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Roadmap

• Automatic Verification of Linearizability

Goal

• Specifying data structures
• Specifying Linearisation Points
• Unbounded Data Domains
• Unbounded Parallelism
• Unbounded Heaps

Challenges
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Data Abstraction

Thread Abstraction

Heap Abstraction



Experiments



add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

Observers

violation 
of set behaviour 

due to “3”



Observers
add(0,true)

add(0,true)

ctn(0,false)

rmv(0,false)
rmv(0,true)

add(0,false)

rmv(0,true)

ctn(0,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

add(x,true)

add(x,true)

ctn(x,false)

rmv(x,false)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

SET observer



31 5 1�1

head tail

7
7

7 7
7

1

lock

mark

val

7
4

Lazy Set

7 74

74



locate(e):

local p, c

1

while (true)

2

p := head;

3

c := p.next;

4

while (c.val < e)

5

p := c;

6

c := c.next

7

lock(p); lock(c);

8

if (!p.mark && !c.mark && p.next=c)

9

return(p,c);

10

else

11

unlock(p);

12

unlock(c);

31 5

head tail

7
7

7 7
7

p

1

lock

mark

val

7
4

Lazy Set

7 7

locate(4)

4

1�1

74



locate(e):

local p, c

1

while (true)

2

p := head;

3

c := p.next;

4

while (c.val < e)

5

p := c;

6

c := c.next

7

lock(p); lock(c);

8

if (!p.mark && !c.mark && p.next=c)

9

return(p,c);

10

else

11

unlock(p);

12

unlock(c);

31 5

head tail

7
7

7 7
7

p

1

lock

mark

val

7
4

Lazy Set

7 7

locate(4)

4

1�1

c

74



locate(e):

local p, c

1

while (true)

2

p := head;

3

c := p.next;

4

while (c.val < e)

5

p := c;

6

c := c.next

7

lock(p); lock(c);

8

if (!p.mark && !c.mark && p.next=c)

9

return(p,c);

10

else

11

unlock(p);

12

unlock(c);

31 5

head tail

7
7

7 7
7

p

1

lock

mark

val

7
4

Lazy Set

7 7

locate(4)

4

1�1

c

74



31 5

head tail

7
7

7 7
7

p c

1

lock

mark

val

7
4

Lazy Set

7 7

locate(4)

4 44

locate(e):

local p, c

1

while (true)

2

p := head;

3

c := p.next;

4

while (c.val < e)

5

p := c;

6

c := c.next

7

lock(p); lock(c);

8

if (!p.mark && !c.mark && p.next=c)

9

return(p,c);

10

else

11

unlock(p);

12

unlock(c);

1�1

74



31 5

head tail

7
7

7 7
7

p c

1

lock

mark

val

7
4

Lazy Set

locate(4)

4 4

7
4

locate(e):

local p, c

1

while (true)

2

p := head;

3

c := p.next;

4

while (c.val < e)

5

p := c;

6

c := c.next

7

lock(p); lock(c);

8

if (!p.mark && !c.mark && p.next=c)

9

return(p,c);

10

else

11

unlock(p);

12

unlock(c);

1�1

4



•
;[pc = 3] [rmv(e,true)]

•
;[(pc = 2),(c.val <> e)] [rmv(e,false)]

Lazy Set

rmv(e):
local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val = e)

3

c.mark := true

4

n := c.next;

5

p.next := n;

6

r := true;

7

else r := false;

8

unlock(p);

9

unlock(c);

10

return r;

controller

guard
command

observer 
interaction

execution by 
local thread

triggering 
statement
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Lazy Set

tail

•
;[pc = 4] [add(e,true)|!add(e)]

•
;[(pc = 2),(c.val = e)] [add(e,false)]

add(e):

local p, c, n, r
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(p,c) := locate(e);

2

if (c.val <> e)

3

n := new Node(0,e,c,false);

4

p.next := n;

5
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else r := false;

7
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8

unlock(c);

9

return r;

observer 
interaction

broadcast: helping
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Lazy Set

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

external 
triggering

receive broadcast

be helped

state
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•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,false)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7 7 7
7

c

7 7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

1�1

Lazy Set



ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7 7 7
7

c

7 7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

1�1



ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7 7 7
7

c

7 7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

1�1



ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7 7 7
7

c

7 7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

How about?

1�1



add(3,true)

add(3,true)

ctn(3,false)

rmv(3,true)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7 7 7
77 7

7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

1�1



add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7 7 7
77 7

7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

1�1



add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7 7 7
77 7

7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

1�1



add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7 7 7
77 7

7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c rmv(e):
local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val = e)

3

c.mark := true

4

n := c.next;

5

p.next := n;

6

r := true;

7

else r := false;

8

unlock(p);

9

unlock(c);

10

return r;

rmv(3)

•
;[pc = 3] [rmv(e,true)]

•
;[(pc = 2),(c.val <> e)] [rmv(e,false)]

p c

44

1�1



add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7

7 7 7
77

7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c rmv(e):
local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val = e)

3

c.mark := true

4

n := c.next;

5

p.next := n;

6

r := true;

7

else r := false;

8

unlock(p);

9

unlock(c);

10

return r;

rmv(3)

•
;[pc = 3] [rmv(e,true)]

•
;[(pc = 2),(c.val <> e)] [rmv(e,false)]

p c

44

1�1



add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7

7 7 7
77

7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c rmv(e):
local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val = e)

3

c.mark := true

4

n := c.next;

5

p.next := n;

6

r := true;

7

else r := false;

8

unlock(p);

9

unlock(c);

10

return r;

rmv(3)

•
;[pc = 3] [rmv(e,true)]

•
;[(pc = 2),(c.val <> e)] [rmv(e,false)]

p c

4

4

4

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7

7 7
77

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c rmv(e):
local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val = e)

3

c.mark := true

4

n := c.next;

5

p.next := n;

6

r := true;

7

else r := false;

8

unlock(p);

9

unlock(c);

10

return r;

rmv(3)

•
;[pc = 3] [rmv(e,true)]

•
;[(pc = 2),(c.val <> e)] [rmv(e,false)]

p c n

4

47
4

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)

1

lock

mark

val

7
4

31 5

head tail

7
7

7 7
77

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c rmv(e):
local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val = e)

3

c.mark := true

4

n := c.next;

5

p.next := n;

6

r := true;

7

else r := false;

8

unlock(p);

9

unlock(c);

10

return r;

rmv(3)

•
;[pc = 3] [rmv(e,true)]

•
;[(pc = 2),(c.val <> e)] [rmv(e,false)]

p c n

4

4

Lazy Set

7
47 7

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7
77

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

add(e):

local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val <> e)

3

n := new Node(0,e,c,false);

4

p.next := n;

5

r := true;

6

else r := false;

7

unlock(p);

8

unlock(c);

9

return r;

•
;[pc = 4] [add(e,true)|!add(e)]

•
;[(pc = 2),(c.val = e)] [add(e,false)]

add(3)
p c

77 4

74 4

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7

7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

add(e):

local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val <> e)

3

n := new Node(0,e,c,false);

4

p.next := n;

5

r := true;

6

else r := false;

7

unlock(p);

8

unlock(c);

9

return r;

•
;[pc = 4] [add(e,true)|!add(e)]

•
;[(pc = 2),(c.val = e)] [add(e,false)]

add(3)
p c

77 4

74 4

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7

7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

add(e):

local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val <> e)

3

n := new Node(0,e,c,false);

4

p.next := n;

5

r := true;

6

else r := false;

7

unlock(p);

8

unlock(c);

9

return r;

•
;[pc = 4] [add(e,true)|!add(e)]

•
;[(pc = 2),(c.val = e)] [add(e,false)]

add(3)
p c

7
7

3

n

4 77 4

74 4

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7

7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

add(e):

local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val <> e)

3

n := new Node(0,e,c,false);

4

p.next := n;

5

r := true;

6

else r := false;

7

unlock(p);

8

unlock(c);

9

return r;

•
;[pc = 4] [add(e,true)|!add(e)]

•
;[(pc = 2),(c.val = e)] [add(e,false)]

add(3)
p c

7
7

3

n

77 4

74 4

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7

7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

7
7

3

n

77 4

74 4

1�1



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7 7

7
77

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

add(e):

local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val <> e)

3

n := new Node(0,e,c,false);

4

p.next := n;

5

r := true;

6

else r := false;

7

unlock(p);

8

unlock(c);

9

return r;

•
;[pc = 4] [add(e,true)|!add(e)]

•
;[(pc = 2),(c.val = e)] [add(e,false)]

add(3)

77 4

p c

4 4

1�1

7



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)

rmv(x,true)

ctn(x,true)

s0 s1

s2

add(3,true)

add(3,true)

ctn(3,false)

rmv(3,false)
rmv(3,true)

add(3,false)

rmv(3,true)

ctn(3,true)

s0 s1

s2

ctn(e):
local c

1 c := Head;

2 while (c.val < e)

3 c := c.next

4 b := c.mark

5 if (!b && c.val = e)

6 return true;

7 else return false;

ctn(3)Lazy Set

1

lock

mark

val

7
4

31 5

head tail

7
7

7
7

;q1 [pc = 4] [ctn(e,false)|add(e)?] q2
•
;q1 [!(!b && c.val = e)] [ctn(e,false)] q1

•
;[!b && c.val = e] [ctn(e,true)]

c

add(e):

local p, c, n, r

1

(p,c) := locate(e);

2

if (c.val <> e)

3

n := new Node(0,e,c,false);

4

p.next := n;

5

r := true;

6

else r := false;

7

unlock(p);

8

unlock(c);

9

return r;

•
;[pc = 4] [add(e,true)|!add(e)]

•
;[(pc = 2),(c.val = e)] [add(e,false)]

add(3)

77 4

p c

4 4

1�1

7



add(x,true)

add(x,true)

ctn(x,false)

rmv(x,true)
rmv(x,true)

add(x,false)
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