K-THEORY OF NON-COMMUTATIVE BERNOULLI
SHIFTS

SAYAN CHAKRABORTY, SIEGFRIED ECHTERHOFF, JULIAN KRANZ,
AND SHINTARO NISHIKAWA

ABSTRACT. For a large class of C*-algebras A, we calculate the K-
theory of reduced crossed products A®® x,. G of Bernoulli shifts by
groups satisfying the Baum—Connes conjecture. In particular, we give
explicit formulas for finite-dimensional C*-algebras, UHF-algebras, rota-
tion algebras, and several other examples. As an application, we obtain
a formula for the K-theory of reduced C*-algebras of wreath products
H ! G for large classes of groups H and G. Our methods use a gener-
alization of techniques developed by the second named author together
with Joachim Cuntz and Xin Li, and a trivialization theorem for finite
group actions on UHF algebras developed in a companion paper by the
third and fourth named authors.
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1. INTRODUCTION

Let G be a countable discrete group and let A be a separable unital C*-
algebra. Equip the infinite tensor product A®¢ with the natural Bernoulli
shift action (see Section [2] for the definition). The objective of this paper is
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to compute the K-theory group of the reduced crossed product A®¢ x, G
in as many cases as possible.

Building up on the work in [CEL13], Xin Li [Lil9] computed this when A
is a finite-dimensional C*-algebra of the form C ® @, < Mp,, assuming
the Baum-Connes conjecture with coefficients (referred to as BCC' below)
for G [BCH94]. His motivation was to compute the K-theory of the reduced
group C*-algebra of the wreath product H ! G for an arbitrary finite group
H. For A = C & @,y Mp,, the K-theory groups K, (A%Y x, G) are
computed in [[il9] as

(1.1) K, (A% %, G) = P D K.(C}(Gs))

[FIeG\FIN [S]eGFp\({1,....N}F)

where FIN is the set of all the finite subsets of G equipped with the left-
translation G-action and G := Stabg(F'), resp. Gg := Stabg(S), are the
stabilizer groups at F', resp. at S, for the action of G on FIN. Note that
when G is torsion-free, is the direct sum of K,(C;(G)) and infinitely
many copies of K,(C). For wreath products H { G with respect to a finite
group H, we have C*(H1G) = C(H)®% %, G. In this case, the number N in
corresponds to the number of non-trivial conjugacy classes of H. Our
results were also motivated in part by the paper [Ohh15] by Issei Ohhashi,
where he gives K-theory computations for crossed products A®Z x Z for
Bernoulli shifts by the integer group Z.

Our first result computes K, (A®Z X G) for an arbitrary finite-dimen-
sional C*-algebra A and for an arbitrary infinite countable G-set Z with the
action of G on A%Z induced by the G-action on Z. In what follows we let
FIN(Z) denote the collection of finite subsets of Z and we put FIN*(Z) :=
FIN(Z) \ {0}. In the case Z = G we shall simply write FIN and FIN* as
above.

Theorem A (Theorem . Let G be a discrete group satisfying BCC and
let Z be a countably infinite G-set. Let A = @0<j<N My, where ko, ..., ky
(N > 1) are positive integers with ged(ko, . .., kn) = n. We have an explicit
isomorphism

K.(4%7 5, G)= P D  K(CHGs)i/n]

[FIEG\FIN(Z) [S]eGFr\({1,...,.N}F)

For N =0, we have
K, (M%? %, G) = K.(C}(G))[1/n].

Our strategy of the proof is as follows: First, we consider the case n =1
and construct a unit-preserving K K-equivalence CN*! ~p i A using an
arithmetic argument about matrices in SL(n,Z) with non-negative entries.
By an argument borrowed from [Izul9, [Szal§|, this allows us to replace A
by CV*1 and apply Xin Li’s formula . Second, we reduce the general
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case to the case n = 1 with the help of a trivialization theorem for finite
group actions on UHF algebras developed in the companion paper [KN22].

One of our main techniques is the following theorem which is inspired by
the regular basis technique from [CEL13].

Theorem B (Theorem Corollary . Let G be a discrete group
satisfying BCC. Let A be a separable, unital C*-algebra that satisfies the
Universal Coefficient Theorem (UCT) and such that the unital inclusion
v: C — A induces a split-injection Ko(C) — Ko(A). Then K, (A% x, G)
only depends on G and the cokernel K.(A) of 1.: K.(C) = K.(A). For any
countable G-set Z we have

K. (A% %, G)=2 @ K. (B x,Gp),
[F]€G\FIN(Z)

where B is any C*-algebra satisfying UCT with K-theory isomorphic to
K*(A) and where Gp = Stabg(F'). In particular, if G is torsion-free and
the action of G on Z is free, we have

K, (A% x, G) 2 K.(C;(G)e @  K.(B*F).
[FIEG\FIN* (2)

Note that the second formula can be computed more explicitly using the
Kinneth theorem. In the important case that Z = G with the left transla-
tion action (or, more generally, if G’ acts properly on Z) the stabilizers G g
for F € FIN*(Z) are all finite and the formula becomes more explicit once
we can compute K, (B®H X H ) for finite groups H and for relevant build-
ing blocks for B like C, Cy(R), the Cuntz-algebras O,,, and Cy(R) @ O,,.
For H = Z/2, these computations have been done by Izumi [Izul9]. For
general H, computing these K-groups is a non-trivial, indeed challenging
task. For B = Cp(R) however, they are nothing but the equivariant topo-
logical K-theory Kj; (]RH) for the H-Euclidean space R¥ | ie., RFl with
H-action induced by translation of coordinates. The groups K7; (RH ) are
quite well-studied ([Kar02] [EP09]). Using these results, we give a more
explicit formula for A = C(S') (Example and for the rotation algebras
(or noncommutative tori) A = Ay (Example [4.4). More explicitly, we have

Theorem C (Example . Let G be a discrete group satisfying BCC. We
have

K, (C(S1®% %, @)

2K(CHGNe | P KGR |e| P K, (RE)

[FEG\FIN* | [F]EG\FIN* |
|G \F| even |Gp\F| odd

INote that this determines B uniquely up to K K-equivalence.



4 S. CHAKRABORTY, S. ECHTERHOFF, J. KRANZ, AND S. NISHIKAWA

As another application of Theorem [B] we obtain a formula for the K-
theory of reduced C*-algebras of many wreath products H ! G:

Theorem D. (Theorem Let G be a discrete group satisfying BCC and
let H be a discrete group such that C(H) satisfies the UCT and such that
the inclusion C — C}(H) induces a split injection on Ky. Then we have

K(CrHG) 2 K (CHG)) D P K. (B®F %, Gr),
[F]EG\FIN*

where B is any C*-algebra satisfying the UCT with K -theory isomorphic to
K.(Cy(H)). In particular, if G is torsion-free, we have

K(CHH Q) = K@) e @ K. (B%).
[F]eG\FIN*

We note that both the UCT assumption on C¥(H) and the split-injectivity
of the map Ky(C) — Ko(C;(H)) hold for every a-T-menable (in particular
every amenable) group H (see Remark below).

In Section 4}, we also obtain formulas for several C*-algebras A that are
not covered in Theorem [B], in particular for Cuntz algebras.

Theorem E (Corollary Proposition 4.11)). Let G be a discrete group
satisfying BCC and let n > 2. Then we have

K, ((9,?5‘1 M, G) [1/n] =0,

where Op41 is the Cuntz algebra on n + 1 generators. If G is finite and
n = p prime, then K, (Of?fl X G) s a finitely generated p-group, that is a
group of the form @,y Z)pM 7.

In Section |5 we obtain a K-theory formula for Bernoulli shifts on unital
AF-algebras in terms of colimits over the orbit category Orzzar(G). The

result also applies to more general examples, in particular to many unital
ASH-algebras (see Remark [5.5)).

Theorem F (Theorem [5.4). Let A be a unital AF-algebra, let G be an
infinite discrete group satisfying BCC, let Z be a countable proper G-set,
and let S C 7 be the set of all positive integers n such that [14] € Ko(A) is
divisible by n. Then, the natural inclusions

C*(H) — CH@), CH(H) — A®Z %, H,
CHG) — A®Z %, G, A®? %, H — A®? %, G,
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induce the following pushout diagram

coim K. (C}(H))[S™'——  colim K, (A% x, H)
G/HeOrFzn(G) G/HeOrrz N (G)

l i

K.(CH@))[S™] K. (457 %, G).

In particular, if G is torsion-free, this pushout diagram reads
RACHG)IS™ & K. (A%7) = K.(A %, G),

where K,(C*(G)) denotes the cokernel of the map K.(C) — K.(C(G))
induced from the unital inclusion C — C(G).

The paper is structured as follows: In Section [2] we develop our main
machinery, including Theorem [B We apply this machinery in Section 3| to
prove Theorem [A] In Section [4 we compute the K-theory of many more
examples, including Theorems [C] [D] and [E] Bernoulli shifts on unital AF-
algebras are investigated in Section [5| where we prove Theorem [F] Based on
similar ideas, we obtain in Section [6] some very general K-theory formulas
up to inverting an integer k or up to tensoring with the rationals Q (see
Theorem and Theorem . The rational K-theory computations apply
to all unital stably finite C*-algebras satisfying the UCT.

Acknowledgements. The authors would like to thank Arthur Bartels and
Fusebio Gardella for helpful discussions and N. Christopher Phillips for
pointing out Corollary [6.6] to them.

2. GENERAL STRATEGY

To avoid technical complications with K K-theory, we assume throughout
that all C*-algebras are separable except for the algebra B(H) of bounded
operators on a Hilbert space H. For a C*-algebra A and a finite set F', we
write A®F to denote the minimal tensor product ®,cpA. If A is moreover
unital and Z is a (not necessarily finite) countable set, we denote by A®Z the
filtered colimitﬂ colim A®F' taken over all finite subsets F' C Z with respect
to the connecting maps A®F 3 2 — 2 @1 € A®F @ AP —F o~ A®F o
finite sets F, F’ with F C F’. Hence A®Z is the closed linear span of the
elementary tensors ), ., a., where a, € A for all z € Z, and a, = 1 for
all but finitely many z. If G is a discrete group acting on Z, we call the
G-action on A®Z given by permutation of the tensor factors the Bernoulli

shift. More explicitly, ¢ ( X.cr a$> = Q.cy g1, for an elementary tensor
X,cza- € A®Z,

2We use the term ‘filtered colimit’ (which is the standard categorical notion) instead
of the terms ‘direct limit’ or ‘inductive limit’ which seem to be more commonly used in
C*-algebra theory. We do this to be consistent with the the use of more general colimits
of functors in Section
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For a countable discrete group G and a G-C*-algebra A, the Baum-—
Connes conjecture with coefficients (BCC') predicts a formula for the K-
theory K,(A %, G) of the reduced crossed product A x, G, see [BCH94].
The precise formulation of the conjecture is not too important for us. We
mostly need one of its consequences recalled in Theorem below. Note
that the Baum—Connes conjecture with coefficients has been verified for
many groups, including all a-T-menable groups [HK01] and all hyperbolic
groups [Laf12].

We refer the reader to [Kas8§| for the definition and basic properties of
the equivariant K K-groups K K%(A, B). Recall from [MNOQ6] that K K¢
can be organized into a triangulated categoryﬂ with G-C*-algebras as ob-
jects, the groups KK%(A, B) as morphism sets, and composition given
by the Kasparov product. The construction of KK%-elements from G-x-
homomorphisms may be interpreted as a functor from the category of G-
C*-algebras to the category K K&. Furthermore, A — K,(Ax,G) factorizes
through this functor.

Definition 2.1. A morphism ¢ in KK%(A, B) is a weak K -equivalence in
KK if its restrictions to K K (A, B) induce isomorphisms

K.(Ax, H) = K.Bx, H)
for all finite subgroups H of G.

Remark 2.2. Weak K-equivalences are in general weaker than weak equiv-
alences in KK© in the sense of [MNQ6]. The latter ones are required to
induce a K K" -equivalence for all finite subgroups H of G.

The following theorem has been shown in [CEOOO04] in the setting of
locally compact groups (see also [MNO6]). A detailed proof in the (easier)
discrete case is given in [CELY17, Section 3.5].

Theorem 2.3. Suppose that the Baum—Connes conjecture holds for G with
coefficients in A and B. Then, any weak K -equivalence ¢ in KK (A, B)
induces an isomorphism

K.(Ax,G)= K.B x,G).

Let A be a unital C*-algebra and let G be a countable group satisfying
BCC. Our general strategy to compute K.(A®% x, G) is to replace A®Z by
a weakly K-equivalent G-C*-algebra with computable K-theory and then
apply Theorem above.

The following lemma and corollary are straightforward generalizations of
[[zul9, Theorem 2.1] and [Szal8, Corollary 6.9].

Lemma 2.4 (see [Izul9, Theorem 2.1]). Let A and B be not necessarily
unital C*-algebras, let G be a countable discrete group, and let F be a finite
G-set. Then there is a map from KK (A, B) to KK%(A®F B®F) which

3Recently, KK€ was even refined to a stable oco-category [BELZT].
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sends the class of a x-homomorphism ¢: A — B to the class of ¢©F. Fur-
thermore, this map is compatible with compositions (i.e. Kasparov products)
and in particular sends K K -equivalences to a K K©-equivalences. In partic-
ular, the Bernoulli shifts on A®T and B®T are K KC-equivalent if A and B
are K K -equivalent. The analogous statement holds if we replace the minimal
tensor product @ by the mazximal one.

Proof. We recall the description of K K< in terms of asymptotic morphisms
which admit an equivariant c.c.p. lift [Tho99] (see also Appendix in [KS03]).
For any G-C*-algebras Ay and By, let [[Ap, Bo]]CGp be the set of homotopy
equivalence classes of completely positive equivariant asymptotic homomor-
phisms from Ay to By, see [Tho99, Section 2]. The usual composition
law for asymptotic homomorphisms restricts to [[AO,BO]]S), [Tho99, The-
orem 2|. Let S be the suspension functor SAy = Cp(R) ® Ap. Denote
by K¢ the C*-algebra of compact operators on /2(G x N). It is a G-C*-
algebra with respect to the regular representation on ¢?(G). The assign-

ment (Ao, By) I?R'G(AO,BO) = [[SAo ® K, SBy @ KIS, (¢: Ag —

cp?
By) — So® idli‘c defines a bifunctor from G-C*-algebras to abre)zlian groups.
Thomsen showed that there is a natural isomorphism KK G(AO,BO) =~
KK G(AO, By) of bifunctors that sends the composition product of asymp-
totic morphisms to the Kasparov product, see [Tho99, Theorem 4.8]. Now,
given ¢ € KK(A, B), we represent ¢ as a completely positive asymptotic
homomorphism from SA ® K(¢?(N)) to SB ® K(¢?(N)). Taking the (point-
wise) minimal tensor product of ¢ with itself over F, we obtain a com-
pletely positive equivariant asymptotic homomorphism ¢®% from (SA®
K(2(N)®F to (SB ® K(£2(N)))®F. This construction clearly respects ho-
motopy equivalences. Therefore, [¢] — [¢®F] defines a map KK (A, B) —
KK (SA®K(£?(N))®F (SB® K(£?(N)))®F). By construction, this map
is compatible with compositions and sends a #-homomorphism ¢: A — B
to (S¢ ® idK(Zz(N)))@)F. By the stabilization theorem and by Kasparov’s
Bott-periodicity theoremﬁ (see [Bla98, Theorem 20.3.2]), the exterior ten-
sor product by the identity on Cp(R)®¥ @ K(¢2(N))®F induces a natural
isomorphism

KKC%(A, Bo)
= KK (Ao @ Co(R)®F @ K(2(N))®, By ® Co(R)®" @ K(£2(N))®F)
for all G-C*-algebras Ay and By. Therefore, the map [¢] — [¢®F] can
be naturally regarded as a map from KK (A, B) to KK&(A®F B2, By
construction, this map is compatible with compositions and sends the class

of a x-homomorphism ¢: A — B to the class of ¢®¥. The case of the
maximal tensor product is proven in the exact same way. O

4Since the G-action on F factors through the finite group Sym(F'), the theorem is
applicable even if G itself is not finite.
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We emphasize that the map ¢ — ¢®F is not a group homomorphism. For
example, it maps n in KK (C,C) 2 Z to the class [r,,] in KK%(C,C) of the
finite dimensional unitary representation 7, of G on ¢2({1,...,n}!) defined
by permutation on the set {1,...,n}’.

Corollary 2.5 (see [Szal8, Corollary 6.9]). Let G be a discrete group and let
¢: A — B be a unital x-homomorphism which is a KK -equivalence. Then
for any countable G-set Z, the map

¢¥% . A®Z — p¥7
is a weak K -equivalence in KKC. In particular, ¢©% induces an isomor-
phism
K.(A%®Z %, G) = K.(B®? x, Q)
whenever G satisfies BCC.

Proof. For the first statement we may assume that G is finite. Since K(— X,
G) commutes with filtered colimits, we may as well assume that Z is finite
and apply Lemma[2.4 The second statement follows from Theorem [l

Definition 2.6. Let G be a discrete group, let Z be a countable G-set and
let Ag and B be C*-algebras with Ag unital. We define a G-C*-algebra
J AZO B as

(2.1) ~7AZ0,B = @ ASZ—F g BOF.
FeFIN(Z)

The G-action is defined so that a group element g € G sends Ag@z —Fg B®F

to A?Z_gF ® B®9F by the obvious *-homomorphism.

In the above definition, Ay should be thought of as either the complex
numbers Ag = C or a UHF-algebra (see Section @ For Ag = C, we just
write jg = jéB. Note that jme is a G-Cy(FIN(Z))-algebra in a natural
way. The following lemma, is crucial for our computations:

Lemma 2.7. Let G, Z, Ay and B be as above. Then jAZO’B can naturally be
identified with the filtered colimit coli g A%@Z_S ® (Ao ® B)®? taken over all
finite subsets S C Z, with respect to the obvious connecting mapsﬂ

Proof. Just observe that for all finite subsets S C Z we have canonical
isomorphisms

AF7 5 0(Ag®B)®® = AFZY ®< . A?S—F®B®F> =~ (P AF7 FeB®F.
FCS FCS

O

5If § C §' the connecting map is the tensor product of the identity on (Ao & B)®*
with the canonical inclusion A$? ™% = Agngsl ® A?Sl*g — A?Zfs/ ® (Ao ® B)®5' 5.
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Theorem 2.8 (Theorem. Let A, Ag and B be C*-algebras with A and Ay
unital and let v: Ag — A be a unital x-homomorphism. Let p € KK(B, A) be
an element such that 1&¢p € KK(Ag® B, A) is a KK -equivalence. Then for
each countable G-set Z, there is a weak K -equivalence in KKG(jAZO’B, A®Z),
If G moreover satisfies BCC, there is an isomorphism

K, (A7 %, G) 2 K, (J%, g % G)
~ P K ((A(?Z—F®B®F) NTGF) :
[F]eG\FIN(Z)
where FIN(Z) denotes the set of finite subsets of Z and where Gg denotes
the stabilizer of F' for the action of G on FIN(Z).

For the proof, we need the following well-known lemma:

Lemma 2.9. Let Z be a countable G-set and let Az be a G-Cy(Z)-algebra.
For any G-C*-algebra D and any choice of representatives z for [z] € G\ Z,
there is a natural isomorphism

(a3

U= (U.),: KK9(Az,D) = [ KK%(A.,D)
[z]eG\Z
where G, is the stabilizer of z and A, is the fiber of Az at z € Z. The map

W is independent of the choice of representatives in the sense that for any
z € Z and g € G, the diagram

KKG(Az, D) —~ KKG=(A,, D)

=9
Wz

KK%:(A,,, D)
commutes where g: KK%(A,, D) — KK (Agz, D) is given by conjuga-
tion with g.

Proof. Recall that for a subgroup H C G, and an H-C*-algebra B, the
induced G-C*-algebra Ind% B is defined as

h(f(s)) = f(sh™1),s€ G,he H }
and sH — ||f(s)]| € Co(G/H)

equipped with the left-translation G-action (see [CEQ1], Section 2] for exam-
ple). Since Z is discrete, we have a natural isomorphism

(2.2) Az=PA.= P mdg A,
2€Z [z]eG\Z

where the last isomorphism follows from [CELY17, Theorem 3.4.13]. Now
let

Ind$ B := {f € Cy(G, B)

U= (V.)y: KK9(Az, D) » ][] KK (A.,D)
[z]eG\Z
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be the map with components

R GZ *
U.: KK%(Ay, D) —9 KK (Ay, D) 2 KK% (A, D),

where ¢,: A, < Ay is the inclusion. The second part of the lemma follows
from the construction of ¥ and the fact that conjugation by any g € G acts
trivially on KK%(Az, D). We show that ¥ is an isomorphism. By
and [Kas88, Theorem 2.9], we can identify ¥ with the product, taken over
all [z] € G\Z, of the compression maps

comp¢ : KK%(IndZ_A.,D) — KK (A,, D).

These are isomorphisms by [CE01, Proposition 5.14] (see also [MNOG, (20)]).
]

Proof of Theorem [2.8 For each orbit [F] in G\FIN(Z) with stabilizer G,

we define an element
dp € KKOF(AS?~F @ BoF A®7)
as the composition
A6®Z—F ® B®F _ Ag@Z—F ® (Ao @ B)®F — Ag@Z—F ® A®F _y A®Z,

Here the first and the third map are the obvious maps and the second map
is the tensor product of the identity on A%@Z —F and the KKCr -equivalence
(1 © ¢)®F obtained in Lemma When F is the empty set, we define &
as the unital map 127 : AP? — A®Z. By Lemma 2.9 the family {®F : [F] €
G\FIN(Z)} defines an element ¢ € KKG(JXO’B, A®7) that does not depend
on the choice of representatives F' for each [F] (since we have ®;p = g(®p)
for every g € G).

We show that ® is a weak K-equivalence. By construction, for any finite
subgroup H of G and for any finite H-subset S of Z, the element ® may be
restricted to

os: P AFTF @B APTTT @ A¥S
FEFIN(Z),FCS

in KKH . Using Lemma ®g can be identified with the tensor product of
the identity on A$?~% and the K K-equivalence (1 & ¢)®% € KK ((Ay @
B)®5, A®9) via the isomorphism

(AO D B)®S ~ @ A%ZJS—F ® B®F.
FEFIN(Z),FCS

Thus each ®g induces an isomorphism
K. (4575 @ (400 B)*S) x 1) 2 K, (4575 2 4%%) xm).

By taking the filtered colimit over finite H-subsets S C Z, we see that ® is
a weak K-equivalence.
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The K-theory computation follows from the fact that J fm g is a G-
Co(FIN(Z))-algebra for the discrete G-set FIN(Z) together with Green’s
imprimitivity Theorem (e.g., see [CEL13, Remark 3.13] for details). O

The following special case of Theorem will be used to compute exam-
ples in Section [l Its main advantage is that we do not have to construct
the element ¢ in order to apply it.

Corollary 2.10. Let G be a discrete group satisfying BCC. Let Z be a
countable G-set and let A be a unital C*-algebra satisfying the UCT such
that the unital inclusion C — A induces a split injection K.(C) — K.(A).
Denote by K*(A) its cokernel and let B be any C*-algebra satisfying the
UCT with K.(B) = K.(A). Then we have

K. (A %, G) 2 K(J§ %, @)= P  K.(B* %, Gr).
[F]eG\FIN(Z)
In particular, if Z = G equipped with the left translation, then K, (A®G X G)
only depends on G and K,(A).

Note that B exists and is uniquely determined up to K K-equivalence (see
[Bla98, Corollary 23.10.2]).

Proof. By the UCT, the inclusion map K,(B) = K,(A) — K,(A) is induced
by an element ¢ € KK (B, A). By construction, t® ¢ € KK(C® B, A) is a
K K-equivalence, so that we can apply Theorem O

As another special case of Theorem we recover

Corollary 2.11 ([CEL13, Example 3.17], [Lil9, Proposition 2.4]). Let G be
a discrete group satisfying BCC and let Z be a countable G-set. Then for
n > 1, we have

K.(C({o,1,....n}7) %, G = P P K.(Cr(Gs)).
[FIEG\FIN(Z) [S]€G p\({1,....n} F)
Moreover, if Z = G with the left translation action, we get

K. (C{0,1,...,n}%) %, G)

=K.(Cle D D D  ECGs)).

[C]€C [X]ENC\F(C) [S]eC\{L,...,n}C-X

Here C denotes the set of all conjugacy classes of finite subgroups of G,
F(C) the nonempty finite subsets of C\G, N¢ = {g € G : gCg~' = C} the
normalizer of C in G, and Cg = Gg N C the stabilizer of S in C.

Proof. Let A = C({0,...,n}) and B = C({1,...,n}) and let ¢: B — A
be the canonical inclusion. The first isomorphism follows from Theorem
2.8 The second isomorphism is obtained by analyzing the orbit structure
of  permv il - ,n}t (see [Lil9, Proposition 2.4] for details). O
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3. FINITE-DIMENSIONAL ALGEBRAS

In this section we compute the K-theory of crossed products of the form
A®Z %, G where A = ®0§j§N My is a finite-dimensional C*-algebra, Z is
a countable G-set, and where G is a group satisfying BCC. This generalizes
the case kg = 1 from [Lil9]. We denote by ged(ko, ..., kn) the greatest
common divisor of kg,...,ky. We believe that the following theorem is
known to experts. In lack of a reference, we give a detailed proof here.

Theorem 3.1. Let ko, ..., ky be positive integers with ged(ko, ..., ky) = 1.
Then there is a unital x-homomorphism

¢: (CN—H — @ Mkj

0<j<N

that induces a KK -equivalence. Moreover when N = 1, there are exactly
two such x-homomorphisms up to unitary equivalence.

The main ingredient for the proof is the following arithmetic fact:

Proposition 3.2. For any pair of positive integers ki,ko € N, there is a
unique matriz X in SL(2,Z) with non-negative entries such that

ny k‘l
<=1
where n = ged(k1, ko). If we allow X to be in GL(2,Z), then there are
exactly two such X : the one Xg in SL(2,Z) and Xo [O 1} .

10

Proof. Existence: Let f: N%r — Ni be given by

kl_kQ] R ifk1>k2
ko
k1 | k1 .
> , ik <k
[kJ ko — kl] s
kl] , if ky = ko.
ko

The Euclidian algorithm precisely says that there exists a k € N such that

k n 11 1 0
E|R1| _ _ _
f [kz] = [n] . Let A = [0 1] and B = [1 1] . Then the map f defined
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above is given by

( k
A1 1] . if k> ke
2
k1 _1 | R .
— < B , if ki <k
[k2] ko s
k1
, if k1 = ko.
k2] 1t k1 2
Now the above formulation of the Euclidean algorithm gives us integers
ay,as, -+ ,a;,by,ba, -+, by > 1 such that
Ao Bb1 A%2 Bbg . Aalel n _ kl
n kol -~

Then X = A% B A2 ... AuBh ¢ SLL(2,7) is the required matrix.

Uniqueness: Suppose there are two such matrices X; and X5. Then,
Y = X;'X; € SL(2,7Z) satisfies

From this, we have
a 1—a
Y= [a -1 2-— a}

for a € Z. Now, we get

a 1—a
X1 =X [a—l 2—a]’

but since both X7 and X5 have non-negative entries and since they are non-
singular, it is not hard to see that a must be 1. Thus, X; = Xs. The last
assertion is immediate. ([

Remark 3.3. It follows from the proof that the subsemigroup in SL(2,Z)
consisting of matrices with non-negative entries is the free monoid of two
generators A and B.

Corollary 3.4. For any positive integers ko, . .., kn with ged(ko, ..., ky) =
n, there is a matriz X in SL(N + 1,7Z) with non-negative entries such that
n ko

X|il=1:
n kN
Proof. We give the proof by induction on N. The case N = 0 is clear. Let

N > 1 and let ko, ...,ky > 1 be positive integers with ged(ko, ..., kn) = n.
Set I == ged(ko, ..., kn—1). By induction, we may assume that there exists a
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matrix X € SL(N,Z) with non-negative entries such that X

Since ged(l, ky) = ged(l,n) = n, it follows from Proposition that there
are matrices Xo, Xy € SL(2,Z) with non-negative entries such that

n l n l .
Xo [n] = [n] and Xy [n] = [kN] Now fori € {1,...,N—1}, let Y; denote
the matrix with Xy as the (4,7 + 1)-th diagonal block, with ones in all other
diagonal entries and with zeros elsewhere, and let Yy = [11\6_1 )? ] . Write
N

Y = ﬁ: (1)] Then X =Y -Yy---Y: € SL(N + 1,Z) has non-negative

entries and

n n l ko
X = Y|Ynv--- 11 =Y l = :
n n kx kn
as desired. O

Proof of Theorem [3.1. Unital -homomorphisms from CN*! to @, <N M,
are classified up to unitary equivalence by their induced maps on ordered K-
groups with units. If we identify the Ko-groups of CVN*! and D <N Mi;
with ZV*!, we may represent the induced maps on Kg-groups by (N + 1)-
1 ko
square matrices with non-negative integer entries that send |:| to | : |.
1 kn
Such a matrix is an isomorphism on K-theory if and only if it is in GL(N +

1,7). All the assertions now follow from Proposition and Corollary
O

We are now ready to prove Theorem [A] For the proof, we need a result
from [KN22|]. We formulate it in full generality here since this will be needed
in later sections of the paper. Recall that a supernatural number is a formal
product n = Hp p™ of prime powers with n, € {0,1,...,00}. We denote by
M, = ®pMI?np the associated UHF-algebra. M, and n are called of infinite

type if n, € {0,00} for all p and n, # 0 for at least one p. For an abelian
group L, we denote by

L[1/n] := colim(L RN IREN )

the localization at n where (pi1,p2,...) is a sequence of primes containing
every p with n, > 1 infinitely many times. In other words, L[1/n] is the
localization at the set of all primes dividing n. If n is finite, this definition
recovers the usual localization at a natural number.
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Theorem 3.5 ([KN22, Corollary 2.11]). Let G be a discrete group satisfying
BCC, let Z a countable G-set, let A a G-C*-algebra and let M, a UHF-
algebra. Assume that Z is infinite or that n is of infinite type. Then the
inclusion A — A®@ M®Z induces an isomorphism

K. (Ax, G/ 2 K, ((A® MF?) x, G).
In particular, the right-hand side is a Z[1/n]-module.

Theorem 3.6 (Theorem . Let G be a discrete group satisfying BCC. Let
Z be a countably infinite G-set and let A = ®0§j§N My, where ko, ... kN
(N > 1) are positive integers with ged(ko, ..., kn) =n. Then

K, (A%” %, G) 2 K, (C ({0,...,N}?) %, G) [1/n]

~ @ D  K(CGs)/al.

[FIEG\FIN(Z) [S]€Gp\({L,..,N}F)

Proof. Write B = @0<j< N My, jn so that B satisfies the assumptions of
Theorem and so that A =2 B ® M,. By Theorem the inclusion
B®Z — A®Z induces an isomorphism

K, (B¥? x, G) [1/n] 2 K, (A%? x, G).
By Theorem [3.1] and Corollary we furthermore have
K, (B®? x, G) 2 K, (C ({0,...,N}?) x, G).

This proves the isomorphism in the first line of the theorem. The isomor-
phism in the second line follows from Corollary [2.11] O

4. MORE EXAMPLES

In this section, we compute the K-theory of Bernoulli shifts in more exam-
ples. We mostly restrict ourselves to the case Z = G with the left translation
action, but some of the results have straightforward generalizations to arbi-
trary countable G-sets. Recall that for Z = G we write FIN = FIN(G) for
the collection of finite subsets of G and we put Jp := j(g g as in Definition
for any C*-algebra B. We start with some easy applications of Corollary

Ezample 4.1. Let A be the Fibonacci algebra [Dav96, Example III 2.6],
which is the filtered colimit of (M, & My, )ken where m; = n; = 1 and
where the connecting maps are given by repeated use of the partial em-

1 [1)} Since this matrix belongs to GL(2,Z), the unital
embedding C & C — A is a K K-equivalence.

Let K be the unitization of the algebra of compact operators on ¢2(N)
and let p € K be arank-1 projection. Then the unital embedding C & C «— KT

given by (A, ) — A(1 —p) + up is a K K-equivalence.

bedding matrix [1
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Now let A be either A or K* and let G be a discrete group satisfying
BCC. Then by Corollaries and we have

K. (4% %, G) 2 K.(CI(G) & D K.AC/(Gr).
[F]eG\FIN*

In particular, if G is torsion free, we have

K, (A9 %, G) 2 K.(C}(G)e P K.(C).
[F]€G\FIN*

Ezample 4.2 (Theorem|C|). Consider A = C(S'). Note that the canonical in-
clusion ¢: Co(R) — C(S) together with the unital inclusion ¢: C — C(S1)
induces a K K-equivalence ¢ & ¢ € KK(C & Cy(R), A). By Theorem [2.8
we obtain a weak K-equivalence ®: Jor) — A®G We can compute the
K-theory of Jg,r) xr G as

Ko (Toymy % G) 2 KL(CHGN® P K (Co(R)®F %, G) .
[F]eG\FIN*
In this expression, each nonempty finite subset ' C G can be written as
F = G- Lp where L is a complete set of representatives for G\ F. If the
cardinality of L is even, the Gp-action on Co(R)®F = Cy(RF) is KKCF-
equivalent to the trivial action on C by Kasparov’s Bott-periodicity theorem
(see [Bla98 Theorem 20.3.2]). When the cardinality of L is odd, then

Co(R)F = (Co(R)®FF) 117! @ oy (R) =0
is KKCr-equivalent to Co(R)®“r = Cj (REF). Therefore, we have

K. (Co(R)®F x, Gr) = K. (C} (GFCT?), ?f |GF\F| ?s even
K, (Co (]R F) X GF) , if ‘GF\F‘ is odd

In general, for any finite group H and for any orthogonal representation
H — O(V) on a finite-dimensional Euclidean space V', the K-theory of
Co(V') %, H is the well-studied equivariant topological K-theory K7, (V') of
V (see [Kar02], [EP09]). It is known to be a finitely generated free abelian
group with rankz K7, (V) equal to the number of conjugacy classes (g) of H
which are oriented and even/odd respectively (see [Kar02, Theorem 1.8]).
Here, a conjugacy class (g) of H is oriented if the centralizer Cy of g acts
on the g-fixed points V9 of V' by oriented automorphisms. The class (g) is
even/odd if the dimension of V9 is even/odd respectively. For example for
any cyclic group Z/mZ, using [EP09, Example 4.2], we have

7zZm, x=1
K R™) = ’ ,
Z/mZ( ) {07 £ =0
for odd m > 1, and
Zmi2 x =1

K%/mZ(Rm) - {O * =0
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for even m > 2. We summarize our discussion as follows:
Theorem 4.3. Let G be a discrete group satisfying BCC. We have
K, (C(SH)%% %, G)

~“K(Cla)e | D K(CHGr)|e| @D K (R

[FleG\FIN*, [FlEG\FIN*,
|G \F| even |Gp\F| odd

Example 4.4. Let Ay be the rotation algebra for § € R, the universal C*-
algebra generated by two unitaries v and v satisfying uwv = vue?™. Tt
is well-known that Ko(A4y) = Z2, that Ki(4p) = Z%, and that the unital
inclusion ¢: C — Ay induces a split injection on K. Since Ay satisfies the
UCT, we can apply Corollary to B=Ca® Cy(R) ® Cy(R) and obtain

K, (A(;@G Xy G)

~K.Cr@))e P K.(CoCoR)®CoR)®F %, Gr).

[F]eG\FIN*

Using Theorem for B = Cy(R) ® Cp(R), each summand for F' € FIN*
may be computed as

K, ((C®Co(R) & CO(R))®F X, GF)

= P K. ((Co(R¥)®Cy(RY?)) %, Gx,,)
[X1,X2]

where the sum is taken over all ordered equivalence classes [ X7, X2] of pairs
of ordered disjoint subsets X1, X5 of F' modulo the action of the stabilizer
Gr of F, and where we set Gy, , := Gr NGx, NGx,. As in Example
the computation of K, ((C’o (Rxl) ® Co (RXQ)) X GX1,2) either reduces to
K.(C}(Gx, ,)) or to that of K, (00 (RGXL?) 5 GXLQ) = K¢y (RGXL?)
in general. We summarize the discussion as follows. 7

Theorem 4.5. Let G be a discrete group satisfying BCC and let 0 € R. We
have

K. (459, G) = K.(Ci@) e P Kr
[F]eG\FIN*
where for all F € FIN* we set

Krp = @ K*(C:(GX1,2)) D @ KéXl,Q (RGXLZ)

[X1,X2], X1UX2CF, [X1,X2],X1UX2CF,
\GXLQ\(Xl‘JXQ)\ even |G xq o \(X1UX2)| odd
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Cuntz algebras. Forn € {2,3,...,00} we denote by O,, the Cuntz algebra

on n generators.

Ezample 4.6. [Szal8l Corollary 6.9] Let G be a discrete group satisfying
BCC. Then the unital inclusion C — O« induces an isomorphism

K.(CH(G) = K. (056 %, G).

Proof. Combine Corollary[2.5]and the fact that the unital inclusion C — O,
is a K K-equivalence. [l

Example 4.7. Let G be a discrete group satisfying BCC. Then we have

K. (0396‘ , G) ~0.
Proof. Combine Lemma [2.4] Theorem [2.3] and the fact that Oy is KK-
equivalent to 0. O

Example 4.8. Let G be a discrete group satisfying BCC. Let A = C& O,
for n > 3. By Theorem [2.8] we have

K. (A% %, Q)2 K.(CHG) e P K. (05 % Gr).
[F]eG\FIN*

Each summand for ' = G - Lr becomes K, ((OS?LF)(@GF X GF). It

follows from the UCT and an inductive application of the Kiinneth theorem
that OPLF is K K-equivalent to O,, @ (Co(R) @ C)/ErI=1. Thus, by Lemma
m we may express K.(OZF x, Gr) explicitly in terms of

K. (02" %, H) and K,((Co(R) ® 0,)®H x, H)

for finite subgroups H of G . These groups for H = Z/2 are nicely computed
in [Izul9]. According to [Izul9], we have

K (O®Z/2>q Z/Z): Z/n&ZL/n, *=0
* n+l1 " 0’ *:1

for odd n,

7% D 7/)2 =0
K, (OSJ%{Q ><ITZ/2> — {0/2 S / n, * 17
Xk =

for even n, and

0 * =

K, ((CD(R) ® Ony1) %% x, Z/2) = {Z/n ®Z/n, *=1

for odd n,

0 * =

K. ((Co(R) ® 0,41) % %, 2/2) = {2/3 ®Z/2m, x=1
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for even n. Using similar methods as in [Izul9], we can compute the case
H = 7Z/3. We omit the very technical computations. For general H, the
computations become increasingly complicated as the order of H increases.

Question 4.9. Is K, (OS?H Xy H) computable for all finite groups H or at
least for all cyclic groups?

Although we do not know how to compute K, ((’)?H X H ) in general,
we can say something about its structure. The following Corollary is a
combination of Theorem [3.5 and Corollary

Corollary 4.10. Let G be a discrete group satisfying BCC, Z a countable G-
set, and A a C*-algebra. Let My, be a UHF-algebra of infinite type such that
A ® M, is KK-equivalent to zero (for instance A = Op41 and My = Mpeo
for some n > 2). Then

K, (A% %, G) [1/n] 2 0.
For A = O,,4+1 and a finite group H, we can say a bit more:

Proposition 4.11. Let H be a finite group, let Z be a finite H-set and let
n > 2. Then K, (O 1 X H) is a finitely generated abelian group L such

that L[1/n] = 0. That is, any element in L is annihilated by n* for some k.
In particular, if n = p is prime, then L is isomorphic to the direct sum of
finitely many p-groups Z./p*7Z.

Proof The method used in [Izul9], at an abstract level, tells us that

((’)f?fl X, H ) is finitely generated. To see this, let 7,11 be the universal

C*-algebra generated by isometries si--- , Sp+1 with mutually orthogonal
range projections ¢; = s;s; and we let p =1 — Zl<j<n+1 q;- The ideal gen-
erated by p is isomorphic to K and we have the following exact sequences

(4.1) 0*>11>4H*>7'H>4H*>(9H>4H*>0

(42)  0——>Tp1 X H—> Iy x H—> (Iy/Ims1) » H—0,

where for 1 <m < |Z |, an H-ideal I,,, of T,5% -1 is defined as the ideal gener-
ated by IC®F®7'® F for subsets F' of H with |F| = m. In particular Ly =
K®Z. By Lemma or by the stabilization theorem, K, (K®7 x H) =
K.(C*(H)). Moreover, for each 1 < m < |Z|, the quotient I, /I 41 is the
direct sum of K®F @ (’)fffl_F over the subsets F' of Z with |F| = m. Thus,
I,/ Ins1 ¥ H is Morita-equivalent to the direct sum of KOF O®Z Fs Hp
over [F] € H\{F C Z | |F| = m} where Hp is the stablhzer of F in
H. By induction on the size |Z| of Z (for all finite groups H at the

same time), K, <IC®F®O®Z LA HF> =~ K, (Of?fl_F X HF> is finitely

generated. Using the six-term exact sequences on K-theory associated to
(4.2), we see that K,.(I,, x H) are all finitely-generated. By Lemma
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K. (Tf?fl . H) > [, (C*(H)) since Ty is K K -equivalent to C by [PImd7.
Using the six-term exact sequence on K-theory associated to (4.1)), we now
see that K, ((’)f?fl x H ) is finitely-generated.

On the other hand, we have

K. ((0;?51 ® Mﬁf) 0, H) ~ K, ((’)f?fl iy H) 1/n]

by Theorem The assertion follows from Lemma [2.4] since 0,11 ® Moo
is K K-equivalent to 0 by the UCT. ([

For an infinite G-set Z, Corollary [4.10]for A = O,, 41 may also be deduced
from the combination of Theorem and the following result (for A =
On-‘,—l & Mn)

Theorem 4.12. Let G be a discrete group satisfying BCC and let Z be a
countably infinite G-set. Let A be any unital C*-algebra such that [1 ger] =
0 € Ko(A®") for some r > 1. Then we have

K, (A®Z x, G) 0.

Proof. By Theorem it is enough to show K,(A®Z %, H) = 0 for all
finite subgroups H of G. Since Z is infinite, it contains infinitely many
orbits of type H/Hy for some fixed subgroup Hy C H. Denote Z; the union
of orbits of type H/Hy. Let L be a (necessarily infinite) complete set of
representatives for H\Zy. We have

A®Zo o~ (A®L)®H/Ho.
By assumption, the unital inclusion C — A®" induces the zero element in
Ko(A®") = KK(C, A®"). In particular, the maps
A®N _y g®N +7",

induce the zero map in K K-theory since, on the level of K K-theory, they
are given by the exterior Kasparov product with [0] = [1] € KK (C, A®").
It follows from Lemma that the unital inclusions

(A®N)®H/Ho N (A®N+r)®H/Ho
are zero in K KH. Writing A®% = A®% @ A®Z=%0 we have

~ QH/H, B
K, (A%Z %, H) = colin K. (((a5W) 5710 @ AZ=20) 0, hr)

The right-hand side is zero by the preceding argument. ([

Remark 4.13. Theorem can be applied whenever A is Morita equivalent
to Opr41 such that [14] =n € Ko(A) =2 Z/n", or whenever Ky(A) = Q/Z.
In the second case, this is due to the fact that [1]%? € Ko(A®?) is in the
image of Ko(A) X7z, Ko(A) = @/Z X7, @/Z =0.
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Wreath products. For discrete groups G and H, the wreath product H1G
is defined as the semi-direct product (P,cq H) x G, where G acts by left
translation. We have a canonical isomorphism

C*(HG) = CH(H)® %, G.
An application of Corollary gives the following result which general-
izes [Lil9].
Theorem 4.14 (Theorem@. Let G be a group satisfying BCC and let H be
a group for which C}(H) satisfies the UCT and for which the unital inclusion
C — CJ(H) induces a split injection K.(C) — K.(C;(H)). Denote its
cokernel by K. (Cy(H)). Then we have

K(CrHG) 2K (CHG)® P K. (B®F %, Gr)
[Fl€G\FIN*

where B is any C*-algebra satisfying UCT with K,.(B) = K,(C*(H)). In
particular, if G is torsion-free, we have

K(CrHG) 2 K (CHG)® € K. (B®F).

[F]eG\FIN*
Remark 4.15. The assumptions on H in the above theorem are not very
restrictive: If H is a discrete group for which the Baum—Connes assembly
map is split-injective (for instance if H satisfies BCC, or if H is exact by
[Hig00, Theorem 1.1]), then the unital inclusion C — C}¥(H) induces a split
injection K,(C) — K.(C*(H)) since the corresponding map Ki®({e}) —
K°°(H) always splits.

On the other hand, it follows from Tu’s [Tu99, Proposition 10.7] that
Cr(H) satisfies the UCT for every a-T-menable (in particular every amenable)
group H, or, more generally, if H satisfies the strong Baum—Connes conjec-
ture in the sense of [MNOG6].

Example 4.16. Let G be a group which satisfies BCC and consider the wreath
product Fy, ! G with F,, the free group in n generators. Since Iy, is known to
be a-T-menable it follows that Theorem [4.14]applies. Since Ko(Cj(F,,)) = Z
and K;(C;(F,)) = Z™ we may choose B = @, Co(R) so that Theorem
[4.14] implies
K (CiF1G) 2 K.(CHG)® P E(B®F %, Gp),
FEG\FIN*

where each summand K, (B®F x, Gr) decomposes into a direct sum of
equivariant K-theory groups of the form K7}, (V') for certain subgroups H of
GF and certain euclidean H-spaces V. A more precise analysis can be done,
at least for n = 2, along the lines of Example [1.4]

In particular, if G is torsion free, we get

K(CrF1G) 2 K.(CHG) e B K.(B®F)
[FleG\FINX
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with B®F =~ @21:\? Co(RIFN). Therefore each G-orbit of a nonempty finite
set F' C G provides nlfl copies of Z as direct summands of Ky if |F| is even
and of K if |F| is odd.

We close this section with

Corollary 4.17. Suppose that G and H are as as in Theorem such
that the K-theory of both C}(G) and C}(H) is free abelian. Then the K-
theory of C;(H 1 G) is free abelian as well.

Proof. Note that K,.(C;(H)) is free abelian as it is the direct summand of
the free abelian group K,(Cj(H)). Therefore, in Theorem [4.14] B can be
taken as the direct sum of, possibly infinitely many, C and Cy(R). The
assertion follows from the fact that equivariant K-theory K¢ (R%0) (more
generally K¢, (V) for any Go-Euclidean space V') is a (finitely-generated)
free abelian group for any finite group Gy by [Kar02] (or [EP09]). O

5. AF-ALGEBRAS

Let A = colim A, be a unital AF-algebra (with unital connecting maps)
and let G be a discrete group satisfying BCC. If Z is a countable G-set, then
in principle, we can try to compute

K. (A%Z %, G) = colim K, (A®? %, G
(4°7 5, G) = colim K. (437 5, G)

using the decomposition from Theorem In general, such a computation
can be challenging, even in relatively simple cases like A = My @ M3e. In-
stead of trying to compute the connecting maps, we now provide an abstract
approach to calculating K,(A®? x, G) for an arbitrary unital AF-algebra
A, a discrete group G satisfying BCC and a countable proper G-set Z (for
example Z = G with the left translation action).

We first need some preparation. Let F be a family of subgroups, i.e.
a non-empty set of subgroups of G closed under taking conjugates and
subgroups. The orbit category Orrz(G) has as objects homogeneous G-
spaces G/H for each H € F and as morphisms G-maps (see [DLI8, Defi-
nition 1.1]). We will mainly use the family FZN of finite subgroups. For
any G-C*-algebra A, we have a functor from Orx(G) to the category of
graded abelian groups that sends G/H to K.(A x, H) and a morphism
G/Hy — G/H; given by Hg — gH;p (so that Hy C gHy1g~ ') to the map
K.(A x, Hy) = K.(A x, Hy) induced by the composition

Ax, Hy— Ax,gHig ' >~ Ax, Hy,
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where the second map is given by conjugation with ¢! inside A x, Gﬁ We
denote by

colim K.(Ax, H)
G/HEOr£(G)
the colimit of the functor G/H +— K,(Ax, H) from Orz(G) to the category
of graded abelian groups. The inclusions A x,. H — A X, G induce a natural
homomorphism

(5.1) colim K,(Ax, H) = K.(A %, Q).
G/HEOr #(G)

Remark 5.1. The map (j5.1]) should not be confused with the assembly map
asmbr: HE(ExG,KYP) — K.(A %, G),

which corresponds to taking the homotopy colimit at the level of K-theory
spectra instead of taking the ordinary colimit at the level of K-theory groups,
see [DLI8 Section 5.1]. By the involved universal properties, there is a
natural commuting diagram

colim K,(Ax, H)—— K,(Ax,G),

G/HeOrz(G) /

HE(EFG,K}P)

but the vertical map is neither injective nor surjective in general. One can
think of the map as the best approximation of K,(A X, G) using
0-dimensional G-F-CW-complexes. Likewise, the best approximation by
r-dimensional G-F-CW-complexes can be defined by taking the colimit of
HY(X, Kf:fp) over the category of r-dimensional G-F-CW-complexes.

Let us give two examples of how to compute colim K. (Ax, H)
G/H€EOrrz N (G)

when the structure or Or £z (G) is understood. Recall that the coinvariants
of a G-module L are given by

Lg:=colimgL=L/(x —gx|geG,zel).

Here the group G is considered as a category with one object with morphisms
given by the elements of G, and L is considered as a functor from G to the
category of (graded) abelian groups.

Ezample 5.2. If G is torsion-free, then colim  K,(A x, H) can be
G/HeOrrz N (G)

identified with the coinvariants K,(A)q.

6This is a well-defined functor since different choices for g give the same map on K-
theory. On the other hand, G/H — A x, H does not define a functor. This is why it
requires more care to upgrade this to a functor taking values in the category of spectra,
see [DLI8, Section 2].
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Ezample 5.3. If G has only one non-trivial conjugacy class [H]| of finite

subgroups and if Ng(H) denotes the normalizer of H in G, then the colimit
colim K.(A %, H) is given by the pushout

G/HEOrrzp (G)

K.(A)

K (A Xy H)ng ()

K,(A)g —— li K. (Ax, H).
( )G G/Hggrgrle(G) ( g )

For a G-module M and a set S of positive integers, we denote by
M[S™! = colim(M =% M =% -+ ) 2 M @7 Z[S™!]

its localization at S, where (s1, s2,...) is a sequence containing every ele-
ment of S infinitely many times. Note that localization at S commutes with
taking coinvariants since both constructions are colimits.

Theorem 5.4 (Theorem . Let A be a unital C*-algebra of the form A =
colim My, (Ay) (with unital connecting maps) where (kn)nen is a sequence
of positive integers and where each A, is a unital C*-algebra satisfying the
assumptions of Theorem for the unital inclusion C — A,,. Let G be an
infinite discrete group satisfying BCC, let Z be a countable proper G-set,
and let S C 7 be the set of all positive integers n such that [14] € Ko(A) is
divisible by n. Then, the natural inclusions

C*(H) — C*(Q), C*(H) — A®Z %, H,
(5.2) CHG) — A®Z %, G, A®? %, H — A®? %, G,
induce the following pushout diagram

colim  K.(CHH))S™' ——=  colim K.(A®? x, H)
G/HEOrrz N (G) G/HEOr N (G)

l i

K. (C*G))[S™] K, (A%Z %, G).

In particular, if G is torsion-free, this pushout diagram reads
K. (CH@)[S T @ K, (A%7) ¢ =2 K (A% %, G),

where K.(C*(G)) denotes the cokernel of K,(C) — K.(C(G)) induced from
the unital inclusion C — C}(G).

Remark 5.5. By Theorem 3.1 Theorem 5.4 applies to all unital AF-algebras.
More generally, Theorem 5.4applies whenever A is of the form colim = M, (Ay)
(with unital connecting maps) where each A,, is one of the following exam-
ples:

(1) The unitization Bt of a C*-algebra B, e.g. C & B for unital B;
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(2) A C*-algebra of the form B, ;< C(X;) ® My, for nonempty com-
pact metric spaces X; and gecd(k1,...,kn) =1 (use Theorem ;
(3) A reduced group C*-algebra C(I") of a countable group I' that sat-
isfies the UCT and such that the map K,.(C) — K,(C(I))) is a
split-injection (see Remark and Theorem .
It would be interesting to know if Theorem [5.4] also holds for unital ASH-
algebras, i.e. when A is a filtered colimit of algebras of the form p(C'(X) ®
M,,)p for a projection p € C(X) ® M,

For the proof of Theorem [5.4] we need the following Lemma.

Lemma 5.6. Let G be any discrete group, let F be a family of subgroups
of G, let H; € F, and let A; be H;-C*-algebras for i € I. Denote by
A= @ie]lndgi (4;) the direct sum of the induced G-C*-algebras. Then, the
natural map

colim K,(Ax, H) = K.(A %, G)
G/HEOr £(G)

18 an isomorphism.

Proof. By additivity we may assume A = Indgvo for Hy € F and an
Hy-C*-algebra Ag. Write
A= @ A,

[Z]EG/HO
where A, is the fiber of A at [2] € G/Hy. Note that A, is a 2Hyz"1-C*-
algebra, in particular, A, is the Hy-C*-algebra Ay. By [CELY17, Proposition
2.6.8], the inclusion A, — A induces an isomorphism
K.(Ae ¥, Hp) = K. (A %, G).
This isomorphism factors through colimg,geor - (a) K«(A xr H) as

K. (A, %, H, K.(A %, H lim  K.(Ax, H) = K.(Ax, Q).
(Ae ¥ Hy) — Ki(A 0)%0/15853«;) (Ax, H) = Ki(Ax, Q)

Our claim follows once we show that the map

5.3 K. (A, x, H lim K.(Ax, H
(5.3) (Ae > O)AG/EQSQ(@ (Ax, H)

is surjective. Fix a subgroup H € F. Decomposing G/H( into H-orbits and
using the decomposition of (2.2), we obtain a decomposition
(5.4) K.(Ax,H)2 @ K.(A: %, He),

[2]leH\G/Hy
where H, .= H N zHyz~! € F. In (5.4)), the inclusions K.(A4, x, H,) C
K.(A x, H) are induced by the natural inclusions A, x, H, C A x, H. In
the colimit colimg/freor - (q) K« (A %, H), the summand

K.(A, %, H,) C K,(Ax, H)
gets via conjugation with 2! identified with the summand
K (Ae %, H.) C K.(A %, H))
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corresponding to [e] € G/Hp and H, = z~'Hz N Hy. But the elements in
colimg geor - (q) K« (A, H) coming from K. (Ae x, H.) are certainly in the
image of the map in (5.3)) since

K*(Ae Xy H;) — COhmG/HGOr]:(G) K*(A Hop H)
factors through the K-theory map of the inclusion A, x, H, C Ae %, Hy. O
As a direct consequence of Lemma [5.6] we get

Corollary 5.7. Let G be any discrete group, let Z be a countable G-set, and
let Ag and B be C*-algebras with Ay unital. Let ij’B be the G-C*-algebra

The= @O ATTeB,
FEFIN* ()

so that jAZO,B = A?Z D jAZO,B as i Definition . Then the natural map
I K('Z ><H)->K('Z xG)
G’/}?golg.l—(G) * jAmB r * jAO’B r

is an isomorphism for any family F of subgroups of G containing all the
stabilizers of the G-action on FIN*(Z). This applies in particular when Z
is a proper G-set and F = FIN is the family of finite subgroups. O

Proof of Theorem[5.4 We prove Theorem [5.4] by considering three succes-
sively more general cases:

Case 1. A satisfies the assumptions of Theorem for the unital inclusion
t: C— A

By assumption, there is a C*-algebra B and an element ¢ € KK (B, A)
such that t ® ¢ € KK(C ® B, A) is a KK-equivalence. Using the weak
K-equivalence of 7, BZ and A®Z constructed in Theorem we may identify
the maps in with the natural maps

(5.5) CHG) = JE %, G, JE x, H— JEx, G,

where the first map is induced from the (non-unital) inclusion C — JZ
corresponding to F' = (). We may therefore replace A®Z by J. BZ throughout
the proof. The corresponding statement for 7, BZ then follows from Corollary
since by the decomposition 7, ]g =Co J, g , we have

K (JE %, G) =2 K. (CHG)®  colim K. (JE »x, H
(T8 ) (CH(G)) oyploim (J5 )

and consequently a pushout diagram

colim  K,(C}(H))——  colim K. (JZ %, H)
G/H€eOrFz N (G) G/HEOrrz N (G)

| |

K.(CH(G)) K.(J7 %, G).
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In the torsion free case this becomes
K. (JE »r G) 2 K. (CHQ)) &k, (c) Ku(T5)e = K (CHG)) & K (TF ) -
Case 2. A= M, ® D where D is as in Case

By applying Case|l|and localizing at n, we see that the maps in ([5.2)) (for
D instead of A) induce a pushout diagram

colim K.(C:H))[1/n] — colim K, (D%% %, H)[1/n
G/HEOr N (G) (Gl G/HEOrrz N (G) ( )[ /nl

| l

K. (CHG))[L/n) K. (D% x, G) [1/n],

and in the torsion-free case an isomorphism
K.(CH@))[1/n] ® K, (D¥?) [1/n]g = K, (D®? x, G) [L/n].

Here we have used that localization at n commutes with taking colimits. By
Theorem [3.5] the unital inclusion D — M, ® D = A induces an isomorphism
K. (D%% x, H) [1/n] = K, (A®Z x, H) for every subgroup H of G. This
finishes the proof of Case

Case 3. A = coli . Ay, where each Ay is as in Case

For each k, denote by Si C S the set of positive integers n such that the
unit [1] € Ko(Ay) is divisible by n. Note that we have S = J, Si. By Case
the conclusion of the theorem holds if we replace A by A, and S by S.
Now the general case follows by taking the filtered colimit along k. O

6. RATIONAL AND k-ADIC COMPUTATIONS

In this section we give systematic tools to compute the K-theory of non-
commutative Bernoulli shifts up to localizing at a supernatural number n
(i.e. at the set of prime factors of n). The results apply to unital C*-
algebras A for which the inclusion ¢: C — A does not induce a split injection
Ky(C) — Ky(A) integrally, but a split injection

(6.1) Ko())[1/n]: Ko(C)[1/n] = Ko(A)[1/n]

after localizing at a supernatural number n. Important special cases are
n = k> for k € N (Example , or when n = proo (Example . The
latter case amounts to rational K-theory computations since in this case we
have L[1/n] =2 L ®z Q for any abelian group L. We give two examples of
when one of these situations naturally occurs:

Ezample 6.1 (M, = Mjp~). Let A be a unital C*-algebra that admits a
finite-dimensional representation A — M} (C) for some k. Then the uni-
tal inclusion ¢: C — A induces a split-injection K,(C)[1/k] — K.(A)[1/k].
Concrete examples are unital continuous trace C*-algebras or subhomoge-
neous C*-algebras.
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Ezample 6.2 (M, = Q). Let A be a unital C*-algebra for which the unit
[1] € Ko(A) is not torsion, for instance let A be unital and stably finite. Then
the inclusion ¢: C — A induces a split injection K, (C)®zQ — K,(A)®zQ.

Theorem 6.3 (c.f. Theorem . Let G be a discrete group satisfying
BCC, let Z be a countable G-set and let n be a supernatural number. Let
A be a unital C*-algebra satisfying the UCT such that the unital inclusion
C — A induces a split injection K,.(C)[1/n] — K,(A)[1/n]. Denote by

K. (A) the cokernel of the injection K.(C) — K.(A) and let B be any C*-
algebra satisfying the UCT with K. (B) = K.(A). Then we have
K, (A®Z %, G) [1/n]

> K. (JF % G)[I/n]= P K. (B® %, Gr)[1/n].
[FIEG\FIN(Z)

Proof. Replacing n by n°°, we may assume that n is of infinite type. By the
UCT, there is a UCT C*-algebra B whose K-theory is isomorphic to the
cokernel K, (A) of K,(1), and an element ¢ € KK(B ® M,, A® M,) which
together with the inclusion ¢,: M, — A ® M, induces a K K-equivalence

¢ e KK((C® B)® My, A® M,).

We can thus apply Theorem for A® M, in place of A, for Ag = M, and
for B ® M, in place of B. We get
K, (A%7 %, G) [1/n] = K, ((A ® My)®Z %, G)

= K. (T, pom, ¥ G)

B K (M7 F e (B M)®) %, Gr)
[F]EG\FIN(Z)

B  K.(B* %, Gr)[1/n]
[F]IEG\FIN(Z)

12

I

where the first and last isomorphisms are obtained from Theorem O

Theorem [5.4] has a counter-part as well:

Theorem 6.4. Let G be a discrete group satisfying BCC, let Z be a count-
able, proper G-set, and let n a supernatural number. Let A be a unital
C*-algebra which is a unital filtered colimit of C*-algebras Ay, satisfying the
assumptions of Theorem [6.3. Then, the natural inclusions

C*(H) — CXG), C*(H) — A®Z %, H,

CHG) — A®Z %, G, A®Z x, H — A®? %, G,
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induce a pushout diagram

colim  K,(CHH))[1/n] —=  colim K, (A®? x, H)[1/n
G/H€eOrrzn(G) (CrH)) /v G/HEeOrrz N (G) ( )[ a

| l

K.(CHG))[1/n] K. (A%Z %, G) [1/n].

In particular, if G is torsion-free, this pushout diagram reads
K. (CH@Q))[1/n] ® K, (A®Z)G [1/n] = K, (A®Z X G) [1/n].

Proof. Without loss of generality we may assume that n is of infinite type
and A satisfies the assumption of Theorem [6.3] Let B, ¢ and ¢, be as in the
proof of Theorem In particular, Theore applies so that (A®Mn)®Z
is weakly K-equivalent to J ﬁm Beon,- As in the proof of Theorem the
Theorem now follows from the combination of Corollary and Theorem
3.0l [l
Ezample 6.5. Let p € C(X) ® M, be a rank-k projection over C(X) cor-
responding to some vector bundle on X. Let A = p(C(X) ® M,)p be the
associated homogeneous C*-algebra. Of course, A is Morita-equivalent to
C(X) but the unit-inclusion ¢: C — A is not split-injective in general; it
corresponds to the inclusion Z[p] — K°(X). On the other hand, A has a
k-dimensional irreducible representation and therefore satisfies the assump-
tions of Theorem Therefore, we get

K, (A% %, G)[I/k = @ K. (B® %, Gr)[1/]
[F]€G\FIN
where B is any UCT C*-algebra whose K-theory is isomorphic to the cok-
ernel of K, (¢).

As an application to Theorem we obtain a proof of the fact that
Bernoulli shifts by finite groups rarely have the Rokhlin property (see [Izu04,
Definition 3.1]). This result is possibly known to experts and we would like
to thank N. C. Phillips for mentioning it to us.

Corollary 6.6. Let A be a unital C*-algebra satisfying the UCT such that
[1] € Ko(A) is not torsion (for instance, suppose that A is stably finite). Let
G # {e} be a finite group and let Z a G-set. Then the Bernoulli shift of G
on A®Z does not have the Rokhlin property.

Proof. Tt follows from Theorem [6.3| that the inclusion C¥(G) — A®% x, G
induces a split injection

(6.2) K. (CHQ)) @72 Q = K, (A%Z %, G) @7 Q.

Now assume that the action of G on A®Z has the Rokhlin property. Using
[Philll Theorem 2.6], we can find a unital equivariant x-homomorphism
C(G) — A®Z. But then we can factor the map in (6.2) as the composition

K.(CH(@)) ®2Q = K.(C(G) %, G) ®7Q = K, (A®? %, G) @7 Q,
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which is never injective unless G = {e}. O
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