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Abstract. A phenomenological Lagrangian describing the interaction of long—wa-
velength spin waves is obtained. The derivation of the Lagrangian is based on
nonlinear realizations of the symmetry group of the Heisenberg Hamiltonian and on
the assumption that the spin-wave excitation mechanism on ferromagnets, ferrites,
and antiferromagnets is of the Goldstone type.

1. At low temperatures, the excitation spectrum of solids is governed by
collective excitations, such as phonons, spin waves, etc. The collective exci-
tations have been extensively studied using various methods. In our view, it
is of great interest to establish rigorously the existence of a special type of
collective excitation, i.e., Goldstone’s particles (or quasiparticles Goldstone
(1961)). The energy spectrum of such excitations has a special form (the ex-
citation frequency w(k) vanishes when the quasimomentum k tends to zero!),
and the excitations are related to the symmetry properties of systems with a
large number of degrees of freedom.

The fact that spin waves in ferromagnets, antiferromagnets, and ferrites
correspond to Goldstone excitations is well known (see, for example, Hugen-
holtz (1967)). The following qualitative excitation mechanism of spin waves
was proposed: the existence of a preferred direction of the magnetization
breaks the symmetry of the original microscopic Hamiltonian of the system
and, as a result, collective excitation (i.e., spin waves) are created, which tend
to restore the broken symmetry.

A similar excitation mechanism is assumed in the case of general Gold-
stone particles and they are regarded as a specific reaction of the system to
the symmetry breaking of the ground state. In connection with the discovery
of the approximate ”chiral” symmetries in elementary particle physics and of
the properties of m mesons (pseudoscalar meson octet) with the properties of
Goldstone particles of the SU(2) x SU(2) [SU(3) x SU(3)] symmetry group, a
new phenomenological method of description of the interaction of Goldstone
particles was recently proposed (Nambu and Jona—Lasinio (1961); Weinberg
(1967); Schwinger (1967)). This method is based on the assumption that the
symmetry of the system of Goldstone particles is fully restored.

! It will be shown that this relationship between the frequency and the quasimo-
mentum [w(k) — 0 if |k| — 0], which is obeyed by relativistic Goldstone particles,
may not be satisfied in the case of essentially nonrelativistic particles (see Sec.3).
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The mathematical formulation of this assumption is equivalent to the re-
quirement that the phenomenological Lagrangian describing the interaction
of Goldstone particles is strictly invariant under the transformations of the
symmetry group in question. In fact, the Lagrangian can be expressed in
terms of variables with a nonlinear transformation law (under the transfor-
mations of the group in question) which correspond to the Goldstone fields.
The most general formulation of the Lagrangian for relativistic Goldstone
particles with a dispersion law w? — k? = 0, which is valid for antisymmetry
group, has been given by Coleman et al. (1969); Callan et al. (1969), and by
Volkov (1969).

Our aim is to describe the interaction of an arbitrary number of ”soft”
spin waves, using the phenomenological Lagrangian method. This is equiv-
alent to the approximation in which only the lowest powers of the magnon
energy and momentum are retained in all the interaction matrix elements.
In Sec. 2, the case of antiferromagnetic spin waves is discussed. There is a
complete correspondence between this simplest case and the situation en-
countered in the elementary particle physics. In Secs. 4 and 5, the cases of
more complicated excitation spectra are considered. The most general case
is discussed in Sec. 5.

We shall try to make our treatment essentially independent of other ap-
proaches but, for brevity, we have to omit the proofs of important concepts
in the phenomenological Lagrangian method. For example, we shall omit
the proof that the matrix elements of the S matrix on the mass surface are
independent of the actual choice of the parametrization of the spin-wave op-
erators. Likewise we omit the justification of the term which describes the
interaction of spin waves with other quasiparticles, etc, (see, for example,
Coleman et al. (1969); Callan et al. (1969), Volkov (1969)).

2. To illustrate the general method of phenomenological Lagrangians, we
shall make use of the well-known boson creation and annihilation operators
of spin waves, which were introduced by Holstein and Primakoff (1941) and
by Dyson (1956). We shall consider the Heisenberg Hamiltonian describing
the exchange interaction

Hp = JaSiSk - 1)

The transition from the Hamiltonian defined by Eq. (1) to the Holstein—
Primakoff-Dyson Hamiltonian, which describes the spin-wave interaction,
can be accomplished by expressing the spin operators S; in terms of the
creation and the annihilation operators aj, a;. In the phenomenological La-
grangian method, the actual form of the representation of the operators S;
in terms of the operators a;-", a; is not relevant. The crucial fact is that, ir-
respective of the representation in question, the rotational symmetry of the
Hamiltonian in the spin space is conserved, i.e., the Hamiltonian is invariant
under the transformations of the SO(3) symmetry group. The only property
which depends on the actual form of the representation of S; is the form of
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the transformations of the operators a;, af7 which realize the transformations
of the SO(3) group. Since the relationship between the operators S; and the
operators aj, a; is nonlinear, the transformation of the operators a;r, a; under
the action of the SO(3) group is also nonlinear.

However, the direct determination of the symmetry properties of the spin—
wave interaction Hamiltonian in the Holstein-Primakoff-Dyson form is very
complicated and, as far as we know, has not been carried out successfully.

Therefore, we shall try to deduce the transformation properties of the
spin—wave operators under the action of the SO(3) group independently of
the form of the Hamiltonian defined by Eq. (1) and of the actual form of the
representation of the operators S; in terms of a;, az'-". On the basis of the trans-
formation properties of the spin—wave operators and the invariance of the
spin—wave interaction Lagrangian under the transformations of SO(3) group,
we shall obtain, in the ”soft—-magnon’ limit, the interaction Lagrangian, which
depends only on several phenomenological parameters.

It should be noted that there is an important difference between the
Holstein-Primakoff-Dyson approach and the phenomenological Lagrangian
method. In fact, in the former case, the operators a;, aj correspond to the
nonrenormalized magnon operators. Therefore, in the calculation of the in-
teraction between real magnons, it is necessary to take into account all the
Feynman diagrams, including the closed loops. In the long—wavelength limit,
these diagrams lead to a renormalization of the energy spectrum and of the in-
teraction constants. On the other hand, in the phenomenological Lagrangian
method, all such effects are assumed to have been taken into account, i.e., the
local fields in question correspond to renormalized phenomenological magnon
fields. On other words, the phenomenological Lagrangian method assumes
that, in the ”soft—-magnon” limit, the matrix elements of the S matrix are
smooth functions of the real-magnon momenta (with the exception of poles
which are due to magnon exchange). The terms containing poles, which can
be deduced from the Lagrangian derived solely on the basis of symmetry con-
siderations, correspond to "tree-like” diagrams (diagrams without loops).

The proposed program constitutes the basis of the phenomenological La-
grangian method.

3. We shall demonstrate the derivation of the phenomenological Lagran-
gian in the simplest case of antiferromagnetic spin waves. The spin—wave
spectrum in an antiferromagnet is doubly degenerate and, for small k, the
magnon frequency is a linear function of k . Therefore, noninteracting an-
tiferromagnetic spin waves can be described by two local-field operators
Ai(x,t) (i =1,2) which satisfy the following equation:

D?Ai(x,t) — AV Ai(x,t) = o, (2)

where 0 and V denote, respectively, the derivatives with respect to time and
space. Equation (2) can be derived from the Lagrangian
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L= %{8Ai(x, 1)0A;(x,t) — AV A (x, 1) VA;(x,1)} . (3)

To obtain the Lagrangian which describes the interaction of spin waves,
we shall assume that the transformation of the local fields A;(x,t) under the
action of the SO(3) group is governed by the following equations:

(5AZ'(X,t) = €3€ik3Ai(X, t) 5 (4)

SA;(x,t) = ;(1 — f2A%(x,1)) + f2 - 2(enAp)A; (5)

where f2 # 0. Here, e3 and ¢; are the parameters of infinitesimal transforma-
tions of the SO(3) group and e3e;3 is an antisymmetric tensor. Equations
(4) and (5) describe the infinitesimal transformations of the three-parameter
SO(3) group . These equations have the following simple geometrical mean-
ing: the fields Ag(x,t) represent the coordinates in a plane corresponding
to the stereographic projection of a sphere of radius 1/f on the plane; the
coordinates in the plane transform according to Eqs. (4) and (5) under in-
finitesimal rotations of the sphere. Therefore, Eqs. (4) and (5) correspond
to the introduction of a coordinate system on a sphere which has the prop-
erty that each coordinate corresponds to a local field A;; they also describe
the transformations of these fields under infinitesimally small rotations of
the sphere. For f2 = 0 , the transformations (4) and (5) correspond to the
transformation group of a plane. Clearly, the Lagrangian defined by Eq. (3)
is invariant under such transformations.

We shall require the interaction Lagrangian to be invariant under the
transformations (4) and (5) for f2 # 0. In the ”soft-magnon” limit, the
invariant Lagrangian is defined uniquely as follows:

2 (14 f2A2)?

(6)

The constant f2 which appears in Eq. (6) is a phenomenological constant
which governs the interaction strength of spin waves.

The interaction of an arbitrary number of ”soft” magnons can be de-
scribed by means of an S matrix, corresponding to the Lagrangian defined
by Eq. (6), in the approximation of ”tree-like” diagrams.

For two—magnon scattering processes, the matrix element is governed by
the first term in the expansion of Eq. (6) in powers of f2 :

L' = —f2(0A;04; — *VOA;VIA;) A} (7)

and is identical with the matrix element which was discussed in (Cartan
(1910)).

The many-magnon scattering processes are governed by higher—order
terms in the expansion of the S matrix in powers of f2. Because of the
nonlinearity of the transformations (4-5), the symmetry properties make it
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possible to obtain relationships between the matrix elements corresponding
to different numbers of magnons.

It should be noted that the form of the Lagrangian defined by Eq. (6)
depends on the form of the realization of the SO(3) group transformations.
If we perform in Eqgs. (4) and (5) the following transformation to new local
fields A’(x) (which corresponds to the choice of new coordinates on a sphere):

Az = A(z) + 1 (A(x)),

where 7 is an arbitrary analytic function such that n(0) = 0, Egs. (4) and
(5) and the Lagrangian defined by Eq. (6) will have a different form in these
new fields. Nevertheless, the form of the S matrix on the mass surface will
be the same for the original and the transformed Lagrangians (see Coleman
et al. (1969); Callan et al. (1969), Volkov (1969)).

We shall write the Lagrangian in a form which is convenient in many
problems and which corresponds to normal coordinates on a sphere, i.e.,

1
L = 590p(A)(04a0A5 — ’VANVAg) (8)
where
el (71)k22k+1 L
« Az = Oq a1l oN %
Jap(Ai) 554—]; k2] (m")ap 9)
and
Map = J2(A2005 — Aadp) ; (10)

m”)as 1In Eq. enotes the k-th power ot the matrix m,g defined by Eq.
Map in Eq. (9) d he k-th f th i 5 defined by E
(10).

Equation (9) can be also written in the form

map | 1—cos2 f2A2

Yoy 5 —J2AZ % . (11)

Jop(A) = dap +

It should be noted that Eq. (8) is invariant under the transformations (4)
and also under the transformations

§An = (Vm ctgy/m)ap €5 (12)

which realize the transformations of the SO(3) group. The quantities €5 in
Eq. (12) are the parameters of an infinitesimal transformation.

For a two—magnon process, we obtain (f = 2f)

:_w 2 2 _ 2 27 2_ 2 2
L= =S {A2[(040)* = A(VALP] - [(Aa040)* — A(AaV A} - (13)
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Let us compare this matrix element with that defined by Eq. (7). To sim-
plify Eq. (13), we shall make use of the laws of conservation of energy and
momentum:

9[A%(Ap0Ap)] = *V[A%(AsV Ap)] = 0 (14)
which implies
2[(An0A)? — A((AaVAL)?] + A2[(044)% — A(VAL)?] =
= —A2[(A,0%A,) — P (ALVEAL)] . (15)

Unless stated otherwise, we shall always use the abbreviations (A40A4.) ,
(AaVAy), ete., for 32 (Ag8A4), 30— (AndA,), ete.
Therefore, on the mass surface, Eq. (13) becomes identical with L':

L'=L=—f2A2[(04,)* — A(VAL). (16)

However, it should be noted that this fact is trivial since, for the La-
grangian defined be Eq. (8), where go3(A) is an arbitrary function, the ma-
trix element of the scattering on the mass surface can be always brought
to the form (16) by the transformation (15), irrespective of the symmetry
properties of the Lagrangian.

4. The case discussed in Sec. 3 concerns spin waves with a linear disper-
sion law. Let us now investigate more complicated dispersion laws. It should
be noted that expressions (6) and (8) are the only invariants under the trans-
formations (4-5) which do not contain higher than second-order derivatives.
Nevertheless, it will be shown later that terms containing the first derivative
of arbitrary fields with respect to time can be added to expressions (6) and
(8). Such terms are not invariant under the transformations of the SO(3)
group but, since the resulting contribution represents the total time deriva-
tive, these terms do not influence the physical properties of the system. On the
other hand, the presence in the Lagrangian of the terms which contain first
derivatives with respect to time changes the form of the magnon spectrum,
which makes it possible to use the phenomenological Lagrangian method to
describe the interaction of spin waves in ferrites and ferromagnets.

Let us consider the following expression, which is linear in the first deriva-
tive with respect to the field A,:

A10As — A0A,

=2
s 1+ 242

(17)

Using the explicit form of the transformation (4), it can be shown that
Eq. (17) is invariant under this transformation.
The change in w3 as a result of the transformation (5) has the form

6&)3 = 28(61142 - 62A1) s (18)

i.e., it is a total time derivative.
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Adding to the Lagrangian defined by Eq. (6) the expression (17) multi-
plied by an arbitrary phenomenological constant, we obtain a modified ex-
pression for the Lagrangian whose invariance properties are defined up to
terms containing total time derivatives.

It can be shown that, in the case of two spin wave branches and for a
given choice of the coordinates on a sphere, the term (17) is defined uniquely.
This problem will be discussed in detail in the next section.

Let us investigate the form of the spectrum generated by the Lagrangian
defined by Eq. (6) with the additional term (17). Retaining in Egs. (6) and
(17) only the terms bilinear in the fields, we obtain the following expressions
in the momentum representation:

(w? — PK*) A} 4 2ibwAs = 0,
(19)

(w? — k?) Ay — 2ibwA; =0,

where 1/2 b is the phenomenological constant in front of the term (17) in the
total Lagrangian.
It follows from Eq. (19) that the spectrum of spin waves has the form

w=vVb+c2k2+tb (20)

which is identical with the spectrum of magnons in ferrites and, for large
b, with the spectrum of ferromagnetic magnons (Akhiezer et al. (1968)). It
should be noted that the parameter b is proportional to the internal field in
the system. In fact, this follows either from a comparison of Eq. (20) with the
standard expressions for the spin—wave spectra in ferrites, or directly from
the transformation properties of Eq. (17) under the reflection of the spatial
coordinates. The Lagrangian of a ferromagnet corresponds to the sum of Eq.
(17) and the second term in Eq. (6).

As in the preceding section, the expansion of the Lagrangian defined by
Egs. (6), (17) in powers of f? makes it possible to obtain the matrix elements
of the S matrix for an arbitrary number of ”soft magnons.” By analogy
with the relativistic theory, it is assumed in the discussion of the Goldstone
excitations in solids that w vanishes in the limit K — 0. It follows from
our discussion that, as far as the breaking and the subsequent restoration
of the symmetry is concerned, the two branches in Eq. (2) are completely
equivalent.

Furthermore, only in the limit b — oo (ferromagnetic case) can the
restoration of the symmetry be achieved by considering only one excitation
branch. As already noted, this special feature of the present model (in con-
trast to the relativistic case) is due to the fact that additional terms linear
in the field derivatives can be added to the Lagrangian.

As before, the S matrix elements describing many-magnon scattering pro-
cesses can be obtained by expanding the phenomenological Lagrangian in
powers of the field A; and using the standard perturbation theory in which
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only the "tree-like” diagrams are considered. As a result of such an expansion
of Egs. (17) or (19), the following products appear in the S matrix:

it Hi AyOA f(AT) . (21)

These terms depend explicitly on the internal magnetic field, and, therefore,
define a direction in the spin—wave space. In the derivation of Eq. (21) from
Egs. (17) or (19), we have taken into account the fact that the parameter
b is proportional to the internal magnetic field and we have used the tensor
notation (assuming that the magnetic field is in the direction of the third
axis).

On the other hand, we assume that the parameter b and the correspond-
ing magnetic field are invariant under the transformations (4),(15) of the
SO(3) group. This last requirement is compatible with Eq. (24), provided the
magnetic field is orthogonal to the surface of the sphere at every point. In
this case, the magnetic field is in the direction of the third axis only if the
expansion in powers of A; is carried out at the origin. If, in the derivation
of the S matrix, the Lagrangian is expanded in powers of A; — Ag;, where
Ay; is a fixed point on the sphere, the magnetic field will be orthogonal to
the sphere at this point. Physically, this ambiguity in the direction of the
magnetic field is related to the fact that the vacuum state of the system is
infinitely degenerate. Before a certain vacuum state is chosen, the system is
completely symmetric. The apparent symmetry breaking occurs only in the
derivation of the S matrix when the states involved in the scattering are con-
sidered, i.e., a well-defined vacuum state is chosen. As already discussed, such
a choice of the vacuum state corresponds to the expansion of the Lagrangian
in powers of the field in the neighborhood of a fixed point. For any scattering
process involving a finite number of magnons, the expansion in question is
determined by differential surface elements of finite order, and, therefore, the
states corresponding to different vacuum states (i.e., expansions at different
points) are independent. Therefore, the phenomenological Lagrangian under
study can be used to demonstrate the relationship between the Goldstone
particles and the symmetry of the system as well as the vacuum degeneracy.

We shall conclude this section by giving the explicit form of the addi-
tional term in the Lagrangian defined by Eq. (8) and its variation under the
transformations (12):

A10A, — AyDA
wy = — ;QAQQ L{1 = cos\/f242} | (22)

0 tg\/m
6&)3 = — (61142 — 62141)72 . (23)

ot /A2 f2

Here, A? = A3+ A3. The matrix elements of the S matrix on the mass surface
corresponding to the Lagrangians defined by Egs. (6),(17) and (8),(22) are
identical for any number of interacting magnons.
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5. Let us now consider the most general expressions for the phenomeno-
logical spin—wave Lagrangian. We shall base our discussion solely on the sym-
metry properties of the Lagrangian under the transformation of the SO(3)
group and make no assumptions about the spin—wave spectrum. The discus-
sion presented in Secs. 4 and 5 concerns the special cases corresponding to
a special choice of phenomenological parameters. The method of the Cartan
differential forms (see, for example, Cartan (1910)) can used to take into ac-
count the symmetry requirements. To introduce the Cartan forms, we shall
consider an arbitrary parametrization of the SO(3) group elements

g=9(e), g€SO@); =123 (24)
and define three Cartan forms w;(«;, day) by the following equation:

_ . o

g7 (@)dg(a) = (o, da) (25)
where o0y, /2 are the generators of the SO(3) group , i.e., the Pauli matrices.
Clearly, the Cartan forms are invariant under the action of the elements of
the SO(3) group on the left, i.e.,

g(di)g(e) = g(o') (26)

where g(@;) is an arbitrary element of the SO(3) group.
In fact, we obtain
iwi(a, da’)% =g '(a")dg(a) = g7 (a)g ™ (@)g(2)dg(@) = iwi(a, da)%
(27)
Using the linear independence and completeness of the differential forms
wi(a,da), it can be shown that any invariant form 2(«,da) can be repre-
sented in the form
2(a,da) = djw;(a,da) . (28)

where the coefficients d; are constant, i.e., the forms w;(«, da) represent a
complete system of the invariants of the SO(3) group. To derive the most
general expression for the phenomenological Lagrangian of spin waves, we
shall assume that to each parameter «; there corresponds a local field A;(x, t)
and that the differentials doy; correspond either to the time or the space
derivatives of the field. The Lagrangian which contains no higher than the
second—order derivatives with respect to the field and is invariant under the
thansformations of the SO(3) group [assuming that the local fields A;(x,t)
transform as the group parameters] has the form

1
L= §aikwi(A, 0A)wi (A, 0A) + 2biw; (A, 0A)

1
—iCik; lmwi(A, VZA)(U]C(A7 va) + Qdi; lwi(A7 VIA) . (29)
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Let us first determine the values of the phenomenological parameters and
the choice of the coordinates in the group space which correspond to the
examples discussed in the previous sections.

The following parametrization of the SO(3) group elements corresponds
to the Lagrangian defined by Eq. (6):

(@) = 1+if(ar101 + ago2) 1/2 pioa % (30)
I = T f(aror + aso) :
The parametrization (30) and Eq. (25) imply that w; have the form

wi= w%a?[aal cos ag — Oag sin a3 0

w2 = ﬁ[aal sin az — Oaig cos as] (31)
and

2(a10as — anda
ws = ( 11jf2a22 1)+8a3 . (32)

Here, o? = o? + a3.

Equations (30-32) contain three group parameters o1, ae, a3, whereas Eq.
(6) involves only two local fields. To eliminate one of the components, we shall
choose the parameters a;;, and c;i, ;m so that the Lagrangian is independent
of As. This requirement can be satisfied if

a1 = ag2; €11, im = €22, im (33)

and all the other constants vanish. The Lagrangian defined by Eq. (6) satisfies
the conditions (33) and the additional requirement

11, tm = €11 - Otm. » (34)

which is equivalent to the requirement that the dependence of the frequencies
on the wave vector is anisotropic. It is impossible to eliminate the components
As from the terms in Eq. (29) which are linear in the derivatives. However,
since w3 only as a factor under the total derivative sign, we can retain this
term in the Lagrangian defined by Eq. (29), i.e.,

by £ 0 , (35)

which corresponds, in the isotropic case dgz; # 0, to the addition of the expres-
sion (17) to the Lagrangian defined by Eq. (6). The Lagrangian defined by
Egs. (8-10) and the expression (22) corresponds to the following parametriza-
tion of the group elements:

g(a) — ei(%al-‘r%az)fei%)’aa , (36)

which leads to the following differential forms:
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w1 = F1 COS (xg — FQ Sinag,
we = Fy sinag + F5 cos ag,

. 37
Fi = 8Q,Sin\/ﬁ —‘rO{'(akaak) |:1 _ Sin\/@:| . ( )

? \/a2f2 v f2a? \/a2f2
Here, a? = o2 + a2(ar0ar) = a10a; + asdas and
a10a9 — ada
Wy = (a 242]@2 1)(l—cos Va2f?)+ das . (38)

In the isotropic case, the elimination of the third component corresponds
to Egs. (33-35). Assuming that the frequency depends only on k? (isotopic
case), we shall discuss the form of the excitation spectrum, which follows
from the Lagrangian defined by Eq. (29). It is convenient to consider the
highest—symmetry parametrization of the SO(3) group elements, i.e.,

gla) = s f=1. (39)

Using eq .(25), we obtain, with the accuracy up to terms quadratic in the
group parameters, the following expression for the forms w;(i = 1,2, 3):

1
w; = doy + isiklakdal + ... (40)

Substituting eq/(40) in Eq. (25) and retaining in Eq. (25) only the terms
quadratic in the field, we obtain the Lagrangian of noninteracting spin waves,

1 1
L= §aik8AiaAk- + bigir AROA; — Ecik‘VAiVAk . (41)

The Lagrangian defined by Eq. (41) leads to the following equations of
motion in the momentum representation:

wQGikAk + 2b;ig; i Apw — k2cikAk =0 . (42)

The condition that the determinant of the system of equations (42) van-
ishes yields the dispersion equation

aw’ + 36wt + 31w+ =0, (43)

where the determinants «, 3,~, and ¢ are defined by

Oé:]\ll7 = — (M5+M2k2), (44)
v = (Mgk® + Msk*), &= —M,k°
and
My = aix|, My=|cil,
M2 = % €ikl Eprs Qip Qkr Cls,
. (45)

1
Mz = 371 Eikl Eprs Qip Ckr Cis,

3
1 1
Ms = 3 bi aix, by, Me = 3 b ik, by.
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Since Eq. (43) is bicubic, for every root w; of Eq. (43), there is also a root
—w;. Therefore, using the standard method, we can separate in the local—
field operators the terms corresponding to the creation and the annihilation
of magnons.

The dependence of the coefficients in Eq. (43) on k? [Eq. (44)] yields the
frequency spectrum for small k? . If k? = 0 , we find that v = § = 0 and Eq.
(43) has only one nonvanishing root. The product of the roots which tend to
zero in the limit of small k? is proportional to 8, and, therefore, to k° : it
follows from the form of the dependence of the coefficient v on k? that the
sum of the roots is proportional to k? . Therefore, for small k? | the roots of
Eq. (43) have the form

w? = A+ BK?,
w? = CK?, (46)
w? = Dk*.

Substituting Eq. (46) in Eq. (43), we obtain

— Ms — My Mg
A_Ml’B_Ml Ms »

" u (47)
C=4%4s D=1,

Since w? > 0 , the coefficients A, B, and D should be positive, which
constrains the possible values of phenomenological constants appearing in
the Lagrangian defined by Eq. (29).

If the coefficients b; in the Lagrangian defined by Eq. (29) and in Eq. (42)
vanish, then M5 = Mg = 0, which implies that all the frequencies w; are
proportional to k2.

It should be noted that nine out of fifteen phenomenological constants
a;ik, Cik, and b; are related to the structure of the equation describing noninter-
acting spin waves, and the remaining six govern the interaction of spin waves.
In fact, the transformation in the free and in the interaction Lagrangian from
the fields Ay, to fields Aj, ,

Ap = (a3 A, (48)

leads to a free Lagrangian of the type defined by Eq. (41), in which the
coefficient of the first term is proportional to the unit matrix; this also rep-
resents the standard form of the free Lagrangian. In the expansion of the
interaction Lagrangian in powers of the field A’ , the six coefficients of the
matrix (a_l/ )1 correspond to the phenomenological coupling constants and
describe the interaction of an arbitrary number of ”soft magnons.”

The derivation of the S matrix, which is based on the expansion of the
Lagrangian defined by Eqs. (6), (8) in powers of the field A;, corresponds to
a special choice of the vacuum state.

It follows from Eq. (42) that the apparent symmetry breaking of the
Lagrangian is due to the fact that the quantities a;x, c;r are tensors and b;
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is a vector (they all depend on the macroscopic parameters of the system).
However, such a symmetry violation does not contradict the invariance of
Eq. (29), in which all the tensor quantities are defined in a local basis which
is closely related to the properties of the SO(3) group.

The authors are grateful to V.G.Bar’yakhtar and S.V.Peletminskii for
their helpful discussions.
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