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Supermatrix semigroups and their different reductions are introduced and investigated. One-parameter semigroups of antitriangle
idempotent supermatrices and corresponding superoperator semigroups are defined and their features are studied. It is shown that
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for their generat power-type dependence.
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Supermatrix groups [1, 2, 3] play indispensable role in modern supersymmetric models construction [4, 5, 6]. Further
mathematical development [7] needs thorough consideration of their inner properties and include noninvertibility in a strong
way [8, 9], i.e. by exploiting of the semigroup theory methods [10, 11, 12]. Usually matrix semigroups are defined over the
field K [13] (on some nonsupersymmetric generalizationKakpresentations see [14, 15]). But modern realistic super-
symmetric unified particle theories [16] are considered in superspace [17, 18]. So all variables and functions are defined
not over the fieldK, but over Grassmann-Banach superalgebrasi§jé®, 20, 21], they become in general noninvertible
and therefore they should be considered by the semigroup theory, which was claimed in [22, 23]. Some new semigroups
having nontrivial abstract properties were found in [24]. Also, it was shown that supermatrices of the special (antitriangle)
shape can form various strange and sandwich semigroups not known before [25, 8].

From another side operator semigroups [26] are very much important in mathematical physics [27, 28, 29] viewed as a
general theory of evolution systems [30, 31, 32]. Its development covers many new fields [33, 34, 35, 36], but one of vital for
modern theoretical physics directions — supersymmetry and related mathematical structures [37, 38]— was not considered
before in application to the general operator semigroup theory. The main difference between previous considerations is the
fact that among building blocks (e.g. elements of corresponding matrices) there exist noninvertible objects (divisors of zero
and nilpotents) which by themselves can form another semigroup. Therefore, we have to take into account this fact and
investigate properly such a possibility as well, which can be calledhvagroup x semigroup method.

Here we study continuous supermatrix representations of idempotent operator semigroups previously introduced for
bandsin[25, 39], then consider one-parametric semigroups (for general theory see [27, 30, 40]) of antitriangle supermatrices
and corresponding superoperator semigroups [41]. The first ones continuously represent idempotent semigroups and second
ones lead to new superoperator semigroups with nontrivial properties.

Let A be a commutativé,-graded superalgebra [1] over a filfdwhereK = R, C or Q,) with a decomposition into
the direct sumA = Ag ® A;. The elements from Ay andA; are homogeneous and have the fixed even and odd parity

defined asa s {i € {0,1} = Zs| a € A;}. The even homomorphism, : A — B is called abody mapand the odd
homomorphismm, : A — S is called asoul map[42], whereB andS are purely even and odd algebras ofeandA =
B@S. It can be thought that, if we have the Grassmann alg&hwih generators;, . .., &, §&&+€;& =0, 1 <4, j < n,
in particularé? = 0 (n can be infinite, and only this case is nontrivial [43, 44] and interesting [45]), then anyrexved
odd s« elements have the expansions (which can be infinite)

T = Tpody + Tsoul = Tbody + Y12§182 + 138183 + ... = Tvody + Z Z Yiroine iy -+ -&in (1)

1<r<n 1<i1<...<i2,.<n

7= Msoul = Y1&1 + Y2l + .. FY12361&83 + ... = Z Z Yir.odop_1 i - Cinns 2

1<r<n 1<i1<...<1.<n

wherey;, . ;. € K. So we obviously havey, (z) = Zpody, Mp (3¢) = 0 andm; (z) = Zsour, Ms (32) = Hsoul-
From (1)-(2) it follows

Corollary 1. The equations? = 0 andz < = 0 have nonzero nontrivial solutions (zero divisors and even nilpotents, while
odd objects are always nilpotent).

Conjecture 2. If zero divisors and nilpotents will be included in the following analysis as elements of matrices, then one
can find new and unusual properties of corresponding matrix semigroups.

From this viewpoint we consider general properties of supermatrices [1] and introduce their additional reduction [25].




IDEAL STRUCTURE OF (1+ 1) x (1 + 1)-SUPERMATRICES

Let us conside(p|q)-dimensional linear model superspak®? over A (in the sense of [1, 2]) as the even sector of the
direct product\?l? = A x A?[42, 21]. The even morphisms HeniA?!?, A™I™) between superlinear spacgd? — A™"
are described by means @f. + n) x (p + ¢)-supermatrices [1, 2] (for some nontrivial properties see [46, 47]). In what
follows we will treat noninvertible morphisms [48, 49] on a par with invertible ones [25].

We consider(1 + 1) x (1 + 1)-supermatricésdescribing the elements from Her!I*, A1) in the standard\!!*
basis [1]

M= ( g (z); ) € Mat, (1]1) ®3)

wherea, b € Ay, o, 3 € A1, a? = 32 = 0 (in the following we use Latin letters for elements fraxy and Greek letters
for ones fromA 1, and all odd elements are nilpotent of index 2).
The supertrace and Berezinian (superdeterminant) are defined by [1]

SttM =a — b, (4)

a pPa

Observe that first term corresponds to triangle supermatrices, second term - to antitriangle ones (which we use below).

For sets of matrices we use corresponding bold symbols],\/ia.céif {M € Mat, (1|1)}, and the set product is standard

M-N % {UMN | M, N € Mat, (1]1)}. Denote a set of invertible elements®f by M*, andI = M \ M*. In [1] it

was proved thaM* = {M € M|m; (a) # 0 A my (b) # 0}. Consider the invertibility structure of Ma{1|1) in more
detail. Let us denote
M’ = {M € M|my (a) # 0}, I' = {M e M|m, (a) = 0}, ©)
M = {M € M|m, (b) # 0}, 1" = {M e M|m, (b) =0} .

ThenM = M'UT’ = M"UTI" andM' NI’ = o, M" NT" = &, thereforeM* = M’ N M". The Berezinian Bel is
well-defined for the supermatrices fram’” only and is invertible whed/ € M*, but for the supermatrices froil’ the
inverse(Ber M) " is well-defined and is invertible whel € M* too [1].

Under the ordinary supermatrix multiplication the Bétis a semigroup of al1|1) supermatrices [50], and the Jet*
is a subgroup oM. In the standard basisI* represents the general linear graii s (1]1) [1]. A subsetl € M is an
ideal of the semigroup1 [51].

Proposition 3. 1) The setd, I’ andI’ are isolated ideals oM.

2) The setdI*, M andM " are filters of the semigroupI.

3) The setdMI’ andM” are subsemigrougf M, which areM’ = M* U J’ andM” = M" U J” with the isolated
ideals)’ = M'\ M* = M'NI" andJ” = M" \ M* = M"” NI’ respectively.

4) The ideal of the semigroddl isI =T UJ' =1"UJ".

Proof. Let M3 = M Mo, thenas = ajas + o182 andbs = bibs + [1as. Taking the body part we derive, (a3) =
my, (a1) my (az), andmy, (b) = my, (b1) mp (b2) . Then use the definitions. O

TWO TYPES OF SUPERMATRIX REDUCTION
From (5) we obviously have differetwo dual typesof supermatrices [25].

Definition 4. Even-reduced supermatricase elements from Mat(1|1) of the form

Meyen = ( 8 Cg > € RMatg**" (1]1) € Maty (1]1).

Odd-reduced supermatricae elements from Mat(1|1) of the form

Mogq = < ?3 (g > € RMatg? (11) c Maty (1[1). (8)

1sometimes we restrict ourselves to this simple case for clearness taking into account that the most of properties and conclusions hold valid for general
block (p + q) x (p + ¢)-supermatrices as well.

2But notsubgroups as it was incorrectly translated in the English edition [1], see pp. 95, 103, which correspond to the original Russian edition, Moscow,
MGU, 1983, pp. 89, 93, where the s&% andM”’ denoted a&'’ Mat (1, 1|A) andG” Mat (1, 1|A) are correctly calledemigroups. This can partially
explain the fact, why semigroups were not intensively developed in supermathematics before, while in ordinary mathematics this question was answered
positively [52] (see also for numerous applications the references in [26, 51, 53, 11, 27, 13, 30] and even in [54]).




Conjecture 5. The odd-reduced supermatrices have a nilpotent (but nonvanishing in general case) Berezinian

Ba
=
REMARK. Indeed this property (9) prevented one in the past from the use of this type (odd-reduced) of supermatrices in
physics. All previous applications (excluding [25, 39, 55, 9]) were connected with triangle (even-reduced, similar to Borel

[56]) ones and first term in Berezinian Beg,.,, = % (5).

The even- and odd-reduced supermatricegrareially dualin the sense of the Berezinian addition formula [25]

BerMoyg = = # 0, (BerM,qq)® = 0. (9)

BerM = BerM,yen, + BerM,q4. (10)

Obviously, the even-reduced matricks.,.,, form a semigroupi.,.» (1|1) which is a subsemigroup &t (1/1),
because oM. yern Mepen C Mgy, and the unity is irfi.,., (1|1). This trivial observation leads to general structure
(Borel) theory of ordinary matrices [56]: triangle matrices form corresponding substructures, subgroups and subsemigroups
(see for general theory e.g. [57]). It was believed before that in case of supermatrices this situation should not be changed,
because supermatrix multiplication is the same [1]. But they did not take into acaordivisors and nilpotentgppearing
naturally and inevitably in supercase [9].

Conjecture 6. Standard (lower or upper) triangle supermatrices are not the only substructures due to unusual properties
of zero divisors and nilpotents appearing among elements {3€&)(and Corollary 1).

It means that in such consideration we have additional (to triangle) class of subsemigroups. Then we can formulate the
following general

Problem 1. For a givenn, m, p, q to describe and classif§ll possible substructures (subgroups antdsemigroup$ of
(m 4+ n) x (p+ g)-supermatrices.

An example of such new substructures Brmatrices considered below.

Conjecture 7. These new substructures lead to correspondilegv superoperatorsvhich are represented by one-
parameter substructures of supermatrices.

We first consider possible (not triangle) subsemigroups of supermatrices.

ODD-REDUCED SUPERMATRIX SEMIGROUPS

In general, the odd-reduced matrides;; do not form a semigroup, since their multiplication is not closed in general
Moaq - Moaq € M. Nevertheless, some subsef\f,;; can forma semigroup [25]. That can happen due to the existence
of zero divisors in\, and so we havd/l,qq - Mygq N Mogq = M7 @.

To find M)7"7 we consider g1 + 1) x (1 + 1) example. Lety, 3 € T',.;, wherel';.; C A;. We denote Anm def

{y € A1]7-a=0} and Annl',.; =N € I' Anna (here the intersection is crucial). Then we defiet andright I'-

matrices
I def 0 Fset r def 0 Ann Fset
Modd(L) - < AnnT,.: b >7 Modd(R) - ( Toct b . (11)

Proposition 8. TheT-matricesM{,;; zy C Moaq form subsemigroups @bt (1/1) under the standard supermatrix
multiplication, ifoI' C T'.

Definition 9. T-semigroup€ty,; ; ) (1|1) are subsemigroups ot (1|1) formed by thel-matricesM,;; ;. 5, under

supermatrix multiplication.
Corollary 10. TheI'-matrices are additional to triangle substructures of supermatrices which form semigroups.

Let us consider general square antitriangle- ¢) x (p + ¢)-supermatrices (having even parity in notations of [1]) of
the form

wy (e ), 12

AqXP Bqu

where ordinary matrixB,y, consists of even elements and matrifgs, and Ay, consist of odd elements [1, 2] (we

drop their indices below). The Berezinian M(’)’ﬁl can be obtained from the general formula by reduction and in case of

invertible B (which is implied here) is (cf. (9))

_det (B™'A)

lg _
Ber Mfdzl = JolB

13)




Assertion 11. A set of supermatriceM’o’(‘i‘fi form a semigroupnl,, (p|q) of I'Ple-matrices, ifTstAser = 0, i€
antidiagonal matrices are orthogonal, afitd.;B C I';e;, BAget C Ager.

Proof. Consider the product
plg jrpla _ 1A, I'1B;
MOddl MOdd2 - ( BlAQ BBy + A1F2

and observe the condition of vanishing even-even block, which @iy&s = 0, and others are obvious. O
From (14) it follows
Corollary 12. Two I'?l4-matrices satisfy the band relatidd;, M, = M, iff
I'1Bs =T1, BiAy=Ay, BiBs+ Al = Bj. (15)

Definition 13. We call a set ol ?!4-matrices satisfying additional conditiah,.;I's.; = 0, a set ofstrongI'?!4-matrices.

(14)

StrongI'?l“-matrices have some extra nice features and all supermatrices considered below are of this class.
Corollary 14. Idempotent stron§®!?-matrices are defined by relations
I'B=I, BA=A, B?=B. (16)
The product of: strongI'?l4-matricesM; has the following form

_ 0 [y A, 1By
MyM; ... M, = ( Bidn 1An BiAn 1By )’

whereA,,_1 = BsBs ... B, _1, and its Berezinian is

17)

det (FlAn—lAn)

Ber (MlMQ .. Mn) = —m

(18)
ONE-(EVEN)-PARAMETER SUPERMATRIX IDEMPOTENT SEMIGROUPS

Here we investigate one-(even)-parameter subsemigroupsemigroups and as a particular example for clearness of
statements consid&R,.q (1|1), where all characteristic features taking place in gengral ¢) x (p + ¢) as well can be
seen. These formulas will be applied for establishing the corresponding superoperator semigroup properties.

A simplest semigroup can be constructed from antidiagonal nilpotent supermatrices of the shape

Y (1) ( 0 Cg ) (19)

[e%

wheret € A'l% is an even parameter of the Grassmann algdbvehich continuously "numbers” elements, () and
a € A% is a fixed odd element of which "numbers” the setY =U Yo (8)-

Definition 15. The supermatrices, (¢) together with a null supermatri¥ def ( 8 8 ) form acontinuous null semi-
group3, (1|1) = {Y4 U Z; -} having the null multiplication
Y, (t) Y, (u) = Z. (20)
Assertion 16. For any fixedt € Al the sef{Y,, (), Z} is a O-minimal ideal in3,, (1|1).
REMARK. If we consider, for instance, a one-(even)-parameter odd-reduced supermatrix of anotheRgligpe=
2 ?; , then multiplication ofR,, (¢) is not closed sinc&,, (t) R, (u) = c(v,)t ‘;3 ¢ R, = LtJRa (t). Note

that any other possibility except ones considered below also do not give closure of multiplication.

Thus the only nontrivial closed systems of one-(even)-parameter odd-reduced (antitriginglé) x (1+ 1)
supermatrices are,, :LtJ P, (t) where

P, (1) ( 0o ) , (21)

(67

andQ,, :LtJ Qo (u) where

W™ () 1) @w=-0w Be.w=o

au

We establish multiplication properties of the idempotent noninvertible supermakiocg$ andQ,, (u).




Assertion 17. Sets of idempotent supermatrid®g and Q,, form left zero and right zero semigroups respectively with
multiplication

(23)
(24)
if and only ifa? = 0.
Proof. It simply follows from supermatrix multiplication law and general previous considerations.

Corollary 18. The set®,, andQ,, are rectangular bands since

Pa(t)Pa(u)Pa(t): a(t)a

P,
Pa(“)Pa(t>Pa( ):Pa(u)

Qa (’LL) Qo (t) Qq (’Ll,) = Qa (u) s
Qa (t) Qoz (u) ro (t) = Qa (t)

with component$ = ¢y + Ann a andu = ug + Ann « correspondingly.

They are orthogonal in sense of
(29)
where

E. def(g 01“> E2—E,, BerE,=0 (30)

is a right “unity” and left “zero” in the semigrouP,, because

P,(t)Ey =P, (t), E.P,(t)=E, (31)
and a left “unity” and right “zero” in the semigrou.., because

Qa (t) Eo = Ea,  EaQa(t) = Qa (t). (32

Itis important to note thaP,, (1) = Q, (1) = E,, and sadP, N Q,, = E,. Therefore, almost all properties Bf, and
Q.. are similar, and we will consider only one of them in what follows. For generalized Green'’s relations and more detail
properties of odd-reduced supermatrices of higher dimension see [39, 8, 9].
ODD-REDUCED SUPERMATRIX OPERATOR SEMIGROUPS

Let us consider a semigrogpof superoperatorB (¢) (see for general theory [27, 28, 30]) represented by the one-even-
parameter semigrouB,, of odd-reduced supermatric&, () (21) which act on(1|1)-dimensional superspad''* as

follows P, () X, wherex = < z > € R, wherez is even coordinatey is odd coordinatgs> = 0) having expansions

(1) and (2) respectively (se@orollary 1). We have a representatign: P — P, with correspondence (¢) — P, (t)
or P (t) = P, (t), but (as is usually made, e.g. [30]) we identify space of superoperators with the space of corresponding
matrices.

Definition 19. An odd-reduced “dynamical” system @' is defined by an odd-reduced supermatrix-valued function
P(-): Ry — Myaq (1/1) and “time evolution” of the state (0) € R'I'given by the functiorx (t) : R — R, where

(33)
and can be called as orbit ®f0) underP ().

REMARK. In general the definition, the continuity, the functional equation and most of conclusions below hold valid also
fort € R0 (as e.g. in [30, p. 9]) including “nilpotent time” directions (f@erollary 1).

3For convenience we preserve operator notations and use somewhere the representatidorsitrarness




From (23) it follows that
P(t)P(s) =P (),

and so superoperatoPy(t) are idempotent. Also they form a rectangular band, because of

(t)
(s)

P(O)z(Z V) # z((l) ‘1)>

asoppositeto the standard case [27]. A “generatér™= P’ (¢) is

0 «
0o o)’
and so the standard definition of generator [27]

A:Iimw.

P(t)=P
P

)

We observe that

(39)
holds and for difference we have the standard relation

Pt)—P(s)=A-(t—s). (40)
The following properties of the generatartake place
(41)
(42)

where “zero operatorZ is represented by the null supermati¥, = Z, and therefore generatéris a nilpotent of second
degree.
From (39) it follows that

P()=P(0)+A-t. (43)
Definition 20. We call operators which can be presented as a linear supermatrix functiart-dihear superoperators
From (43) it follows thafP (¢) is at-linear superoperator.

Proposition 21. Superoperator® (¢) cannot be presenteds an exponent (as for the standard operator semigrdus$ =
eMt[27)).

Proof. In our case

T(t)—eA'tzl—l—A-tz((l) Oit ) ¢ P,.

REMARK. Exponential superoperatdf (t) = e** is represented bgven-reducedsupermatricesT (-) :
Meven (1]1) [30], but idempotent superoperatér(¢) is represented bydd-reducedsupermatrices (-) :
Moaq (1|1) (seeDefinition 4).

Nevertheless, the superoperaiqt) satisfiegthe samdinear differential equation
P (t)=A-P (1) (45)
as the standard exponential superoperat@n (the initial value problem [30])
T =A-T(). (46)
This leads to the following

Corollary 22. In case initial state does not equal urfty0) # |, there exists aadditional clasf solutions of the initial
value problem (45)-(46) among odd-reduced (antidiagonal) idempotemar (nonexponentidlsuperoperators.




Problem 2. To find among generdp + q) x (m + n)-supermatriceall possible nonexponential classeshich solve the
initial value problem (46).

Let us compare behavior of superoperate(g) andT (¢). First of all, their generators coincide
P’ (0) =T (0) = A. (47)

But powers ofP (¢) andT (¢) are differentP™ (¢) = P (¢) andT™ (¢) = T (nt). In their common actions the superoperator
which is from the left transfers its properties to the right hand side as follows

T ()P (1) =
P™(#) T (1)

P((n+1)1), (48)
P(t). (49)
Their commutator is nonvanishing
[T#)P(s)]=P (0)t=T(0)t = At, (50)
which can be compared with the pure exponential commutator (for our [@a&9)T (u)] = 0 and idempotent commutator
[PE)P(s)] =P (0)(t—s)=A(t—s). (51)
Assertion 23. All superoperators (¢) and T (¢) commute in case of “nilpotent time” and

t € Anna. (52)

REMARK. The uniqueness theorem [30, p. 3] holds valid only Toft), because of the nonvanishing commutator
[A,P(t)]=A#0.

Corollary 24. The superoperator (t) is an inner inverse foP (¢), because of
P@T@)P(#)=P(), (53)

but it is not an outer inverse, because
THOP@E)T () =P(2t). (54)

Let us try to find a (possibly noninvertible) operatbwhich connects exponential and idempotent superoperatays
andP (¢).

Assertion 25. The “semi-similarity” relation
T@#)U=UP(t) (55)

Uz< ;N p‘;) (56)

which is noninvertible triangle and depends from two odd constants, and the “adjoint” relation

holds if

U*T (t) = P (¢) U* (57)

holds if

U* ~ ( 0 avt ) (58)

au v

which is also noninvertible antitriangle and depends from two even constants and “time”.

REMARK. Note thatU is nilpotent of third degree, sind¢? = opA, but the “adjoint” superoperator is not nilpotent at all
if v is not nilpotent.

Both A andZ behave as zeroes, bytt) (see (19)) is a two-sided zero for(¢) only, since




If we add A andZ to superoperatorB (¢), then we obtain an extended odd-reduced noncommutative superoperator
semigroupP,qa = |J P (¢) |JA U Z with the following Cayley table (for convenience we addt) andT (¢) as well)

The Cayley table of the superoperator semigr@p,
[1\2] P@® | P(s) [AJZ YD) ] T® | T(
P () P (t) Z | P() (t) (t)
(s) P(s) (s) (s) (s)
A A z A A
z Z VA z Z
Z

T
P
P

P
P
) As Y (t) Y (t)

(
) P(t+s) O T@) |[T{+s)
(s) P (25) YO [Tt+s) | T(29)

P
P
Y

P
Y
T
T

It is easily seen that associativity in the left upper square holds, and so the table (61) is actually represents a semigroup

of superoperator®,,, (under supermatrix multiplication).
The analogs of the “smoothing operatdf{¢) [30] are

ST +TO)~

Let us consider the differential sequence of sets of superopefatoys
S. 23S, 1% .5 %5, 2A27,

whered = d/dt and

Sn—gn(n_l)..JP(nil)’

and by definition

So=(JP(®),
Sy={JVr ().

GENERALIZED FUNCTIONAL EQUATION AND EVOLUTION
Now we construct an analog of the standard operator semigroup functional equation [27, 30]
TE+s)=T@)T(s). (68)

Using the multiplication law (34) and manifest representation (21). for the idempotent superopPr@jonge can
formulate

Definition 26. The odd-reduced idempotent superoperatBrg) satisfy the following generalized functional equation

P(t+s)=P({#)P(s)+N(ts), (69)

where
N (t,s) = P’ (t) s.
The presence of second teh{t, s) in the right hand side of the generalized functional equation (69) can be connected
with nonautonomous and deterministic properties of systems describing by it [30]. Indeed, from (33) it follows that
X(t+s)=P(t+s)X(0)=P ()P (s)X(0)+ P (t)sXx(0) (70)
=P (t)X(s)+ P (t)sX(0) #P(t)X(s)




as opposite to the always implied relation for exponential superopeibfojgtranslational property [27, 30])
TH)X(s)=X(t+9), (71)
which follows from (68). Instead of (71), using the band property (34) we obtain
(72)
which can be called the “moving time” property.

Problem 3. To find a “dynamical system” with time evolution satisfying timeoving time” property (72) instead of the
translational property (71).

Assertion 27. For “nilpotent time” satisfying 62) the generalized functional equatiof9) coincides with the standard
functional equation&8), and therefore the idempotent operatbré&) describe autonomous and deterministic “dynamical”
system and satisfy the translational propefyt)(

Proof. Follows from (52) and (70). O
Problem 4. To findall mapsP (-) : R. — 9 (p|q) satisfying the generalized functional equation (69).
We turn to this problem later, and now consider some features of the Cauchy problem for idempotent superoperators.
ODD SOLUTION FOR THE CAUCHY PROBLEM
Let us consider an action (33) of superoperadt) in superspac®'l' asx(t) = P (t)X(0), where the initial

components arg (0) = < io > From (33) the evolution of the components has the form
0

O[%()t
< axg + ) (73)

which shows that superopera®(t) does not lead to time dependence of odd components. Then from (73) we see that

X'(t) = < Oé(})fo ) = const. (74)
This is in full agreement with an analog of the Cauchy problem for our case
X'(t)=A-X(t). (75)

Assertion 28. The solution of the Cauchy problem5] is given by 83), but the idempotent superoperat®rt) can not
be presentedh exponential form as in the standard case [27], but only in#thi@ear formP (t) = P (0) + A - t # A,
as we have already shown ia3).

This allows us to formulate

Theorem 29. In superspac®'!! the solution of the Cauchy initial problem with the same generatirtwo-fold and is
given bytwo different type of superoperators:

1. Exponential superoperatdr (¢) represented by the even-reduced supermatrieesr{( solutior;

2. ldempotent-linear superoperatoP (t) represented by the odd-reduced supermatricelsl Solution).

For comparison the standard solution of the Cauchy problem (75)

in components is

< i((?) ) _ ( 0 +%§m0t > (76)

which shows that the time evolution of even coordinate is also in nilpotent even directipas in (73), but with addition
of initial (possibly nonilpotent),, while odd coordinate is (another) constant as well. That leads to




Assertion 30. “Even” and “odd” evolutions coincide, if even initial coordinate vanishegs= 0 or common starting point
is pure oddx (0) = ( 0 )

>0

A very much important formula is the condition of commutativity [27]
AP =axe = (0 ) =0, @

which satisfies, when - 5 (¢t) = 0, while in the standard case the commutdforT (¢)] X (¢) = 0, i.e. vanishes without
any additional conditions [27].

SUPERANALOG OF RESOLVENT FOR EXPONENTIAL AND IDEMPOTENT SUPEROPERATORS
For resolvent® p (z) andRr (z) we use an analog of the standard formula from [27] in the form

oo

Rp (2) = / =P (1) dt,

0
Rr(2) = [ e #'T(¢)dt.
/

Using the supermatrix representation (21) we obtain

Rp (Z) =~

RT (Z) =~

0

We observe, thaRy (z) satisfies the standard resolvent relation [30]
Rr (2) = Rr (w) = (w — 2) Ry (2) Ry (w),
but its analog foRp (z)
w—z

Rp(2) = Rp (w) = (w — 2) Rp (2) Rp (w) + e A

has additional term proportional to the generator

PROPERTIES OF ¢-LINEAR IDEMPOTENT (SUPER)OPERATORS
Here we consider properties of generdihear (super)operators of the form

K (t) = Ko + Kit, (84)

whereK, = K (0) andK; = K’ (0) are constant (super)operators representethby n) matrices of(p + ¢) x.(p + q)
supermatrices with (“time”) independent entries. Obviously, that the generator of a getydirsdar (super)operator is

Ax =K' (0) = K;. (85)
We will find system of equations fdf, andK; for some special cases appeared in above consideration.
Assertion 31. If a t-linear (super)operatoK (t) satisfies the band equatio84)
K(t)K(s) =K(),
then it is idempotent and the constant component (super)opetdtoand K; satisfy the system of equations

Kg = Ko, K% =17,
KiKo =K1, KoK =12,

from which it follows, thaK is idempotentK is nilpotent, andK is right divisor of zero and left zero fdf.




For non-supersymmetric operators we have

Corollary 32. The components aflinear operatoK (¢) have the following properties: idempotent matkiy is similar
to an upper triangular matrix with on the main diagonal and nilpotent matKx is similar to an upper triangular matrix
with 0 on the main diagonal [13, 57].

Comparing with the previous particular super case (43) we Kgve P (0) andK; = A = P’ (0).

REMARK. In case of(p + q) x (p + ¢) supermatrices the triangularization propertie€ofollary 32 do not hold valid
due to presence divisors of zero and nilpotents among entrie€¢sebiary 1), and so the inner structure of the component
supermatrices satisfying (87)-(88) can be much different from the standard non-supersymmetric case [13, 57].

Let us consider the structure tfinear operatoK (t) satisfying the generalized functional equation (69).
Assertion 33. If a t-linear (super)operatoK (t) satisfies the generalized functional equation
K(t+s)=K(@#)K(s)+ K (t)s, (89)
then its component (super)operatdts andK; satisfy the system of equations

KZ=Ko, KI=2, (90)
KiKo = Kj, KoKy =7, (91)

We observe that the systems (87)-(88) and (90)-(91) are fully identical. It is important to observe the connection of the
above properties with the differential equation fdmear (super)operatdf (¢)

K' (t) = Ak - K (). (92)
Using (85) we obtain the equation for components

Ki =2, (93)
KiKo = Kj. (94)

That leads to the following
Theorem 34. For anyt-linear (super)operatoK (t) = Ko + K1t the next statements are equivalent:

(t) is idempotent and satisfies the band equatif);(

1. K(¢)
2. K (t) satisfies the generalized functional equati8f)(
3. K(¥)

(t) satisfies the differential equatio?) and has idempotent time independent p&jt= K, which is orthogonal to
its generatoiKgA = Z.

GENERAL ¢-POWER-TYPE IDEMPOTENT (SUPER)OPERATORS

Let us consider idempotent (super)operators which depend from time by power-type function, and so they have the
form

K(t) = zn: Kont™, (95)
m=0

whereK,,, aret-independent (super)operators represente¢hby n) matrices orp + ¢) x.(p + ¢) supermatrices. This
power-type dependence of is very much important for super case, when supermatrix elements take value in Grassmann
algebra, and therefore can be nilpotent (see (1)—(2)Goxdllary 1).

We now start from the band propeiy(t) K (s) = K (¢) and then find analogs of the functional equation and differential
equation for them. Expanding the band property (86) in component we ebtdimensional analog of (87)-(88) as

KZ=Kyg, KZ=2Z,1<i<m, (96)

Proposition 35. Then-generalized functional equation for amypower-type idempotent (super)operatogs)has the
form

K(t+s) = K () K (s) + Ny (4, 5), whereN, (¢, s) = zn: Sl (e m )

m=1l=m

smgl-m, (99)

m!




S

Proof. For the difference using the band property (86) we Haydt, s) = K (¢t + s) — K(t) K(s) = K(t + s) — K ().
Then we expand in Taylor series arourehd obtairN,, (¢,s) = > K™ (t) =, whereK(™ (t) denotes:-th derivative
m=1 m.

which is a finite series for the power-type(t) (95). O

The differential equation for idempotent (super)operators coincide with the standard initial value problem only for
t-linear operators. In case of the power-type operators (95) we have

Proposition 36. Then-generalized differential equation for amypower-type idempotent (super)operato@s)has the
form

K'(t) = Ak - K(t) + Uy (1), (100)
where
0 n=1
Un=1 $ mKptml n>2 (101)

m=2

Proof. To find the differencéJ,, (t) we use the expansion (95) and the band conditions for components (96)—(98].]

CONCLUSION

In general one-parametric matrix semigroups and corresponding superoperator semigroups represented by antitriangle
idempotent supermatrices and their generalization to higher dimengiohs) x (m + n) have many unusual and
nontrivial properties [8, 9, 25, 39]. Here we considered only some of them related to their connection with functional and
differential equations of corresponding superoperators. The deaitdddems 1-3are worthwhile to investigate in future.

It would be also interesting to generalize the above constructions to higher dimensions, to study continuity properties of
the introduced idempotent superoperators, to consider multi-time evolution and to find the corresponding applications in
modern supersymmetric models.
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HOJYTPYIIIIBI CYIEPMATPHUIL U OJTHOITAPAMETPHYECKUX HAEMITIOTEHTHBIX
CYIIEPOITIEPATOPOB

C. A. Aynuii

Dusuko-mexnuneckuii paxynomem, Xapbkosckuil HayuoHanbHwill yrueepcumem um. B. H. Kapasuna,

ni. Ce0600vt, 4, 2. Xapvkos, 61077 ,Vkpauna

B pabote paccMaTpuBaroTCs MOMYTPYNIBI CYyHEpPMaTPHULl H HCCISAYIOTCS UX pa3IHdHble pemayKuun. OnpeaemnsioTcs ogHonapaMeTpH-
YeCKHUe MOIYTPyIIbl aHTUTPEYTOIbHBIX CYNEpMAaTPUI] U U3y4aroTCsl CBOMCTBA COOTBETCTBYIOIIUX IOJIYTpyIN cyneponeparopos. IToka-
3aHO, YTO {-IMHEWHbIE HIEMIIOTCHTHEIE CYIepOINepaTopbl M OOBIYHBIC SKCIIOHSHI[NAIBHBIE CyTIepONepaToOPh! SBISIOTCS JTyaIbHEIMHU B
HEKOTOPOM CMBICIIE, M [IEPBbIE JAIOT TOIOIHUTENbHOE (HEUeTHOE) pelueHne (0 OTHOLICHUIO C CTAHAAPTHOMY JKCIIOHEHIIHATbHOMY)
npo6iemsl Komm. Haiinensl cooTBeTcTByIonee (yHKINOHATIBHOE YPaBHEHHE U MOJIYYEH aHAJIOT Pe30JIbBEHTHI. /ISl HIeMIIOTeHTHBIX
(cymep)oriepatopoB ¢ t-3aBUCHMOCTBIO CTEIICHHOTO BH/a HaiieHs! quddepeHnnaibHbie i QYHKIMOHATIHbIC yPABHCHUS .

KJIIOUEBBIE CJIOBA: cynepmarpuna, peayKuusi, oJHOIIapaMeTprIecKas oIyrpyIa, HAEMIIOTeHT, podiema Koy, pe3onbBeHTa




