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WHAT IS THIS TALK ABOUT?

a fully abstract denotational model                                             
for a core fragment of Java

classification of decidable cases                                                
for contextual equivalence



CAPTURING PROGRAM 
BEHAVIOUR

?



FULL ABSTRACTION
M !→ !M"

A model is fully abstract if equality of interpretations coincides
with contextual equivalence.

!M1" = !M2"

if and only if

M1
∼= M2

4



  

Game semantics: from PCF to ML

Full Abstraction for PCF (early 90's)
 

Games for variants of Idealized Algol

● Non-determinism, exceptions, probability, 
concurrency, polymorphism, … 
 

Nominal game semantics (2004-)

● Use names for dynamic resource generation  

  → fragments of ML, CML, C, now Java



  

The need for names

 References as pairs:

ref int = (unit  int) x

       (int  unit)

�   (1  Z)x(Z  1)

● Theoretically attractive

● but:   mkvar(R , H), all R , H

 (bad variables)



  

The need for names

 References as pairs:  References as names:

ref int = (unit  int) x

       (int  unit)

�   (1  Z)x(Z  1)

ref int = base type

�    (reference names)

● Theoretically attractive

● but:   mkvar(R , H), all R , H

 (bad variables)

●  Notion of resource (name):
●  atomic values
●  infinitely many
●  comparable for equality
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• ⊢ M : unit
ϵ q ⋆

• ⊢ M : unit → unit

ϵ q ⋆

q ⋆ (c r)n q ⋆ (c r)∞

letx = ref(0) in (λyunit. if x = n then div else x := !x+ 1)

q0 q1 q2 a2 q2 q3 q4 a2

O P O P O P O P

ref(int)

ref(θ1 → θ2)

exceptions

objects
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Interface Middleweight Java (IMJ)

Object calculus based on MJ [Bierman, Parkinson, Pitts]

● Objects, inheritance, casting, interfaces

Types θ  ::=   void  |  int  |  
 

Interface definitions
 

Θ  ::=     |  (  f     : θ  
), Θ  |  (  m  :  θ → θ ), Θ

 

Interface tables
 

Δ  ::=     |  (       : Θ  
), Δ  |  (      :  Θ  

), Δ

interface ident.

field identifiers

method identif.



  

Interface Middleweight Java (IMJ)

Object calculus based on MJ [Bierman, Parkinson, Pitts]

● Objects, inheritance, casting, interfaces

Terms
M ::=  skip  |  n  |  null  |  x  |  i  |  M ⊕ M   |  if M M M 

|  let x = M in M  |  M = M   |  ()M  

|  new(x : ; M)   |  M.f   |  M.f := M   |  M.m( M )

Method implementations

M ::=     |  (m : λx.Μ), M



  

IMJ example*

M1 : let   u = new( Var
Emp

 
)  in 

new(  M1 ) : Cell
 

M1  : get :  λ(). u.val,

set :  λy. u.val := y   

Δ  =   Empty: ,  

Cell: (get: void → Empty, 
    set: Empty → void),

Var
Emp

: (val: Empty),  

Var
Int

: (val: int) 

* Koutavas & Wand, 2007



  

IMJ example*

M1 : let   u = new( Var
Emp

 
)  in 

new(  M1 ) : Cell
 

M1  : get :  λ(). u.val,

set :  λy. u.val := y   

Δ  =   Empty: ,  

Cell: (get: void → Empty, 
    set: Empty → void),

Var
Emp

: (val: Empty),  

Var
Int

: (val: int) 

M2 : let    b = new( Var
Int

 
)  in 

let   u1 = new( Var
Emp 

)  in 

let   u2 = new( Var
Emp

 
)  in 

new(  M2  )  : Cell

M2  : get :  λ(). if  b.val  

then  b.val := 0 ; u1.val 

else  b.val := 1 ; u2.val,

set :  λy. u1.val := y ;

         u2.val := y   

* Koutavas & Wand, 2007



  

Game Semantics

Computation is modelled as a 2-player game between:

● Opponent (the environment, O )

● Proponent (the program, P ) 
 

Qualitative games ( ≠  Game Theory)
 

Computations = plays of a specified game
 

Programs = strategies for P
 

Strategy composition  → categories of games



  

Plays, strategies

 call n.set(12) (n  IntCell, val=5), …  
Plays : sequences of moves-with-store
 
Strategies : sets of plays

●  moves have polarities (O/P ), which alternate
  

●  P calls methods of O, and viceversa; dually for returns
 

●  calls and returns obey the object interfaces
  

●  strategies are closed wrt to O-name subtyping
 … 

 M   :   I
inp

             I
out

 

arenasstrategy



  

IMJ example: game semantics

Δ  =   Empty: ,  

Cell: (get: void → Empty, 
    set: Empty → void),

Var
Emp

: (val: Empty),  

Var
Int

: (val: int) 

M1 : let   u = new( Var
Emp 

) in 

new(  M1 ) : Cell
 

M1 : get :  λ(). u.val,

set :  λy. u.val := y   

 M1   =  *  n Σ0  ( call n.get() Σ0  ret n.get( nul ) Σ0 )*

  call n.set( n1 ) Σ1  ret n.set() Σ1

   ( call n.get() Σ1  ret n.get( n1 ) Σ1 )*

  call n.set( n2 ) Σ2  ret n.set() Σ2  ... 

Σi  = { n  (Cell, ) }  { nj  (Empty, ), 1  j  i }

O OP P
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IMJ example: game semantics

Δ  =   Empty: ,  

Cell: (get: void → Empty, 
    set: Empty → void),

Var
Emp

: (val: Empty),  

Var
Int

: (val: int) 

M1 : let   u = new( Var
Emp 

) in 

new( Cell; M1 ) : Cell
 

M1 : get :  λ(). u.val,

set :  λy. u.val := y   

 M1   =  *  n Σ0  ( call n.get() Σ0  ret n.get( nul ) Σ0 )*

  call n.set( n1 ) Σ1  ret n.set() Σ1

   ( call n.get() Σ1  ret n.get( n1 ) Σ1 )*

  call n.set( n2 ) Σ2  ret n.set( ) Σ2  ... =   M2 

Σi  = { n  (Cell, ) }  { nj  (Empty, ), 1  j  i }

O OP P

M2 : let    b = new( Var
Int

 
)  in 

let   u1 = new( Var
Emp 

)  in 

let   u2 = new( Var
Emp 

)  in 

new(  M2  )  : Cell

M2  : get :  λ(). if  b.val  

then  b.val := 0 ; u1.val 

else  b.val := 1 ; u2.val,

set :  λy. u1.val := y ;

         u2.val := y   



  

Full abstraction for IMJ

Lemma. The game model is sound
 

Lemma. Every finitary strategy is IMJ-definable
 

Theorem. The game model is fully abstract

P  P'   ⇔    P    P' 
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Related work on objects

Domain models
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strategy

fun (f:int->int) -> f(0)+1

eval ⋆ call(?) call(0) ret(13) ret(14)

S P S P S P

P1, P2

observationally
equivalent

⇐⇒ !P1" = !P2"

M1,M2

contextually
equivalent

⇐⇒ !M1" = !M2" ⇐⇒ AM1
≈ AM2

λx.M blockx inM

M :=N whileM doN

{0, · · · ,max}

Order Type
0 bool

1 bool → bool

2 (bool → bool) → bool

3 ((bool → bool) → bool) → bool

Order Observational Equivalence
1 PSPACE-complete
2 PSPACE-complete
3 EXPTIME-complete
4 undecidable

Order Observational Equivalence
1 EXPSPACE-complete
2 EXPSPACE-complete
3 2-EXPTIME-complete
4 undecidable

Order Observational Equivalence
1 2-EXPTIME-complete
2 2-EXPTIME-complete
3 3-EXPTIME-complete
4 undecidable
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SOURCES OF 
UNDECIDABILITY

o1 : I1, · · · , ok : Ik ⊢ M : I

• arithmetic

• recursive definitions (datatypes and methods)

• storage of method-carrying objects in fields

• “higher-order” types

o1 : I1, · · · , ok : Ik ⊢ M : I

20



HIGHER-ORDER TYPES

⊢ • → (• → •)
⊢ ((• → •) → •) → •

(• → •) → • ⊢

G ::= void | int |
−−→
f : G

L ::= void | int | (
−−→
f : G,

−−−−−−−→
m : G⃗ → L)

R ::= void | int | (
−−→
f : G,

−−−−−−−→
m : L⃗ → G)

21

⊢ • → (• → •)
⊢ ((• → •) → •) → •

(• → •) → • ⊢

G ::= void | int |
−−→
f : G

L ::= void | int | (
−−→
f : G,

−−−−−−−→
m : G⃗ → L)

R ::= void | int | (
−−→
f : G,

−−−−−−−→
m : L⃗ → G)
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AUTOMATA THEORY 
OVER INFINITE ALPHABETS

n1 # n2 · · · · · · nr

(t, n1)

(t′, n2)

(t, n1)

...

...

• RA

language equivalence (det) co-NP-complete [LICS’15]
bisimilarity PSPACE-complete [LICS’15]

• PDRA

emptiness EXPTIME-complete [MFCS’14]
bisimilarity undecidable [LICS’15]
HO emptiness undecidable [MFCS’14]

• FPDRA

emptiness EXPTIME-complete [ICALP’12, MFCS’14]
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CONEQCT (ATVA’15)
IMJA Compiler

Canonical form 
Converter

Automaton
Generator

Input 
IMJ* terms

IMJA
Automata

FPDRA Builder

IMJ2A
Converter

FPDRA
Converter

FPDRA
Automaton

FPDRA
Reachability

Checker

Fig. 1. Overview of tool architecture.

Checking language equivalence of IMJA proceeds through a series of intermediate
constructions, ultimately concluding with a fresh-register pushdown automaton (FP-
DRA). Due to the properties of the translation, the two IMJA are language equivalent
iff the FPDRA is (language) empty. An overview is shown in Figure 1. The tool reports
the main characteristics of each of the intermediate constructions (e.g. number of states,
number of registers) and the time taken to construct them.

From IMJ⇤ Terms to IMJA. The first transformation is from the pair input terms to a
pair of IMJA. This translation is extensively documented in [8] and our implementation
is faithful to that description, so we shall not discuss it further here. As soon as the
IMJA are produced, we remove states that are not graph-reachable from the initial state
or backwards-graph-unreachable from an accepting state (by graph-reachable we mean
reachable in the finite transition graph of the IMJA).

From IMJA to IMJ2A. The strategy for checking language equivalence of IMJA is to
construct a kind of symmetric difference automaton, which accepts exactly those words
that are in one of the two IMJA but not in the other, which is called an IMJ2 Automaton
(IMJ2A) in [8]. This is possible, because IMJA operate over a visibly pushdown al-
phabet [2] and, hence, their stacks can be synchronised. Overall, the translation in ibid.
ensures that the pair of IMJA represent the same interactions (plays) iff their IMJ2A
translate is empty.

From IMJ2A to FPDRA. IMJ2A are defined in terms of the underlying transitions of the
two constituent IMJA. Because they refer to two sets of registers, emptiness checking
is not straightforward: in order for the automata to synchronise, matching names have
to be used as labels. The following is an example of an IMJA2 transition:

(q1, q2)
call r1.m()S1 , call r2.m()S2

�����������������! (q01, q
0
2)

This transition describes how if the two underlying IMJA have reached states q1 and q2
respectively and, moreover, the same object name is contained in register r1 of the first
IMJA and register r2 of the second IMJA and there is a correspondence between the
names contained in the registers of the two IMJA which makes S1 and S2 correspond,
then they will both consume this call move and step into states q01 and q02 respectively.

The tool compiles away such special transitions by tracking register correspon-
dences. These are pairs of maps which describe how registers from the two constituent
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FUTURE WORK

• polymorphism

• soundness and incompleteness
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