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Synthesis	  of	  reac2ve	  systems	  
The	  classical	  se*ng
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? ⊨ ψ

ØSys	  is	  constructed	  by	  an	  algorithm	  
ØSys	  is	  correct	  by	  construc2on	  
ØUnderlying	  theory:	  2-‐player	  zero-‐sum	  games	  
ØEnv	  is	  adversarial	  (worst-‐case	  assump2on)	  

Winning	  strategy	  =	  Correct	  Sys	  

Env ||
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Player	  1	  owns	  

Player	  2	  owns

The	  two	  players	  interact	  by	  moving	  a	  token	  along	  
the	  edges	  of	  the	  graph	  to	  form	  an	  infinite	  path(=outcome)  

In	  each	  round,	  the	  owner	  of	  the	  current	  vertex	  chooses	  	  
where	  to	  move	  the	  token
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Unfolding	  of	  the	  game	  graph

Strategies
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Strategy	  for	  Player	  1	  =	  
One	  choice	  in	  each	  node	  of	  
Player	  I	  in	  tree	  unfolding	  

Strategies
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Strategy	  for	  Player	  1	  =	  
One	  choice	  in	  each	  node	  of	  
Player	  I	  in	  tree	  unfolding	  

Strategies
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The	  strategy	  is	  winning	  
if	  all	  the	  branches	  
(=outcomes)	  are	  winning
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Win1={	  ρ｜ρ	  ⊨	  ☐♢4	  }
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Player	  1	  does	  not	  have	  a	  winning	  strategy	  
for	  Win1={	  ρ｜ρ	  ⊨	  ☐♢4	  }
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Player	  1	  does	  not	  have	  a	  winning	  strategy	  
for	  Win1={	  ρ｜ρ	  ⊨	  ☐♢4	  }

Assume	  that	  Win2={	  ρ｜ρ	  ⊨	  ☐♢3	  }



Adding	  hypothesis	  …
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Player	  1	  has	  a	  winning	  strategy	  for	  
Win1={	  ρ｜ρ	  ⊨	  ☐♢3	  →☐♢4	  }

Idea:	  Player	  1	  needs	  to	  win	  only	  
on	  outcomes	  that	  are	  winning	  	  

for	  Player	  2
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Player	  1	  has	  a	  winning	  strategy	  for	  
Win1={	  ρ｜ρ	  ⊨	  ☐♢3	  →☐♢4	  }

But	  this	  is	  also	  a	  winning	  strategy	  !

Adding	  hypothesis	  …



We	  need	  richer	  founda2ons	  !
1. Synthesis	  under	  hypothesis	  about	  the	  behavior	  of	  Env.,	   

i.e.	  ψ	  ≡	  α	  ⟹	  β.	    
 
But	  what	  if	  strategy	  of	  Sys	  is	  to	  force	  ¬α	  ?	  	  

2. A	  system	  is	  made	  of	  components,	  i.e.	  Sys	  =	  C1	  	  ⫼	  C2	  ⫼	  …	  ⫼	  Cn	  ⫼	  Cn+1(=E)	    
 
The	  objec2ve	  of	  one	  component	  is	  not	  to	  falsify	  the	  objec2ves	  of	  other	  
components:	  each	  component	  has	  its	  own	  specificaFon	  (winning	  objec2ve).  
 
But,	  on	  the	  contrary,	  we	  may	  not	  hope	  for	  collaboraFon:	  components	  
should	  be	  considered	  as	  parFally	  adversarial.	  

3. …	  other	  op2ons	  if	  environment	  is	  not	  adversarial: 
	  	  	  	  	  	  -‐we	  may	  want	  to	  play	  a	  «	  reasonable	  »	  strategy	  (regret	  minimiza2on).  
	  	  	  	  	  	  -‐expected	  behavior	  specified	  by	  a	  stochasFc	  model.
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Plan	  of	  the	  talk

• Doomsday	  equilibria	   
(refinement	  of	  Nash/secure	  equilibria)	  

• Assume	  admissible	  synthesis	  

• Regret	  minimiza2on	  in	  reac2ve	  synthesis	  

• Mixing	  worst-‐case	  and	  expecta2on	  requirements
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Secure/Doomsday	  
Equilibria	  

[VMCAI	  2014,LICS2014] 
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Nash	  equilibria	  
Secure	  equilibria

To	  predict/analyze	  how	  players	  behave	  in	  mul2-‐player	  games,	  several	  
no2ons	  have	  been	  proposed	  a.o.:	  

‣ Nash	  equilibria	  [Nash51]: 
a	  strategy	  profile(St1,St2,...,Stn)	  is	  a	  NE	    
if	  no	  player	  has	  an	  incen2ve	  to	  unitarily	  deviate: 
Out1(St1’,St2,...,Stn)	  ≤	  Out1(St1,St2,...,Stn)	  

‣ Secure	  equilibria	  (2	  players)	  [CHJ06]: 
NE+devia2on	  does	  not	  harm	  the	  other	  player: 
Out1(St'1,St2)	  =	  Out1(St1,St2)	  ⟹	  Out2(St'1,St2)	  ≥	  Out2(St1,St2)  
=	  each	  player	  first	  tries	  to	  sa2sfy	  his/her	  goal	  (primary	  objec2ve)	  
and	  then	  his/her	  goal	  is	  to	  fasilfy	  the	  goal	  of	  the	  other	  player	  
(secondary	  objec2ve)
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‣ Alice	  and	  Bob	  want	  to	  exchange	  messages	  mAB	  and	  mBA	  	  

‣ Either	  	  

‣ both	  have	  received	  their	  message	  (preferred)	  	  

‣ or	  none	  (sub-‐op2mal)	  

‣ If	  one	  receives	  and	  the	  other	  not,	  this	  is	  not	  acceptable	   
(for	  the	  one	  that	  does	  not	  receive)	  

• ≈	  spec.	  of	  “Fair	  Exchange	  Protocols”	  

‣ no	  easy	  solu2on	  (e.g.	  need	  for	  a	  TTP)

19
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A	  simple	  example

send	  mABnot	  send	  mAB

A

B B
not	  send	  mBA

send	  mBA send	  mBA

not	  send	  mBA

1 2 3 4

A	  wants	  to	  reach	  {2,4}	  
B	  wants	  to	  reach	  {3,4}
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A	  wants	  to	  reach	  {2,4}	  
B	  wants	  to	  reach	  {3,4}
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A	  simple	  example



send	  mABnot	  send	  mAB

A

B B
not	  send	  mBA

send	  mBA send	  mBA

not	  send	  mBA

1 2 3 4

A	  preference:	  2>4>1>3	  
B	  preference:	  3>4>1>2

A	  simple	  example



Nash	  equilibria	  
Secure	  equilibria

‣ Secure	  equilibria	  (2	  players)	  [CHJ06]: 
NE+devia2on	  does	  not	  harm	  the	  other	  player: 
Out1(St'1,St2)	  =	  Out1(St1,St2)	  ⟹	  Out2(St'1,St2)	  ≥	  Out2(St1,St2)	  

‣ Objec2ves	  of	  the	  players:	  the	  preliminary	  objec2ve	  is	  to	  sa2sfy	  his/her	  
own	  objec2ve,	  the	  secondary	  objec2ve	  is	  to	  falsify	  the	  objec2ve	  of	  the	  
other	  player	  

‣ Back	  to	  the	  example:	  A	  preference:	  2>4>1>3  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  2=A	  wins	  alone 
	  	  	  	  	  	  	  	  	  	  	  	  	  	  4=A	  and	  B	  win  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  1=Both	  A	  and	  B	  fail	  to	  win  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  3=B	  wins	  alone
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Not	  sa2sfactory	  !

send	  mABnot	  send	  mAB
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not	  send	  mBA

send	  mBA send	  mBA

not	  send	  mBA

1 2 3 4

Unique	  secure	  equilibrium:	   
not	  send	  mAB,	  not	  send	  mBAIdea:	  

add	  c
ancel

	  (≈TTP
)

A	  preference:	  2>4>1>3	  
B	  preference:	  3>4>1>2

A	  simple	  example



send	  mABnot	  send	  mAB

A

B B
not	  send	  mBA

send	  mBA send	  mBA

not	  send	  mBA

A A A A
OK Cancel

1 2 3 4 5 6 7 8

A	  wants	  to	  reach	  {3,7}	  
B	  wants	  to	  reach	  {5,7}

A	  simple	  example



send	  mABnot	  send	  mAB

A

B B
not	  send	  mBA

send	  mBA send	  mBA

not	  send	  mBA

A A A A
OK Cancel

1 2 3 4 5 6 7 8

A	  preferences:	  3>7>1=2=4=6=8>5	  
B	  preferences:	  5>7>1=2=4=6=8>3

A	  simple	  example



send	  mABnot	  send	  mAB

A

B B
not	  send	  mBA

send	  mBA send	  mBA

not	  send	  mBA

A A A A
OK Cancel

1 2 3 4 5 6 7 8

Unique	  secure	  equilibrium:	   
send	  mAB,	  send	  mBA,	  OK

A	  simple	  example

A	  preferences:	  3>7>1=2=4=6=8>5	  
B	  preferences:	  5>7>1=2=4=6=8>3
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send	  mABnot	  send	  mAB
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not	  send	  mBA

send	  mBA send	  mBA

not	  send	  mBA

A A A A
OK Cancel

1 2 3 4 5 6 7 8
Nice outcome !

Cancel = Doomsday (all players are losing)

Unique	  secure	  equilibrium:	   
send	  mAB,	  send	  mBA,	  OK

A	  simple	  example

A	  preferences:	  3>7>1=2=4=6=8>5	  
B	  preferences:	  5>7>1=2=4=6=8>3



Doomsday	  threatening	  
equilibria

A	  strategy	  profile	  (St1,St2,...,Stn)	  is	  a	    
doomsday	  threatening	  equilibrium	  (DE)	  if:	  

1.	  Outcome(St1,St2,…,Stn)	  is	  “winning”	  for	  all	  players	  

2.	  For	  all	  player	  i,	  Outcome(Sti)	  is	  such	  that: 
either	  player	  i	  wins	  or	  all	  players	  lose	  (doomsday)  
i.e.	  Sti	  is	  good	  for	  retaliaFon
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Glimpse	  on	  the	  results

Safety Reach Büchi coBüchi Parity LTL

Perfect	  
info

PSpace-‐C PTime-‐C PTime-‐C PTime-‐C
in	  PSpace	  
NP-‐Hard	  
coNP-‐Hard

2ExpTimeC

Imperfect	  
info

ExpTime-‐C ExpTime-‐C ExpTime-‐C ExpTime-‐C ExpTime-‐C 2ExpTimeC



Assume	  Admissible	  
Synthesis	  

[LICS2014-‐CONCUR2015]	  
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Models	  of	  ra2onality
• Nash	  equilibria:	  no	  player	  has	  an	  incen2ve	  to	  deviate.	  

• EliminaFon	  of	  dominated	  strategies:	  players	  eliminate	  
“bad”	  strategies.
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Dominated	  strategies
• Ra2onal	  players	  avoid	  to	  play	  bad	  strategies.	  

• a	  strategy	  σ	  is	  dominated	  by	  σ’	  if	  

• for	  all	  profiles	  of	  the	  other	  players,	   
if	  σ	  wins	  then	  σ’	  wins,	  

• and	  for	  some	  profile	  of	  the	  other	  players,	   
σ	  loses	  while	  σ’	  wins.	  

• Idea:	  we	  may	  assume	  that	  Players	  only	  play	  admissible	  
strategies.
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Assume	  Admissible	  Synthesis
• Let	  G	  be	  a	  n-‐player	  game	  with	  objec2ves	  W1,	  W2,	  …,	  Wn	  

• W1,	  W2,	  …,	  Wn	  can	  be	  achieved	  by	  assume-‐admissible	  strategies	  if	  
there	  exists	  a	  strategy	  profile	  (σ1,σ2,	  …,	  σn)	  such	  that:	  

• for	  all	  i,	  1≤i≤n,	  σi	  is	  admissible	  for	  Wi	  

• for	  all	  i,	  1≤i≤n,	  for	  all	  σ-‐i	  that	  is	  admissible	  for	  W-‐i,	    
Out(σi,σ-‐i)	  ⊨	  Wi,	    
 
i.e.	  each	  σi	  is	  winning	  against	  all	  admissible	  strategies	  of	  the	  
other	  players	  

• Such	  a	  profile	  is	  called	  Assume-‐Admissible	  (AA)
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Win1={	  ρ｜ρ	  ⊨	  ☐♢4	  }	  

Win2={	  ρ｜ρ	  ⊨	  ☐♢3	  }

Some	  facts:	  
• 1-‐5	  is	  not	  admissible	  for	  Player	  1	  
• ☐(2-‐2)	  is	  not	  admissible	  for	  Player	  2
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Win1={	  ρ｜ρ	  ⊨	  ☐♢4	  }	  

Win2={	  ρ｜ρ	  ⊨	  ☐♢3	  }

Claim	  
→	  is	  admissible	  for	  Player	  1	  and	  winning	  	  
against	  all	  admissible	  strategies	  of	  Player	  2	  
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Win1={	  ρ｜ρ	  ⊨	  ☐♢4	  }	  

Win2={	  ρ｜ρ	  ⊨	  ☐♢3	  }

Claim	  
→	  is	  admissible	  for	  Player	  2	  and	  winning	  	  
against	  all	  admissible	  strategies	  of	  Player	  1	  



Assume	  Admissible	  Synthesis

• Theorem:	  for	  all	  AA-‐profiles	  σP,	  Out(σP)	  ⊨	  ∧i=1,..,n	  Wi	  

• Theorem:	  the	  set	  of	  AA-‐profiles	  is	  rectangular.  
→	  No	  need	  for	  synchroniza2on!	  

• Theorem:	  AA-‐synthesis	  is	  PSPACE-‐complete	  for	  safety,	  
reachability	  and	  Müller	  objec2ves	  and	  PTIME-‐complete	  
for	  Büchi	  objec2ves.
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Regret	  minimiza2on	  in	  	  
reac2ve	  synthesis	  

[CONCUR	  2015]



Regret	  minimiza2on

• Regret	  in	  decision	  theory:	  decision	  in	  presence	  of	  
uncertainty	  →	  minimize	  the	  regret	  associated	  with	  the	  
decision	  once	  the	  uncertainty	  is	  resolved.	  

• …	  in	  computer	  science:	  the	  performances	  of	  an	  online	  
algorithm	  facing	  uncertainty	  are	  compared	  to	  the	  
performances	  of	  an	  offline	  algorithm.	  An	  online	  
algorithm	  is	  beaer	  if	  its	  performances	  are	  closer	  to	  the	  
performances	  of	  an	  opFmal	  offline	  soluFon.	  
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Regret	  minimiza2on

• Regret	  in	  decision	  theory:	  decision	  in	  presence	  of	  
uncertainty	  →	  minimize	  the	  regret	  associated	  with	  the	  
decision	  once	  the	  uncertainty	  is	  resolved.	  

• …	  in	  computer	  science:	  the	  performances	  of	  an	  online	  
algorithm	  facing	  uncertainty	  are	  compared	  to	  the	  
performances	  of	  an	  offline	  algorithm.	  An	  online	  
algorithm	  is	  beaer	  if	  its	  performances	  are	  closer	  to	  the	  
performances	  of	  an	  opFmal	  offline	  soluFon.	  
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The offline solution serves as a yardsti
ck



• Regret	  minimizaFon	  in	  game	  theory:	  when	  a	  player	  
chooses	  his	  strategy,	  and	  does	  not	  know	  how	  the	  other	  
player(s)	  will	  play,	  he	  may	  choose	  to	  minimize	  his	  regret	  
instead	  of	  aiming	  for	  worst-‐case	  op2mality.	   
 
The	  regret	  of	  a	  strategy	  is	  equal	  to	  difference	  of	  the	  
performance	  of	  this	  strategy	  compared	  to	  performance	  
of	  the	  best	  response	  to	  the	  strategy	  chosen	  by	  the	  other	  
player(s).	  
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Regret	  minimiza2on

• Regret	  minimizaFon	  in	  game	  theory:	  when	  a	  player	  
chooses	  his	  strategy,	  and	  does	  not	  know	  how	  the	  other	  
player(s)	  will	  play,	  he	  may	  choose	  to	  minimize	  his	  regret	  
instead	  of	  aiming	  for	  worst-‐case	  op2mality.	   
 
The	  regret	  of	  a	  strategy	  is	  equal	  to	  difference	  of	  the	  
performance	  of	  this	  strategy	  compared	  to	  performance	  
of	  the	  best	  response	  to	  the	  strategy	  chosen	  by	  the	  other	  
player(s).	   Best-res

ponses serve as yardsti
cks



Regret	  -‐	  defini2on
• Regret	  associated	  to	  strategy	  σ	  (for	  Player	  1)  
 
Reg(σ)=supπ∈St2	  supσ’∈St1	  Val(σ’,π)-‐Val(σ,π)	  

• Regret	  minimiza2on  
 
Reg=infσ∈St1	  Reg(σ)	  

• Three	  variants: 
1)	  St2=All	  possible	  strategies  
2)	  St2=All	  memoryless	  strategies  
3)	  St2=All	  word	  strategies
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8€ -2€

FILL_LOTTO_NUMBERS

VALIDATE DON’T_VALIDATE

MY_NUMBERS_WINNING

-1€

MY_NUMBERS_LOSING

MY_NUMBERS_WINNING,	  
MY_NUMBERS_LOSING

0€

DON’T_FILL_LOTTO_NUMBERS

4	  strategies	  for	  Eve	  

DON’T_FILL_NUMBERS-‐VALIDATE:	  regret=8	  because	  MY_NUMBERS_WINNING	  gain=0	  and	  could	  be	  8	  

DON’T_FILL_NUMBERS-‐DON’T_VALIDATE:	  regret=8	  because	  MY_NUMBERS_WINNING	  gain=0	  and	  could	  be	  8	  

FILL_NUMBERS-‐VALIDATE:	  regret=2	  because	  MY_NUMBERS_LOSING	  gain=-‐2	  and	  could	  be	  0	  

FILL_NUMBERS-‐DON’T	  VALIDATE:	  regret=9	  because	  MY_NUMBERS_WINNING	  gain=-‐1	  and	  could	  be	  8
→

Worst-‐case	  value	  for	  Eve=0

Eve

Adam



Mo2va2ons

The	  other	  player	  is	  playing	  memoryless.  
 
Useful	  for	  building	  a	  system	  which	  should	  accommodate	  
several	  usage	  scenarios	  (=memoryless	  strategies).  
 
Regret=difference	  between	  the	  answer	  of	  the	  system	  to	  
the	  usage	  scenario	  versus	  the	  best	  response	  possible. 
 
If	  you	  want	  to	  keep	  users	  happy:	  minimize	  regret	  !
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The	  other	  player	  is	  memoryless

Example 1: a mean-payo� game

Assume ’dam plays positionally.

u

v x

1

00

0

0

6

G.A. Pérez (ULB) Reactive Synthesis Without Regret September, 2015 12 / 21

Eve

Adam

What	  is	  the	  minimal	  regret	  that	  
Eve	  can	  achieve	  here	  for	  MP	  ?



• The	  other	  player	  is	  playing	  word	  strategies: 
 
Env.	  produces	  disturbances	  independent	  of	  Sys	  behavior 
=sequence	  of	  events 
=word	  on	  the	  alphabet	  of	  the	  disturbances 
≠antagonis2c	  process	  

• minimizing	  regret	  produces	  a	  system	  that	  tries	  to	  
produce	  a	  correct	  behavior	  when	  it	  is	  possible
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Good-‐for-‐games
• A	  nondeterminis2c	  automaton	  A	  is	  good-‐for-‐games	  if	  
the	  nondeterminism	  in	  A	  can	  be	  resolved	  online	  

• …	  no	  need	  to	  make	  A	  determinis2c	  before	  game	  solving	  
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L(A)=words	  (x{a,b})ω	  that	  contain	  infinitely	  many	  
xaxa	  or	  xbxb

x

a

b

x

x

a

b a

b

x
b

x
a

a

b
x

a
b

Example	  by	  
Udi	  Boker	  

Good-‐for-‐games



Good-‐for-‐games
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An	  automaton	  is	  good-‐for-‐game	  if	    
its	  nondeterminism	  can	  be	  resolved	  online.

qx

a

b

x

x

a

b a

b

x
b

x
a

a

b
x

a
b

strategy:	  in	  q,	  chooses	  up	  if	  enter	  q	  by	  reading	  a	  
chooses	  down	  if	  enter	  q	  by	  reading	  b



• A	  is	  good-‐for-‐games	  if  
 
∃σ:Σ*→Q:	  ∀w∈Σ

ω
:	    

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  if	  w∈L(A)	  then	  σ*(w)	  is	  an	  accep2ng	  run  
 
σ=online	  resolu2on	  of	  nondeterminism	  

• Rela2on	  with	  regretless	  strategies: 
 
∃σ:Σ*→Q:	  ∀w∈Σ

ω
:	  ∀σ’:Σ*→Q:	  Val(σ’,w)-‐Val(σ,w)≤0 

 
Eve,	  against	  all	  word	  strategies	  of	  Adam,	  can	  resolve	  nondeterminism	  online	  without	  
regret	  

• Regret	  minimizaFon	  offers	  a	  quanFtaFve	  generalizaFon	  of	  good-‐for-‐games	    
(useful	  in	  the	  context	  of	  weighted	  automata)  
 
∃σ:Σ*→Q:	  ∀w∈Σ

ω
:	  ∀σ’:Σ*→Q:	  Val(σ’,w)-‐Val(σ,w)
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accep2ng	  run=yards2ck



Glimpse	  on	  results

sup inf lim	  sup lim	  inf MP

Any PTIME-‐C PTIME-‐C PTIME-‐C PTIME-‐C NP∩coNP	  
MP-‐hard

Memoryless
in	  PSpace	  
NP-‐hard

in	  PSpace	  
NP-‐hard

in	  PSpace	  
NP-‐hard PSpace-‐C PSpace-‐C

Word ExpTime-‐C ExpTime-‐C ExpTime-‐C ExpTime-‐C Undec



Beyond	  worst-‐case	  
[STACS14-‐LICS15-‐VMCAI15]
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MDP
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Fig. 1. An everyday life application of stochastic shortest path problems: choosing a
mean of transport to go from home to work. Actions (black dots) are labeled with
durations in minutes, and stochastic transitions are labeled with their probability.

this case, we need to solve a SSP-P problem. First, observe that taking the train
ensures to reach work within 40 minutes in 99% of the runs. Indeed, if the train
is not delayed, we reach work with 37 minutes, and this happens with probabil-
ity 9/10. Now, if the train is late and the employee decides to wait, the train
arrives in the next 3 minutes with probability 9/10: in that case, the employee
arrives at work within 40 minutes. So, the strategy consisting in going to the
railway station and waiting for the train (as long as needed) gives us a proba-
bility 99/100 to reach work within 40 minutes, fulfilling our objective. Second,
it is easy to see that both bicycle and car are excluded in order to satisfy the
SPP-P problem. With bicycle we reach work in 45 minutes with probability one,
and with the car we reach work in 71 minutes with probability 1/10, hence we
miss the constraint of 40 minutes too often.

Related work. The SSP-P problem was studied in MDPs with either all non-
negative or all non-positive weights in [17,22]. The related notion of quantile
queries was studied in [23]: such queries are essentially equivalent to minimiz-
ing the value ` inside the constraint of an SSP-P problem such that there still
exists a satisfying strategy for some fixed ↵. It has been recently extended to
cost problems [15], which can handle arbitrary Boolean combinations of inequal-
ities over the truncated sum instead of only TST (⇢)  `. All those works only
study single-dimensional MDPs. For the SPP-E problem, extensions to multi-
dimensional MDPs have been considered in [14].



Minimize	  expected	  2me

Take	  the	  car: 
	  1	  +	  0.2x20	  +	  0.7x30	  +	  0.1x70	  =	  33	  minutes
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Fig. 1. An everyday life application of stochastic shortest path problems: choosing a
mean of transport to go from home to work. Actions (black dots) are labeled with
durations in minutes, and stochastic transitions are labeled with their probability.

this case, we need to solve a SSP-P problem. First, observe that taking the train
ensures to reach work within 40 minutes in 99% of the runs. Indeed, if the train
is not delayed, we reach work with 37 minutes, and this happens with probabil-
ity 9/10. Now, if the train is late and the employee decides to wait, the train
arrives in the next 3 minutes with probability 9/10: in that case, the employee
arrives at work within 40 minutes. So, the strategy consisting in going to the
railway station and waiting for the train (as long as needed) gives us a proba-
bility 99/100 to reach work within 40 minutes, fulfilling our objective. Second,
it is easy to see that both bicycle and car are excluded in order to satisfy the
SPP-P problem. With bicycle we reach work in 45 minutes with probability one,
and with the car we reach work in 71 minutes with probability 1/10, hence we
miss the constraint of 40 minutes too often.

Related work. The SSP-P problem was studied in MDPs with either all non-
negative or all non-positive weights in [17,22]. The related notion of quantile
queries was studied in [23]: such queries are essentially equivalent to minimiz-
ing the value ` inside the constraint of an SSP-P problem such that there still
exists a satisfying strategy for some fixed ↵. It has been recently extended to
cost problems [15], which can handle arbitrary Boolean combinations of inequal-
ities over the truncated sum instead of only TST (⇢)  `. All those works only
study single-dimensional MDPs. For the SPP-E problem, extensions to multi-
dimensional MDPs have been considered in [14].



Min.	  Prob.	  of	  Outliers

With	  car,	  the	  prob.	  of	  long	  runs	  (e.g.	  71	  minutes)	  is	  not	  
negligible	  (10%).	  	  

What	  if	  the	  employee	  is	  risk-‐averse	  ?
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Fig. 1. An everyday life application of stochastic shortest path problems: choosing a
mean of transport to go from home to work. Actions (black dots) are labeled with
durations in minutes, and stochastic transitions are labeled with their probability.

this case, we need to solve a SSP-P problem. First, observe that taking the train
ensures to reach work within 40 minutes in 99% of the runs. Indeed, if the train
is not delayed, we reach work with 37 minutes, and this happens with probabil-
ity 9/10. Now, if the train is late and the employee decides to wait, the train
arrives in the next 3 minutes with probability 9/10: in that case, the employee
arrives at work within 40 minutes. So, the strategy consisting in going to the
railway station and waiting for the train (as long as needed) gives us a proba-
bility 99/100 to reach work within 40 minutes, fulfilling our objective. Second,
it is easy to see that both bicycle and car are excluded in order to satisfy the
SPP-P problem. With bicycle we reach work in 45 minutes with probability one,
and with the car we reach work in 71 minutes with probability 1/10, hence we
miss the constraint of 40 minutes too often.

Related work. The SSP-P problem was studied in MDPs with either all non-
negative or all non-positive weights in [17,22]. The related notion of quantile
queries was studied in [23]: such queries are essentially equivalent to minimiz-
ing the value ` inside the constraint of an SSP-P problem such that there still
exists a satisfying strategy for some fixed ↵. It has been recently extended to
cost problems [15], which can handle arbitrary Boolean combinations of inequal-
ities over the truncated sum instead of only TST (⇢)  `. All those works only
study single-dimensional MDPs. For the SPP-E problem, extensions to multi-
dimensional MDPs have been considered in [14].



Back	  to	  the	  example
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Fig. 1. An everyday life application of stochastic shortest path problems: choosing a
mean of transport to go from home to work. Actions (black dots) are labeled with
durations in minutes, and stochastic transitions are labeled with their probability.

this case, we need to solve a SSP-P problem. First, observe that taking the train
ensures to reach work within 40 minutes in 99% of the runs. Indeed, if the train
is not delayed, we reach work with 37 minutes, and this happens with probabil-
ity 9/10. Now, if the train is late and the employee decides to wait, the train
arrives in the next 3 minutes with probability 9/10: in that case, the employee
arrives at work within 40 minutes. So, the strategy consisting in going to the
railway station and waiting for the train (as long as needed) gives us a proba-
bility 99/100 to reach work within 40 minutes, fulfilling our objective. Second,
it is easy to see that both bicycle and car are excluded in order to satisfy the
SPP-P problem. With bicycle we reach work in 45 minutes with probability one,
and with the car we reach work in 71 minutes with probability 1/10, hence we
miss the constraint of 40 minutes too often.

Related work. The SSP-P problem was studied in MDPs with either all non-
negative or all non-positive weights in [17,22]. The related notion of quantile
queries was studied in [23]: such queries are essentially equivalent to minimiz-
ing the value ` inside the constraint of an SSP-P problem such that there still
exists a satisfying strategy for some fixed ↵. It has been recently extended to
cost problems [15], which can handle arbitrary Boolean combinations of inequal-
ities over the truncated sum instead of only TST (⇢)  `. All those works only
study single-dimensional MDPs. For the SPP-E problem, extensions to multi-
dimensional MDPs have been considered in [14].

Take	  the	  train	  !

h t w
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0.9

0.1 0.9

2

2 3

35

railway

railway wait

relax

0.1 3 wait

ℙ(D,	  σ)(TST≤40)≥0.9+0.1x0.9  
=0.99



What	  if	  you	  ought	  to	  be	  at	  work	  
within	  one	  hour	  ?

• Train	  op2on	  leaves	  a	  small	  
probability	  of	  not	  reaching	  
work	  within	  1	  hour	  (i.e.	  1%)	  

• What	  if	  this	  is	  unacceptable	  ?	  

• Take	  your	  bike	  !	  

• But	  can	  we	  do	  beaer	  ?	    
i.e.	  be	  sure	  to	  be	  at	  work	  
within	  one	  hour	  with	  a	  beLer	  
expecta2on	  than	  45	  min.	  ?
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Fig. 1. An everyday life application of stochastic shortest path problems: choosing a
mean of transport to go from home to work. Actions (black dots) are labeled with
durations in minutes, and stochastic transitions are labeled with their probability.

this case, we need to solve a SSP-P problem. First, observe that taking the train
ensures to reach work within 40 minutes in 99% of the runs. Indeed, if the train
is not delayed, we reach work with 37 minutes, and this happens with probabil-
ity 9/10. Now, if the train is late and the employee decides to wait, the train
arrives in the next 3 minutes with probability 9/10: in that case, the employee
arrives at work within 40 minutes. So, the strategy consisting in going to the
railway station and waiting for the train (as long as needed) gives us a proba-
bility 99/100 to reach work within 40 minutes, fulfilling our objective. Second,
it is easy to see that both bicycle and car are excluded in order to satisfy the
SPP-P problem. With bicycle we reach work in 45 minutes with probability one,
and with the car we reach work in 71 minutes with probability 1/10, hence we
miss the constraint of 40 minutes too often.

Related work. The SSP-P problem was studied in MDPs with either all non-
negative or all non-positive weights in [17,22]. The related notion of quantile
queries was studied in [23]: such queries are essentially equivalent to minimiz-
ing the value ` inside the constraint of an SSP-P problem such that there still
exists a satisfying strategy for some fixed ↵. It has been recently extended to
cost problems [15], which can handle arbitrary Boolean combinations of inequal-
ities over the truncated sum instead of only TST (⇢)  `. All those works only
study single-dimensional MDPs. For the SPP-E problem, extensions to multi-
dimensional MDPs have been considered in [14].



Worst-‐case	  guarantees	  
with	  good	  expecta2on

Given	  a	  single-‐dimensional	  weighted	  MDP	  D=(S,sinit,A,δ,w),	  a	  
set	  of	  target	  states	  T⊆S,	  and	  two	  values	  v1	  and	  v2	  ∈	  ℕ,	  
decide	  if	  there	  exists	  a	  (unique)	  strategy	  σ	  such	  that:	  

1.	  [Worst-‐case]	  for	  all	  ρ∈Out(D,σ):TST(ρ)≤v1	  

2.	  [ExpectaFon]	  𝔼(D,	  σ)(TST)≤v2	  

It	  is	  a	  natural	  problem:	    
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  avoid	  unacceptable	  outliers	  at	  all	  cost!
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Two	  views

• A	  game	  +	  an	  expected	  behavior	  of	  the	  env./adversary	  
given	  as	  a	  stochas2c	  Moore	  machine:	  you	  want	  a	  
winning	  strategy	  (worst-‐case)	  that	  behaves	  well/beaer	  
against	  the	  expected	  behavior	  of	  the	  env./adversary	  

• A	  MDP	  (expecta2on)	  +	  you	  want	  to	  avoid	  outliers	  at	  all	  
cost	  (worst-‐case)
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• Wait	  for	  the	  train	  

• A�er	  three	  delays,	  goes	  back	  home	  and	  bike	  	  

[Worst-‐case]	  safe:	  at	  work	  	  within	  58	  minutes	  
with	  certainty	  

[ExpectaFon]	  ≈	  37,	  34…	  minutes	  (<45	  —Bike)	  home
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Fig. 1. An everyday life application of stochastic shortest path problems: choosing a
mean of transport to go from home to work. Actions (black dots) are labeled with
durations in minutes, and stochastic transitions are labeled with their probability.

this case, we need to solve a SSP-P problem. First, observe that taking the train
ensures to reach work within 40 minutes in 99% of the runs. Indeed, if the train
is not delayed, we reach work with 37 minutes, and this happens with probabil-
ity 9/10. Now, if the train is late and the employee decides to wait, the train
arrives in the next 3 minutes with probability 9/10: in that case, the employee
arrives at work within 40 minutes. So, the strategy consisting in going to the
railway station and waiting for the train (as long as needed) gives us a proba-
bility 99/100 to reach work within 40 minutes, fulfilling our objective. Second,
it is easy to see that both bicycle and car are excluded in order to satisfy the
SPP-P problem. With bicycle we reach work in 45 minutes with probability one,
and with the car we reach work in 71 minutes with probability 1/10, hence we
miss the constraint of 40 minutes too often.

Related work. The SSP-P problem was studied in MDPs with either all non-
negative or all non-positive weights in [17,22]. The related notion of quantile
queries was studied in [23]: such queries are essentially equivalent to minimiz-
ing the value ` inside the constraint of an SSP-P problem such that there still
exists a satisfying strategy for some fixed ↵. It has been recently extended to
cost problems [15], which can handle arbitrary Boolean combinations of inequal-
ities over the truncated sum instead of only TST (⇢)  `. All those works only
study single-dimensional MDPs. For the SPP-E problem, extensions to multi-
dimensional MDPs have been considered in [14].

Back	  to	  the	  example

3x

then



Glimpse	  on	  results

Worst-‐Case ExpectaFon Beyond	  
Worst-‐case

MP	  1	  dim NP∩coNP PTime-‐c NP∩coNP

MP	  n	  dim NP-‐c PTime-‐c NP-‐c

Shortest	  Path	   PTime-‐c PTime-‐c in	  ExpTime	  
PP-‐h



Take	  home	  message
Non-‐zero	  sum	  games	  are	  useful	  for	  reac2ve	  synthesis	  !	  

• Secure	  equilibria/Doomsday	  equilibria	   
(refinements	  of	  Nash	  equilibria)	  

• Admissible	  strategies	  

• Regret	  minimiza2on	    
(a.o.	  extensions	  of	  good-‐for-‐games	  automata)	  

• Play	  good	  both	  for	  worst-‐case	  and	  expectaFon
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