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Classification of Dynamical Systems

> Discrete

Conom

> Continuous
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Hybrid System e

> Continuous + Discrete

Universal Law of
Gravitation

X
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Hybrid Automata
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HSs in Engineering Q
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Embedded Control Systems

actuator

logic/computation physical discipline
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Safety Critical Systems Q




Motivation

> Develop formal methods for enhancing the
trustworthiness of safety critical embedded
systems

= Problems: Verification and Design
o System Requirements: mainly safety

 Techniques: symbolic/rigorous computation
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> Invariant and Verification
>
>
>

11



Deductive Verification

> Program » Continuous system
X:=1; dX
while (x<=1000000000) —=f (X)
{ x:=x+1; } dt
X=0

> Inductive Invariant
o Xx=1 = x=1
o X=1 =2 x+1=21
 X=1 =2 —(x=0)
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Inductiveness

> Discrete > Continuous

> Inductiveness > Inductiveness

x. €el—=>x el | x({t)el > x(t+at)el

> Transition relation > Transition relation

X .1 = (X X(t+at) = X(t) + (t)) at




Lie Derivatives and Invariant
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Higher-Order Lie Derivatives
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Criterion for Invariant Q

> f(x) and p(x) are polynomials

> Compute an upper bound N s.t.

> p(x) 2 0 is an inductive invariant of 3)1_(— f(x)

iff 1
p=0= £dp>0v

dt?
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> Semi-algebraic set

I J;
V Are0, e {>>)

=1 y=1

> First-order theory of real numbers is decidable
= Quantifier Elimination

Checking whether a semi-algebraic set is
an inductive invariant of a polynomial
continuous dynamical systems is decidable
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Parametric Case

> Parametric polynomials p(u,x)

> p(u,x) 2 0 is an inductive invariant of Elbt(: f(X)
iff u satisfies

1
pu=0= (9P o,

Use paramé\tpfc polynomials and quantifier
eliminatiom éﬁr/\odm;@\r}lpuation
techniques)dg automyprtically discovering
inductive invariants

\'
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Inductive Invariant of HSs e

Init G Init = Inv,
Inv,, Inv,

Inv, A G,, = Inv,
Inv, A G,; = Iny,
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>
>

> Invariant-Based Synthesis
>
>
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Problem Description

> Given an initial specification of a hybrid
system and a safety requirement, construct a
refined hybrid system such that the safety
requirement is satisfied

= domains

= guards
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Nuclear Reactor

http://commons.wikimedia.org/wiki/File:Control_rods_schematic.svg
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Hybrid Automata Model

> X: temperature of the reactor
> p: fraction of the rod immersed into the reactor

gi1: no rod go: being immersed

X = x/10 6p—\50\ Gi K—T/IO 6p—5

=p=0 ) \D2=0<p<1
. OSIO_XSSS o

X =x/10—6p—})\ sz/IO—ﬁp—S
p=-1 < G p=
D4£0§p§1j 4 Qépﬂ

gs4: being removed g3: immersed o

o




Violation of Safety Q

> 510=x=550

>P
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Invariant for Refinement

uard,, Domain,

v /’
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y < 6575

~547.92

Inv
12




Optimization

> Further refine the hybrid system according to
certain optimization criteria

> polynomial objective function +
semi-algebraic feasible region

= Symbolic optimization

G = infsupming3(U1,ué,li3) 0V€1:D3(lil~,ll2>'e)*

uz u2

==& In A — - _\ PN R -

3U3.((3U1U2.D3) N VUQ.(E’U]_.D3 = E‘Ul.(D3 Ng3 < Z))) =< zZD G
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> Case Studies
= Qil pump

= Lunar lander
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Oil Pump Switching Q

N\

> First studied in m ....... Vimax
[Cassez et al. HSCCO09, = t = Accumulator
45% improvement]

> Provided by the German { Res'"W'"] ------- o
company HYDAC t l

> Determine the time points | Machine ]

to switch the pump on/off s.t.

o Safety: V(t) € [Vinin, Vimax|, Vt € [0, o0)

= Optimality: T T
minimize _im — / v(t)dt
T—00 T J t=0
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Synthesized Switching Controller

> V, Is the initial volume of oil
on off on off

7.5-: ’ / /

10vo — 25 10vo + 1 10vy -+ 153 157
— /\ N Tt = N th = —
13 3 22 T

331
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Performance Q

> Safety
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> Improve the optimal value of [HSCCO09] by 7.5%

» The synthesized controller is correct, also optimal



Soft Landing Q

15km -
Braking
3km
Adjustment
2.4km
Approach
100m overing
Obstacle avoidance
30m

Slow descent

o o

Lunar surface
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Slow Descent Phase Q

> Trajectory control

E Control commands

Orbit Guidance
dynamics program

30m

/

Navigation measurements

> Sampling period: AT =0.128s
> Control objective: v = -2m/s
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Hybrid Automata Model

> Dynamics

t:=0;
Fc:=-0.01*(Fc—1.622*m) - 0.6*(v+2)*m + 1.622*m

0 :@ 1.622
Init . F

_C
o 2500
t=0.128 F, c=10

0=t=0.128

> Replace the non-polynomial term by a new
variable: a = Fc/m



Verification Q

» Safety requirement: |v —(-2)| = 0.05

> Generated Invariant:

-195
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Conclusion

> Hybrid systems attracts more and more interests with
the development of safety critical embedded systems

> Invariant plays an important role in the study (formal
verification, controller synthesis) of hybrid systems

> Semi-algebraic inductive invariant checking for
polynomial continuous/hybrid systems is decidable

37



Conclusion

> Use parametric polynomials and symbolic computation
to automatically discover invariants, and to perform
optimization

= rigorous
= high complexity (may be combined with numeric computation)

= Non-polynomial systems transformed to polynomials ones

> Case studies show good prospect of proposed methods
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Thanks!
Questions?



