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O (environment, context), P (program)
program is interepreted compositionally as a strategy for P
full abstraction

plays are words with extra structure
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Order Type Automata / Status
1 Int — -+ — Int DFA / decidable (ICALP’00)
2 (Int — Int) — Int DFA / decidable (ICALP’00)
3 ((Int — Int) — Int) — Int VPA / decidable (FoSSaCS’05)
4 |(((Int — Int) — Int) — Int) — Int undecidable (LICS’03)

ICALP’00: Ghica, McCusker

LICS’03: M.
FoSSaCS’05: M., Walukiewicz



RML (CBV)

Order Type Automata / Status
1 Int — -+ — Int NDCMA / decidable (FoSSaCS’15)
2 (Int — --- — Int) — Int VPA / decidable (ICALP’11)
2 Int - (Int — --- — Int) — Int EBVASS / open (ESOP’17)
2 Int — Int — (Int — Int) — Int Undecidable (ESOP’17)
% (Int — Int) — Int — Int Undecidable (FoSSaCS’15)
3 ((Int — Int) — Int) — Int Undecidable (FoSSaCS’15)

ICALP’11: Hopkins, M., Ong
FoSSaCS’15: Cotton-Barratt, Hopkins, M., Ong
ESOP’17: Cotton-Barratt, M., Ong



HIS TALK

* revisit the results in view of new advances in game
semantics (operational game semantics), which present
game models as special LTSs

e attempt to extract the automata directly from the LTS

e unify the results for CBN and CBV

e this talk: DVPA and DFA

e claimed advantages: accessibility, generality, model-
checking friendly
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CBN AND CBV IN CBPV

For an CBN environment I' = {1 : 7, - -z : 7 }, let TBN = {zy : Uz, BN ...z, : Uz, BN}

The sequent I' = M : 7 is translated into I'“BN |-¢ /BN . 7CBN,

For a CBV environment I' = {x; : 01 --- 7} : 0%}, let TBY = {z; : 01BV ... 2, : 01, BV ).

The sequent I' = M : o is translated into T¢BY ¢ MCBY . poCBY,




CONTEXTUAL EQUIVALENC

A terminal is a (closed) computation of the form return V
or Ax?.M. Termination means that a term reduces to a
terminal: we write (M, h) {4 if there exist N, h’ such that
(M,h) —=* (N,h’) and N is a terminal.

Definition 1. Given computations I' ¢ My, My : 7, we
define T F¢ M; <¢BPV AL, to hold, when for all contexts

~ter

¢ C : 7 = Fo, we have (C[Mi],0) |, implies

CIMs), D) | ter. We write ~CBPV £ the equivalence induced
CBPV rer
by < :

~ter
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OPERATIONAL GAME
SEMANTICS (LTS)

<M7 C7 /y) gb? h7 H> _l_> <N7 C7 77 ¢7 hl? H>
when (M, h) — (N, 1)
(return V,c,y, ¢, h, H) 22, (v, 6 W (A), h, H, H(c) W v(A))

when ¢ : o, (A,7') € AVal, (V)

(K(orce £)V),c.7,0,h, H)TEED, 10 0 g1 B 1 (f) wu(A)
when f : Ur, (Z,fy’) C AVal(?), o = RType(7), ¢ : 0 and ¢’ = V(Z) W {c'}

(v, 6, h, H, Fn) DED,  (Klreturn 4], ¢, v(A), b, H - [v(A) — Fa])
whenc:0, A: o
ool A Lo ((force V)AL oy el i EIE [ AT

when f € Fn, f:Ur, T ASeq(7), 0 = RType(7), c: 0, v(f) =V and ¢' = I/(Z) W {c}

Given N C Names, [N — V] stands for the map [n+— V|n € N].






TOWARDS A VPA
(FINITE ALPHABET)

Definition 29. A (I',Fo)-name scheme is a tuple
(TB, CB, p, ¢, Suct, Succ) such that p is a I'-assignment,
co : 0, and TB C TNames and CB C CNames are the
smallest sets such that v(p) C TB, ¢y € CB and the conditions
listed below are satisfied. We set TBy, = TB N TNamesy/,
and CB, £ CB N CNames,.

e Sucr is the least partial function from (TB x N)w CB to
TBU(TB x TB) such that: if ¢ € CBy, then Suct(c) €
TBUI; if ¢ € CBgrer then SUCT(C) € TBypmt X
IR G r e e SRR O e el
ISR thenisuc ()t e By - SomaEs i sanl
SUCT<f, Z) € TByrpmt X TBU(Int—)EUnit) for o; = Ref.

e Succ : TB — CB is a function such that if f € TBy,
then SUCC(f) = CBRType(z)-

e v(Sucx(d)) Nv(Sucx(d')) = 0 for d # d' and X €
{T,C} (which implies injectivity) and (img(Suct) U
img(Suca)) N (v(p) U {co}) = 0.

Elements of TB and CB will be referred to as base thunk
names and base continuation names respectively.



SPECIAL FRAGMEN

Definition 25. A CBPV computation I' ¢ M : Fo? is in
the P-thunk-restricted (PTR) fragment when all types in I'
can be generated by o2 in the grammar below.

o2 = i B g vood Rl RO
e — o ot = T = g e =T
o e e i= st | g = 1"
g | 0

Remark 27. An alternative way to characterise the the PTR-
fragment 1s by polarising the occurrences of U, which corre-
spond to question actions. If one writes U™t for occurrences
of U that produce O-questions, and U~ for those producing
P-questions, the PTR-fragment 1s then obtained by forbidding
nested occurrences of U™, while allowing nested occurrences
of U~. The following types are problematic.

e UtFU™ Flnt
e« UH(U~(U*FInt — FUnit) — FUnit)
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TOWARDS A VPA
(INDEXING RECYCLING)

Lemma 41. Let ¢ : o¢° be a continuation name (one
which corresponds to returning a value of a basic type).
Then, for any O/P-visible, and O/P-bracketed trace s =
t f(z,c) t' ¢(A") t”, no names introduced in f(z, c) t' ap-
pear in Viso(s) (if s ends in a P-action) or Visp(s) (if s ends
in an O-action).

Lemmad2. Lets =t f(Z, el g(?, d) and s" = s t" d(A)
be PTR (No,()-traces, where g is a level-2 name whose
originator is intrgc)luced in A. Let X be the names introduced
in f(z, c)t' g(A’,d). Then if s" is a proper prefix of s’ at
least as long as s, Viso(s")NX = 0 (if 8" ends in a P-action)
and Visp(s")N X =0 (if s” ends in an O-action).

Also: recycling for loops (both names and locations)
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<M7 C7 fY? ¢7 h7 H> _l% <N7 C7 77 ¢7 hl? H>
when (M, h) — (N, 1)
(return V,c,y, ¢, h, H) 22, (v, 6 W (A), h, H, H(c) W v(A))

when ¢ : o, (A,7') € AVal, (V)

(K(orce £)V),c.7,0,h, H)TEED, 10 0 g1 B 1 (f) wu(A)
when f : Ur, (Z,fy’) C AVal(V), o = RType(7), ¢ : 0 and ¢’ = V(Z) W {c'}

(v, 6, h, H, Fn) CDCED,  (Kreturn A], ¢, 8 v(A), b, H - [V(A) = Fn])
when c: 0, A: o
i 0 16, ((force VAL ¢/ & g el Ao

when f € Fn, f:Ur, i ASeq(7), 0 = RType(7), c: 0, v(f) =V and ¢' = V(Z) W {c}

Given N C Names, [N — V] stands for the map [n+— V|n € N].



T

(PT) <M,Cj,’7,h,H,ih,77,/L,l> e <Nacj7/7<77’7h/7H<77’77;2777/7,u<?7’7l>
when (Ma h7 iha 77) i (N7 h’/7 Z;Lv 77/)
(PA) | (weturn VB, 7, b, Hy iy ) 22
when ¢g : o, (A,7',n) = IVal? (co, V,m)
(PA) | {return V,c*,v, h, H,in,n, i, 1) —-
when ¢ # ¢g and (4},,71") = p(c*)
(PQ) | (K|(force f))V], ¢4, v, h, H,in,n, 1,1 v - by H, H(FD) @ (&), in, 1 s, )
when f is not a level 2 name, (Z,y’,n’) e IVal® (f, 7,77), and Succ(f) =c
1 ] . f(v,c)/(co,(K,C,j),P) 1 .
(PQ) <K[(fOI'C€ f )7]70/‘77’77 h7H7 Zh7777:u7l> ] ” </y<n’7h<i;laH<n’7H(f )77’%777,7:u<?7’7l>
when f is a level 2 name, and (i3,,n") = p(f*), Succ(f) = ¢, and P = (in, 0, V>, hsi s Hyry pi>ny)
C CO C/j 3
(OA) | {y.h, H, Fr i, m, 1.1} A D, (Kretwm A], ¢,y h, H - [v(A) = Fal,in, 1/, 1,0
when ¢ : o, (A’,n') € IVals5 (¢,n) and if ] = 1 then A = A’ '’ =1 else A € Select(A’), and I’ = IsMark(A)
C CO Clj f
(OA) | {(v,h,H, Fn,ip,n, w1 G i D S (K[return A],c7,v -~ h, H' i} ,n',u', 1)
when c: o, P = (i, 7",y , W, H", "), (A',7) € IVals?(c,n”) and if /] =1then A=A"I' =1
else A € Select(A’),and "’ =IsMark(A); and H' = H-H" - [v(A) — Fn], and p/ = p-p” - [v(A) — (in,n)]
A)c . .
(OQ) <77 h7 Ha Fn,ihﬂ?i)ba l> M (force VX? 037’77 h7H i [U(Z)7 Gl Fn]7ih777/7 ,u/7 l>
when f' € Fn, (A',n") € IValSeq” (f,n), Succ(f) = ¢, n(c) = 4, =n"[c j+ 1],7(f') =V, and
if l=1then A= A",I"=1¢else A € Select(A’), and I’ = IsMark(A); and ' = p - [V(X), ¢ (in,n)]

(v-v', h,H,H(co) Wv(A),in, 7, 1, 1)

<7<77/7 h’<i%7 H<77/, H<Ci)7 Z,}La 77,7 H<n’, l>

> F(B(A),0)/(,(K, 7))

In the P(Q) rules, the name f can be either marked or unmarked. In the second PA (PQ), V (7) does not contain thunks,
so is an abstract value. The second OA rule is sound as +', h', H"” " are disjoint from ~y, h, H, u. Select(A) is the set of
marked indexed abstract values obtained by marking at most one name in A. IsMark(A) = 1 if a name in A is marked, 0
otherwise.



MAIN RESULTS (CBPV)

Lemma 48. For PTR-computation I' ¢ M : Fo and (T, 0)-
name scheme A, one can effectively construct a deterministic
VPA accepting TrI%TR(CIXER’A). If M is in canonical form,
the construction can be carried out in exponential time.




OWARDS A DFA

One can show that it is the use of level-2 names that forces
us to make use of an unbounded stack. The computations that
omit level-2 names are of the form I' F¢ M : Fo', where
each type in I" is a o2 type according to the grammar given
below.

G — ok | U g — o RREE RS
- 2 Jig e e = Y g T
G it | (Unit



CONCLUSION




