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We introduce a version of the Hamiltonian formalism based on the Clairaut equation theory which allows us a self-consistent description
of systems with degenerate (or singular) Lagrangian. A generalization of the Legendre transform to the case when the Hessian is zero is
done using the mixed (envelope/general) solutions of the multidimensional Clairaut equation. The corresponding system of equations
of motion is equivalent to the initial Lagrange equations, but contains “nondynamical” momenta and unresolved velocities. This system
is reduced to the physical phase space and presented in the Hamiltonian form by introducing a new (non-Lie) bracket.
KEY WORDS: Legendre transform, Hessian, multidimensional Clairaut equation, non-Lie algebra, Poisson brackets

HOBBIA TAMUJIBTOHOB ®OPMAJIM3M JIJIAA CUHI YJISAPHBIX JIAT PAHXKEBBIX TEOPUIA
C. A. Jynauii
Llenmp mamemamuxu, Hayku u obpasosanus, ynueepcumem Pameepca, ITuckamaesu, 08854-8019, CIIIA

BBaenena Bepcus raMrIIbTOHOBA (hOpMali3Ma, OCHOBAHHAS HA TeopuH ypaBHeHHs Kitepo, KoTopast T03BOMISET CaMOCOIIACOBAHO OIHCATh
CHCTEMBI C BRIPOXKJICHHBIME (CHHTYJISIpHBIMHE) Jiarparkuanamu. O6o0ienHie npeodpaszosanuii JIexanapa Ha cirydaii, Korma reccuan
PpaBeH HYJTIO, BBIIIOJIHAETCS C IOMOIIBEO CMELIaHHBIX (00epTHIBAONINX/00IINX) peleHHi MHOroMepHoOro ypasHeHus Kiepo. Cootserct-
BYIOII[asi CHCTEMa YPaBHEHMI JABIDKEHHS SKBUBAJIICHTHA MEPBOHAYATIBHBIM ypaBHEHMSIM Jlarpamka, HO COOEPKHUT “HeIMHAMUYecKue”
HMITYJTbCBI U HEPa3pPEIICHHbBIC CKOPOCTU. DTa CUCTEMA CBOTUTCS K (puznueckoMy (Ha30BOMY MPOCTPAHCTBY U MPEICTABICHA B TAMIIBTO-
HOBO# dopMme ¢ ToMo1LIbI0 BBeIeHNS HOBBIX (He-JI1) CKOOOK.

KJIIFOUYEBBIE CJIOBA: npeo6pa3zoBanue Jlexanapa, 'eccuan, MmEHOroMepHoe ypaBHeHue Kiepo, He-JIu anrebpa, ckooku [Tyaccona

HOBHU T'AMIJIBTOHOBHM ®OPMAJII 3M JJISA CIHI'YJIAPHUX JIATPAH)KEBUX TEOPI 41
C. A. Ayniit
Llenmp mamemamuxu, Hayku ma ocgimu, ynisepcumem Pameepcy, ITickamaseii, 08854-8019, CIIIA

BgezieHo Bepcito raMUIbTOHOBa (popMastizMy, 3acHOBaHa Ha Teopii piBHsHHS Kitepo, sika J03BOJISE CaMOY3TOIKEHHUIA OMHUC TEOopiit 3
BUPOKCHUMH (CIHTYIIPHUMH) JTarpaH)XHaHaMu. Y3araJbHEHHS IepeTBOpeHHb JIexkaH[pa Ha BUIIAI0K, Kouu [eccian JOpiBHIOE HYIIO,
BUKOHYETHCSI 32 JIOTIOMOTOI0 3Mimanux (o6epryrodnx/3aransiux) pimens GararopumipHoro pisasiaHs Kiepo. Biamosigna cucrema
PIBHSIHB PyXy €KBIBAJICHTHA MEPBICHUM pIBHAHHSM Jlarpamka, ajne MICTUTh “HeAiHaMi4HI” IMITYJIbCH Ta HEBUPEIIUHI IBHAKOCTI. LIst
CHCTeMa 3BOHUTHCS 0 (Gi3nuHOro (ha3aBoro mpocTopy i MpeAcTaBiIeHa B TaMIJIBTOHOBIN (opwmi, BBoxsur HOBI (He-JIi) TyXKH.
KJIFOUOBI CJIOBA: neperBopenns Jlexanpa, ['eccian, 6araroBumipre pisasiuas Kitepo, ne-Jli anre6pa, nyxku [lyacoHa

Modern gauge theories on a classical level are singular theories described by degenerate Lagrangians. Their quan-
tization is based on generalized versions of the Hamiltonian formalism. The standard approach is the Dirac constraint
method [1]. In this way, it would be worthwhile to investigate other methods to present a singular theory in a Hamiltonian-
like form. Our previous result [2] was in generalizing the Legendre transformation to singular (degenerate) Lagrangians
(with zero Hessian matrix). For that a mixed (general/envelope) solution of the multidimensional Clairaut equation was
introduced [2].

In this paper we apply the above idea to construct a self-consistent version of the canonical (Hamiltonian) formalism
and present an algorithm to describe any singular Lagrangian system without introducing constraints. To simplify matters
we use coordinates, but all the statements can be readily converted to coordinate free setting [3, 4]. We also consider
systems with finite number of degrees of freedom. This is sufficient to explore the main ideas and constructions (this can
be rendered to a field theory, e.g., using De Witt’s notation [5]).

*On leave of absence from V.N. Karazin Kharkov National University, Svoboda Sg. 4, Kharkov 61022, Ukraine.
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LEGENDRE TRANSFORM AND MULTIDIMENSIONAL CLAIRAUT EQUATION

First, recall the standard Legendre(-Fenchel) transform for the theory with nonsingular Lagrangian [6]. We then
show its relation to the Clairaut equation [7] in some details [2], which will be used to explain the main idea below. Let!
L (q*,v*), A = 1,...n, be a Lagrangian given by a smooth function? of 2n variables (n generalized coordinates ¢*
and n velocities v* = ¢ = dg** /dt) on the configuration space 7'M . By definition, a Hamiltonian H (¢*,p4) as a dual
function to the Lagrangian (in the second set of variables p 4) constructed by means of the Legendre(-Fenchel) transform
has the form?

H (QA,PA) = SuAp [PB'UB - L (quvA)} ) (1)
where the supremum is taken with fixed ¢ and p 4. In doing the Legendre transform, the coordinates ¢ are treated as
fixed (passive) parameters of the duality transformation, and velocities, v* are independent functions of time. Then (1)
leads to the supremum condition o

oL (¢*,v
pa= ) @

To obtain a dual function H (qA,pA), we need to get rid of dependence on velocity in the r.h.s. of (1). This can be done
in two ways:

1) Direct way: resolve the condition (2) directly and obtain its solution as a set of functions v = V4 (¢, p4), then
substitute them to (1) and obtain the standard Hamiltonian on the physical phase space T* M (see e.g. [6,8])

H* (¢*,pa) = peV? (¢*,p4) — L (¢*, V* (¢*,p4)) - ®)

This can be done only in the case of convex Lagrangian function (in the second set of variables v*), which is equivalent
to the Hessian being non-zero
0%’L (qA, UA)

det OvAovB

#0. 4)

2) Indirect way: differentiate both sides of (4) by momenta and use the supremum condition (2) to obtain the “dual
supremum condition” in the form
OH (q*,pa)
opa

Then we substitute these velocities to (4), which results in no manifest dependence of v#. Thus we obtain a partial differ-
ential equation with respect to Hamiltonian which in fact is the multidimensional Clairaut equation [2]

chl A7 = 6Hcl A’ =
Hcl (qA,ﬁA) :ﬁBM - L <qA’ (qu)> . (6)

UA = VA (qAapA) = (5)

OpB Opa

We call the transformation defined by (6) a Clairaut duality transform (or the Clairaut-Legendre transform) and
H¢ (¢*,pa) a Clairaut-Hamilton function. Note that (2) is normally treated as a definition of dynamical momenta p4,
but we should distinguish them from the parameters of the Clairaut duality transform p 4: before applying the supremum
condition (2) they are assumed noncoincidental.

The difference between the above two approaches is crucial for singular Lagrangian theories [3]. We thus label the
resulting Hamiltonians by different indices. Specifically, the Clairaut equation (6) has solutions even in the case when the
Hessian (4) is zero. So the Clairaut duality transform is more general and includes the ordinary duality (Legendre-Fenchel)
transform as a particular case. To show this and find solutions of the Clairaut equation (6), we differentiate it by 5 4 to obtain

[pB oL (qA,’UA)]

OvB

. 92 H ¢ (qA’];A)

A_aHCl(qA,ﬁA) 0pA0DB
v 0pa

—0. @)

So we have two possibilities depending on which multiplier in (7) is zero:
1) Envelope solutions defined by the first multiplier in (7) being zero, this demand coincides with the supremum
condition (2). So we obtain the standard Hamiltonian (3)

H;lw (quﬁA) ‘ﬁA:PA =H*" (qA,pA) . (8)

LWe use indices in arguments, because by type of index we will distinguish them below.
2\We consider time-independent case for simplicity and conciseness.
3We use summation convention for indices which are not in arguments of functions.
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2) A general solution defined the “dual Hessian” being zero

92 el (quA)
—— =0. 9

0pa0dpB ®)
chl (qA7]5A)

This gives
J 0pa

= ¢ and then the general solution acquires the form

Hglen (quﬁA) = ﬁBcB -L (qAa CA) ) (10)

where c¢* are arbitrary smooth functions considered in the Clairaut equation (6) as parameters. Note that H¢!,, (¢, pa)
is always linear in the variables p 4 which now do not coincide with the dynamical momenta, because we do not have the
supremum condition (2).

Now consider a singular Lagrangian theory for which the Hessian (4) is zero. This means that the rank of Hessian

matrix

isr < n, and we suppose that r is constant. We rearrange indices of W4 g in such a way that a nonsingular minor of rank
r appears in the upper left corner. Represent the index A as follows: if A = 1,...,r, we replace A with i (the “regular”
index), and, if A = r+1, ..., nwe replace A with « (the “degenerate” index). Obviously, det W;; # 0, and rank W;; = r.
Thus any set of variables labelled by a single index splits as a disjoint union of two subsets. We call those subsets regular
(having Latin indices) and degenerate (having Greek indices).

GENERALIZED LEGENDRE TRANSFORM FOR DEGENERATE LAGRANGIANS

The standard Legendre transform is not applicable in the singular case because the condition (4) is not valid [4].
Therefore the supremum condition (2) cannot be resolved under degenerate A, but it can be resolved under regular A only,
because det W;; # 0. On the contrary, the Clairaut duality transform given by (6) independent of the Hessian being zero or
not [2]. Thus, we state the main assumption of the formalism we present here: the ordinary duality of convex functions can
be generalized to the Clairaut duality for functions with zero Hessian. This can be rephrased by saying that the standard
Legendre(-Fenchel) transform of nonsingular Lagrangian theory is generalized to the Clairaut-Legendre transform, and in
both cases the corresponding transformation is described by the same Clairaut equation (6).

To find its solutions, we again differentiate (6) by 5 4 and present the sum (7) in B in two terms: regular and degenerate

ones
oL A, A 82Hcl A’f oL A, A 62Hcl A’f
g L@ )| OHY (@) o OL(a% 7)) OHT (ahpa) (11)
ov' OpA0p; v OpAOPa
As det W;; # 0, we suggest to replace (11) by the conditions
_ oL (¢4, v*
v
82Hcl A =
OH (a"pa) _,, (13)
apAapa

In this way we obtain a “mixed” envelope/general solution of the Clairaut equation, which can be also treated as a
“partial” Legendre transform [2].
After resolving of (12) under regular velocities v* = V* (¢*, p;,v™) and writing down a solution of (13) as

OH (¢*,pa)
———t =
OPa

I

(where v« are arbitrary functions, unresolved velocities) we obtain a “mixed” Clairaut-Hamilton function
Hfriiw (qAapi7ﬁa7va) = plvl (qA7pi7Ua) +pava —L (qA7 VZ (qA7pi7’Ua) 7Ua) ) (14)

which is the desired Clairaut-Legendre transform written in coordinates. Note that (14) coincides with the “slow and careful
Legendre transformation” of [9] and with the “generalized Legendre transformation” of [10].
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GENERALIZED HAMILTONIAN FORMALISM FOR SINGULAR LAGRANGIANS
d BL( A A) o 6L(qA,vA)
B q

The standard Lagrange equations of motion in our notation have the form

avA
dp; _ OL(¢*,v*)  dha(¢%pi) 9L (q¢%v?) (15)
a — dgt a 9q~ iy 7
vi=Vi(g4,p;,v%)
where
oL (qA 'UA)
Ay _ _ “H\H" Y )
ha (q 7p’L) - a,ua ) ) (16)
vi=Vi(qg4,p;,v®)

The functions h,, (qA,pi) are independent of the unresolved velocities v since rank W g = r. One should also take
into account that now dd—’f =V (qA,p,-,vo‘) and % = v® . Note that before imposing the Lagrange equations (15) the
arguments of L (¢*,v*) were treated as independent variables.

A passage to Hamiltonian formalism can be done by the standard procedure: consider the full differential of both
sides of (14) and use the supremum condition (12), which gives (till now the Lagrange equations of motion were not used)

chl

mm J— i A ] «
8pz =V (q 1 Pi, U )7
aHrcrim: —
Opa o
- OL (g, v4) A o’
miz - + [ﬁ5+hg (q ’pi)] dqt’
oq’ 0q' vI=Vi(gA,psv®) "
OHZ,, oL (q*,v” p =
o> (aqa ) o ot @l g o
1)7'=V1(qA7pi7va)

An application of the Lagrange equations (15) yields the system of equations which gives a Clairaut-Hamiltonian descrip-
tion of a singular theory

OH<. _ dqi

8;:% - 17
ag;,ﬁ o (18)
Mite — B [ s (4%,0) 2, @
Wie - Do (00P) gy 1y ()] 2o @0

This system has two disadvantages: 1) It contains the “nondynamical” momenta p; 2) It has derivatives of unresolved
velocities v®. To get rid of them, we introduce a “physical” Hamiltonian

Hy (qAapz) H’I(:;ilfr ( uphﬁom@a) - [156 + hﬁ (qA7pi)] UB- (21)

Using (12) and (14), one can show that the r.h.s. of (21) indeed does not depend on “nondynamical” momenta p,, and
unresolved velocities v®. Then from (17)—(20) we obtain the system of (first order differential) equations which describes
a singular Lagrangian theory

dg’

E = {qi7H0 (qAapi)} + {qi, hﬂ (qAapi)}vB) (22)
dp;
T4 = {pi Ho (¢*,p:) } + {pishs (4, p:) } o, (23)
Fog (¢%,pi) v’ = Do Ho (¢, p:) (24)
where {X,Y} = ggf g;’ g;’ gjf is the “regular” Poisson bracket (in regular variables). We introduce a “g*-total deriv-
ative”
X
DX = 25 41X ho (0, p0)} (25)

aoc
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and a “g*-non-Abelian field strength (curvature)”

Oha (¢%,pi)  Ohg (¢*.pi)
9g” dg*

Fop (¢, pi) = + {ha (¢*pi)  ha (¢ pi) } - (26)

The system (22)—(24) is equivalent to the Lagrange equations of motion due to our construction.

NEW BRACKET

In the case rank Fi,g (qA,pi) = n — r, all the velocities v* can be found from (24) in a purely algebraic way. If
rank F,g (qA,pi) = rp < n — r, then a singular theory has n — r — rr gauge degrees of freedom. In the first case one
can resolve (24) as follows

v? = Do Ho (¢4, i) F*P (¢, p:) (27)

where F'*# (¢4, p;) is the inverse matrix to Fus (¢, p:) . i.e. Fug (¢*,p:) F7 (¢*,p;) = 6. Substitute (27) to (22)-
(23) to present the system of equations for a singular Lagrangian theory in the Hamiltonian form as follows

dq’

i {d",Ho (¢*,pi) } (28)
”ﬁf;‘ = {pi, Ho (4%, 7:) } (29)

where we define a new bracket
(X, Y} e = {X, Y} + {X, ha (¢*,p5) } F*” (¢”,p:) DgY- (30)

Note that the time evolution of any function X of dynamical variables (qA, pi) is also determined by the bracket (30)
as follows IX
A
The bracket (30) is not anticommutative and does not satisfy Jacobi identity. Therefore, the standard quantization
scheme is not applicable here. We expect that some more intricate further assumptions should be made to quantize con-
sistently singular systems within the suggested approach.

CONCLUSIONS

To conclude, we describe Hamiltonian evolution of singular systems using n — r + 1 functions of dynamical variables
Hy (¢*,p;) and ke (¢*,p;). This is done by means of the generalized Clairaut-Legendre transform, that is by solving the
corresponding multidimensional Clairaut equation. All variables are set as regular or degenerate. We consider the restricted
phase space formed by the regular momenta p; only.

There are two reasons why degenerate momenta p,, are not worthwhile to be considered in a singular Lagrangian
theory:

1) the mathematical reason: there is no possibility to resolve the degenerate velocities v as can be done for the
regular velocities v* in (12);

2) the physical reason: momentum is a “measure of movement”, but in degenerate directions there is no dynamics,
hence — no reason to introduce the corresponding momenta at all.

Thus there is no notion of constraint [1,11] as restriction on “nondynamical” momenta, because eventually we do not
consider the latter — thus nothing to constrain. Under this approach, the degenerate coordinates ¢ work as parameters
analogous to n — r time variables (with n — r corresponding “Hamiltonians” h, (qA,pi), see (25) and [12, 13]). The
Hamiltonian form of the equations of motion (28)—(29) is achieved by introducing a new bracket (30) depending on the
above n — r + 1 functions. This bracket is responsible for the time evolution. However, is not anticommutative and does
not satisfy Jacobi identity, and therefore its quantization requires non-Lie algebra methods [14].
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