A set Q C Iy is said to be generating if I({J,— (2 U Q*)") is 2-norm dense in
Iy and contains the orthogonal complement of each of its projections.

In the case of a group, the above definition reduces to the usual notion of generating set,
modulo the possible inclusion of the zero element. Also, if G ~ (X, ) is a probability-measure-
preserving action, P is a set of projections in L*°(X, u) which dynamically generates L>°(X, )
(see the beginning of Section 5), and S is a generating set for G, then P U S is a generating set
in the sense of Definition 2.7. The second condition in Definition 2.7 will be important in the
proof of the following lemma.

Lemma 2.8. Let Q be a subset of Iy containing an independent generating set, and let L
be a finite subset of Iy. Let n € N and 6 > 0. Then there are a finite set FF C €, an
m € N, and an (L,n,d)-approximately multiplicative linear map 0 : [ly] — [Iy] such that
O(L=") C I((F U F*)=™) and ||0(s) — s||2 < & for all s € L=".

Proof. Set ¢’ = §/(n 4+ 1). By a standard selection theorem [11, Thm. 18.10], there exists a
countable Borel partition Q of ¢ into sets on which the range and source maps are injective. We
can then find a finite set P of characteristic functions of pairwise disjoint measurable subsets
of 4 such that ||1 — > pepPll2 < ¢'/3 and for all 5,5 € L=" and p,q € P the subsets of & of
which ¢sp and ¢s’p are characteristic functions are either the same subset of some member of Q
or subsets of different members of Q. Set L = {gsp: s € L=" and p, ¢ € P}, and observe that L
is linearly independent.

Let 6" > 0 be such that §” < ¢’/2, to be further specified. Since ) is generating, there are
a finite set ' C Q and a k € N such that for every p € P there is a t, € I((F U F*)<*) such
that ||p — tpll2 < §”. By requiring ||p — t,|l2 to be even smaller, replacing t, with its source
projection, and doubling k, we may assume that ¢, is the characteristic function of a subset of
40 In view of the second part of the definition of a generating set above, we may also assume,
by a straightforward perturbation argument that involves cutting down ¢, for each p € P by the
products of the orthogonal complements of the projections ¢, for ¢ € P\ {¢} (which requires us
to increase k), that the projections ¢, for p € P are pairwise orthogonal.

Since (2 is generating, by taking F' larger if necessary we can find an ¢ € N such that for every
s € L=" there is a v, € I((F U F*)=) with ||us — s||2 < 6”. For all p,q € P and s € L=" take a
Vspq € {vs + 8 € L™ and gsp = qs'p} so that if gsp = ¢s'p for p,q € P and s,s' € L=" then
Vs pg = Vst pg- For s € LS™ and p,q € P write 754 = tqvs p otp and

ok X
tspg = Ts,p,qT57P7Q< H (1 Ts,p’,q’r57p/7q/)>

®»',q")#(p,q)

* * *
X rs,p,q (T&pyqrs,p,q H (1 - TS,P',qlrs,p’,q’)>r57pyq
®',a")#(P:q)

where (p',q’) ranges in P x P. Then the elements t,vsp qtptspq for p,g € P have pairwise
orthogonal source projections and pairwise orthogonal range projections, and thus setting 0(s) =
> p.qgep taVs pglptsp,q We obtain a map 0 : L=" — I((F U F*)<™) for a suitably large m. Note

that for all s € L=" the elements gsp for p,q € P have pairwise orthogonal source projections



8 KEN DYKEMA, DAVID KERR, AND MIKAEL PICHOT

and pairwise orthogonal range projections, and that for all p,q € P we have, taking s’ such that
U87p7q = ,U'S/’
[tqs p.atp — aspll2 = [[tqvsty — qs'pll2
<ty — Dvstylla + laCvs — )t lla + llas'(t — p)ll2 < 36",
We can thus take 6” to be small enough to ensure that for every s € L<" the element tqUs.patpts p.g
is close enough to gsp for all p, g € P so that ||0(s) — Ep,qu gspll2 < ¢'/3, in which case, writing
Z = Zpe‘? b,

16(s) = sll2 < 10(s) = zs2ll2 + [I(= = Dszll2 + lIs(z = D2 < 3- 5 = 0"

Define a map v : L — [Iy] by setting 1(gsp) = tqUspqlptspq for all s € L= and p,q € P,
which is well defined since vy 4 = Vs p4 and hence also ty ;, , = ts o Whenever ¢gs'p = gsp. Since

L is linearly independent, this extends to a linear map [L] — [I], which again will be denoted
by 1. Now if ). ¢;s; is a linear combination of elements of L=" which is equal to zero, then

S etle) = Lo 3 vlasa) = o( Los 3 uvo)

= 1/1((26;)]9) (ZZ:CZSZ) (%P)) =1(0) =0.

It follows that the map @ extends to a linear map [L="] — [Iy], which we then extend arbitrarily
to a linear map [Iy] — [Iy], again denoted by 6. '
Finally, given j € {1,...,n} and (s1,...,s;) € L*J we have

161+ 5) = Bs1) < 6(55) |2

< [[6(s1--s5) = 510+ 52

j
+ ) st sicalloollsi — 0(si)ll2)10(sig) - 0(55)lloo
i=1
<&+ 50 <6,
showing that € is (L,n,d)-approximately multiplicative. O

Lemma 2.9. Let § > 0. Then whenever v and w are elements of Iy satisfying ||[vwv — v||2 < §
and ||lwvw — wlla < d one has |[w — v*||2 < 40.

Proof. When acting on the Hilbert space L?(¥,u), v and w are partial isometries and the
four projections v*v, vv*, w*w and ww* commute with each other. Consider the projection
r = (1 — w*w)vv*. Then vv*r = r and wr = 0 so that (v — vwv)(v*rv) = Vo*rv — vwrv = rv
and hence
(v rv)(v — vww)* (v — vww) (vrv) = vro.
This yields
7(r) = 7(vv*r) = 7(v*rv)

= T((v*rv)(v —vwv)* (v — vwv)(v*rv))
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< 7((v*rv) (v — vwv)* (v — vwv) (v rV))
+7((1 = (v*rv)) (v — vwo)* (v — vwv)(1 — (v*rv)))
= 7((v — vwv)*(v — vwv)) < 6%
In a similar manner, interchanging v and w, we find that 7(s) < 62, where s = (1—v*v)ww*. We
therefore have vv* = z+r and ww* = y+ s for projections x = (vv*)(w*w) and y = (ww*)(v*v).
Consequently,
T(w*w) > 7(x) > 7(vv*) — 62,
7(v"v) = 7(y) = T(ww") - 6%,
and |7(v*v) — 7(w*w)| < 6%2. This implies that w*w = z + a and v*v = y + b for projections
a and b, both of trace less than 262. So |[vv* — w*w|s = /7(r +a) < V36 and, similarly,
|ww* — v*vl]2 < V35, and hence
|lv* — wlj2 = [[v* V™ — ww w2
< [v* (v — vwv)v*||2 + ||(vFo — ww*)w(ve*)||2 + || (ww* ) w(ve* — wrw)||s
< v —vwoll2 + ||[v*v — ww||2 + [Jvv* — wrw||2 < 406.
g

Lemma 2.10. Let F' be a finite subset of 4, n an integer greater than 2, § > 0, and d € N. Let
© € SA(F,n,d,d). Then ||o(s*) — @(s)*||la < 40 for every s € F.

Proof. Let s € F. Since n > 3 we have

le(s)e(s™)e(s) — @(s)ll2 = llv(s)p(s™)p(s) = p(ss™s)lla < 6
and similarly [|¢(s*)@(s)p(s*) — @(s%)||2 < 0, so that ||¢(s*) — ¢(s)*[|2 < 40 by Lemma 2.9. O
Theorem 2.11. Let  be a generating subset of Iy. Then s(9) = s(2) and s(¥4) = s(Q).

Proof. The theorem is equivalent to the assertion that if T is another generating subset of
Iy then s(Q) = s(T) and s(Q2) = s(T), and to verify this it suffices by symmetry to show
that s(Q2) < s(T) and s(©2) < s(T). We will establish the first of these inequalities, with the
second following by the same argument with the limit supremum replaced everywhere by a limit
infimum. In view of the definitions we may assume that Q* = Q and T* = T.

Let E be a finite subset of Q. Let x > 0. By Lemma 2.6 there is an € > 0 such that
sp(F,n) < spo(F,n) + k for all finite sets F* C G and n € N. Since T is generating, we can
find a finite set K C Y and an integer n > 1 such that for every s € E there are v5; € {0,1}
for which the element § = ZtEUZﬂ soxk Vst € I(K=") satisfies ||s — 5|2 < £/16, where £ means
ty-- -ty for t = (t1,...,tx). By increasing n if necessary we can find a finite set L C T satisfying
L*=L and K C L and a 6 > 0 such that

lim sup log |SA(L,n,6,d)|x < sk(T)+ k.

d—soo dlogd

Choose a § > 0 such that |[K<"|§' < ¢/8. Since (2 is generating, by Lemma 2.8 we can find
a finite set FF C Q with E C F and F* = F, an m € N, and an (L,n, ' /4)-approximately
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multiplicative linear map 6 : [Iy] — [Iy] with 6(L=") C I(F=<™) such that ||t — 0(t)|2 < ¢’ /2 for
every t € L=". Observe that for every s € E we have, since K=" C L=",

< < - , . £

Is =0G)ll2 < lls =32+ 15 0@) 2 < =+ > |wsellE—0@)]2 < 2,

16 8
teJp_, KxFk

an estimate that will be used towards the end of the proof.
Take a 0" > 0 such that
(i) |[F=m|(14n)é"” < 6'/2, and
(ii) for every linear map ¢ from [F<™"] to a Hilbert space, if |(p(s), o(t)) — (s,t)| < (4 +
4mn)d” for all s,t € F<™ then |lo(f)|l2 < 2||f|l2 for all f € [F<™].
Let ¢ € SA(F,2mn,§",d). Given k € {1,...,mn} and s,t € F* and writing s = s1 - - - 53, and

t=ty---tp where s1,...,8,t1,...,tr € F, we have, using Lemma 2.10,
lo(tr)* - '@(t )" = (tr) - o(t1)]]2
< Z lo(tr)™ - p(tirn) " (0(t:)* — (7)) (1) - - o (t7)]]2
< 4mn5”
so that

le(®) e (s) = (ts)]l2
<l te)" = (p(tr) - - - (i )*H2H<P(S)Hoo

+ lo(t)" - p(t)" = o(tg) - - @(t1) ll2ll@(s)l] oo
+ o) - (t1)HooH<P(81 ~sk) — @(s1) -+ p(sw)ll2
+ () - - - p(t1)p(s1) - - p(sk) — (7 5)]|2

< (3 +4mn)d”

and hence
[(e(s), (1)) = (s, )] < [tr(p(t)"p(s) — @(t7s))| + [tr o p(t7s) — 7(t"s)|
< ) p(s) = (t"s)[|2 + 6" < (4 + 4mn)d".

It follows by our choice of 6” that ||@(f)||2 < 2||f]|2 for all f € [F<™"]. Write ¢ for pof. We will
show that ¢? € SA(L,n,d",d). Let k € {1,...,n} and t1,...,t, € L. For each i = 1,...,k we

can write 0(t;) = ZseU}'Ll i Ni,sS where \; s € {0,1} and 5 means s; - - - s; for s = (s1,...,5;).
For every k =1,...,n and (s1,...,8) € F>J1 x --. x F*Jk where 1 < j1,...,jx < m we have,
writing s; = (si1,...,5i4;),

)i

i=1j=1 i=1j=1 ‘

ﬁ H o(sij) — ﬁ 90< ﬁ Si,j)

i=1j=1 =1 j=1

(i1)- i
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p—1 j; Ji
mz T11etsi) D= 1Lsw)
=111i=1j=1 j=1 2

(1),

—p+1 j=1

Ji Ji
[T (i) — @( 11 8m‘>
j=1 j=1 2

k
<6+
=1

< (14 mn)d"

so that, with s ranging over (J7"; F*J and (s, ..., sy) over (|J7; F>*7)*¥ in the sums below,
7=1 7=1

[p(0(t1) -+ - O(tr)) — @(O0(t1)) - (O(tx))]]2
k k
oI ) IS0

i=1 s
(sl,zsk) <HAZ > [¢<ﬁ18> - Zﬁl@(éi)] )
(%z;s;c)H <1;[ > 1;[1 )2
< |F="(1 4 n)s”
R

Therefore

Il (tr - te) — 9 (t1) -+ 0" (£ |l2
< |lp(O(t1 -~ tk) — O0(t1) -~ - O(tk)) 2
+ lp(@(t1) - - 0(t)) — @(O(t1)) - - - ©(O(tr)) 2

!

< 206001+ t) — 6(02) Ot +

Finally, for t € L=" we can write 0(t) = Zseuzilka At,s5 where Ay s € {0,1} and § means
s1--- s for s = (s1,...,5k), so that

[tro @ (6(t)) — 7(6(2)] =

> Msltrop(s) —7(3))
selUyL, F*k
/
> (@) - r(a) < [FEm < S

selUrL, Fxk

IN
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and hence

Jtr o (1) — ()] < |trop(8(1)) —T(8(2))| + |7(B(t) — 1)

!

)
<5+ 10(t) —tll2 < &

Thus ¢ € SA(L,n,d,d), as desired.

Let I' : SA(F,mn,d",d) — SA(L,n,d d) be the map ¢ — . Pick an & > 0 such that
2|LI"ne’ < e/4. Let Z be an &’-net in SA(L,n,?d',d) with respect to px of minimal cardi-
nality. Each element of Z within distance £’ to I'(SA(F, mn,?¢”,d)) we perturb to an element
of T'(SA(F,mn,¢"”,d)) in order to construct a set Y C SA(F,mn,d"”,d) such that Y| < |Z]
and I'(Y) is a 2¢’-net for T'(SA(F, mn,¢",d)) with respect to px. Let ¢ and 9 be elements of
SA(F,mn, 8", d) with pg (%, ¢") < 2¢’. Then for k € {1,...,n} and t = (t1,...,t;) € K** we
have, since K C L,

o5 (@) = A @)ll2 < Nl9"(t1 - 1) = @F(81) - (1) 12

+ R (t) - (k) — () - ()2

Rt - () — Yt ) 2
k
<207 I (s1) - ¥ (sio1) oo l9" (1) — At [lall @ (si41) - - 0% (sk) oo

< 2(8' + ne’)

and thus, for s € E, with ¢ ranging over (J;_, K** in the sums below,
I646) = @) = (Z%tt) (St
t 2
-3 (D)
< Z o™ (2 )2

< 2|K§”|(5’ +ne’) <

2

€
2
whence, using the fact that £ C F,
pe(p,¥) = max|lo(s) — i (s)ll2
< max(|le(s — 6(3)l2 + 195(3) = 5312 + [[V(0(3) — 5)l|2)

3
<4 —0(5 -
rgeaEXHs (8)[l2 + 5

g 3
424+ =
SH R

Therefore Y is an e-net for SA(F, mn, 6", d) with respect to pg, and so
N.(SA(F,mn,d",d),pg) <|Y| <|Z| < No(SA(L,n,d8,d), pr) < |SA(L,n,d,d)|x
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using the fact that ¢’ < §. Consequently
sp(Q) < sp(F,mn)
< 3E,6(F7 mn) + K

< lim sup log N-(SA(F,mn,d",d), pg) + k

1
d—oo dlogd

1
<lims
=S og d
< sk (YY) 42k < s(Y) + 2k.
Since F was an arbitrary finite subset of 2 and x an arbitrary positive number, we conclude
that s(Q2) < s(Y). O

Definition 2.12. A set Q2 C ¢ is said to be approzimation regular if s(Q) = s(2). We say that
& is approximation regular if s(¥) = s(9).

log |[SA(L, n,6,d)|x + &

We round out this section by recording a few basic facts about sofic dimension.

Lemma 2.13. Let E and F' be nonempty finite subsets of I4 and let n € N. Consider a sequence
1<dy <dy<... of integers where limy_,oo di11/d = 1. Then

1
F,n) = inf li — — log [SA(F
sp(F,n) = inf msup o og [SA(F,n,d,dy)|E,

1
F,n) = inf liminf ———1 A(F,n,é,d .
sp(F,n) = inf limin I oz d og [SA(F,n, 4, dy)|p
In particular, for every £ € N,

1
F,n) = inf li —1 A(F,n,d,0d

T 1
sp(F,n) = ;gghﬁgfmlog\SA(F,n,5,€d)|E.

Proof. For integers 1 < dy < d2, we have the inclusion I;, C I, as partial transformations of
{1,...,d1} may be viewed as partial transformations of {1,...,ds} which fix the points from
dy + 1 to dy. Tt is easily seen that this results in an inclusion SA(F,n,d,d;) C SA(F,n,d, ds),
where ' = 0’'(d1,d2) = § + \/(da —dy)/d2. Thus, & — 0 if d; and dy are increasing without
bound in such a way that da/d; — 1. Moreover, if r = dg/d; then
dalogds  logd; + logr
dilogd, | logd

i

so also this ratio tends to 1. This implies that for every n > 0 and A > 1 there is a kg € N such
that for every integer k£ > ko and integer d with dy < d < dg41 we have
-1

1
—1 A(F,n,0—n,d < —1 A(F,n,d,d
dk: logdk; Og|S ( y 10y m, k)‘E > og ‘S ( , 1, 0, )|E

dlogd

<———log|SA(F,n,6 +n,d
drs1 1og djsr gl ( n k+1)|E

and the lemma follows from this. O
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A p.m.p. groupoid ¥ is said to have infinite classes if s 7! ({x'}) is infinite (equivalently, v ({z})
is infinite) for p-almost every x € ¥°.

Proposition 2.14. Suppose that the p.m.p. groupoid 4 is sofic and has infinite classes. Then
s(9) > 1.

Proof. Let m and n be integers greater than 1 and let 0 < € < 1/2. Since ¢ has infinite classes,
the sets s 1(2)N(Z\4°) and v~ (2) N (Z\¥°) are countably infinite for y-almost every z € 4°.
By a standard selection theorem [11, Thm. 18.10], as used in the proof of Theorem 1 in [7] in the
equivalence relation setting, there exist a countable Borel partition of ¢ into sets on which the
range and source maps are injective. Thus we can find disjoint Borel sets By, ..., By C 4\ ¢4°
and a Borel set Y C 9% with u(Y) > 1 — /2 such that s|p, and t|p, are injective for every
i=1,....k and |s"1(2) N Ule Bi| > m for every z € Y. For each i = 1,...,k write s; for
the element of Iy defined by the characteristic function of B;. Note that 7(s;) = 0 for every
i=1,...,k. Set E = {s1,...,8k, ly}. Take a finite set F' C Iy with 1y € F* = F, an n € N,
and a § > 0 such that

1
sp(ly) +& = liminf ———log[SA(F, n,6,d)| .

ogd
By shrinking § if necessary we may assume that it is sufficiently small as a function of £, m, and
k for a purpose to be described in a moment.

Since ¢ is sofic we can find an ¢ € N and an (F,n,d)-approximately multiplicative linear
map ¢ : [ly] — [I;] such that p(F<") C I, and |tr; o ¢(s) — 7(s)| < 6 for all s € F<". Since
7(s;) = 0 for every i = 1,...,k, T(S;SZ‘) = 0 for all distinct 4,5 € {1,...k}, and 1y € F, by
a straightforward approximation argument we can find, assuming § to be small enough as a
function of €, m, and k, a set C C {1,...,¢} with try(1¢) > 1 — & such that

(1) S8 o(stsi)le > m-1¢ in My,

(2) tre(p(si)le) =0foralli=1,... k,

(3) tre(p(sysi)lc) = 0 for all distinet 4,5 € {1,...k}, and

(4) @(s;)"p(si)e = p(s;si)c for all 4,j € {1,...,k} and c € C.

Decompose {1, ..., ¢} into subsets which are invariant under ¢(s;) for every ¢ = 1,...,k and
are minimal with respect to this property. Write Ay,..., A, for the members of this collection
which have cardinality at least m. We claim that C' C [J!_; A;. To verify this, let ¢ € C' and
write I for the set of all i € {1,...,k} such that the domain of the partial transformation ¢(s;)
contains c¢. By conditions (1) and (4) above, the set I has cardinality at least m. Now suppose
that ¢(si)c = ¢(sj)c for some 7,5 € I. Then ¢(s]si)c = p(s;)"p(si)c = p(sj) p(sj)c = c. It
follows that ¢ = j, for otherwise trq(p(s}si)lc) > 0, contradicting (3). We thereby deduce that
Cc Ul A

Now let d € N. For each j =0,...,d — 1 define the bijection ~; : {1,...,¢} — {j¢+1,j¢+
2,...,j0+ L} by vj(c) = jl + c. Define a map ¢ : Iy — Iyq by

Y(s)(Gl+c) =5 00(s) 075 (7€ +0)

forseG,j=0,...,d—1,and c=1,...,0. Then v is an (F,n,d)-approximately multiplicative
map such that |trygo(s) —7(s)| < 6 for all s € F<". Foreach j =0,...,d—1landi=1,...,q
write A;; for the subset v;(4;) of {1,...,4d}. Set A = U?;(l) 1A
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Write n; for the cardinality of A;. Note that the number of ways of partitioning A into ¢k
many subsets with cardinalities |4;;| fori =1,...,gand j =0,...,d — 1 is bounded below by

Al
nyld .- ngld(dg)!

(the factor (dgq)! in the denominator accounts for the possible repetition of cardinalities among
the subsets, yielding the exact formula in the extreme case that all of the subsets have the same
cardinality). For each one of these partitions choose a permutation of {1,...,¢d} which sends
each partition element to one of the A;; with the same cardinality. Write § for the collection of
these permutations. Then the conjugates of 1) by the permutations in 8, when restricted to F,
are pairwise distinct by construction. It follows using Lemma 2.13 and Stirling’s approximation
that

1
> a > -_—
5(9) +e 2 sp(ly) + ¢ 2 liminf - o) 8 [SA(F,n,6,4d)|p

>l f L lo A
imin
d—oo {dlog(ld) &\ ngl(dg)!
_ e)ld
> liminf L log ( ( E)gd )

d—oo dlog(ld) ndm ... d"‘?( dq)da

)
‘iI:l n; logn; q log(
(

. > dq)
>1 fl11—e—
= oo [ 7 log(4d) log(¢d)
q
—1—c— 2
T
1
>1—e——.
m
Since € was an arbitrary positive number and m an arbitrary integer greater than 1, we conclude
that s(¢) > 1. O

Proposition 2.15. Let F' be a finite subset of 4. Then s(F) < |F|.

Proof. For every n € N, § > 0, and d € N the number of restrictions o|r where o € SA(F, 6§, n,d)
is at most (Zi:o (Z)Qk!)m, which is bounded above by ((Qj)d!)‘F‘, which for a given € > 0 is
less than d1+9)IFld for all sufficiently large d by Stirling’s approximation, giving the result. [

Proposition 2.15 immediately implies the following.

Proposition 2.16. The quantity s(4) is bounded above by the smallest cardinality of a set of
generators for 4.

3. GROUPS

Throughout this section G is a countable discrete group. In this case I can be identified with
G along with the zero element. We will simply record here some basic facts, and then discuss
amalgamated free products and amenability in the next section.

For the purpose of formulating sofic dimension in the case of groups it is equivalent and
technically more convenient to work with maps into Sy instead of I;, so that the sofic models
for group elements are full permutation matrices. We will also write o, instead of o(s) for the
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image of an element s € G under a map o : G — Sy. Given a finite set ' C G, n,d € N, and a
d > 0, we write GA(F,n,d,d) for the set of all identity-preserving maps o : G — Sy such that

(1) los1,....5n — sy - 0s,||2 < 6 for all (s1,...s,) € (FUF*U{e})*", and

(2) trg(os) < 0 forall s € (FUF*U{e})"\ {e},
For a finite set £ C G we write |GA(F,n,d,d)|g for the cardinality of GA(F,n,d,d) modulo
equality on E, i.e., the cardinality of the set of restrictions o|g where 0 € GA(F,n,d,d). By
a straightforward argument that uses Lemma 2.5 to handle the problem that the images of a
group element under maps in SA(F,n,d,d) need not have full domain and that also requires
perturbing maps in SA(F,n,d,d) so as to be identity-preserving, one can readily verify in the
case F C I that

1
F) = inf inf | —— log |GA(F,n,d,d
sp(F) inf inflimsup 77 og |GA(F,n,6,d)|g

and

1
sp(F) = inf inf lim inf

log |GA(F ,
neNI>0 d—oo Ogd Og|G ( ?n767d)‘E

The following are special cases of Propositions 2.14 and 2.16, respectively.
Proposition 3.1. If G is sofic and infinite then s(G) > 1.

Proposition 3.2. The quantity s(G) is bounded above by the smallest cardinality of a set of
generators for G.

Proposition 3.3. Let H be a finite index subgroup of G. Then
(s(H)—1)<[G: H|(s(G) —1).

Proof. Set m =[G : H]. Take a set R of representatives for the left cosets of H in G with e € R.
Define a map 8 : G — R by declaring 3(s) to be the unique element in RN sH for every s € G.
Then, given any s € G, writing 3(s)(3(s)"'s) gives a unique expression of s as a product of an
element in R and an element of H.

Suppose first that s(H) is finite. Let x > 0. Take a finite set K C H such that sx(H) >
s(H)— k. Let E be a finite subset of G containing R and K. Let F' be a finite symmetric subset
of G containing R, and let § >0 and n € N. Set L= HN R 'FR.

Let n € Nand § > 0, and let d € N. Let 0 € GA(L,n,d,d). Define a map w : G —
Sym({1,...,d} x R) by setting

Ws (Cv t) = (O-B(st)—lst (C)v B(St))

for all s € G and (c¢,t) € {1,...,d} x R. Now if (s1,...,s,) € F*™ and (c,t) € {1,...,d} x R
then

Wsy-sn (C7 t) = (Uﬁ(sl~--snt)*151~~~snt(c)7 5(81 te Snt))
and, using the fact that S(r16(re)) = B(rire) for all ri,r € G,

wsy *+ws, (c,t) = <(HUg(si...snt)—lgig(siH...snt)> (c),B(s1--- Snt)>'

=1
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Now for every t € R, the proportion of ¢ € {1,...,d} such that

U,B(slwsnt)—lsl~~-snt(c) 7& <H O-,B(si~-~snt)—1si,8(si+1~~~snt)) (C)

i=1
is equal to [|o(s, .5, 1) 15y -snt 1 im1 O'B(Si,,,snt)flsilg(si_‘rl,,,S”t)H%. Since B(s; - - $nt) "L8iB(Si41 - - - Snt)
is an element of L for each i = 1,...,n, we infer that ||ws, - - ws, — Ws;..s, |2 < I. If s = e, then

ws is the identity permutation, as required. If s € F'\{e}, then for ¢ € R, either (i) B(st) # ¢, in
which case w;(c, t) # (c,t) for every ¢, or (ii) 3(st) = t, in which case B(st) st = t~!st # e, and
the proportion of ¢ for which wg(e,t) = (¢, t) is less than §; in either case, we have |tr(w;s)| < 0.
Therefore w € GA(F,d,n, md).

Note that ws(c,e) = (¢, s) for every s € R. Write & for the collection of all colorings of
{1,...,md} into d different colors {1,...,d}, with exactly m elements of each color. Given
P e 2 and c € {1,...,d} write P, for the set of elements with color ¢ and choose a bijection
vp :{1,...,d} x R — {1,...,md} such that yp({(c,s) : s € R}) = P, for each ¢ = 1,...,d.
Define op : G — Sym(md) by s — ypwsyp'; this is an element of GA(F, 8, n, md) since w is.

Having thus constructed a op € GA(F, d,n, md) for every o € GA(L,d,n,d) and P € &, we
observe that, given a p € GA(F,d,n, md), if W is a subset of GA(L, d,n,d) x & such that the
pairs (o|x, P) for (o, P) € W are all distinct and op|g = p|g for all (o, P) € W, then W has
mrgiij!)!v since R C E. Indeed if op|p and the d values z. = yp(c,e) for
c¢=1,...,d are specified, then the coloring P is determined by P. = {ops(x.) : s € R}. Since

cardinality at most

P is determined, we know ~yp and recover o|x. Thus, since % < (md)?,

|2| (md)!
A > GA(L K= —5 3
|GA(F,d,n,md)|g > ( d)d‘ (L,d,n,d)]| ol (md)d

Therefore, employing Lemma 2.13 and using Stirling’s approximation,

. (md)! sk (L)
F)>1
su(F) = lffﬁip mdlogmd ~ m!d(md)d * m
1 H
>1- Lol x
m m m

|GA(L,d,n,d)|k.

Taking an infimum over all finite sets F' C G and letting xk — 0, we obtain

1 H
§(0) 2 sp(G) 21— -4 U
m m
yielding the desired conclusion.
Observe finally that when s(H) = oo the above arguments show that s(G) = oc. O

Question 3.4. When is the inequality in the above proposition an equality?

Proposition 3.5. Suppose that G is finite. Then

1
s(G)=1- —.
G|
Proof. Applying Proposition 3.3 with H = {e} we obtain s(G) > 1 — |G|~! since obviously
s({e}) = 0. To complete the proof let us show that s(G) < 1 —|G|~!. Set m = |G|. Let
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0 <k <1besmall and let n € N and 6§ > 0. Let d € N. It is readily seen that if n > 2 and § is
small enough as a function of k and |G| then for every o € GA(G, d,n,d) the set

Vo ={ce{l,...,d} : os(c) = o5(0¢(c)) for all s,t € G and o4(c) # c for all s € G\ {e}}.

will have cardinality at least (1 — x)d. Observe that each of the sets V, can be partitioned
into o(G)-invariant subsets of cardinality m, on each of which ¢ yields a transitive action of G
(thus, a copy of G acting on itself by left multiplication). Let ¢ be the smallest multiple of m
which is no less than (1 — x)d. The number of subsets of {1,...,d} of cardinality ¢ is at most
(:d) and the number of ways of partitioning each such subset into subsets of cardinality m is at
most q!/((m!)9/™(g/m)!) and the number of ways G can act transitively on each of these sets is
bounded above by m!. Since G can map to permutations on a set of cardinality at most xkd in
at most ((kd)!)™ ways, we obtain

q! q/m d m
|GA(G,n,5,d)\§W(m!)/ <ﬁd>((md)!) .

Using (1 — k)d < ¢ < (1 — k)d + m and applying Stirling’s approximation,

1 1
s(Q) = s¢(G) < sq(G,n, ) llzlris;.ip dlogd 0g|GA(G,d,n,d)| < p + km

Since k was an arbitrary number in (0,1) we conclude that s(G) <1 — 1/m, as desired. O

4. FREE PRODUCT GROUPS WITH AMALGAMATION OVER AMENABLE SUBGROUPS

We begin by establishing an upper bound for the sofic dimension of amalgamated free prod-
1

ucts. Recall that Sy acts on the set of maps 0 : G — Sy by (v 0)s = yos7 .
Lemma 4.1. Let G1 and G2 be countable discrete groups and H a common subgroup of G and
Go. Then
1
S(G1 * [y Gg) < S(Gl) + S(GQ) -1+ ﬁ

Proof. We may assume that both s(G1) and s(G2) are finite. We will also assume that s(G; *p
G2) is finite. The same argument with minor modifications can be used to handle the case that
s(G1 *g G2) is infinite. Let k > 0. Since G U Gy generates G g Go2, by Theorem 2.11 there
are nonempty finite sets Fy C G and Ey C Gy such that s(G1 *g G2) < sp,up, (G1 U G2) + k.
Take nonempty finite sets F; C G; and F» C Go such that sg, (F1) < s(G1) + k and sg, (F1) <
s(Ga) + k.

Suppose first that H is finite. We may assume that H C F; and H C F,. Let d,n € N and
0> 0. Let 0 € GA(Fy U Fy,0,n,d). Set

Vo={ce{l,...,d} : os(c) = o5(0s(c)) for all s,t € H and o,(c) # c for all s € H \ {e}}.

and observe that V,, can be partitioned into o(H )-invariant subsets of cardinality |H|, on each
of which o|g defines a transitive action of H. Since the number of partitions of V, into sets of
size |H| is equal to |V, |!/(|H|NV=V/IHI(|V,|/|H|)!) and |V,|/d — 1 as 6 — 0 independently of d
and o, we see using Stirling’s approximation that for all sufficiently large d the cardinality of
Sq- ol is at least d*=YIHI=%) for some x > 0 which does not depend on d or o with x — 0
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as § — 0. Thus, writing T, for the subgroup {v € Sy : 70|y = oy} of Sg, we have, for all d
larger than some dy not depending on o,

|S4l d!
[Sa-olu] = AR )

Now set A; = {o|g, : 0 € GA(F;,0,n,d)} for i = 1,2 and A = {o|g,uE, : 0 € GA(F, U
F5,0,n,d)}. Since for every o € GA(F; U Fy,6,n,d) we have o|g, € GA(F1,d,n,d) and olg, €
GA(F3,0,n,d), and GA(F1,d,n,d) is invariant under the action of Sy, we can define a map
O:S;xA— A xAy by (v,w) = (v w|g,w|E,). If (y,w) is a pair in Sy x A, then every
other pair in Sy x A with the same image as (y,w) under © has the form (§,@) where ¥ € Sy,
¥-wlg =wlg, @lp, =7 - w|g,, and &|p, = w|g,. Note in particular that @ is determined by
7. Tt follows by (x) that for all sufficiently large d the inverse image under © of each pair in
Ay x Ag has cardinality at most d!/ diA=1/IH|=5) i which case

‘Tv, =

d!

_ _ -1
dIA|=[Sax A= > | (wr,wo)| < [AallAa| =y

(wl,wz)EAl X Ao

We consequently obtain

s(G1*g G2) < spup,(F1UF) + kK

1
<sp, (F1) + sg,(F2) — 1+ H + 2K

< 5(G1) + 5(Ga) — 14 ’1H’ +dx
Since xk was an arbitrary positive number this yields the desired inequality.

Suppose now that H is infinite. By an argument as in the proof of Proposition 2.14 that
produces a collection of sofic approximations on arbitrarily large finite sets by concatenating
together sofic approximations on a fixed finite set and conjugating, we can find a finite set
Hy C H, an n € N, and a ¢ such that, for all sufficiently large d, given a 0 € GA(Fy,n,d,d) the
number of restrictions of elements in S; - o to Hy is at least did—r) Assuming that Hy C E;
and Hy C FE», this yields, by the same type of argument used above in the case of finite H,

|GA(F) U Fo,n,68,d)|p,um, < |GA(F1,n,06,d)|p, |GA(Fa,n,d,d)|g,d 41",
which again leads to the desired inequality. O

Our goal now is to establish the reverse inequality for lower sofic dimension under the as-
sumption that the common subgroup is amenable (Lemma 4.8).

The following is a perturbative version of the universal property for amalgamated free prod-
ucts.

Lemma 4.2. Let G1 and Ga be countable discrete groups and H a common subgroup. Let
F1 C Gy and F» C Go be finite symmetric sets both containing e. Let n € N and § > 0. Then
there are an m € N and an € > 0 such that ifd € N and o : G1 = Sg and w : Gy — Sy are
identity-preserving maps satisfying

(1) |los —wsll2 < € for all s € H which are contained in both F{" and F3",

(2) |lost — os0t||2 < € for all s,t € F{", and

(3) |Jwst — wsws|l2 < € for all s,t € F",
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then there is an identity-preserving map p : G1 xg Go — Sq satisfying
(4) ||ps — osll2 < d for all s € 1,
(5) |lps — wsll2 < & for all s € Fy, and
(6) [|psysr — Psy - Psell2 <O forallr =2,....,n and s1,...,8, € F1 U F5.

Proof. Suppose to the contrary that no such m and € exist. We may assume that G is generated
by Fi and Go is generated by Fs. Then for every £ € N we can find a dy € N and identity-
preserving maps o : G1 — Sg, and wy : Go — Sg, such that |lop s — wi |2 < 1/k for all
s € FFnFY, okt — Oksoktll2 < 1/k for all st € FF, and |wr, st — Wi swrtll2 < 1/k for all
s,t € FQI’“ but there is no identity-preserving map p : G1 *g Ga — Sy, such that p|g, = oy,
pla, = wk, and ||ps,..s, — Ps; -+ Ps, |2 < d forall r =2,... n and s;1,...,s, € F1 U Fy. Take a
nonprincipal ultrafilter U on N. Write .4 for the normal subgroup of ¢ = [[; | Sy, consisting
of all sequences (g)r such that limg_y ||gx —id||2 = 0. Let 7 : 4 — 4 /A4 be the quotient map.
Define o’ : G1 — A by o, = 7((0k,s)x) and W' : G2 — A by w,, = 7((wk,s)x). Then ¢’ and «’
are homomorphisms since F; and F5 are symmetric and both contain e, and they agree on H.
It follows by the universal property of the amalgamated free product there is a homomorphism
v : Gy xg Go — 9/ such that 7|, = 0’ and v|g, = w’. Choose a lift 7 : Gy xg G2 — ¥
of ~, which we may take to be identity-preserving. Then for some m € N the composition
p = Tm 07, where mp, : 4 = [[p2; Sa, — Sa,, is the projection, satisfies ||ps — o, s|l2 < d for all
s € F1, ||ps —wmsll2 < 6 for all s € Fy, and ||ps;...s, — Ps; -+ ps,|l2 < 0 for all r =2,...,n and
S$1,...,8+ € F1 U Fy, a contradiction. O

Next we record a special case of Lemma 4.5 of [14], which is based on the quasitiling theorem
of Orntein and Weiss [17]. The numbers Aj, ..., A\x and condition (3) below do not appear in the
statement of Lemma 4.5 of [14], but the proof of the latter is easily seen to yield this stronger
version.

For a finite set D and an € > 0, we say that a collection {A; };cr of subsets of D is e-disjoint if
there exist pairwise disjoint sets A; C A; such that ]Az] >(1—¢)|4;|forallie . Aset ACD
is said to e-cover D if |A| > ¢|D)|.

Lemma 4.3. Let G be a countable discrete group. Let 0 < € < 1. Then there are a k € N,
numbers 0 < Ap,..., Ak L1 withl—e <A+ -+ <1, and an n > 0 such that whenever
ecT) CTy, C--- C Ty are finite subsets of G with ’(Tj:l1Tj) \ T;| < n|Tj| for j =2,...,k there
exists a finite set K C G containing e and a § > 0 such that for every d € N and every map
o: G — Sy satisfying

(1) |lost — os0t]|2 < d for all s,t € K, and

(2) tr(os) < 8 forall s € K~'K \ {e}
there exist C,...,Cr, C{1,...,d} such that

3) ||IT51|Cjl/d — ;| < € for every j =1,...,d,

(4) for every j=1,...,k and c € C}, the map s+ os(c) from Tj to J(T])c is bijective,

(5) the sets U(Tl)Cl, ..., 0(Ty)Cy, are pairwise disjoint and the family U] Ho(Tj)e: c e Oy}

is e-disjoint and (1 — 5) -covers {1,...,d}.

Lemma 4.4. For every € > 0 we have

dlggo ggg d2|{(U V)€ Sqx Sq:tr(UAV™) <e}| =1.
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Proof. Let € > 0. Since the map (U, V) — V*U from Sy X Sg to Sy is d!-to-1 and tr(UAV*) =
tr(V*U A) for all A € I, it is enough to prove that

li — tr(UA =1.

Jim min - I{U € 5q:tr(UA) <e}| = (%)
Let A € I; for some d € N. Take a W € Sy such that AW = AA*. If U € S satisfies tr(U) < e
then, writing 41, .. .,d, for the standard basis vectors of C¢,

tr(WUA) = tr(UAW) =tr(UAA")

1

d
A*A - = .
dkzl (U Ok, Ok) < dkz Udk, 0y =tr(U) < e

Since the map U — WU is a bijection from Sy to itself, we obtain
HU € Sq:tr(UA) <e}| > {U € Sq: tr(U) < €}].

Now it is well known that, for a fixed k£ € N, the proportion of permutations of {1,...,d} which
have exactly k fixed points tends to e ™! /k! as d — oo (see [19], Chap. 3, Sect. 5). It follows that
limg oo [{U € Sy : tr(U) < e}|/d! = 1, yielding (). O

The following is a multiparameter version of Theorem 2.1 in [4].

Lemma 4.5. Letn € N. Let ¢ € {1,...,n} andlet p:{1,...,2n} — {1,2,...,¢} be a surjective

map. Fork=1,...,2n and d € N let A,(Cd) € Iy. Then there are Cy,, Dy, > 0 depending only on
n such that

1 d d) s d d) s d
P > tr(Af )(Up(l)A(Q)U(Q))Ai(’))(U (3)A51)Up(4)) A (Upon—1)ASY zn)

p P
Y Uy,...,UgeSy
D,
<G, trg (AP + =2
k r?,a},(Qn rd( ) + d’
Proof. Using independence with respect to the variables Uy,...,Uy and an observation in the
first part of the proof of Theorem 2.1 in [4], for all 1 < dy,49,...,14, < d we have, writing

k
Ui = (uf"))i,
O e )

d’
Ui,...,Us €Sy

k odd

k even

l ugm)z
SIEOR IR

:1 " UESq kep—1(m) 2k,i2k—1

m=1

- 1, Gt ip oy — 5, forall m=1,...,¢
0 otherwise

where 7, and s,,, are the partitions of p~!(m) such that k and k" belong to the same element of
T if and only if the first lower indices of the corresponding factors in the middle line agree, and
belong to the same element of s,, if and only if the second lower indices of these corresponding
factors agree. For a finite set F' write &?(F') for the set of all partitions of F, and for r €
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P2({1,...,2n}) write I(r) for the subset of {1,...,d}?" depending on r that appears in the

proof of Theorem 2.1 in [4]. Writing Algd) = (ag’kj))i,j, we then have

1 d d) 7 s d d) s d
i 2 AU A ) A Uae AT Ue)) - A5 (Upen—1) 45 Ubtany)

" Ut,..,Ur€Sy
1 Irm! e (2n)
< d Z o Z H Z iy inYigyia " Yign 1 ian
ri€P(p~1(1)) re€Z(p~1(€)) m 1€l (r1U---Uryp)
2 —|r|-1 1 (2 (2n)
<27 Z d " Z iy ioQigig - ai4:—17i4n'

re2({1,....2n}) i€l(r)
One can now estimate the last expression in the above display as in the proof of Theorem 2.1
in [4] to obtain the result. 0

The following result is a standard sort of strengthening of Lemma 4.5 based on concentration
results of Gromov and Milman [9)].

Lemma 4.6. Let n € N ande > 0. Let £ € {1,...,n} and let p:{1,...,2n} — {1,2,...,¢} be

a surjective map. For k=1,...,2n and d € N let A,(Cd) € 1y. Let C, > 0 be as in Lemma 4.5
and set

d d) 7% d d) 7%
Qg = {(Ul, U € 85 tra (A (U, ) AL U7 ) A Uy AL U )

d d
. .Agn)_l(Up(gn 1)Agn)Up(2n))) < Cy max trd(Al(€ )) + 6}.

Then limg_, o ]Qdﬁ]/d!g =1.

Proof. From Lemma 4.5 we have

1 d d) 7 s d d) 7 s d
a7 > tr(Ag)(Up(l)A;)Up(2))A§)(Up(3)A4(1 Up(4))'“Agn)—1(U 2n-1) A5 2n)
Ui,...,Us €Sy

D
. A(d) -_n
< O max tra(A7) +

for certain constants C,, and D,, depending only on n. Note that
0 < trg(A1 (U1 A2U3) As(UsAgUy) - - - Agpp—1(Uan—142,U3,)) < 1
for all Uy, ..., Usy € Sgand all A; € I. Set f(d) = maxg_1._zn tra(A"). From the first display

above we get [Qg.|/d!* > % for all sufficiently large d. Since f(d) < 1 for all d, we infer

that liminf;_ oo |Qd75|/d!£ > 0 for all € > 0.
If on S; we express the normalized Hamming distance

1 1
pa(U, V) = §trd(|U —~VP) = §HU - VI3

in terms of the 2-norm and use the Cauchy-Schwarz and triangle inequalities, then we find
that for every ¢ > 0 there is an 7 > 0 such that N, (Qq4.) € Qqcys5, where Ny (-) denotes the
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n-neighbourhood with respect to the maximum of the coordinatewise normalized Hamming dis-
tances. Gromov and Milman observe in Remark 3.6 of [9] that results of Maurey [15] imply that
the symmetric groups Sy equipped with normalized Hamming metrics and uniform probability
measures form a Lévy family as d — oo (see Chapter 7 of [16]). Since a finite product of Lévy
families is again a Lévy family (see Section 2 of [9]), we conclude that limg_,« [Ny (Qac)|/d! =1
for all > 0, yielding the lemma. O

Lemma 4.7. Let n,m € N and e > 0. Let {Y1,...,Y;} be a partition of {1,...,m}. Then there
is a 0 > 0 such that the following holds. For d € N fix an identification of M,,q with My, ® My
which pairs off matriz units with tensors products of matriz units, and for each k = 1,...,2n

let A,(j) be a partial permutation matriz in M,,q such that, writing A](Cd) = Z?}Zl Ei;® A,gdi)j €
M,,, ® Mg where the E; ; are matriz units, one has

max  max trd(Aédi) ) < 6.
q=1,el (i,§)EYyx Yy "

Write Zy for the set of all permutation matrices in M,,q of the form Zle P.oU, € M, ® My
where P, is the characteristic function of Y, viewed as a diagonal matriz in M,,. Set

Yo = {U €2y trmd< I1 Ag;g{l(mgfu*)) < g}.
k=1

Then limdﬁoo |Td,5‘/’=%d‘ =1.

Proof. Since the map (U, V) — V*UV from 2y x 2y to 2y is |Zql|-to-1, it suffices to prove
that the set

Age = {(U, V)€ Zyx 2y trmd< 11 Ag?_l(V*UVAg?(V*UV)*)) < g}.
k=1

satisfies limg o0 [Age|/| Zal?> = 1. Let 6 > 0, to be specified. Define h: {1,...,m} — {1,...,¢}

so that i € Y},(;) for every i = 1,...,m. Write % for the set of all Zﬁzl P, ®V, € Z; such that

tr(Vh(i)A,(fijV;(j)) <Sforallk=1,...,2nand i,j = 1,...,m with h(i) # h(j). By multiple
applications of Lemma 4.4 we infer that limg_, |%4|/| Za| = 1.

Let V = Zle P.®V, e % Set
Ly = {U cXy: trmd< 11 VAgi)_lv*(UVAgi)v*U*)> < 5}
k=1

Let U =YY, P, @ U, € 2. The (i,i) entry of [[7_, VAL v+ @VADV*U*) in M, (M) =
M,, ® My is equal to the sum over all (iy,...,i2,-1) € {1,...,m}*"~! of the products

- (@) . (d) R
H Vh(¢2k72)A2k—17i2k—277:2k—1Vh(iQk—l) (Uh(i%fl)Vh(i?kﬂ)A?k,iQk—hi% Vh(izk)Uh(izk)>
k=1

where ig = i9, = i. Now given k € {1,...,2n} and i,5 € {1,...,m}, if h(i) # h(j) then

tr (Vo) AL Vi) < 6 since V€ %, while if h(i) = h(j) then by hypothesis

d * d
tr(Vh(i)A](g’;th(j)) = tr(A](ﬁ,g,]’) <.
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It follows by multiple applications of Lemma 4.6 that if § is small enough as a function of €, m,
and n then we have limgy o miny ey, | Zgve|/|Za] = 1. Since UVG%{(U’ V):U € Zyve} is
contained in Ag . and limg o0 |%a]/| Za| = 1 from above, we conclude that limg,oo [Age|/| Zal? =
1, as desired. U

Recall that for sets W C X and Z and a collection % of maps from X to Z we write |% |y
for the cardinality of the the set of restrictions of elements of % to W.

Lemma 4.8. Let G1 and G2 be countable discrete groups with common amenable subgroup H.
Then

5(Gy 1 Ga) > 5(Gh) + 5(Ga) — 1 + éﬂ
Proof. To avoid ambiguities we will view G1 and G2 as subgroups of G *p Go, in which case
G1 N G2 = H (see [20, Thm. 11.67]). Let & > 0. Then there exist finite sets F; C G; and
E3 C Go such that sp (G1) > s(G1) — 0 and sp, (G2) > 5(G2) — 6. Take finite symmetric sets
F; C Gy and Fy C (G2 each containing e such that sp g, (G1 UG2) > sg, g, (F1 U F2) — 0. We
may assume that Fo C Fb.

Let k > 0. Let § > 0, to be determined as a function of k, and let n be an integer greater
than 2. Set F1 = F1 U ((F1 U F»)"NH) and Fy» = F> U ((F1 U F»)" N H). By Lemma 4.2 there
are an integer M > n and a &’ > 0 such that if d € Nand 0 : G; — Sy and w : G2 — Sy are
identity-preserving maps satisfying ||os — ws|l2 < & for all s € EM N FM, |jog — 050tz < & for
all s,t € ]*:'lM, and |Jws; — wswy|]2 < & for all s,¢ € FM, then there is an identity-preserving map
Q: Gy *pr Go — Sy for which ||Q, — 04| < 8/(16n) for all s € FI*, ||Q — ws|2 < 6/(16n) for all
s€ FP,and || Qs — Qy - Qg [la < 6/(16n) for all » = 2,... ,nand sy,...,s, € FPUFy. We
may assume that ¢’ < §/(8n).

Set F = (F7PF)M 0 (F, P Ey)M.

We will first assume that H is infinite in the following part of the argument, and then explain
afterward how to handle the case when H is finite. Let ¢ > 0, to be determined as a function
of §, &, n, and |F|. Let n > 0 be such that n < ¢, to be further specified. Since H is
amenable, we can apply Lemma 4.3 and pass from an e-disjoint family in its conclusion to a
genuinely disjoint family consisting of translates of tiles of proportionally slightly smaller size
than the original tiles to obtain the following: there exist finite subsets e € Ty C 15 C --- C T}
of H with |FT;ATy|/|T;| < n for j = 1,...,k, rational numbers 0 < A1,..., A, < 1 with
l—e< A +--+ X <1, afinite set K C H containing e, and a 8 > 0 such that, writing m for
the smallest positive integer such that for each j = 1,...,k the number A\;m is an integer which
|T;|! divides, for every d € N and every map o : G — Sp,q satisfying

(1) |lost — osoe]|2 < B for all s,t € K, and

(2) trpa(os) < B for all s € KK\ {e}
there exist r1,...,7, € N and, for each j = 1,...,k, sets Cj1,...,Cj,; € {1,...,md} and
Ty Tjr, © Ty with [Ty, ATy|/|Tj] < e for r =1,...,7; such that

(3) lo(Tj1)CiaU---Ua(Tj;,)Cjr;| = Ajmd for every j =1,...,k,

(4) forevery j=1,...,k,r=1,...,r;,and c € C},, the map s — o(c) from T}, to o(T},)c

is bijective,
(5) the sets o(Tj,)cfor j=1,...,k,r=1,...,rj, and c € C}, are pairwise disjoint.
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Let N be a positive integer that m - H§:1 |T;|! divides. Then the cardinality of every subset
of each T} divides V.

Choose ¢ € N such that (£ —b)/¢ > max(1 —e,1 — k) where b is the sum of the cardinalities of
the power sets of the tiles 17,...,T}. Then b is a bound of the total number of tiles T}, which
can appear for any o as above. Set £/ = ¢ —b. We will also assume that /¢ is sufficiently large as
a function of n and § for a purpose to be described below.

Let 6" > 0, to be determined as a function of ¢’. Let 6” > 0 be such that £N§" < §”/2. Let
8" > 0 be smaller than 8 and §/(4n), to be further specified as a function of £N§".

Let d € N. For brevity write Ly for (Fl_lﬁ‘l)M U (K 'K)UTy and Ly for (FQ_IFQ)M U
(K~'K)UTy, and #; for SA(L1,n, 8", Nd) and % for SA(Lz,n, 8", {Nd).

Let 0 € #; and w € %;. We apply our invocation of Lemma 4.3 first to o to get tiles T},

and sets Cj, from which, in view of our definition of ¢, we can produce sets Si,...,S5 C H
and Dy, ...,Dp C {1,...,¢Nd} and a function h : {1,...,¢'} — {1,...,k} such that the sets
o(S;)D; for i =1,...,¢ are pairwise disjoint and, for each i =1,... ¢,

(6) S; is equal to Th(i),r for some 7 and D; is a subset of the corresponding Cp;) ., and
(7) 1Sil|Di| = Nd.
Note in particular that |§¢ATh(i)|/|Th(i)\ <efori=1,...,0.

Now we apply our invocation of Lemma 4.3 to w to get tiles like the T, and S; above. In this
case the tiles will be different, but since the numbers ); are independent of ¢ and w we can pair
off the tiles S; with their counterparts for w in a way that enables us to construct a permutation
W € Syng such that, setting w’ = W - w € %, there exist an N’ € N with N'/N > 1 — 3¢
and tiles S; C Sy,...,Sy C Sp with |S;|/|S;| = N’/N for each i = 1,...,¢' (which we obtain
by intersecting each S; with its counterpart for w and proportionally slightly shrinking these
intersections to achieve the relative cardinality condition, as is possible if we assume N to be
large enough) such that

(8) |Si||D;i| = N'd for every i =1,...,¢,
(9) for every i = 1,...,¢ and ¢ € D; the maps s — o4(c) and s — w.(c) from S; to o(S;)c
agree and are bijective,

(10) ‘SZATh(z)V’Th(z)’ < 4e for every i1 =1,... ,5/,

(11) the sets o(S;)c for i =1,...,¢ and ¢ € D; are pairwise disjoint.

It follows from (3) that if  is sufficiently small so that |T};)|/|Si| <2 fori=1,...,¢ then we
will have, for each i =1,...,¢,

[FSiAS _ [T <|FSiAFTh(i)| | F Ty AT s N |Th(z’)ASi|>
|Sil = 1Sl | Tha) | Tha) Tha)
< 2(4|Fle +n +4e) < (8 F| + 10)e.

(%)

Fori=1,...,0 set N; = N'/|S;|, which is equal to N/|S;| and hence is integral by our choice
of N, and write Z; for the set o(S;)D; = w'(S;)D;, which has cardinality N'd. We identify the
subalgebra B((2(Z;)) & Mpyg of B(E2({1,...,¢Nd})) = Myng with B(£2(S;)) ® B(£%(D;)) =
Mg, @ My,q in such a way that the elements w; for s € F' act in a manner consistent with (9).
Fix an identification My,q = My, ® Mg under which matrix units pair with tensor products of
matrix units. This gives us an identification B(¢*(Z;)) = Mg, ® My, ® My. Writing P; for the
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characteristic function of Z; viewed as a diagonal matrix in My, for ¢t € (F{* U F3') \ H we
express P;o.P; (in the case t € G1) or Pw;P; (in the case t € G2) as

N;
Z Z EpQ@E,;® ‘/;(a)bpq € M\Sil ® My, ® Mg = B(EQ(ZZ‘))
a,besS; p,g=1
where the E,pand E, 4 are matrix units. Write R for the orthogonal projection of £({1,...,¢(Nd})
onto @Z 1 2(Z;) and 2y 0w for the set of all U € Syyg of the form (1 — )+Zf/:1 Zé\]:il P®
Epp @ Uiy, where P, ® By, @ Uy € Mg, @ My, @ Mg = B((*(Z;)).
Let t € (FPUF)\ H,i€{l,...,0'}, and p € {1,...N;}, and let a,b € S;. We will verify

that trd(‘/;(a)bpp) < ¢"”. Suppose first that ¢t € FI*\ H. Since oy0, ! sends 04(D;) to op(D;),

writing ) for the projection Epp ® Ej,, ® 1y, we see that

Eb:b ® EP:P ® ‘/z(a)bpp = Ubgll_l (anb ® EP,P ® ‘/;(a b,p,p) QUbO' UtQ

Also, since o € SA(Ly,n, 0" {Nd), S; C Ty € L1, t € Ly, and n > 3, we have
10001t — 005 ' otll2 < [|0pg-1¢ = Ob0a-10¢l2 + lop(0a—1 — a5 o2
<"+ ||ogoa—1 — 1|2 < 26™.

Since Qop-1,Q = Epp @ Epp ® Vz(b b p;) , it follows that if ¢”” small enough, independently of

d, then we will have Vz(gipp) - V;(prpHMd’Q < {N¢§". Next note that o, being an element of
SA(L1,n,0"" ¢Nd), satisfies tryng(ope-14) < 0", since b,a™',t € Ly, n > 3, and ba~'t # e (as

ba~! € H and t ¢ H). Consequently

() (ba™* 't) )
tra(Vi g pp) < tra(Viy b,p,p) +1V; b b,p,p ~ ViaspplMa

"
< INtrona(opy-1,) + NS < ENS" + % <4

By a similar argument using w’, we may also arrange, by taking §”” smaller if necessary, that

trd(Vi(?bpp) < ¢” in the case that t € F' \ H.

Write Yq ., w for the set of all U € 24 5. w such that
trong (Alxig e Ak) <

for all even numbers k € {1,...,n} and Ay, ..., A alternating membership in {05 : s € FT"\ H}
and {w), : s € F}\ H} Where A = A if A lies in the first of these two sets and A; =
(RUR)A;(RUR)* if A; lies in the second. It then follows by the previous paragraph and
Lemma 4.7 (taking the projections labeled Pi,..., P, there to be the projections F; ® E, ),
fori=1,...,¢ and p=1,..., N; in the present context) that if k is even and ¢” is small enough
then limg o0 |Yaowwl|/| Zdoww| = 1 where the convergence is uniform with respect to o, w,
and W. Then for all U € Yyoww, k= 1,...,|n/2], A1, As,..., Aoy € {05 : s € F]'\ H},
and Ag, Ay, ..., Ay, € {wl : s € FJ'\ H} we have, writing Ry for R, R; for 1 — R, and oy for the
element of {0, 1}** whose entries are all 0,

k
treng < H Aoy (UAsz*))

J=1
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¢N i
= KN trE’N’d <]1i[1 Agjfl ((RUR)AQJ(RUR)*))

k
+ Z trong ( H Agj1Ry(45-3) UR0(4j2)A2jRo(4j1)URU(4]')))
0e{0,1}4\{o0} Jj=1
0
<& +2"1 - Ry < —
4dn

using the fact that ¢’ < §/(8n) and assuming that ¢ is large enough as a function of n and 9§
and that ¢ is small enough as a function of § so that ¢//¢ and N'/N are sufficiently close to 1 to

ensure that 24(|1 — R||2 < 6/(8n). By the tracial property this shows more generally that

- = ~ )
trong(A1dz - Ag) < n (1)

for all U € Ty 50w, even numbers k € {1,...,n}, and Aj,..., Ay alternating membership in
{o0s:s€ FP\ H} and {o : s € F§ \ H} where A; = A; if A; lies in the first of these two sets
and [lj = UA;U™ if A; lies in the second.

Take a U € Ty ww and set w” = U -w'. By (x) above as it applies to ', if we assume &
to be small enough as a function of §’ and |F| and assume ¢"”” to be small enough so that the
proportion of v € {1,...,d} for which wlw}(v) = wl,(v) for all s € F and t € T}, is sufficiently
close to one, then for every s € FM N F¥ the matrix w’, almost commutes with U in trace norm to
within a small enough tolerance to ensure that |w? — w||2 < §’/2. We may similarly guarantee,
by assuming € to be small enough as a function of ¢’ and assuming ¢”” to be small enough so
that the proportion of v € {1,...,d} for which os0(v) = o4(v) for all s € F' and t € T} is
sufficiently close to one, that ||w’, — osl|2 < &'/2 for every s € FM N EM. Thus ||w? — 042 < &
for all s € FM n FM.

In the case that H is finite, we substitute for Lemma 4.3 the fact that a good sofic approx-
imation for H will decompose into transitive orbits off of a set of small proportion. Thus,
if we are given positive integers ¢, ¢ with ¢//¢ > max(1 — e¢,1 — k) as before then, setting
N = |H|, for every sufficiently good sofic approximation o : H — {1,...,{Nd} there are sets
Dy,...,Dy CH{1,...,£Nd} each of cardinality d such that

(i) the map s — os(c) from H to {1,...,¢Nd} is injective for every c € Uf;l D;, and

(ii) the sets o(H)c for ¢ € Uf/zl D, are pairwise disjoint.
We can then carry out a similar kind of analysis as above with the tiles 51, ..., Sy all being equal
to H, N’ being equal to N, and each N; being equal to 1 in order to obtain ||w!” — o4l < ¢’ for
all s € FlM N F2M as in the previous paragraph. We also define 2, ., w as before, i.e., as the set
of all U € Syng4 of the form (1 — R) + 251:1 P; ® U; under the appropriate identifications, where
P; @ U; € Mg ® Mg = B(£*(o(H)D;)) and R is the orthogonal projection of £2({1,...,/Nd})
onto 2(U, o(H)D;).

Now by our application of Lemma 4.2 at the beginning of the proof there exists an identity-
preserving map Q : Gy xy Go — Sy such that [|Qs — osll2 < 6/(16n) for all s € FP, || —
W2 < 8/(16n) for all s € F, and ||Q,...s, — Qsy -+~ Qs |]2 < 6/(16n) for all = 1,...,n and
S1,...,8 € Ff UFQ". Let us verify that 2 belongs to SA(F; U Fy,n,d,¢Nd). We need only check
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that 24 has trace less than § when s is a word in F1 U F5 of length at most n which does not equal
e. Suppose then that we are given r € {1,...,n} and s1,...,s, € F1UF, such that s1---s, # e.
By a reduction procedure that starts by taking a maximal collection € of disjoint subwords of
s1 -+ - sp each of which belongs to H, partitions the complement of the union of € into subwords
Wthh alternate membership in F7' and F3', and then concatenates these subwords as necessary
using the fact that F1 and F2 both contain (F} UF,)"NH, we can write s -+ 8, = t1 - - - t,, where
either

(a) v=1and t; € H, or

(b) v <rand ty,...,t, alternate membership in F*\ H and F}' \ H.
In case (a) we have t; € (Fy UFy)" N H C Fy N Ly and so

5
(Qys,) < 00(00,) + ot = Quylla < 8"+ o= <.

To handle case (b), first observe that, writing p;, = oy, if t; € F1 and py; = wy if t; € FQ”,
Q5. = Pty P ll2 < 1920, — Qg - Q|2

+ZHPt1 Pt (e — o) Qg - |2

1) 1)
— Q. — ol < — 7<
< 16n +; 192, — pt; 12 Ton T Ton =

so that

o)
tr(Qsyos,) (e - pry) + Qs — Pty pry ll2 < tr(pgy -+ pr,) + 7

It thus suffices to show that tr(ps, ---ps,) < 0/2. If v is even then we have the estimate
tr(pe, - pr,) < 0/(4n) provided by (f) (the division by 4n will be useful below). In the case
v =1 we have t; € F]" U F}' C L1 U Lg so that

t << .

Finally, if v is odd and greater than 1, we first note that ¢; and ¢, either both belong to FI” or

both belong to FJ so that ||pi, pr, — prot |2 < 0™ < §/(4n), and then subdivide into two cases:

(c) tot1 ¢ H. As t,t; belongs to FJ" if t1,t, € FI* or to Fy if t1,t, € F}, we can reduce to
the case of even v:

tr(pey -+ pt,) < AT(Ptyty Pra Pty 1) + (Pt Pty — Prots) Pty -+ P, |2
6,65
dn  4n 2n’
(d) tyt; € H. In this case t,ti1ty ¢ H, t,t; belongs to one of 13’1” and FQ” and t9 to the other,

and t,t1te € Ff‘ U FQ" since t,t1 € (F1 U Fy)" N H. Thus

ptutrts = Prots Prall2 < Nlptutits — Quytatoll2 + [ Qeytrts — Qeyty Qs |2
[ty — Protr ) Qs ll2 + 10,6 (Rty — pr2) ]2
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9 _9
16n  4n

and so

tr(pey = pr,) S (PtytrtaPts - Pro_y) T+ 1Ptutsts — Proty Pta |2

+ [(ptots = pr. o) a2
)
<tr(pntafts Pr) o
To estimate tr(pe,t,t,0t5 * * * Pt,_,) We again run through the procedure for handling the
case of odd v in (b) with p, - - - pz, now replaced by the shorter product pt,t,¢,0ts - - - Pt,_; -
This may lead us back repeatedly into case (d), but after less than n steps the process
will stop, with the estimates accumulating to yield tr(ps, - - - pr,) < /2.
We conclude that 2 € SA(F} U Fy,n,d,{Nd), as desired.

We finish the proof with the following counting argument. Note that () was obtained by
amalgamating perturbations of o and w”, where the latter was obtained from w by conjugating
by W and then by U. The set Ay, of all products UW such that U and W together do the
required job has cardinality at least |2y 4w w,|/2 for all d larger than some dy not depending
on o or w, where Wy is any fixed W doing the required job. Thus, by Stirling’s approximation
and the fact that ¢ > (1 — k)¢, for all sufficiently large d we have

1 1y ~
’Ad,o,w| > 7|‘9’/‘d,0',w,W0‘ > ,d!f > dfd(l K)
2 2

and hence, writing 8 for the set of all U € Synq4 such that (U - w)|g, = w|g,,

|Senval _ (UND)N | Ag o0
. — < . 1Oy
|Send - Wk, Ells S| dtd(1—k)

= ((NQ)Ndg—td(—r) M%Tw‘

< (de)[Ndd—éd(l—n)|Ad70_7w . W|E2'

Let Z be a set of representatives for the orbits of the action of Syyg on % modulo the relation
of equality on Ea. Then |%4|g, = >, cp|SiNd - w|B,. Since Ey C Lo, by Lemma 2.5 we see
that, independently of d, if § is small enough as a function of k then, modulo the relation of
equality on Fs, given a 0 € #; at most ((Nd)**N? many w € % which all differ on E5 can lead
via our procedure to maps 2 which all agree on E; U Ey. Take a set % of representatives for
the relation on %4 given by equality on Ej. By Lemma 2.5, if § is small enough independently
of d then we can find a 2" C % with |%/"| > (¢(Nd)~"*N9|2| such that distinct elements of
%" give rise to maps {2 which disagree on E; no matter which elements of % are used. We
therefore obtain, for all sufficiently large d,

‘SA(Fl U Fy,n,d, ENd)‘ElLJEQ > (eNd)flde Z Z |Ad’g,w . w\EQ
o€ we#

> (ENd)_ENd(H“)dgd(l_“)|Z?/1”| Z |S€Nd . W|E2
wWEXR
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> ((Nd)~NAA+20) gld(=r) | g7 | . Z |Sena - w|E,
wWER
_ (ENd)—ZNd(l—&-Qm)dEd(l—m)|%|E1 |%|E2

and hence, in view of Lemma 2.13,

1
liminf —— |SA(F, U F. N
i £Nd10g(£Nd)|S (Fy U By, m, 0, ENd)| o,
1
> liminf ——— |SA(Ly.n. 8" (Nd
=5 eNdlog(eNd)‘ (L1,m, 0%, ENd) |,
. . ; i _ i _ _
+h¢?—l>£fENdlog(ENd)|SA(L27n’5 ,UNd)|E, 1+N(1 K) — 2K

1
2 s, (L1) + 5p,(L2) = 1+ (1 = &) = 2.

Since n was an arbitary postive integer, k and 0 can be taken arbitrarily small, and N = |H|
in the case that H is finite, it follows that sp g, (F1 U F2) > sg, (G1) + sg,(G2) — 1+ [H| L.
Thus, using Theorem 2.11 together with the fact that G U G2 generates G1 *g Go,
s(G1*u G2) = 5(G1 UG?)
2 §E1UE2 (Gl U Gz)
2 §E1UE2(F1 U F2) -0
1
> §E1(G1) +§E2(G2) -1+ H —0
1

> — 1+ — —30.
> s(G1) + s(Ga) +\H\ 30

Since # was an arbitrary positive number we thereby obtain the result. O

Remark 4.9. Lemma 4.8, in conjunction with Propositions 3.1 and 3.5, gives a free probability
proof that G1x* G5 is sofic whenever GG1 and G2 are sofic countable discrete groups with common
amenable subgroup H. This fact was established for monotileable H in [4] using similar free
probability arguments, and in general in [6] by means of graph techniques and in [18] using
Bernoulli shifts and equivalence relations.

Combining Lemmas 4.1 and 4.8 we obtain the following.

Theorem 4.10. Let G and Gy be countable discrete groups with common amenable subgroup
H. Suppose that G1 and Gy are approzimation reqular. Then G1x*p Go is approrimation reqular

and )
s(G1*p Ga) = s(G1) + s(G2) — 1 + T

Corollary 4.11. Let r € NU{oo}. Then s(F,) = s(F) =r.
Proof. If r < oo then we can repeatedly apply Theorem 4.10 using the fact that s(Z) = s(Z) = 1,
which one can either compute directly or obtain from Theorem 4.12 below. Consider then the

case r = oo. Let si,s9,... be the standard generators for F,,. Then, in the spirit of the
proof of Lemma 4.7, for positive integers n < m one can show by repeated application of
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Lemma 4.6 that a random choice of m permutations of a finite set {1,...,d} will, with high
probability, be a good sofic model for G up to within some prescribed precision. This will
demonstrate that sgs, s, 3({s1,...,8m}) =nand hence sg,, o 1(Foo) = n, so that s(Fe) = 00
by Theorem 2.11. O

Theorem 4.12. Suppose that G is amenable. Then s(G) = s(G) =1 —|G|7L.

Proof. By Proposition 3.5 we may assume that G is infinite. Then by Proposition 2.14 we
have s(G) > s(G) > 1. On the other hand, it follows from Lemma 4.3 that for any two good
enough sofic approximations G — Sym(d) there is an element of Sym(d) which approximately
conjugates one to the other in trace norm on a prescribed finite set, with this approximation
not depending on d. Consequently s(G) < 1. O

The above theorem shows that all subsets of an amenable group are approximation regular,
since amenability passes to subgroups.

5. GROUP ACTIONS

Throughout this section and the next G denotes a countable discrete group and (X, pu) a
standard probability space, which are arbitrary unless otherwise specified. Let o a measure-
preserving action of G on (X, ). The notation a will actually be reserved for the induced
action of G' on L*®(X, ), so that as(f)(x) = f(s7'z) for s € G, f € L®(X,u), and = € X,
with concatenation being used for the action on X. For a set of projections P C L>(X, u)
and a nonempty finite set F C G, we write Ppr for the set of the projections of the form
[L,cr @s(ps) where p, € P. We say that a subset  of L>(X, i) is dynamically generating if the
set U,eqlas(a) @ a € Q} generates L°°(X, 1) as a von Neumann algebra. In the case that Q is
a partition of unity consisting of projections this is the same as the underlying partition of X
being generating for the action.

We write s(G, X) for s(¢), s(G, X) for s(¢), and Ig x for Iy, where ¢ is the p.m.p. groupoid
associated to the action. For a group element s we write us for the corresponding element in
I x. We say that the action is approzimation regular if s(G, X) = s(G, X).

For the purpose of working with s(G, X) and s(G, X) it is often more convenient to handle the
group and space components separately as follows. Let ¢ be a map from G to Sy for some d € N.
The image o of a group element s under ¢ will usually be interpreted as a permutation matrix in
M. Viewed as such, o, gives rise to an automorphism Ad o, of C¢ as identified with the algebra
diag(My) of diagonal matrices in My. Let F' be a nonempty finite subset of G and 6 > 0.
Recall from the previous section that GA(F,n,d,d) denotes the set of all identity-preserving
maps o : G — Sg such that ||os, s, — 05 -+ 05, |l2 < 9 for all (s1,...s,) € (FUF*U{e}) "
and tr(os) < ¢ for all s € (FUF*U{e})™\ {e}. Let P be a finite set of projections in L*>°(X, u).
Write HA(F, P, n,d,d) for the set of all pairs (o,¢) where 0 € GA(F,n,J,d) and ¢ is a unital
homomorphism from span(Ppyp=ufe})n) to C = diag(M,) satisfying

(i) [trow(p) — u(p)| <6 for all p € Prup+ufep)ns
(ii) [[¢ o as(p) —Adosow(p)lla <o forallpe P andse (FUF U{e})".

Given sets A1, As, By, Bo, Z1, Z5 and a collection % of ordered pairs consisting of maps A; — Z;
and Ay — Zy, we write |%|p, p, for the cardinality of the set of pairs (o|B,na,,¥|B,n4,) Where
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(0,9) € #. For a finite set E C G and a finite set Q of projections in L>®(X, 1) we set

F.P.nd) =1
SE,Q( y S 1, ) lcrlriilip legd

spo(F,P,n) = }HESE,Q(F, P,n,d),
>
SE’Q(F,T) = ngSEyg(F,?,n).
ne

log |HA(F, iP, n, (5, d) ’E’Q,

and

1
SE Q<F7 :P,TL, 5) = liminf log ‘HA(Fa {‘])777‘7 57 d)‘E Q)
' d—oo dl ’

ogd
§E,Q(F? P, n) = §2£§E,Q(F7 Pin, (5)>

SE Q(Fv T) = ian§E Q(Fv T?”)
, ne ,

A simple approximation argument shows the following.

Proposition 5.1. Let E, F C G be finite sets and let Q be a finite set of projections in L>°(X, ).

Let P be a finite partition of unity in L(X, u) consisting of projections. Then the set P of all
projections in the *-subalgebra spanned by P satisfies

SE,Q(Fa j)) = SE,Q(F7 :P)

Proposition 5.2. Let F' be a finite symmetric subset of G containing e and let P be a set
consisting of the projections in some finite-dimensional unital *-subalgebra A of L>°(X, ). Let
E be a finite subset of G and Q a subset of P. Then spuo(FUP) = sgo(F,P) and sp o(FUP) =
spo(F,P).

Proof. First we show that spuo(F UP) > spo(F,P) and s o(FUP) > s o(F,P). Let n € N

and § > 0. Let &' > 0 be such that 3nd’ < 8. Let d € N. Let (0, p) € HA(F,P,n, &, d). Write P
for the subset of P consisting of the minimal projections of A. Define a map ®,, : Iy — I; by
setting @, (pus) = ¢(p)os for all p € Ppn and s € G, extending linearly, and then extending
arbitrarily to all of Iy. Note in particular that ®, (1) = 1 since o is identity-preserving and ¢
is unital. We will show that ®,, € SA(F'UP,n,d,d).

Let p1,...pn € P and s1,...8, € F. Then

n

(H QO(]%)O’SZ-)O'ST} e 0;11 = H(Ad Osy " O-Sifl)(go(pi))
=1

i=1

and so by untelescoping to estimate the difference of products we obtain

n n
Hw(H asl.‘.s,-_xpz-)) - (H so(p»asi) ooy
i=1 i=1 2
n

<D (lelas s (i) = Ad o s,_, (0(pi) 12
=2

+ H(Ad Osy-08i-1 — Ad Osy *° 'O-Siﬂ)(@(pi))HQ)
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n

< (n - 1)5/ +2 Z Hasl"'si—l —O0s; """ 0s5_1 ||2
=2

< 3(n—1)4".

Since [[i pius, = (T17q Qsyeesy_q (Pi))Us s, 1t fOllows that

n n
H(I)a',cp < Hpiusi> - H (I)U,cp(pi)q)o'ﬁo(usi) ’
i=1 2

=1

(T 00) e = Tt

=1

H <Ha81 “Si—1 (pi >(031 $n — Osy """ 0s,)
2
n
+ H§0<Hasl-"sil(pi)> - <H90(pi)asi>as_nl e 08_11
i=1 i=1 2

<||osyos, —Osy 05, |2+ 3(n —1)8 < (3n —2)8" < 6.

Since 1 € P and e € F this shows that ||®g (a1 - ar) — Poplal) - Po(ar)|]| < 6 for
all k = 1,...,n and (ag,...,ar) € (FUP)** Note also that if s1---5, = e then, since

H?:l Oésl...si71 (pl) 6 ?an

n n
tro q)a,cp ( Hpiusi> - T(Hpi“a) ‘ =
=1 =1

while if s1 - -- s, # e then

n n
tro (I)O',ga ( Hpiusi> =T ( Hpiusi>
=1

=1

2

trop — N)(Ha51~~5i—1(pi)> ’ <& <,

=1

= |tr (so < f[l Qg (m)) 051---sn> ‘

< tr(ogys,) <8 < 0.

Since 1 € P and e € F, this shows that |tr o @, (a) — 7(a)| < ¢ for all a € (F U P)=". We
have thus verified that ®,, € SA(F U®P,n,d,d). Since for any (o, ¢), (w,9) € HA(F,P,n,d,d)
such that (o|g, ¢lo) and (w|g, o) are distinct the restrictions of ®,, and ®,,, to E'UQ are
distinct, it follows that

ISA(FU®P,n,68,d)|gue > [HA(F,P,n,d,d)|go,

from which we infer that spuo(F'UP) > spo(F,P) and sgo(FUP) > spo(F,P).

To prove the reverse inequalities, let n € N, and let m be an integer larger than 6|F™|. Let
&' be a positive number smaller than & /(5 + 4n), 6/(2|P|¥1™), and 6/36, to be further specified.
Let d € N. Let ® € SA(FU®P,m,d,d). Let s1,...,s; be a enumeration of the elements of
F", for the purpose of indexing noncommutative products below. Given a p € Ppn, writing
p= H _1 Us;Ps;us, where the ps, are prOJectlons in P, we have by Lemma 2.10

—~

k

H(I)( *) O(ps,)* P(us,;)" H(I) us; ) P(ps; )P (u Z)

=1

2
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k

Z 1 (us,)" = @(us,) |2 + [|@(ps,)* — ®(ps,) |2 + [|@(us,)* — P(us,)|2)
=1

1 |F"|

and thus, using the fact that m > 6|F"|,

|2(p)"®(p) — 2(p)l|2 (1)
<[ (20 - [T 20 )@ o)) 00
=1 2
k
| (TT e e ot - T #2003 )20
i=1 i=1 2
k k
+(TTewoew00)) (20) - [[ow)em)00:)
=1 i=1 2
k k
+ || TT @ (us)@(ps) () [ [ @ (us) @ (s, )@ (ul,) — B(p?) )
i=1 i=1
< (3+12|F™))d
For p,q € Ppn we have, by a similar estimate again using the fact that m > 6|F"|,
1@(pg) — (p)2(g)||2 < 30" (2)

As before, write P for the subset of P consisting of the minimal projections in A. Pick a pg € Prm.
Since ®(p)*®(p) is a projection in diag(My) for every p € P, it follows from (1) and (2) and a
straightforward perturbation argument that we can find pairwise orthogonal projections ¢g(p) €
C? = diag(My) for p € Ppn \ {po} such that ||pa(p) — B(p)]|2 is as small as we wish for every
p € Prn\ {po} granted that & is taken small enough. Setting pg(po) =1 — 2 pedpn\ {po} $2(P)
and extending linearly we obtain a unital homomorphism g : span(Pp») — C?, and by taking
¢’ small enough we can ensure that ||pg(p) — ®(p)|l2 < §/(3n) for every projection p in the linear
span of Ppn. For s € F™ \ {e} the partial isometry ®(us) satisfies || ®(uk) — ®(us)*||2 < 3" by
Lemma 2.10 and hence

1D (us) " @(us) = 12 < [[(Pus)” = P(ug))P(us)ll2 + | () P(us) — P(ugus)ll2

< 44,
which means that we can construct a permutation matrix og s € Sg such that ||og s — ®(us)||2 <
4¢'. For all other s € G we set 0¢ s = 1, giving us amap o : G — Sg. For all (s1,...,s,) € F*"
we have

||0-q>751"'5n —0d,5; "0y, ll2
< HU<I>,51~~-sn - (I)(“81---sn)“2
+ ”(I)(US1 C g, ) — (I)(u81) s @(ug, )2



SOFIC DIMENSION FOR DISCRETE MEASURED GROUPOIDS 35

n
+ Z ||O'q>751 T Uq),si—l(cb(usi) - 0¢75i)(1)(u31+1) T (I)(usn)H2
=1

< (5+4n)d <o
while for s € F™ \ {e} we have
tr(oe.s) = tr(oe,s — P(us)) + tr(P(us)) < 58" < 4,
so that o € GA(F,n,d,d).
For p € Ppn we have, since Ppn C (F U P)™,
[tr o e (p) — p(p)| < ltr(pe(p) — (p))| + [tro (p) — 7(p)]
< lea(p) — 2@z +0" < o +
Note also that for p € P and s € F™ we have, using Lemma 2.10,
[ea 0 as(p) — Adoa,s 0 pa(p)ll2
< llea (uspug) — D (uspug)|l2 + || (uspus) — @ (us) 2 (p)P(u)|2
+ [[(@(us) = 09,s)2(p) P(ug)l2 + llow,s(P(p) — va(p)) P (uy)l2
+ [loa,spe (p)(D(us) — ©(us)?)ll2 + lloa,s0a (p)(P(us) — 0a,s)" |2
0 )
< g+<5’+4<5’+§+3<5’+45’ < 0.

Thus (0, ps) € HA(F,P,n,d,d).

It is clear from the above construction of og and ¢g for each ® € SA(F U P, m, ¢, d) that
we can find a small enough £ > 0 not depending on d with ¢ — 0 as 4 — 0 such that for any
O, U € SA(FUP,m,d,d) satistying ppua(®, ¥) > € the pairs (0s|g, pala) and (ow|g, pwlo) are
distinct. Therefore

d_nd|SA(F U iPa m, 5/’ d)|EUQ < ‘HA(Fa {‘]37 n, 5’ d)|E,Q

for some k > 0 with kK — 0 as ¢ — 0, by Lemma 2.5. Letting 6 — 0 we obtain spo(F UP) <
sp,o(F,P) and spo(F UP) < spo(F,P), yielding the proposition. O

The next result is a consequence of Theorem 2.11, Proposition 5.1, and Proposition 5.2. Note
that L°°(X, u) can be written as the L? closure of a increasing sequence of finite-dimensional
unital *-subalgebras, and the set of nonzero projections in the union of such a sequence is
dynamically generating.

Proposition 5.3. Let G ~ (X, u) be a measure-preserving action. Let Q be a generating subset
of G and M a dynamically generating *-subalgebra of L>°(X, u). Then

s(G,X) = supsupinfinf sg o(F,P),
E o F 7

s(G, X) = supsupinfinf s; o(F,P)
E o F P77

where in both lines E and F run over the finite subsets of Q and P and Q run over the finite
partitions of unity in M consisting of projections. In particular, if F' is a finite generating
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subset of G and P a dynamically generating finite partition of unity in L (X, u) consisting of
projections then

S(G’X) = SF,T(Fv T),
§(G’X) = §F,iP(F7 T)

Proposition 5.4. Let G ~ (X, 1) be a measure-preserving action. Then s(G,X) < s(G) and
§(G7X) < §(G)

Proof. Let E and F be finite subsets of G and P and Q finite partitions of unity in L (X, u)
consisitng of projections. Let n € N, and § > 0. Let d € N. The number of restrictions ¢|q
where ¢ is a unital homomorphism from span(Pr,) to C? is at most |Q|¢. Therefore

[HA(F,P,n,6,d)|pa < |Q|*|SA(F, n,6,d)|s,

from which we deduce that sgo(F,P) < sp(F) and sgo(F,P) < sp(F). Now apply Proposi-
tion 5.3 to obtain the result. d

Theorem 5.5. Let (Y,v) be a probability space with Y finite and let G ~ (X, p) = (Y, )% be
the Bernoulli action. Then s(G,X) = s(G) and s(G,X) = s(G).

Proof. By Proposition 5.4 it suffices to show that s(G, X) > s(G) and s(G, X) > s(G). This is
a consequence of Section 8 of [2], which shows that every sufficiently good sofic approximation
for GG is compatible with a suitable sofic approximation for the action. O

Proposition 5.6. Let G ~ (X,u) be a measure-preserving action. Then either s(G,X) >
1—1G|7! or s(G,X) = —o0.

Proof. 1f s(G,X) # —oo then the groupoid associated to the action is sofic, and an argument
as in the proof of Proposition 2.14 shows that s(G, X) > 1 — |G|~ O

Theorem 5.7. Suppose that G is amenable. Let G ~ (X, u) be a measure-preserving action.
Then s(G,X) =s(G,X) =1—|G|™L.

Proof. In view of Propositions 5.4 and 5.6 and Theorem 4.12, it suffices to show that s(G, X) #
—o0. But this follows for example from Theorem 6.8 of [14]. O

6. ACTIONS OF FREE PRODUCTS

In this final section we derive a free product formula for actions. In the case of free actions a
more general formula is established in [5] using an equivalence relation approach. We follow the
notational conventions of the previous section. Also, we will write sp (G, X) and sg 5(G, X)
to mean spup(Ie x) and sp p(lg,x), respectively, where as before I x is the p.m.p. groupoid
associated to the action G ~ (X, p).

Lemma 6.1. Let Gy and G2 be countable discrete groups. Let o be a measure-preserving action
of G1 * G on (X, ). Then

s(G1 % Ga, X) < s(G1,X) + s(Ga, X).
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Proof. Let k > 0. Since G1UG> generates G1xGg, by Theorem 2.11 there are nonempty finite sets
E; C Gy and E3 C G2 and a finite set Q of projections in L (X, u) such that s(Gy x G2, X) <
spuB,ua(Gh * G2, X) + k. Take nonempty finite sets F; C Ig, x and Fy C Ig, x such that
spua(F1) < s(G1, X) + k and sg,ua(F2) < s(G2, X) + k. Given d,n € N and 6 > 0, for every
clement ¢ € SA(FyUFy,n,6,d) we have ¢|(1, ] € SA(F1,n,0,d) and @[, ) € SA(Fz,n,6,d).
Hence

’SA(Fl U F27 n, (57 d)|E1UE2UQ < |SA(F11 n, 57 d)|E1UQ‘SA(F27 n, 57 d)|E2UQ

and so
$(G1 x Go, X) < spupua(F1 U F2) + &
< spue(F1) + spauo(F2) + K
< s(G1,X) + s(Ga, X) + 3k.
Since k was an arbitrary positive number we obtain the lemma. O

The proof of the following lemma is similar to that of Lemma 2.13.

Lemma 6.2. Let P be a finite partition of unity in L (X, u) consisting of projections. Let Q
be a finite set of projections in L>°(X, u). Let E and F be finite subsets of G, n € N, and § > 0.
Let £ € N. Then

spo(F,P,n) = ggg liégi]gf Edlo;(&l) log [HA(F,P,n,0,4d)|g o.

Recall that S; acts on the set of maps o : G — Sy by (U-0)s = Uos,U~!. Also, given a unital *-
subalgebra M C L>®(X, 11), Sy acts on the set of unital homomophisms ¢ : M — diag(M,) = C?
by (U - ¢)(f) = Up(f). Thus we have an action Sy on the set of pairs (o, ) consisting of such
o and ¢.

Recall also that for sets A1 C Ay, By C By, Z1, and Z5 and a collection % of ordered pairs
consisting of maps A; — Z; and Ay — Zy we write |%|p, p, for the cardinality of the set of
pairs (o|p,, ¢|B,) where (o,p) € #.

Lemma 6.3. Let Gy and Ga be countable discrete groups and let o be a measure-preserving
action of G1 x Gy on (X, ). Then

s(G1 % G2, X) > s(G1,X) + 5(Ga, X).

Proof. Let n > 0. Then by Theorem 2.11, Proposition 5.2, and Proposition 5.1 there exist
finite sets £y C G and Ey C G2 and finite sets of projections Q1, Qs C L*°(X, ) such that
Sp .0, (G1,X) > 5(G1,X) —n and sg, o,(G2, X) > s(Ga, X) —n. Write R for the set of all
projections in L*°(X, ). Take finite symmetric sets F; C G; and Fy C G9 containing e and
a set P consisting of the nonzero projections of some finite-dimensional unital *-subalgebra of
L>(X, p) containing Q1 UQy such that sg, g, 0,00, (G1U G2, R) > g, Uk, 0,00, (F1LUF2, P) —n.

Let § > 0and n € N. Set K = (F; U F2)". Let 0 < ¢ < §/(7n), to be further specified. Let
k > 0, to be further specified.

Fix an ¢ € N such that for every p € Px we can find a b, € N such that |u(p) — b,//l| < k.
Let 0 < 8" < &', to be further specified as a function of £. Let d € N. For i = 1,2 set
% = HA(F?", Pg,n,d", 4d) for brevity.
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Fix a (0,¢) € HA(F?", Py, n,8",¢d). For every map w : G — S; we construct, using
freeness, a map 0 = Q, : G1 * Go — Sy such that for a reduced word t; - - -t; where the t;
alternate membership in F* and F3' we have .1, = p1.¢, 02,5 " * - Pn,t, Where p; = o if 5; € FT'
and p; = w otherwise.

A simple perturbation argument shows that if x is small enough as a function of ¢’ then for
sufficiently large d we can fix an identification of M,y with M, ® M, such that matrix units pair
with tensor products of matrix units and for every p € Px there is a diagonal projection D € M,
such that ||¢(p) — D @ 1]j2 < §'. Writing E; ; for the standard matrix units in My, we denote
by %4 the set of all permutation matrices in My of the form Zle E;; ®U; € My ® My. Note
that for every p € Px we have, taking a projection D € M such that ||¢(p) — D ® 1]j2 < &',

[Ue(p) — o(p)Ull2 < [U(¢(p) = D@ D2+ (D@1 = ¢(p)Ull2 < 25". (*)

Let (w,®) € %. By the same type of perturbation argument alluded to in the previous
paragraph, if we assume & to be sufficiently small as a function of §’ then we can find a W € Syq
such that the pair (w',¢') = W - (w,) satisfies ||¢)'(p) — ¢(p)]|2 < ¢’ for all p € Pr. Write
Yi0.pwww for the set of all U € 2y such that for every k = 1,...,n the map Q = Qp.»
satisfies trog(, ..., ) < ¢’ for all reduced words t; - - -, # e where the ¢; alternate membership
in FT* and F3'.

Now given any U € £y and A € Syy, if we view these as elements of My ® My and write
U= Zle Ei,i QU; and A = Zf,jil Ei,j X® Ai,j then UAU* = Ef,j:l E’i,j X UZAZJU]* Thus,
by multiple applications of Lemma 4.4, whenever d is large enough we can find a V € 2y such
that if A is equal to o, for some s € F2" \ {e} or to w’ for some s € F2" \ {e} then writing

VAV* =S¢ E;;®A; the quantity tr(4; ;) is smaller than a prescribed positive value for all

i,j=1
distinct 7,7 € {1,...,¢}, and we can also ensure that tr(A;;) is smaller than the same prescribed
positive value for all i = 1,...,n by assuming ¢” to be small enough as a function of £. Consider
a product of the form
VAV (UWVAVI)U") -V Ay 1 V(U (V Ao, VU™) (xx)

for 1 <r <n/2, U € Zy, and each Ay,..., Ay equal to os for some s € F; \ {e} or to W
for some s € Fy \ {e}. Expressing U as Zle E;; ® U; and each VA,LV* as a sum of the form
Ef,j:l E; j® A; j, we expand the product (**) to obtain a sum of terms of the form E; ; ® B and
apply Lemma 4.6 to the second tensor product factor of each of these terms to deduce, assuming
0" is small enough, that Yy, . ¢ w contains enough elements of the form V*UV as d — oo so
that img oo [ Ya,0,0w0.w|/|Zd| = 1. Note that although Lemma 4.6 addresses only the case of
even k, we can handle the odd case with the following reduction argument. For a product of
the form

VAVHUVA VU -V Agp A V(U (V Ay VYUV Agyyt V*

we write its trace as tr(V Ag, 11 A1V (U(VALVU*) - - -V Ag 1 V¥(U(V A, V¥)U™)). If Agypy1 =
os, and A; = o, for some s; and s contained in F; \ {e} for some i € {1,2} with s;s9 # e, then
up to a perturbation we have reduced to the even case since s1s2 lies in the set Ff" appearing
in the definition of %;. Otherwise up to a perturbation we are back in the odd case with fewer
factors, and we can repeat the procedure as necessary.

Take a U € Yy 5 pwyw and set w”’ =U-w'. Let us show that (2, p) € HA(FyUF2, P, n,0,4d)
where Q = Q.. Let t1,...,t, € F1 U Fs. Let j1 =1 < jo < ...jr < n be such that for each
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i = 1,...,k the elements ¢;,,...,t;,,, 1 either all lie in F} or all lie in F3 and this common
membership alternates between F; and F, from one i to the next. Writing p(i) =oift; € Iy
and p() = w” otherwise, we have

k
901t = Q- Qullo < Mol s = 1y oyl < K07 <6
=1

g tiipr—1 Ji

Also, if we are given a t € (Fy U F»)" \ {e} then we can write t = ¢; - --t; where 1 <k <n and
t1,...,t; alternate membership in FJ* and F3', so that trpg(€) = trpg(Q,..,) < ¢’ < d. Thus Q
is an element of GA(F; U Fy,n, 0, 4d).

Now let us check that, to within the required tolerance, ¢ is approximately equivariant on
a reduced word ¢ -- -, where 1 < k < n and the ¢; alternate membership in F* and F3'. Let
p € P. Given a j € {1,...,n}, the projection Qi oety, (p) lies in Pk and hence when t; € F|* we
have

IAd Q0 0 p(ar,. it (P)) — ¢ 0 oy (ot (D)2 < 07 <0
while in the case t; € F3 we use from (x) the fact that U approximately commutes with
@(at, 4, (p)) to within 20" in trace norm to obtain
[Ad Qs 0 p(at; 1, (P) — 0 (et ot (P)) |12
= ”Adwéj(U*‘P(atHlmtk (P)U) = U p(au;..t,, () U2
< [[Adwi, (U (a1t (0))U = (a1, (P)) 12
+IAdw, (et (0) = P (10, () 12
+ [[Adwy, 0 ¢ (-t (p) — ¥ 0 (gt (9)) |2
+ 19 (a1, (P)) — (0t (D)2
+ lle(a; -, (P) = Utp(ett,, (p))U |2
<200+ 8 +6"+ 8 +28 <76
It follows that

[Ad Q4;...t, 0 ©(p) — @ o .ty (P)]]2
= [[Ad Q4 o0 Ad €y, 0 p(p) —poay o---oay(p)e

k
< Z HAd Qtl o---0Ad Qtj—l(Ad Qtj 0 (p(atj+1"'tk (p)) — POy, (atj+1"'tk (p)))”2
j=1

< Tnd < 6.

Since [trgg o @(p) — pu(p)| = 0" < § for all p € P(pup,)n by virtue of the fact that (o, ¢) € %1, we
thus conclude that (€2, ¢) € HA(F; U Fa, P, n, d,4d), as desired.

Note that Q was obtained by combining in a free manner the maps o and w”, where the latter
was obtained from w by conjugating by W and then by U. Let v > 0. The set Ay 0. of all
products UW such that U and W together do the required job has cardinality at least | Z|/2 for
all d larger than some dy not depending on (o, ) or (w, ). Hence, by Stirling’s approximation,
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for all sufficiently large d we have
1 1
|Ad,a,¢,W,¢| > —|Zy| = §d!€ > Jtd—).

Writing 8 for the set of all U € Sy4 such that (U - w)|g, = w|g, and (U - ¢)|q, = ¢|a,, we then
have

S 0d oA o
|S[d (w7/l/})|E2,QQ - ‘ €d| < ( ) . | d7 P 7111’

S = T8l ai)
< Eﬁddfd'y |Ad70-7907w7¢|
- 8]

< AT Koo+ (@,)] 22,00

Take a set #Z of representatives for the action of Sy on %5 modulo the relation under which
two pairs are equivalent if the first coordinates agree on Fo and the second coordinates agree
on Qy, and take an #' C % which is a set of representatives for the action of Syy on %%
modulo the relation under which two pairs are equivalent if their first coordinates agree on
Ejy. Note that [%5]p, 0, = > (pez S - (W, ¥)|E,0,- Setting m = [(Pk)pgnynl, for every
w € GA(F$",n,d", ¢d) there are at most m*® many homomorphisms 1 such that (w,) € %,
so that for every (w, 1) € % we have

’Adﬂa%wﬂ/’ ’ w|E2 Z m_€d|Ad707¢7w7w : (w’ ¢)|E27QQ

and every pair in %’ has the same first coordinate modulo agreement on Fy as at most m‘® many
pairs in #Z. Assuming that each pair (w,?) in %' was chosen so as to maximize the quantity
|Ad.opwa (W, ¥)| E,,0, Over all pairs in # which share the same first coordinate modulo agreement
on Fs, we then have

Z ‘Ad,o,tp,w,w ’ W‘EQ > Z m_éd‘Ad,o’,(p,w,w ’ (wy w)|E2,Qz
(wp)ez’ (wp)es’

>m S Ay - (0,0) 5,0,
(wy)ex

Taking a set % of representatives for the relation on % under which two pairs are equivalent
if the first coordinates agree on Fy and the second agree on Q;, we thus obtain

’HA(FI U F27 j)a n, 67 Ed)‘E1UE2,QIUQQ

> Z Z |Ad,0,tp,w,¢ : w|E2

(0,0)€ (W)X’

=X D DI DN VPR OR[N

(o) (wy)eZr
> (mQE)*de*de‘%thl Z |Sea - (w7¢)|E2,Q2
(w,)EZX
= (m*0)~"d™" M|, 0, | %] By 0,

= (m*0)~"d~ N HA(F", P, n, 8", 0d)| g, 0,
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x [HA(F3", Py,n, 8" 4d)|g, 0,

and hence, in view of Lemma 6.2,

o 1
h;l_l}})gf m log ’HA(Fl @] FQ, iP, n, (5, gd)‘ElLJEZ,QlUQZ

1
> liminf ————— log [HA (F?2"™, P 5" 0d
= ldI'I_l>£ fdlog(fd) Og’ ( 1 KT, ’ )‘ELQI

1
liminf —————— log [HA (F2"™, P " 0d -
+ g{gg €dlog(€d) Og| ( 2 K,’I’L,(S ’f )’E27Q2 Y

Z §E1,Ql (F127l’ iPK) + §E2,Qz <F22n7 :PK) -
Since n was an arbitary positive integer and § and y arbitrary positive numbers, it follows that
§E1UE2,Q1UQQ (Fl U F27 ‘:P) Z §E1,Ql (G17 X) + §E2,Q2 (G27 X)
and hence, using Theorem 2.11 and Proposition 5.2,
§(G1 * GQ,X) = §(G1 UGs, R

> §E1UE2,91UQQ

~—

GLU GQ,:R,)
Z §E1UE2,91UQQ Fl U FQ? UD) )
> §E1,Ql (leX +§E2,QQ (GQ,X) -n

Since 1 was an arbitrary positive number this yields the result. O

~_ N

Combining Lemmas 6.1 and 6.3 yields the following.

Theorem 6.4. Let Gy and G2 be countable discrete groups and o be a measure-preserving action
of G1 * G on (X, ) whose restrictions to G1 and Ga are approzimation reqular. Then « is
approrimation regular and

s(G1* Ga, X) = s(G1,X) + s(Ga, X).

Corollary 6.5. Let r € N and let F, ~ (X, p) be a measure-preserving action. Then s(F, X) =
s(F, X)=r.

Proof. Repeatedly apply Theorem 6.4 using the fact that the action Z ~ (X, ) obtained by
restricting to any one of the standard generators of F satisfies s(Z,X) = s(Z,X) = 1 by
Theorem 5.7. U

The above corollary implies that, for distinct r1,72 € N, given for each ¢ = 1,2 a measure-
preserving action F,, ~ (X, u), the associated groupoids are nonisomorphic. From this we
recover both the fact that F;., and F}., are not isomorphic when r; # r, and Gaboriau’s result that
for rq # ry there are no free ergodic measure-preserving actions Fy, »~ (X, ) and F., ~ (X, p)
which are orbit equivalent [8].

By combining the techniques of this section with the quasitiling arguments of Section 4 one
could likely generalize the formula of Theorem 6.4 to allow for amalgamation over a common
amenable subgroup on which the action is free. We have refrained from attempting this given
that the technical details appear formidable and the equivalence relation approach of [5] already
gives the desired formula under the hypothesis that the action of the amalgamated free product
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is free. Ultimately one would like to have a general groupoid version of the free product formula
in this amalgamated setting that would specialize to actions without any freeness assumptions.
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