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Recently, the method of phenomenological Lagrangians is widely used for
description of Goldstone particles. In the case, when Goldstone particles
are connected with arbitrary internal symmetry groups, a general method
of phenomenological Lagrangians construction was considered in [1, 2]. For
the symmetry groups containing also space-time variables the procedure of
phenomenological Lagrangian construction additionally requires taking into
account transformation properties of Goldstone field derivatives and four-
volume element, which lead to much complexification of the method. Nowa-
days construction of phenomenological Lagrangians is carried out for one
transformation group of space-time variables, that is for conformal transfor-
mation group [3].

Here we consider a general scheme of phenomenological Lagrangians con-
struction for an arbitrary symmetry group which contain the Poincaré group
as a subgroup.

Let G is such a symmetry group. We present an arbitrary element of G
as

G = eiPxK (a) H (b) L (l) , (1)

where P is the energy-momentum operator, x are space-time coordinates,
L (l) is the Lorentz group transformation, H (b) is the subgroup of internal
symmetry transformations which leave the vacuum invariant.

From the presentation (1) it follows that under the left action of the
Poincaré group transformation on it, the x coordinates transform in the
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usual way. Under the left action by an element of an arbitrary group G the
x coordinates transform jointly with a parameters which define the fields of
Goldstone particles.

To find the phenomenological Lagrangian let us construct Cartan forms
defined by the expansion of the expression

G−1dG

by the generators of group G.
For the generators corresponding to the first two efficients in (1) the

Cartan forms have the shape

ωi = ωi (x, a, dx, da, b, l) (2)

and are invariants of G transformation on condition that all arguments of the
forms under consideration are transformed. when the parameters b and l are
fixed, the forms ωi are transformed by representations of the subgroup HL.
The combinations of the forms which are invariant under HL subgroup trans-
formations do not depend from the parameters b and l, and are invariants
of the group G. Such invariant combinations can be used for construction
of phenomenological Lagrangians under the additional condition that they
are represented as a product of a function and the four-dimensional volume
element d4x. The simplest combination of such kind corresponds to the ex-
ternal product of four forms (2). Indeed, if to place into (2) the fields of
Goldstone particles A (x) instead of the parameters a, then the differentials
da are exchanged by ∂A

∂x
dx, owing to that the external product of four forms

ωi becomes proportional to d4x.
More complicated invariants of the group G can be constructed by the

following way. Let us denote an arbitrary external product (which is not
necessary invariant under the group G) of the four forms (2) as Wk. Each
of these forms is proportional to d4x. Let us compose from the forms Wk an
expression which is invariant under the subgroup HL and is homogeneous of
degree 1 relatively the element d4x. Such an expression is invariant under
transformations of the group G and is proportional to d4x, and therefore it
can be exploited for construction of phenomenological Lagrangians.

The simplest after the forms Wk expressions of such kind which containing
minimal number of field derivatives have the shape

WiWi

W0

, (3)
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where Wi is the external product of three forms (2) corresponding to the
energy-momentum operators and one form (2) corresponding to any genera-
tor b in K (a), and W0 is the external product of four forms corresponding
to energy-momentum generators. In the case, when the group G is a di-
rect product of the Poincaré group and the internal symmetry group, the
expression (3) corresponds to the phenomenological Lagrangian which was
considered in [1, 2].

The use of the differential forms connected with the generators from H
and L allows us to define covariant differentiation for arbitrary representation
of the subgroup HL in the standard way, and to include into scheme under
consideration the interaction of the Goldstone particles with other fields1.

The stated above scheme of phenomenological Lagrangians construction
on the basis of the presentation (1) can be generalized to the case, when
the subgroup HL is exchanged by a subgroup which is not a direct product
of the Lorentz group and the internal symmetry group. As an example of
such subgroup we point out on the group SL (6, C) and other relativistic
generalizations of the group SU (6).

In the scheme under consideration the coordinates x transform together
with fields of the Goldstone particles, hence it considerably differs from the
standard schemes of SU (6) symmetry relativization and can be free from
their difficulties.

Lenin Order Physical-Technical Institute
Ukrainian SSR Academy of Science, Kharkov.

1Note, that the Goldstone particles corresponding to the Fermi fields can be included
into the scheme under consideration. In this case the expression (1) corresponds to such
a parametrization of the group G which contains anticommuting parameters [4].
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