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Abstract. The existence of Hamiltonian systems with even and odd Poisson brack-
ets is proved in the example of Witten’s supersymmetric mechanics.

Of the three known versions of Poisson brackets, two of which are even
and one odd with respect to the Grassmann gauge of canonical variables
(Berezin (1983); Leites (1983)), the odd Poisson brackets, whose canonical
variables have the opposite Grassmann gauge if nontrivial (Volkov (1983);
Volkov et al. (1984)). It is definitely worthwhile to study the various physical
applications of odd Poisson brackets.

We wish to call attention to the circumstance that a Hamiltonian system
with equal numbers of even and odd canonical variables allows the simultane-
ous introduction of even and odd Poisson brackets. When bracket operations
of different gauges are used, the equations for the canonical variables do
not change, but the integrals of motion with the opposite Grassmann gauge
become duals, converting into each other upon the transformation to the
Poisson brackets with the opposite gauge.

We require that the same equations of a dynamic system containing even
(a and odd xα) canonical variables be reproduced by even Poisson brackets
{, }0 with an even Hamiltonian H and by odd Poisson brackets {, }1 with an
odd Poisson brackets H̄. In other words, we require

ẊA = {XA,H}0 = {XA, H̄}1 (1)

where XA − (xa, aα). Relation (10 is equivalent to the equations

ω̄AB(X)ωBC∂CH = ∂AH̄ , (2)

which determine H̄ and the coefficients of the closed odd external form

ω̄AB(X) = ∂AϕB − (−1)AB∂BϕA, (3)

which corresponds to odd brackets for the given H and to the even canonical
form ωAB , where ϕA are coefficients of an odd Liouville form.

To illustrate the point, we seek the solution of Eqs. (2) for the case of
Witten’s supersymmetric mechanics (Witten (1981)) with the Hamiltonian
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H = H0 + iη1η2W 1(q) , (4)

where xa = (q, p) and aα = (η1, η2), and H0 = [p2 + W 2(q)]/2. For Hamilto-
nian (4), the fermion charge F = iη2η2 and the supercharges Q1 = pη1−Wη2,
Q2 = η2 −Wη1, which form a superalgebra with even Poisson brackets

{Qα, Qβ}0 = −2iδαβH, QQ{F, Qα}0 = εαβQβ . (5)

are also conserved quantities. By virtue of equations of motion (1), the quan-
tities H, F,Q1 and Q2 and also arbitrary functions of them are also integrals
of motion with respect to the odd brackets {, }1 with the Hamiltonian H̄.
Equations (2) with Hamiltonian (4) determine H̄ and ω̄AB within six arbi-
trary functions that depend of H0. Making use of this arbitrariness, we can
require

H̄ = Q1 (6)

and that the three other independent quantities, which are conserved with
respect to H̄ in odd brackets, i.e., the quantities F̄ , Q̄1 and Q̄2, must be
linear in the integrals H, F,Q1, and Q2 and must form with odd brackets the
superalgebra

{Q̄α, Q̄β}1 = −2δαβH̄, {F̄ , Q̄α}1 = ϕαβQ̄β ,

which is the same as (5). The integrals of motion F̄ , Q̄1 and Q̄2, are then
related in the following way to the conserved quantities in Witten’s mechanics
with Hamiltonian (4):

F̄ =
1
2i

Q2, Q̄1 = H, Q̄2 = i(2F −H) . (7)

Upon the transformation to odd brackets, the supercharges Q1 and Q2 ac-
quire the meaning of an of Hamiltonian H̄ and an odd fermion charge F̄ ,
while the role of the supercharges Q̄1 amd Q̄2 is played by linear combina-
tions of Witten’s Hamiltonian (4) and the fermion charge F . By virtue of the
symmetry between the charges Q1and Q2 in Witten’s mechanics, we could
have used Q2 as the odd Hamiltonian H̄.

Under additional condition (6) and (7), Eqs. (2) have the following solu-
tion for the coefficients ϕA of the odd Louiville form;

ϕq = (q − α2W )η2 ,

ϕp =
1

W ′ [(1 + α1p)η2 − α2pη1] ,

ϕη1 = iη1η2α2 , ϕη2 = iη1η2α1

where
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α1 = W ′
[
WJ(H0, q) +

p

H0

]
− 1

p
, α2 = W ′

[
pJ(H0, q) +

W

H0

]
,

J(H0, q) =
∫ q

q0

[2H0 −W 2(q′)]−3/2dq′ .

We have thus proved that there is and odd Louiville form, determined
internally, for Witten’s Hamiltonian systems, and we have proved that dual-
ity relations (6) and (7) hold between the even and odd integrals of motion;
specifically, they hold between the Hamiltonian and the supercharge. The du-
ality relations between the Hamiltonian and the supercharge are of particular
interest for relativistic systems, which will be analyzed in a separate paper.
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