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• Result: contains(5)=false 
➡ linearizable (i.e. correct); proof obligation: 
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Approach: Program Logic

• Owicki-Gries 

➡ Thread modularity 

➡ Implicit interference handling 

• Separation logic 

➡ Parametric in the domain 

➡ Local reasoning 

➡ Arsenal of proof techniques 

compact proofs 

manual/mechanized/automated 
proof construction 

applicability 
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Goal 
Reason about heap graphs of concurrent data structures.  

Problem 
No inductive definition, no recursive predicates. 

Solution 
Fixed points, data-flow analysis on heap graphs. 
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Concurrent separation logics have helped to signi�cantly simplify correctness proofs for concurrent data
structures. However, a recurring problem in such proofs is that data structure abstractions that work well in
the sequential setting are much harder to reason about in a concurrent setting due to complex sharing and
overlays. To solve this problem, we propose a novel approach to abstracting regions in the heap by encoding
the data structure invariant into a local condition on each individual node. This condition may depend on a
quantity associated with the node that is computed as a �xpoint over the entire heap graph. We refer to this
quantity as a �ow. Flows can encode both structural properties of the heap (e.g. the reachable nodes from the
root form a tree) as well as data invariants (e.g. sortedness). We then introduce the notion of a �ow interface,
which expresses the relies and guarantees that a heap region imposes on its context to maintain the local
�ow invariant with respect to the global heap. Our main technical result is that this notion leads to a new
semantic model of separation logic. In this model, �ow interfaces provide a general abstraction mechanism for
describing complex data structures. This abstraction mechanism admits proof rules that generalize over a
wide variety of data structures. To demonstrate the versatility of our approach, we show how to extend the
logic RGSep with �ow interfaces. We have used this new logic to prove linearizability and memory safety of
nontrivial concurrent data structures. In particular, we obtain parametric linearizability proofs for concurrent
dictionary algorithms that abstract from the details of the underlying data structure representation. These
proofs cannot be easily expressed using the abstraction mechanisms provided by existing separation logics.

CCS Concepts: • Theory of computation → Logic and veri�cation; Separation logic; Concurrent
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1 INTRODUCTION
With the advent of concurrent separation logics (CSLs), we have witnessed substantial inroads
into solving the di�cult problem of concurrent data structure veri�cation [Bornat et al. 2005;
da Rocha Pinto et al. 2014, 2016; Dinsdale-Young et al. 2013, 2010; Dodds et al. 2016; Gu et al. 2015;
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Abstract. Separation logics are widely used for verifying programs that manipu-
late complex heap-based data structures. These logics build on so-called separation

algebras, which allow expressing properties of heap regions such that modifica-
tions to a region do not invalidate properties stated about the remainder of the heap.
This concept is key to enabling modular reasoning and also extends to concurrency.
While heaps are naturally related to mathematical graphs, many ubiquitous graph
properties are non-local in character, such as reachability between nodes, path
lengths, acyclicity and other structural invariants, as well as data invariants which
combine with these notions. Reasoning modularly about such graph properties
remains notoriously difficult, since a local modification can have side-effects on a
global property that cannot be easily confined to a small region.
In this paper, we address the question: What separation algebra can be used to
avoid proof arguments reverting back to tedious global reasoning in such cases?
To this end, we consider a general class of global graph properties expressed as
fixpoints of algebraic equations over graphs. We present mathematical foundations
for reasoning about this class of properties, imposing minimal requirements on the
underlying theory that allow us to define a suitable separation algebra. Building
on this theory, we develop a general proof technique for modular reasoning about
global graph properties expressed over program heaps, in a way which can be
directly integrated with existing separation logics. To demonstrate our approach,
we present local proofs for two challenging examples: a priority inheritance
protocol and the non-blocking concurrent Harris list.

1 Introduction

Separation logic (SL) [31,37] provides the basis of many successful verification tools that
can verify programs manipulating complex data structures [1, 4, 17, 29]. This success is
due to the logic’s support for reasoning modularly about modifications to heap-based data.
For simple inductive data structures such as lists and trees, much of this reasoning can
be automated [2, 11, 20, 33]. However, these techniques often fail when data structures
are less regular (e.g. multiple overlaid data structures) or provide multiple traversal
patterns (e.g. threaded trees). Such idioms are prevalent in real-world implementations
such as the fine-grained concurrent data structures found in operating systems and
databases. Solutions to these problems have been proposed [14] but remain difficult to
automate. For proofs of general graph algorithms, the situation is even more dire. Despite
substantial improvements in the verification methodology for such algorithms [35, 38],
significant parts of the proof argument still typically need to be carried out using non-
local reasoning [7, 8, 13, 25]. This paper presents a general technique for local reasoning
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Concurrent separation logics have helped to signi�cantly simplify correctness proofs for concurrent data
structures. However, a recurring problem in such proofs is that data structure abstractions that work well in
the sequential setting are much harder to reason about in a concurrent setting due to complex sharing and
overlays. To solve this problem, we propose a novel approach to abstracting regions in the heap by encoding
the data structure invariant into a local condition on each individual node. This condition may depend on a
quantity associated with the node that is computed as a �xpoint over the entire heap graph. We refer to this
quantity as a �ow. Flows can encode both structural properties of the heap (e.g. the reachable nodes from the
root form a tree) as well as data invariants (e.g. sortedness). We then introduce the notion of a �ow interface,
which expresses the relies and guarantees that a heap region imposes on its context to maintain the local
�ow invariant with respect to the global heap. Our main technical result is that this notion leads to a new
semantic model of separation logic. In this model, �ow interfaces provide a general abstraction mechanism for
describing complex data structures. This abstraction mechanism admits proof rules that generalize over a
wide variety of data structures. To demonstrate the versatility of our approach, we show how to extend the
logic RGSep with �ow interfaces. We have used this new logic to prove linearizability and memory safety of
nontrivial concurrent data structures. In particular, we obtain parametric linearizability proofs for concurrent
dictionary algorithms that abstract from the details of the underlying data structure representation. These
proofs cannot be easily expressed using the abstraction mechanisms provided by existing separation logics.
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1 INTRODUCTION
With the advent of concurrent separation logics (CSLs), we have witnessed substantial inroads
into solving the di�cult problem of concurrent data structure veri�cation [Bornat et al. 2005;
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Abstract. Separation logics are widely used for verifying programs that manipu-
late complex heap-based data structures. These logics build on so-called separation

algebras, which allow expressing properties of heap regions such that modifica-
tions to a region do not invalidate properties stated about the remainder of the heap.
This concept is key to enabling modular reasoning and also extends to concurrency.
While heaps are naturally related to mathematical graphs, many ubiquitous graph
properties are non-local in character, such as reachability between nodes, path
lengths, acyclicity and other structural invariants, as well as data invariants which
combine with these notions. Reasoning modularly about such graph properties
remains notoriously difficult, since a local modification can have side-effects on a
global property that cannot be easily confined to a small region.
In this paper, we address the question: What separation algebra can be used to
avoid proof arguments reverting back to tedious global reasoning in such cases?
To this end, we consider a general class of global graph properties expressed as
fixpoints of algebraic equations over graphs. We present mathematical foundations
for reasoning about this class of properties, imposing minimal requirements on the
underlying theory that allow us to define a suitable separation algebra. Building
on this theory, we develop a general proof technique for modular reasoning about
global graph properties expressed over program heaps, in a way which can be
directly integrated with existing separation logics. To demonstrate our approach,
we present local proofs for two challenging examples: a priority inheritance
protocol and the non-blocking concurrent Harris list.

1 Introduction

Separation logic (SL) [31,37] provides the basis of many successful verification tools that
can verify programs manipulating complex data structures [1, 4, 17, 29]. This success is
due to the logic’s support for reasoning modularly about modifications to heap-based data.
For simple inductive data structures such as lists and trees, much of this reasoning can
be automated [2, 11, 20, 33]. However, these techniques often fail when data structures
are less regular (e.g. multiple overlaid data structures) or provide multiple traversal
patterns (e.g. threaded trees). Such idioms are prevalent in real-world implementations
such as the fine-grained concurrent data structures found in operating systems and
databases. Solutions to these problems have been proposed [14] but remain difficult to
automate. For proofs of general graph algorithms, the situation is even more dire. Despite
substantial improvements in the verification methodology for such algorithms [35, 38],
significant parts of the proof argument still typically need to be carried out using non-
local reasoning [7, 8, 13, 25]. This paper presents a general technique for local reasoning
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quantity associated with the node that is computed as a �xpoint over the entire heap graph. We refer to this
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root form a tree) as well as data invariants (e.g. sortedness). We then introduce the notion of a �ow interface,
which expresses the relies and guarantees that a heap region imposes on its context to maintain the local
�ow invariant with respect to the global heap. Our main technical result is that this notion leads to a new
semantic model of separation logic. In this model, �ow interfaces provide a general abstraction mechanism for
describing complex data structures. This abstraction mechanism admits proof rules that generalize over a
wide variety of data structures. To demonstrate the versatility of our approach, we show how to extend the
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In this paper, we address the question: What separation algebra can be used to
avoid proof arguments reverting back to tedious global reasoning in such cases?
To this end, we consider a general class of global graph properties expressed as
fixpoints of algebraic equations over graphs. We present mathematical foundations
for reasoning about this class of properties, imposing minimal requirements on the
underlying theory that allow us to define a suitable separation algebra. Building
on this theory, we develop a general proof technique for modular reasoning about
global graph properties expressed over program heaps, in a way which can be
directly integrated with existing separation logics. To demonstrate our approach,
we present local proofs for two challenging examples: a priority inheritance
protocol and the non-blocking concurrent Harris list.

1 Introduction

Separation logic (SL) [31,37] provides the basis of many successful verification tools that
can verify programs manipulating complex data structures [1, 4, 17, 29]. This success is
due to the logic’s support for reasoning modularly about modifications to heap-based data.
For simple inductive data structures such as lists and trees, much of this reasoning can
be automated [2, 11, 20, 33]. However, these techniques often fail when data structures
are less regular (e.g. multiple overlaid data structures) or provide multiple traversal
patterns (e.g. threaded trees). Such idioms are prevalent in real-world implementations
such as the fine-grained concurrent data structures found in operating systems and
databases. Solutions to these problems have been proposed [14] but remain difficult to
automate. For proofs of general graph algorithms, the situation is even more dire. Despite
substantial improvements in the verification methodology for such algorithms [35, 38],
significant parts of the proof argument still typically need to be carried out using non-
local reasoning [7, 8, 13, 25]. This paper presents a general technique for local reasoning
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Abstract We present a new flow framework for separation logic reasoning about
programs that manipulate general graphs. The framework overcomes problems in
earlier developments: it is based on standard fixed point theory, guarantees least
flows, rules out vanishing flows, and has an easy to understand notion of footprint
as needed for soundness of the frame rule. In addition, we present algorithms for
automating the frame rule, which we evaluate on graph updates extracted from
linearizability proofs for concurrent data structures. The evaluation demonstrates
that our algorithms help to automate key aspects of these proofs that have previ-
ously relied on user guidance or heuristics.
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1 Introduction

The flow framework [23, 24] is an abstraction mechanism based on separation logic [5,
32, 40] that enables reasoning about global inductive invariants of general graphs in
a local manner. The framework has proved useful to verify intricate algorithms that
are difficult to handle by other techniques, such as the Priority Inheritance Protocol,
object-oriented design patterns, and complex concurrent data structures [22,24,27,34].
However, these efforts have also exposed some rough corners in the underlying meta
theory that either limit expressivity or automation. In this paper, we propose a new meta
theory for the flow framework that aims to strike a balance between these conflicting
requirements. In addition, we present algorithms that aid proof automation.
Background. The central notion of the flow framework is that of a flow. Given a
commutative monoid (M,+, 0) (e.g. natural numbers with addition), and a graph with
nodes X and an edge function E : X ⇥X ! M ! M, a flow is a function fl : X ! M
that satisfies the flow equation:

8x 2 X . fl(x ) = inx +
P

y2X E(y,x)(fl(y)) .

That is, fl is a fixed point of the function that assigns every node x an initial value
inx 2 M, its inflow, and then propagates these values through the graph according
to the edge function. This is akin to a forward data flow analysis where the monoid
operation + is used as the join. By choosing an appropriate flow monoid, inflow, and
edge function, one can express inductive properties of graphs (reachability, sortedness,
etc.) in terms of conditions that refer only to each node’s flow value fl(x).

A graph endowed with an inflow and associated flow is a flow graph. An example
flow graph h is shown on the right-hand side of Fig. 1a. Here, the flow value fl(w) for
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semantic model of separation logic. In this model, �ow interfaces provide a general abstraction mechanism for
describing complex data structures. This abstraction mechanism admits proof rules that generalize over a
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algebras, which allow expressing properties of heap regions such that modifica-
tions to a region do not invalidate properties stated about the remainder of the heap.
This concept is key to enabling modular reasoning and also extends to concurrency.
While heaps are naturally related to mathematical graphs, many ubiquitous graph
properties are non-local in character, such as reachability between nodes, path
lengths, acyclicity and other structural invariants, as well as data invariants which
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avoid proof arguments reverting back to tedious global reasoning in such cases?
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fixpoints of algebraic equations over graphs. We present mathematical foundations
for reasoning about this class of properties, imposing minimal requirements on the
underlying theory that allow us to define a suitable separation algebra. Building
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global graph properties expressed over program heaps, in a way which can be
directly integrated with existing separation logics. To demonstrate our approach,
we present local proofs for two challenging examples: a priority inheritance
protocol and the non-blocking concurrent Harris list.

1 Introduction

Separation logic (SL) [31,37] provides the basis of many successful verification tools that
can verify programs manipulating complex data structures [1, 4, 17, 29]. This success is
due to the logic’s support for reasoning modularly about modifications to heap-based data.
For simple inductive data structures such as lists and trees, much of this reasoning can
be automated [2, 11, 20, 33]. However, these techniques often fail when data structures
are less regular (e.g. multiple overlaid data structures) or provide multiple traversal
patterns (e.g. threaded trees). Such idioms are prevalent in real-world implementations
such as the fine-grained concurrent data structures found in operating systems and
databases. Solutions to these problems have been proposed [14] but remain difficult to
automate. For proofs of general graph algorithms, the situation is even more dire. Despite
substantial improvements in the verification methodology for such algorithms [35, 38],
significant parts of the proof argument still typically need to be carried out using non-
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However, these efforts have also exposed some rough corners in the underlying meta
theory that either limit expressivity or automation. In this paper, we propose a new meta
theory for the flow framework that aims to strike a balance between these conflicting
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That is, fl is a fixed point of the function that assigns every node x an initial value
inx 2 M, its inflow, and then propagates these values through the graph according
to the edge function. This is akin to a forward data flow analysis where the monoid
operation + is used as the join. By choosing an appropriate flow monoid, inflow, and
edge function, one can express inductive properties of graphs (reachability, sortedness,
etc.) in terms of conditions that refer only to each node’s flow value fl(x).

A graph endowed with an inflow and associated flow is a flow graph. An example
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>
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<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

flow graphs   =   heap graphs + data flow values (ghost)



• Flow values from 
		  

• Flow propagation via 
		  

• The flow:

Flow Framework

5

3 11

9 13

77

x

r

y z

u v

search path monoid 
<latexit sha1_base64="4cgWdMWP9L0pghSVmoM2d3icsmc="></latexit>

(2Z[{�1,1},[,?)

<latexit sha1_base64="tE74U/KVX3OWAO4R5/tc+o1e+yk="></latexit>

�<k := �m.m \ (�1, k)
�>k := �m.m \ (k,1)

<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
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>
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<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11 = "search paths that  lies on" 
 = "searches that continue from " 

 = "responsibility of "

<latexit sha1_base64="Iqjdsq+4GTtTtncZeh7HDn8BXKA=">AAACQnicbVBLSwMxGMz6rOtr1aOXYCnUS9kVX8eCoN6sYB/QLiWbZtvQbHZJstqyFPxlnvwHnrx7EhTEqwfTbQvadiAwzEz4vm+8iFGpbPvVWFhcWl5ZzayZ6xubW9vWzm5FhrHApIxDFoqahyRhlJOyooqRWiQICjxGql73YuhX74mQNOR3qh8RN0BtTn2KkdJS06rlemYjQKoj/eSShQ+DfO/QzE2Um1j5M+IkBhuSqIDyWMI5+aaVtQt2CjhLnDHJgjFKTeul0QpxHBCuMENS1h07Um6ChKKYkYHZiCWJEO6iNqlrylFApJv00goGMKelFvRDoR9XMFX/fklQIGU/8HQy3XXaG4rzvLq+6NxNKI9iRTgeDfJjBlUIh33CFhUEK9bXBGFB9bIQd5BAWOnWTd2CM33zLKkcFZzTwsntcbZ49TjqIwP2wQHIAwecgSK4BiVQBhg8gTfwAT6NZ+Pd+DK+R9EFY9zhHvgH4+cXXpOx0Q==</latexit>

Flow(x) <latexit sha1_base64="iFAp9UKR5D19O9c5NCOtpL9vAXM=">AAACQnicbVBLSwMxGMzWV11fqx69BEuhXsqu+DoWBNGTFewD2lKyabYNzWaXJKstS/+aJ/+BJ++eBAXx6sF0u6K2HQgMM/OR7xs3ZFQq2342MguLS8sr2VVzbX1jc8va3qnKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze2fj/3aHRGSBvxWDUPS8lGXU49ipLTUtuoDM9/0kepJL75gwf2oMDj4Va4j5c2IPzHYlET5lEcSzsm3rZxdtBPAWeKkJAdSlNvWU7MT4MgnXGGGpGw4dqhaMRKKYkZGZjOSJES4j7qkoSlHPpGteJBUMIJ5LXWgFwj9uIKJ+nckRr6UQ9/VyWTXaW8szvMa+qKzVkx5GCnC8eQjL2JQBXDcJ+xQQbBiQ00QFlQvC3EPCYSVbt3ULTjTN8+S6mHROSke3xzlSldpH1mwB/ZBATjgFJTAJSiDCsDgAbyAN/BuPBqvxofxOYlmjHRmF/yD8fUNOWWxUw==</latexit>x
<latexit sha1_base64="WMgLXDODYVZ+HNLSCrzHIm5j+Mo=">AAACQnicbVBLSwMxGMz6rOtr1aOXYCnUS9kVX8eCoN6sYB/QLiWbZtvQbHZJstqyFPxlnvwHnrx7EhTEqwfTbQvadiAwzEz4vm+8iFGpbPvVWFhcWl5ZzayZ6xubW9vWzm5FhrHApIxDFoqahyRhlJOyooqRWiQICjxGql73YuhX74mQNOR3qh8RN0BtTn2KkdJS06rlemauESDVkX5yycKHQb53aE6Em1j5E20mBRuSqIDyWMI5+aaVtQt2CjhLnDHJgjFKTeul0QpxHBCuMENS1h07Um6ChKKYkYHZiCWJEO6iNqlrylFApJv00goGMKelFvRDoR9XMFX/fklQIGU/8HQy3XXaG4rzvLq+6NxNKI9iRTgeDfJjBlUIh33CFhUEK9bXBGFB9bIQd5BAWOnWTd2CM33zLKkcFZzTwsntcbZ49TjqIwP2wQHIAwecgSK4BiVQBhg8gTfwAT6NZ+Pd+DK+R9EFY9zhHvgH4+cXWsax0Q==</latexit>

Outflow(x) <latexit sha1_base64="iFAp9UKR5D19O9c5NCOtpL9vAXM=">AAACQnicbVBLSwMxGMzWV11fqx69BEuhXsqu+DoWBNGTFewD2lKyabYNzWaXJKstS/+aJ/+BJ++eBAXx6sF0u6K2HQgMM/OR7xs3ZFQq2342MguLS8sr2VVzbX1jc8va3qnKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze2fj/3aHRGSBvxWDUPS8lGXU49ipLTUtuoDM9/0kepJL75gwf2oMDj4Va4j5c2IPzHYlET5lEcSzsm3rZxdtBPAWeKkJAdSlNvWU7MT4MgnXGGGpGw4dqhaMRKKYkZGZjOSJES4j7qkoSlHPpGteJBUMIJ5LXWgFwj9uIKJ+nckRr6UQ9/VyWTXaW8szvMa+qKzVkx5GCnC8eQjL2JQBXDcJ+xQQbBiQ00QFlQvC3EPCYSVbt3ULTjTN8+S6mHROSke3xzlSldpH1mwB/ZBATjgFJTAJSiDCsDgAbyAN/BuPBqvxofxOYlmjHRmF/yD8fUNOWWxUw==</latexit>x
<latexit sha1_base64="uggstby6u3Ei+IZ87M9imQ4o+pQ=">AAACQnicbVBLSwMxGMz6rOtr1aOXYCnUS9kVX8eCoN6sYB/QXUo2zbah2eySZLVlKfjLPPkPPHn3JCiIVw+mD1HbDgSGmQnf940fMyqVbT8bc/MLi0vLmRVzdW19Y9Pa2q7IKBGYlHHEIlHzkSSMclJWVDFSiwVBoc9I1e+cDfzqLRGSRvxG9WLihajFaUAxUlpqWLVc18y5IVJtGaTnLLrr57v7v8pVooIfcTIFXUlUSHki4Yx4w8raBXsIOE2cMcmCMUoN68ltRjgJCVeYISnrjh0rL0VCUcxI33QTSWKEO6hF6ppyFBLppd1hBX2Y01ITBpHQjys4VP9+SVEoZS/0dXK466Q3EGd5dX3RqZdSHieKcDwaFCQMqggO+oRNKghWrKcJwoLqZSFuI4Gw0q2bugVn8uZpUjkoOMeFo+vDbPHiftRHBuyCPZAHDjgBRXAJSqAMMHgAL+ANvBuPxqvxYXyOonPGuMMd8A/G1zdWELHR</latexit>

Flow(x) \ Outflow(x) <latexit sha1_base64="iFAp9UKR5D19O9c5NCOtpL9vAXM=">AAACQnicbVBLSwMxGMzWV11fqx69BEuhXsqu+DoWBNGTFewD2lKyabYNzWaXJKstS/+aJ/+BJ++eBAXx6sF0u6K2HQgMM/OR7xs3ZFQq2342MguLS8sr2VVzbX1jc8va3qnKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze2fj/3aHRGSBvxWDUPS8lGXU49ipLTUtuoDM9/0kepJL75gwf2oMDj4Va4j5c2IPzHYlET5lEcSzsm3rZxdtBPAWeKkJAdSlNvWU7MT4MgnXGGGpGw4dqhaMRKKYkZGZjOSJES4j7qkoSlHPpGteJBUMIJ5LXWgFwj9uIKJ+nckRr6UQ9/VyWTXaW8szvMa+qKzVkx5GCnC8eQjL2JQBXDcJ+xQQbBiQ00QFlQvC3EPCYSVbt3ULTjTN8+S6mHROSke3xzlSldpH1mwB/ZBATjgFJTAJSiDCsDgAbyAN/BuPBqvxofxOYlmjHRmF/yD8fUNOWWxUw==</latexit>x

flow graphs   =   heap graphs + data flow values (ghost)



• Flow values from 
		  

• Flow propagation via 
		  

• The flow:
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search path monoid 
<latexit sha1_base64="4cgWdMWP9L0pghSVmoM2d3icsmc="></latexit>

(2Z[{�1,1},[,?)

<latexit sha1_base64="tE74U/KVX3OWAO4R5/tc+o1e+yk="></latexit>

�<k := �m.m \ (�1, k)
�>k := �m.m \ (k,1)

<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

Sufficient for  
functional correctness.

 = "search paths that  lies on" 
 = "searches that continue from " 

 = "responsibility of "

<latexit sha1_base64="Iqjdsq+4GTtTtncZeh7HDn8BXKA=">AAACQnicbVBLSwMxGMz6rOtr1aOXYCnUS9kVX8eCoN6sYB/QLiWbZtvQbHZJstqyFPxlnvwHnrx7EhTEqwfTbQvadiAwzEz4vm+8iFGpbPvVWFhcWl5ZzayZ6xubW9vWzm5FhrHApIxDFoqahyRhlJOyooqRWiQICjxGql73YuhX74mQNOR3qh8RN0BtTn2KkdJS06rlemYjQKoj/eSShQ+DfO/QzE2Um1j5M+IkBhuSqIDyWMI5+aaVtQt2CjhLnDHJgjFKTeul0QpxHBCuMENS1h07Um6ChKKYkYHZiCWJEO6iNqlrylFApJv00goGMKelFvRDoR9XMFX/fklQIGU/8HQy3XXaG4rzvLq+6NxNKI9iRTgeDfJjBlUIh33CFhUEK9bXBGFB9bIQd5BAWOnWTd2CM33zLKkcFZzTwsntcbZ49TjqIwP2wQHIAwecgSK4BiVQBhg8gTfwAT6NZ+Pd+DK+R9EFY9zhHvgH4+cXXpOx0Q==</latexit>

Flow(x) <latexit sha1_base64="iFAp9UKR5D19O9c5NCOtpL9vAXM=">AAACQnicbVBLSwMxGMzWV11fqx69BEuhXsqu+DoWBNGTFewD2lKyabYNzWaXJKstS/+aJ/+BJ++eBAXx6sF0u6K2HQgMM/OR7xs3ZFQq2342MguLS8sr2VVzbX1jc8va3qnKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze2fj/3aHRGSBvxWDUPS8lGXU49ipLTUtuoDM9/0kepJL75gwf2oMDj4Va4j5c2IPzHYlET5lEcSzsm3rZxdtBPAWeKkJAdSlNvWU7MT4MgnXGGGpGw4dqhaMRKKYkZGZjOSJES4j7qkoSlHPpGteJBUMIJ5LXWgFwj9uIKJ+nckRr6UQ9/VyWTXaW8szvMa+qKzVkx5GCnC8eQjL2JQBXDcJ+xQQbBiQ00QFlQvC3EPCYSVbt3ULTjTN8+S6mHROSke3xzlSldpH1mwB/ZBATjgFJTAJSiDCsDgAbyAN/BuPBqvxofxOYlmjHRmF/yD8fUNOWWxUw==</latexit>x
<latexit sha1_base64="WMgLXDODYVZ+HNLSCrzHIm5j+Mo=">AAACQnicbVBLSwMxGMz6rOtr1aOXYCnUS9kVX8eCoN6sYB/QLiWbZtvQbHZJstqyFPxlnvwHnrx7EhTEqwfTbQvadiAwzEz4vm+8iFGpbPvVWFhcWl5ZzayZ6xubW9vWzm5FhrHApIxDFoqahyRhlJOyooqRWiQICjxGql73YuhX74mQNOR3qh8RN0BtTn2KkdJS06rlemauESDVkX5yycKHQb53aE6Em1j5E20mBRuSqIDyWMI5+aaVtQt2CjhLnDHJgjFKTeul0QpxHBCuMENS1h07Um6ChKKYkYHZiCWJEO6iNqlrylFApJv00goGMKelFvRDoR9XMFX/fklQIGU/8HQy3XXaG4rzvLq+6NxNKI9iRTgeDfJjBlUIh33CFhUEK9bXBGFB9bIQd5BAWOnWTd2CM33zLKkcFZzTwsntcbZ49TjqIwP2wQHIAwecgSK4BiVQBhg8gTfwAT6NZ+Pd+DK+R9EFY9zhHvgH4+cXWsax0Q==</latexit>

Outflow(x) <latexit sha1_base64="iFAp9UKR5D19O9c5NCOtpL9vAXM=">AAACQnicbVBLSwMxGMzWV11fqx69BEuhXsqu+DoWBNGTFewD2lKyabYNzWaXJKstS/+aJ/+BJ++eBAXx6sF0u6K2HQgMM/OR7xs3ZFQq2342MguLS8sr2VVzbX1jc8va3qnKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze2fj/3aHRGSBvxWDUPS8lGXU49ipLTUtuoDM9/0kepJL75gwf2oMDj4Va4j5c2IPzHYlET5lEcSzsm3rZxdtBPAWeKkJAdSlNvWU7MT4MgnXGGGpGw4dqhaMRKKYkZGZjOSJES4j7qkoSlHPpGteJBUMIJ5LXWgFwj9uIKJ+nckRr6UQ9/VyWTXaW8szvMa+qKzVkx5GCnC8eQjL2JQBXDcJ+xQQbBiQ00QFlQvC3EPCYSVbt3ULTjTN8+S6mHROSke3xzlSldpH1mwB/ZBATjgFJTAJSiDCsDgAbyAN/BuPBqvxofxOYlmjHRmF/yD8fUNOWWxUw==</latexit>x
<latexit sha1_base64="uggstby6u3Ei+IZ87M9imQ4o+pQ=">AAACQnicbVBLSwMxGMz6rOtr1aOXYCnUS9kVX8eCoN6sYB/QXUo2zbah2eySZLVlKfjLPPkPPHn3JCiIVw+mD1HbDgSGmQnf940fMyqVbT8bc/MLi0vLmRVzdW19Y9Pa2q7IKBGYlHHEIlHzkSSMclJWVDFSiwVBoc9I1e+cDfzqLRGSRvxG9WLihajFaUAxUlpqWLVc18y5IVJtGaTnLLrr57v7v8pVooIfcTIFXUlUSHki4Yx4w8raBXsIOE2cMcmCMUoN68ltRjgJCVeYISnrjh0rL0VCUcxI33QTSWKEO6hF6ppyFBLppd1hBX2Y01ITBpHQjys4VP9+SVEoZS/0dXK466Q3EGd5dX3RqZdSHieKcDwaFCQMqggO+oRNKghWrKcJwoLqZSFuI4Gw0q2bugVn8uZpUjkoOMeFo+vDbPHiftRHBuyCPZAHDjgBRXAJSqAMMHgAL+ANvBuPxqvxYXyOonPGuMMd8A/G1zdWELHR</latexit>

Flow(x) \ Outflow(x) <latexit sha1_base64="iFAp9UKR5D19O9c5NCOtpL9vAXM=">AAACQnicbVBLSwMxGMzWV11fqx69BEuhXsqu+DoWBNGTFewD2lKyabYNzWaXJKstS/+aJ/+BJ++eBAXx6sF0u6K2HQgMM/OR7xs3ZFQq2342MguLS8sr2VVzbX1jc8va3qnKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze2fj/3aHRGSBvxWDUPS8lGXU49ipLTUtuoDM9/0kepJL75gwf2oMDj4Va4j5c2IPzHYlET5lEcSzsm3rZxdtBPAWeKkJAdSlNvWU7MT4MgnXGGGpGw4dqhaMRKKYkZGZjOSJES4j7qkoSlHPpGteJBUMIJ5LXWgFwj9uIKJ+nckRr6UQ9/VyWTXaW8szvMa+qKzVkx5GCnC8eQjL2JQBXDcJ+xQQbBiQ00QFlQvC3EPCYSVbt3ULTjTN8+S6mHROSke3xzlSldpH1mwB/ZBATjgFJTAJSiDCsDgAbyAN/BuPBqvxofxOYlmjHRmF/yD8fUNOWWxUw==</latexit>x

flow graphs   =   heap graphs + data flow values (ghost)



Separation



Separation

• Flow graphs form a separation algebra:
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• Flow graphs form a separation algebra:

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp



Separation

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp



Separation

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).
➡ composition: defined if inflow & outflow match + no vanishing flow.

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp
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<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).
➡ composition: defined if inflow & outflow match + no vanishing flow.

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp
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<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

<latexit sha1_base64="t4YboWZwqzsPCJMHyKZp45+yu7o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVX8eAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bxXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ86LiXVeu6pflKs/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8ffvyM3w==</latexit>⇤<latexit sha1_base64="lNiRInKfn9Gy+II/xKjiZ8vfvlk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRECXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1W5rF+UqzyPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AJvIjPI=</latexit>=

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).
➡ composition: defined if inflow & outflow match + no vanishing flow.

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp
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<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

<latexit sha1_base64="t4YboWZwqzsPCJMHyKZp45+yu7o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVX8eAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bxXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ86LiXVeu6pflKs/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8ffvyM3w==</latexit>⇤<latexit sha1_base64="lNiRInKfn9Gy+II/xKjiZ8vfvlk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRECXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1W5rF+UqzyPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AJvIjPI=</latexit>=
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<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <
11

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).
➡ composition: defined if inflow & outflow match + no vanishing flow.

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp
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<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

<latexit sha1_base64="t4YboWZwqzsPCJMHyKZp45+yu7o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVX8eAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bxXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ86LiXVeu6pflKs/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8ffvyM3w==</latexit>⇤<latexit sha1_base64="lNiRInKfn9Gy+II/xKjiZ8vfvlk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRECXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1W5rF+UqzyPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AJvIjPI=</latexit>=
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<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <
11

<latexit sha1_base64="0u63NZSWjtyGsOcJ1W32ma1QfQI="></latexit>

(�1, 77)r

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).
➡ composition: defined if inflow & outflow match + no vanishing flow.

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp



<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11

<latexit sha1_base64="SgZ7IfK1P6xZw165YCWSJ1rRbak=">AAACH3icbVDLSgMxFM3UVx1foy7dDBahQimTah/LogtdVrEPaIeSSTNtaOZBkhHKMH/ixl9x40IRcde/MZ0W1NYLCYdz7rk3OU7IqJCWNdUya+sbm1vZbX1nd2//wDg8aokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M76e6e1HwgUN/Ac5CYntoaFPXYqRVFTfqPQGxFXedFKs7iS+v7lK4lq5AEuVAryoJXrvR9TzEBaq1fO+kbOKVlrmKoALkAOLavSNr94gwJFHfIkZEqILrVDaMeKSYkbUjkiQEOExGpKugj7yiLDjdHFinilmYLoBV8eXZsr+dsTIE2LiOarTQ3IklrUZ+Z/WjaRbs2Pqh5EkPp4vciNmysCchWUOKCdYsokCCHOq3mriEeIISxWprkKAy19eBa1SEVaK5bvLXL2+iCMLTsApyAMIqqAObkEDNAEGT+AFvIF37Vl71T60z3lrRlt4jsGf0qbfnBygwg==</latexit>

(11, 77)v

Separation
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<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

<latexit sha1_base64="t4YboWZwqzsPCJMHyKZp45+yu7o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVX8eAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bxXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ86LiXVeu6pflKs/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8ffvyM3w==</latexit>⇤<latexit sha1_base64="lNiRInKfn9Gy+II/xKjiZ8vfvlk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRECXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1W5rF+UqzyPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AJvIjPI=</latexit>=
5

3 11
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u

<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <
11

<latexit sha1_base64="0u63NZSWjtyGsOcJ1W32ma1QfQI="></latexit>

(�1, 77)r

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).
➡ composition: defined if inflow & outflow match + no vanishing flow.

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp



<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11

<latexit sha1_base64="SgZ7IfK1P6xZw165YCWSJ1rRbak=">AAACH3icbVDLSgMxFM3UVx1foy7dDBahQimTah/LogtdVrEPaIeSSTNtaOZBkhHKMH/ixl9x40IRcde/MZ0W1NYLCYdz7rk3OU7IqJCWNdUya+sbm1vZbX1nd2//wDg8aokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M76e6e1HwgUN/Ac5CYntoaFPXYqRVFTfqPQGxFXedFKs7iS+v7lK4lq5AEuVAryoJXrvR9TzEBaq1fO+kbOKVlrmKoALkAOLavSNr94gwJFHfIkZEqILrVDaMeKSYkbUjkiQEOExGpKugj7yiLDjdHFinilmYLoBV8eXZsr+dsTIE2LiOarTQ3IklrUZ+Z/WjaRbs2Pqh5EkPp4vciNmysCchWUOKCdYsokCCHOq3mriEeIISxWprkKAy19eBa1SEVaK5bvLXL2+iCMLTsApyAMIqqAObkEDNAEGT+AFvIF37Vl71T60z3lrRlt4jsGf0qbfnBygwg==</latexit>

(11, 77)v

Separation
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<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

<latexit sha1_base64="t4YboWZwqzsPCJMHyKZp45+yu7o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVX8eAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bxXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ86LiXVeu6pflKs/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8ffvyM3w==</latexit>⇤<latexit sha1_base64="lNiRInKfn9Gy+II/xKjiZ8vfvlk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRECXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1W5rF+UqzyPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AJvIjPI=</latexit>=
5

3 11
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u

<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <
11

<latexit sha1_base64="0u63NZSWjtyGsOcJ1W32ma1QfQI="></latexit>

(�1, 77)r

13

77
r

v

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit> �
<
7
7

<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="SgZ7IfK1P6xZw165YCWSJ1rRbak=">AAACH3icbVDLSgMxFM3UVx1foy7dDBahQimTah/LogtdVrEPaIeSSTNtaOZBkhHKMH/ixl9x40IRcde/MZ0W1NYLCYdz7rk3OU7IqJCWNdUya+sbm1vZbX1nd2//wDg8aokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M76e6e1HwgUN/Ac5CYntoaFPXYqRVFTfqPQGxFXedFKs7iS+v7lK4lq5AEuVAryoJXrvR9TzEBaq1fO+kbOKVlrmKoALkAOLavSNr94gwJFHfIkZEqILrVDaMeKSYkbUjkiQEOExGpKugj7yiLDjdHFinilmYLoBV8eXZsr+dsTIE2LiOarTQ3IklrUZ+Z/WjaRbs2Pqh5EkPp4vciNmysCchWUOKCdYsokCCHOq3mriEeIISxWprkKAy19eBa1SEVaK5bvLXL2+iCMLTsApyAMIqqAObkEDNAEGT+AFvIF37Vl71T60z3lrRlt4jsGf0qbfnBygwg==</latexit>

(11, 77)

<latexit sha1_base64="0u63NZSWjtyGsOcJ1W32ma1QfQI="></latexit>

(�1, 77)x

z

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).
➡ composition: defined if inflow & outflow match + no vanishing flow.

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp



<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11

<latexit sha1_base64="SgZ7IfK1P6xZw165YCWSJ1rRbak=">AAACH3icbVDLSgMxFM3UVx1foy7dDBahQimTah/LogtdVrEPaIeSSTNtaOZBkhHKMH/ixl9x40IRcde/MZ0W1NYLCYdz7rk3OU7IqJCWNdUya+sbm1vZbX1nd2//wDg8aokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M76e6e1HwgUN/Ac5CYntoaFPXYqRVFTfqPQGxFXedFKs7iS+v7lK4lq5AEuVAryoJXrvR9TzEBaq1fO+kbOKVlrmKoALkAOLavSNr94gwJFHfIkZEqILrVDaMeKSYkbUjkiQEOExGpKugj7yiLDjdHFinilmYLoBV8eXZsr+dsTIE2LiOarTQ3IklrUZ+Z/WjaRbs2Pqh5EkPp4vciNmysCchWUOKCdYsokCCHOq3mriEeIISxWprkKAy19eBa1SEVaK5bvLXL2+iCMLTsApyAMIqqAObkEDNAEGT+AFvIF37Vl71T60z3lrRlt4jsGf0qbfnBygwg==</latexit>

(11, 77)v

Separation

5

3 11

9 13

77

x

r

y z

u v

<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit>

�<
77

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="QdVlfgi1Sj6eZ+Bl8585m15HKTk="></latexit>�
>
11<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <

11

<latexit sha1_base64="t4YboWZwqzsPCJMHyKZp45+yu7o=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVX8eAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS/bxXKrsVdwayTLyclCFHrVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42O3RCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQlv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynaELzFl5dJ86LiXVeu6pflKs/jKMAxnMAZeHADVbiHGjSAAcIzvMKb8+i8OO/Ox7x1xclnjuAPnM8ffvyM3w==</latexit>⇤<latexit sha1_base64="lNiRInKfn9Gy+II/xKjiZ8vfvlk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdRECXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9dteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1W5rF+UqzyPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/AJvIjPI=</latexit>=
5

3 11

9

x

y z

u

<latexit sha1_base64="WLHi2ZTsUqC4e61nVlous68vsQ8="></latexit>

(�1, 77)

<latexit sha1_base64="CUp8VwnUzXjtPrmkm8Vyc6jJ8EE="></latexit>

(�1, 5)
<latexit sha1_base64="QFs+6X/nnEFN4gUmdCxXjIxdxvw=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6CEC8P4UjJr6xubW9ltdWd3b/9AOzzqcD9kCLeRT33WsyHHlHi4LYiguBcwDF2b4q49vZzr3XvMOPG9OzELsOXCsUccgqCQ1FArD0bYkd5kUiTvOLq9asaRWakX6qVCuRargx9NzVcK1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckXIcQDRFI5xX0IPuphbUbI31s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz6PSR4RhJOhMAogYkW/V0QQyiIQMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwGqsKBX</latexit>

(5, 77)

<latexit sha1_base64="t++Y4PddAtUflxkZykJ5P48HJ/M="></latexit> � <
5

<latexit sha1_base64="Te/wjNumiRSXpZhW7F4NiP1fpdQ="></latexit>�
>
5

<latexit sha1_base64="l1PMSASfs7GVcLKYsMXghSHBrdc=">AAACHXicbVDLSsNAFJ3UV42vqEs3wSJUKCUprba7Uhe6rGJroQ1lMpm0QycPZiZCCfkRN/6KGxeKuHAj/o3TNKC2XpjhcM49984cO6SEC8P4UnIrq2vrG/lNdWt7Z3dP2z/o8iBiCHdQQAPWsyHHlPi4I4iguBcyDD2b4jt7cjHT7+4x4yTwb8U0xJYHRz5xCYJCUkOtOnCwK73ppFjeSXxz2Upis9YoNSqlaj1RBz+aWqyVTPN0qBWMspGWvgzMDBRAVu2h9jFwAhR52BeIQs77phEKK4ZMEESxXBFxHEI0gSPcl9CHHuZWnO5N9BPJOLobMHl8oafsb0cMPc6nni07PSjGfFGbkf9p/Ui4dSsmfhgJ7KP5Ijeiugj0WVS6QxhGgk4lgIgR+VYdjSGDSMhAVRmCufjlZdCtlM2zcu26Wmi2sjjy4AgcgyIwwTlogivQBh2AwAN4Ai/gVXlUnpU35X3emlMyzyH4U8rnN5huoEs=</latexit>

(5, 11)
<latexit sha1_base64="p9u0owlVu1TdfSMgL/VdM38FqsM="></latexit> � <
11

<latexit sha1_base64="0u63NZSWjtyGsOcJ1W32ma1QfQI="></latexit>

(�1, 77)r

13

77
r

v

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="HIQljxQuFj3o+HKfKSnEmHIa/HU="></latexit>

(�1,1)

<latexit sha1_base64="0F0G27lRWysO8imXXkmVCWSnDfo="></latexit> �
<
7
7

<latexit sha1_base64="T+DkqpYv7H3z7gUAJkUcRQMKpeQ=">AAACHnicbVDLSsNAFJ3UV42vqEs3wSJUKCUprW13pS50WcU+oA1lMp20QycPZiZCCfkSN/6KGxeKCK70b5ymAbX1wgyHc+65d+bYASVcGMaXkllb39jcym6rO7t7+wfa4VGH+yFDuI186rOeDTmmxMNtQQTFvYBh6NoUd+3p5Vzv3mPGie/diVmALReOPeIQBIWkhlplMMKO9CaTInnH0e1VM47MSr1QLxXKtVgd/Ghq3jQL1er5UMsZRSMpfRWYKciBtFpD7WMw8lHoYk8gCjnvm0YgrAgyQRDFckfIcQDRFI5xX0IPuphbUbI41s8kM9Idn8njCT1hfzsi6HI+c23Z6UIx4cvanPxP64fCqVkR8YJQYA8tFjkh1YWvz7PSR4RhJOhMAogYkW/V0QQyiIRMVJUhmMtfXgWdUtG8KFZuyrlGM40jC07AKcgDE1RBA1yDFmgDBB7AE3gBr8qj8qy8Ke+L1oySeo7Bn1I+vwEl46CO</latexit>

(11, 77)

<latexit sha1_base64="SgZ7IfK1P6xZw165YCWSJ1rRbak=">AAACH3icbVDLSgMxFM3UVx1foy7dDBahQimTah/LogtdVrEPaIeSSTNtaOZBkhHKMH/ixl9x40IRcde/MZ0W1NYLCYdz7rk3OU7IqJCWNdUya+sbm1vZbX1nd2//wDg8aokg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M76e6e1HwgUN/Ac5CYntoaFPXYqRVFTfqPQGxFXedFKs7iS+v7lK4lq5AEuVAryoJXrvR9TzEBaq1fO+kbOKVlrmKoALkAOLavSNr94gwJFHfIkZEqILrVDaMeKSYkbUjkiQEOExGpKugj7yiLDjdHFinilmYLoBV8eXZsr+dsTIE2LiOarTQ3IklrUZ+Z/WjaRbs2Pqh5EkPp4vciNmysCchWUOKCdYsokCCHOq3mriEeIISxWprkKAy19eBa1SEVaK5bvLXL2+iCMLTsApyAMIqqAObkEDNAEGT+AFvIF37Vl71T60z3lrRlt4jsGf0qbfnBygwg==</latexit>

(11, 77)

<latexit sha1_base64="0u63NZSWjtyGsOcJ1W32ma1QfQI="></latexit>

(�1, 77)x

z

• Flow graphs form a separation algebra:
➡ framing: cut the graph, maintain inflow from each node outside (assoc. + cancel.).
➡ composition: defined if inflow & outflow match + no vanishing flow.

  with 
 associative, commutative, cancellative 

 set of units

(Σ, ⋆ , emp)
⋆ : Σ × Σ ↛ Σ

emp



Frame-Preserving Updates

• Footprint

• the region          affected by an update



Frame-Preserving Updates

• Footprint

• the region          affected by an update

• is frame-preserving if, for all : <latexit sha1_base64="vHU2gtyggHNwrz0hr35fuQWviZw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NAEL0lYB6QLGF20kmGzM4uM7NiWPIFngQF8eonefJvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLFS7bZbLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H76NLt0Qk6s1CP9SNmShszU3yMpDbUeh4HtDKkZ6kVvKv7ntRPTv/ZTLuPEoGTzRf1EEBOR6dukxxUyI8aWUKa4PZawIVWUGRtOwabgLf68TBpnZe+yfFE7L1XuszzycATHcAoeXEEF7qAKdWCA8Ayv8OaMnBfn3fmYt+acbOYQ/sD5/AFnFY1Z</latexit>

F
<latexit sha1_base64="PsrMu41+S25Wu1aAnY3vd1WOxf0="></latexit>8
>><

>>:

9
>>=

>>;
com

8
>><

>>:

9
>>=

>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="vKXtfJuIx+Gd1JlPA2mwdYVmk8w="></latexit>8
>><

>>:

9
>>=

>>;
com

8
>><

>>:

9
>>=

>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="2FeTUsdrOER2LluEpjAVLWZgtxc=">AAAB83icbZDLSgMxFIbP1Futt6pLN4NFcFVmxNuy4MZlFXuBdiiZNNOGZpIhOaOWoY/hSlAQt76D7+DKtzG9LLT1h8DH/5+Qkz9MBDfoed9Obml5ZXUtv17Y2Nza3inu7tWNSjVlNaqE0s2QGCa4ZDXkKFgz0YzEoWCNcHA1zhv3TBuu5B0OExbEpCd5xClBa7Xat7zXR6K1eugUS17Zm8hdBH8GJZip2il+tbuKpjGTSAUxpuV7CQYZ0cipYKNCOzUsIXRAeqxlUZKYmSB7nOw8co+s1XUjpe2R6E7c31cyEhszjEM7GRPsm/lsbP6XtVKMLoOMyyRFJun0oSgVLip3XIDb5ZpRFEMLhGpul3Vpn2hC0dZUsC34839ehPpJ2T8vn92clirh57SPPBzAIRyDDxdQgWuoQg0oKHiCF3h1UufZeXPep6M5Z9bhPvyR8/EDoo2S1Q==</latexit>)<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q
<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q



Frame-Preserving Updates

• Footprint

• the region          affected by an update

• is frame-preserving if, for all : <latexit sha1_base64="vHU2gtyggHNwrz0hr35fuQWviZw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NAEL0lYB6QLGF20kmGzM4uM7NiWPIFngQF8eonefJvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLFS7bZbLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H76NLt0Qk6s1CP9SNmShszU3yMpDbUeh4HtDKkZ6kVvKv7ntRPTv/ZTLuPEoGTzRf1EEBOR6dukxxUyI8aWUKa4PZawIVWUGRtOwabgLf68TBpnZe+yfFE7L1XuszzycATHcAoeXEEF7qAKdWCA8Ayv8OaMnBfn3fmYt+acbOYQ/sD5/AFnFY1Z</latexit>

F
<latexit sha1_base64="PsrMu41+S25Wu1aAnY3vd1WOxf0="></latexit>8
>><

>>:

9
>>=

>>;
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8
>><

>>:

9
>>=

>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="vKXtfJuIx+Gd1JlPA2mwdYVmk8w="></latexit>8
>><

>>:

9
>>=

>>;
com

8
>><

>>:

9
>>=

>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="2FeTUsdrOER2LluEpjAVLWZgtxc=">AAAB83icbZDLSgMxFIbP1Futt6pLN4NFcFVmxNuy4MZlFXuBdiiZNNOGZpIhOaOWoY/hSlAQt76D7+DKtzG9LLT1h8DH/5+Qkz9MBDfoed9Obml5ZXUtv17Y2Nza3inu7tWNSjVlNaqE0s2QGCa4ZDXkKFgz0YzEoWCNcHA1zhv3TBuu5B0OExbEpCd5xClBa7Xat7zXR6K1eugUS17Zm8hdBH8GJZip2il+tbuKpjGTSAUxpuV7CQYZ0cipYKNCOzUsIXRAeqxlUZKYmSB7nOw8co+s1XUjpe2R6E7c31cyEhszjEM7GRPsm/lsbP6XtVKMLoOMyyRFJun0oSgVLip3XIDb5ZpRFEMLhGpul3Vpn2hC0dZUsC34839ehPpJ2T8vn92clirh57SPPBzAIRyDDxdQgWuoQg0oKHiCF3h1UufZeXPep6M5Z9bhPvyR8/EDoo2S1Q==</latexit>)<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q
<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q

• Theorem:
Update                         frame-preserving

if           and           have the same inflow-outflow transformer (up to lfp).
<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q

<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q



Frame-Preserving Updates

• Footprint 

• the region          affected by an update 

• is frame-preserving if, for all : 

 

• Theorem: 
Update                         frame-preserving 

if           and           have the same inflow-outflow transformer (up to lfp).

<latexit sha1_base64="vHU2gtyggHNwrz0hr35fuQWviZw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NAEL0lYB6QLGF20kmGzM4uM7NiWPIFngQF8eonefJvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLFS7bZbLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H76NLt0Qk6s1CP9SNmShszU3yMpDbUeh4HtDKkZ6kVvKv7ntRPTv/ZTLuPEoGTzRf1EEBOR6dukxxUyI8aWUKa4PZawIVWUGRtOwabgLf68TBpnZe+yfFE7L1XuszzycATHcAoeXEEF7qAKdWCA8Ayv8OaMnBfn3fmYt+acbOYQ/sD5/AFnFY1Z</latexit>

F
<latexit sha1_base64="PsrMu41+S25Wu1aAnY3vd1WOxf0="></latexit>8
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>>:
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>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="vKXtfJuIx+Gd1JlPA2mwdYVmk8w="></latexit>8
>><

>>:

9
>>=

>>;
com
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>><

>>:
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>>=

>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="2FeTUsdrOER2LluEpjAVLWZgtxc=">AAAB83icbZDLSgMxFIbP1Futt6pLN4NFcFVmxNuy4MZlFXuBdiiZNNOGZpIhOaOWoY/hSlAQt76D7+DKtzG9LLT1h8DH/5+Qkz9MBDfoed9Obml5ZXUtv17Y2Nza3inu7tWNSjVlNaqE0s2QGCa4ZDXkKFgz0YzEoWCNcHA1zhv3TBuu5B0OExbEpCd5xClBa7Xat7zXR6K1eugUS17Zm8hdBH8GJZip2il+tbuKpjGTSAUxpuV7CQYZ0cipYKNCOzUsIXRAeqxlUZKYmSB7nOw8co+s1XUjpe2R6E7c31cyEhszjEM7GRPsm/lsbP6XtVKMLoOMyyRFJun0oSgVLip3XIDb5ZpRFEMLhGpul3Vpn2hC0dZUsC34839ehPpJ2T8vn92clirh57SPPBzAIRyDDxdQgWuoQg0oKHiCF3h1UufZeXPep6M5Z9bhPvyR8/EDoo2S1Q==</latexit>)<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q
<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q

Bekić’s lemma



Frame-Preserving Updates

• Footprint 

• the region          affected by an update 

• is frame-preserving if, for all : 

 

• Theorem: 
Update                         frame-preserving 

if           and           have the same inflow-outflow transformer (up to lfp).

<latexit sha1_base64="vHU2gtyggHNwrz0hr35fuQWviZw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NAEL0lYB6QLGF20kmGzM4uM7NiWPIFngQF8eonefJvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLFS7bZbLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H76NLt0Qk6s1CP9SNmShszU3yMpDbUeh4HtDKkZ6kVvKv7ntRPTv/ZTLuPEoGTzRf1EEBOR6dukxxUyI8aWUKa4PZawIVWUGRtOwabgLf68TBpnZe+yfFE7L1XuszzycATHcAoeXEEF7qAKdWCA8Ayv8OaMnBfn3fmYt+acbOYQ/sD5/AFnFY1Z</latexit>

F
<latexit sha1_base64="PsrMu41+S25Wu1aAnY3vd1WOxf0="></latexit>8
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<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="vKXtfJuIx+Gd1JlPA2mwdYVmk8w="></latexit>8
>><

>>:

9
>>=

>>;
com

8
>><

>>:

9
>>=

>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="2FeTUsdrOER2LluEpjAVLWZgtxc=">AAAB83icbZDLSgMxFIbP1Futt6pLN4NFcFVmxNuy4MZlFXuBdiiZNNOGZpIhOaOWoY/hSlAQt76D7+DKtzG9LLT1h8DH/5+Qkz9MBDfoed9Obml5ZXUtv17Y2Nza3inu7tWNSjVlNaqE0s2QGCa4ZDXkKFgz0YzEoWCNcHA1zhv3TBuu5B0OExbEpCd5xClBa7Xat7zXR6K1eugUS17Zm8hdBH8GJZip2il+tbuKpjGTSAUxpuV7CQYZ0cipYKNCOzUsIXRAeqxlUZKYmSB7nOw8co+s1XUjpe2R6E7c31cyEhszjEM7GRPsm/lsbP6XtVKMLoOMyyRFJun0oSgVLip3XIDb5ZpRFEMLhGpul3Vpn2hC0dZUsC34839ehPpJ2T8vn92clirh57SPPBzAIRyDDxdQgWuoQg0oKHiCF3h1UufZeXPep6M5Z9bhPvyR8/EDoo2S1Q==</latexit>)<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q
<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q

<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q

<latexit sha1_base64="qhc141S1Wlo/Q2Gszvop/isWLNw=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblar876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai6+Nqw==</latexit>

P
<latexit sha1_base64="RQ6zHd62t5MG/+fOFYF57ZEfj7E=">AAAB6XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48ZgBs0AyhJ5OTdKkp2fo7hHDkC/wJCiIVz/Jk39jZzlo4oOCx3tVVNULU8G1cd1vp7C2vrG5Vdwu7ezu7R+UD4+aOskUwwZLRKLaIdUouMSG4UZgO1VI41BgKxzdTf3WIyrNE/lgxikGMR1IHnFGjZV8v1euuFV3BrJKvAWpwAL1Xvmr209YFqM0TFCtO56bmiCnynAmcFLqZhpTykZ0gB1LJY1RB/nT7NIJObNSn0SJsiUNmam/R3Iaaz2OQ9sZUzPUy95U/M/rZCa6DXIu08ygZPNFUSaIScj0bdLnCpkRY0soU9weS9iQKsqMDadkU/CWf14lzYuqd1298i8rNb82z6MIJ3AK5+DBDdTgHurQAAYIz/AKb87IeXHenY95a8FZZHgMf+B8/gCNNI2s</latexit>

Q

Bekić’s lemma



Frame-Preserving Updates

• Footprint 

• the region          affected by an update 

• is frame-preserving if, for all : 

 

• Theorem: 
Update                         frame-preserving 

if           and           have the same inflow-outflow transformer (up to lfp).

<latexit sha1_base64="vHU2gtyggHNwrz0hr35fuQWviZw=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NAEL0lYB6QLGF20kmGzM4uM7NiWPIFngQF8eonefJvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqLSPJIPZhyjH9KB5H3OqLFS7bZbLLlldwayTLyMlCBDtVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H76NLt0Qk6s1CP9SNmShszU3yMpDbUeh4HtDKkZ6kVvKv7ntRPTv/ZTLuPEoGTzRf1EEBOR6dukxxUyI8aWUKa4PZawIVWUGRtOwabgLf68TBpnZe+yfFE7L1XuszzycATHcAoeXEEF7qAKdWCA8Ayv8OaMnBfn3fmYt+acbOYQ/sD5/AFnFY1Z</latexit>

F
<latexit sha1_base64="PsrMu41+S25Wu1aAnY3vd1WOxf0="></latexit>8
>><

>>:

9
>>=

>>;
com

8
>><

>>:

9
>>=

>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
<latexit sha1_base64="vKXtfJuIx+Gd1JlPA2mwdYVmk8w="></latexit>8
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>>=

>>;
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>>:
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>>;

<latexit sha1_base64="fsIcoqaKAr2hUMZUnGPGmMlm4hI=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoMgImFXfB0DgnhMwDwgWcLsZDYZMjO7zMyKYQn4BZ4EBfHqD3nyb5xNctDEgoaiqpvuriDmTBvX/XZyS8srq2v59cLG5tb2TnF3r6GjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLzJ/OYDVZpF8t6MYuoL3JcsZASbTDrpnN52iyW37E6AFok3IyWYodotfnV6EUkElYZwrHXbc2Pjp1gZRjgdFzqJpjEmQ9ynbUslFlT76ePk2DE6slIPhZGyJQ2aqL9HUiy0HonAdgpsBnrey8T/vHZiwms/ZTJODJVkuihMODIRyj5HPaYoMXxkCSaK2WMRGWCFibH5FGwK3vzPi6RxVvYuyxe181Kl9jTNIw8HcAjH4MEVVOAOqlAHAgN4hld4c6Tz4rw7H9PWnDPLcB/+wPn8AQ4sjrE=</latexit>⇤F
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Abstract We present a new flow framework for separation logic reasoning about
programs that manipulate general graphs. The framework overcomes problems in
earlier developments: it is based on standard fixed point theory, guarantees least
flows, rules out vanishing flows, and has an easy to understand notion of footprint
as needed for soundness of the frame rule. In addition, we present algorithms for
automating the frame rule, which we evaluate on graph updates extracted from
linearizability proofs for concurrent data structures. The evaluation demonstrates
that our algorithms help to automate key aspects of these proofs that have previ-
ously relied on user guidance or heuristics.
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1 Introduction

The flow framework [23, 24] is an abstraction mechanism based on separation logic [5,
32, 40] that enables reasoning about global inductive invariants of general graphs in
a local manner. The framework has proved useful to verify intricate algorithms that
are difficult to handle by other techniques, such as the Priority Inheritance Protocol,
object-oriented design patterns, and complex concurrent data structures [22,24,27,34].
However, these efforts have also exposed some rough corners in the underlying meta
theory that either limit expressivity or automation. In this paper, we propose a new meta
theory for the flow framework that aims to strike a balance between these conflicting
requirements. In addition, we present algorithms that aid proof automation.
Background. The central notion of the flow framework is that of a flow. Given a
commutative monoid (M,+, 0) (e.g. natural numbers with addition), and a graph with
nodes X and an edge function E : X ⇥X ! M ! M, a flow is a function fl : X ! M
that satisfies the flow equation:

8x 2 X . fl(x ) = inx +
P

y2X E(y,x)(fl(y)) .

That is, fl is a fixed point of the function that assigns every node x an initial value
inx 2 M, its inflow, and then propagates these values through the graph according
to the edge function. This is akin to a forward data flow analysis where the monoid
operation + is used as the join. By choosing an appropriate flow monoid, inflow, and
edge function, one can express inductive properties of graphs (reachability, sortedness,
etc.) in terms of conditions that refer only to each node’s flow value fl(x).

A graph endowed with an inflow and associated flow is a flow graph. An example
flow graph h is shown on the right-hand side of Fig. 1a. Here, the flow value fl(w) for

[TACAS'23]

Bekić’s lemma



Frame-Preserving Updates

• Footprint 

• the region          affected by an update 

• is frame-preserving if, for all : 

 

• Theorem: 
Update                         frame-preserving 

if           and           have the same inflow-outflow transformer (up to lfp).
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1 Introduction

The flow framework [23, 24] is an abstraction mechanism based on separation logic [5,
32, 40] that enables reasoning about global inductive invariants of general graphs in
a local manner. The framework has proved useful to verify intricate algorithms that
are difficult to handle by other techniques, such as the Priority Inheritance Protocol,
object-oriented design patterns, and complex concurrent data structures [22,24,27,34].
However, these efforts have also exposed some rough corners in the underlying meta
theory that either limit expressivity or automation. In this paper, we propose a new meta
theory for the flow framework that aims to strike a balance between these conflicting
requirements. In addition, we present algorithms that aid proof automation.
Background. The central notion of the flow framework is that of a flow. Given a
commutative monoid (M,+, 0) (e.g. natural numbers with addition), and a graph with
nodes X and an edge function E : X ⇥X ! M ! M, a flow is a function fl : X ! M
that satisfies the flow equation:

8x 2 X . fl(x ) = inx +
P

y2X E(y,x)(fl(y)) .

That is, fl is a fixed point of the function that assigns every node x an initial value
inx 2 M, its inflow, and then propagates these values through the graph according
to the edge function. This is akin to a forward data flow analysis where the monoid
operation + is used as the join. By choosing an appropriate flow monoid, inflow, and
edge function, one can express inductive properties of graphs (reachability, sortedness,
etc.) in terms of conditions that refer only to each node’s flow value fl(x).

A graph endowed with an inflow and associated flow is a flow graph. An example
flow graph h is shown on the right-hand side of Fig. 1a. Here, the flow value fl(w) for
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Hindsight 
Non-fixed linearization points without prophecies. 
[OOPSLA'22, PLDI'23]

Hindsight 
Non-fixed linearization points without prophecies. 
[OOPSLA'22, PLDI'23]

Flow Framework 
Reasoning about heap graphs without recursive predicates. 
[POPL'18, ESOP'20, TACAS'23]

Contributions

Decomposing Updates 
Unbounded footprints without induction. 
[OOPSLA'22, under submission]



Goal 
Show that a state (linearization point) has occurred. 

Problem 
The state may undergo interference. 
Its occurrence is not visible in the assertion. 

Solution 
Introduce past predicates to keep track of the occurrence.  
Past predicates are interference-free.
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State of the Art Solution

• Prophecy variables 
[Abadi and Lamport 1991; Vafeiadis 2008; Liang and Feng 2013; Jung et al. 2020] 

➡ case split along all possible computations 

➡ predict each computation eagerly upfront 

➡ fixes the linearization point
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A Concurrent Program Logic with a Future and History
ROLAND MEYER, TU Braunschweig, Germany
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Verifying �ne-grained optimistic concurrent programs remains an open problem. Modern program logics
provide abstraction mechanisms and compositional reasoning principles to deal with the inherent complexity.
However, their use is mostly con�ned to pencil-and-paper or mechanized proofs. We devise a new separation
logic geared towards the lacking automation. While local reasoning is known to be crucial for automation, we
are the �rst to show how to retain this locality for (i) reasoning about inductive properties without the need
for ghost code, and (ii) reasoning about computation histories in hindsight. We implemented our new logic
in a tool and used it to automatically verify challenging concurrent search structures that require inductive
properties and hindsight reasoning, such as the Harris set.

CCS Concepts: • Theory of computation ! Separation logic; Hoare logic; Automated reasoning;
Program veri�cation; Programming logic.
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1 INTRODUCTION
Concurrency comes at a cost, at least, in terms of increased e�ort when verifying program cor-
rectness. There has been a proliferation of concurrent program logics that provide an arsenal of
reasoning techniques to address this challenge [Bell et al. 2010; Delbianco et al. 2017; Elmas et al.
2010; Fu et al. 2010; Gotsman et al. 2013; Gu et al. 2018; Hemed et al. 2015; Jung et al. 2018; Liang
and Feng 2013; Manna and Pnueli 1995; Parkinson et al. 2007; Sergey et al. 2015; Vafeiadis and
Parkinson 2007]. In addition, a number of general approaches have been developed to help structure
the high-level proof argument [Feldman et al. 2018, 2020; Kragl et al. 2020; O’Hearn et al. 2010;
Shasha and Goodman 1988]. However, the use of these techniques has been mostly con�ned to
manual proofs done on paper, or mechanized proofs constructed in interactive proof assistants.
We distill from these works a concurrent separation logic suitable for automating the construction
of local correctness proofs for highly concurrent data structures. We focus on concurrent search
structures (sets and maps indexed by keys), but the developed techniques apply more broadly. Our
guiding principle is to perform all inductive reasoning, both in time and space, in lock-step with the
program execution. The reasoning about inductive properties of graph structures and computation
histories is relegated to the meta-theory of the logic by choosing appropriate semantic models.
Running Example.Wemotivate our work using the Harris non-blocking set data structure [Harris
2001], which we will also use as a running example throughout the paper.
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…



xmark = x#->mark;

if (!xmark){

Example: find(k)

not interference-free 
Now

...
x

m
<latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^ = mxmark ∃ m.

Past
...

x

m

Now
= mxmark 

<latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^∃ m.

…
Past predicates are interference-free



xmark = x#->mark;

if (!xmark){

Example: find(k)

not interference-free 
Now

...
x

m
<latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^ = mxmark ∃ m.

Past
...

x

m

Now
= mxmark 

<latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^∃ m.

…

Past
...

x

m

Now
= mxmark 

<latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^∃ m.
<latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^ m = ff 



xmark = x#->mark;

if (!xmark){

Example: find(k)

not interference-free 
Now

...
x

m
<latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^ = mxmark ∃ m.

Past
...

x

m

Now
= mxmark 

<latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^∃ m.

Past
...

x

ff

…



Goal 
Show that a state (linearization point) has occurred. 

Problem 
State-independent quantification not powerful enough. 

Solution 
Hindsight reasoning/temporal interpolation.

P
.. Q

R



Hindsight Reasoning [O’Hearn et al. 2010; Lev-Ari et al. 2015Feldman et al. 2018, 2020]

f(x)

xa bx

Nullstellensatz (Bolzano, 1817):
Let f be continuous on [a, b], f(a) < 0, and f(b) > 0.  
Then there is x in [a, b] with f(x) = 0



Hindsight Reasoning [O’Hearn et al. 2010; Lev-Ari et al. 2015Feldman et al. 2018, 2020]

f(x)

xa bx

Nullstellensatz (Bolzano, 1817):
Let f be continuous on [a, b], f(a) < 0, and f(b) > 0.  
Then there is x in [a, b] with f(x) = 0 

                                     — the linearization point. 



Hindsight Reasoning [O’Hearn et al. 2010; Lev-Ari et al. 2015Feldman et al. 2018, 2020]

➡ record how computation unfolds 

➡ derive what must have happened 

➡ reflects programming practice

f(x)

xa bx

Nullstellensatz (Bolzano, 1817):
Let f be continuous on [a, b], f(a) < 0, and f(b) > 0.  
Then there is x in [a, b] with f(x) = 0 

                                     — the linearization point. 



Hindsight Reasoning [O’Hearn et al. 2010; Lev-Ari et al. 2015Feldman et al. 2018, 2020]

➡ record how computation unfolds 

➡ derive what must have happened 

➡ reflects programming practice

lazy approach, 
easier to automate

f(x)

xa bx

Nullstellensatz (Bolzano, 1817):
Let f be continuous on [a, b], f(a) < 0, and f(b) > 0.  
Then there is x in [a, b] with f(x) = 0 

                                     — the linearization point. 



Hindsight Reasoning

• Record execution history  

not just current state

Past<latexit sha1_base64="CIEPZbw01HxMFKYhO0qJMNxne/U=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblaq876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai2KNqg==</latexit>

P
Now<latexit sha1_base64="5wZwTBu5mcfNHtGRE1vxXF2qkwk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMhs7PLzKwYlnyBJ0FBvPpJnvwbZ5McNLGgoajqprsrSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8l/vtR1Sax/LBTBL0IzqUPOSMGis1Gv1yxa26M5BV4i1IBRao98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s+eZpdOyZmVBiSMlS1pyEz9PZLRSOtJFNjOiJqRXvZy8T+vm5rw1s+4TFKDks0XhakgJib522TAFTIjJpZQprg9lrARVZQZG07JpuAt/7xKWhdV77p61bis1Oq1eR5FOIFTOAcPbqAG91CHJjBAeIZXeHPGzovz7nzMWwvOIsNj+APn8weM542r</latexit>

Q
P

....
Q

R



Hindsight Reasoning

• Record execution history  

not just current state

• Derive inevitable facts:

  if all paths from P to Q 
                       pass through R.

Now<latexit sha1_base64="5wZwTBu5mcfNHtGRE1vxXF2qkwk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMhs7PLzKwYlnyBJ0FBvPpJnvwbZ5McNLGgoajqprsrSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8l/vtR1Sax/LBTBL0IzqUPOSMGis1Gv1yxa26M5BV4i1IBRao98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s+eZpdOyZmVBiSMlS1pyEz9PZLRSOtJFNjOiJqRXvZy8T+vm5rw1s+4TFKDks0XhakgJib522TAFTIjJpZQprg9lrARVZQZG07JpuAt/7xKWhdV77p61bis1Oq1eR5FOIFTOAcPbqAG91CHJjBAeIZXeHPGzovz7nzMWwvOIsNj+APn8weM542r</latexit>

QPast<latexit sha1_base64="CIEPZbw01HxMFKYhO0qJMNxne/U=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblaq876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai2KNqg==</latexit>

P Past<latexit sha1_base64="lzC7p6a5NWvvohOng39w3WeC68A=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BLx4TMQ9IljA76U2GzM4uM7NiWPIFngQF8eonefJvnDwOmljQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LBjBP0IzqQPOSMGivV73vFklt2ZyCrxFuQEixQ6xW/uv2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ89zS6dkDMr9UkYK1vSkJn6eySjkdbjKLCdETVDvexNxf+8TmrCGz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtsYQNqaLM2HAKNgVv+edV0rwoe1flSv2yVK1V53nk4QRO4Rw8uIYq3EENGsAA4Rle4c0ZOS/Ou/Mxb805iwyP4Q+czx+ObI2s</latexit>

R##~~><latexit sha1_base64="aLl+BhJEui66nNrHaENY6k5pUPA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PBi94qmLbQhrLZbNqlm92wuxFL6G/wJCiIV3+QJ/+N2zYHbX0w8Hhvhpl5YcqZNq777ZRWVtfWN8qbla3tnd296v5BS8tMEeoTyaXqhFhTzgT1DTOcdlJFcRJy2g5HN1O//UiVZlI8mHFKgwQPBIsZwcZKfo9jEfWrNbfuzoCWiVeQGhRo9qtfvUiSLKHCEI617npuaoIcK8MIp5NKL9M0xWSEB7RrqcAJ1UH+NLt2gk6sFKFYKlvCoJn6eyTHidbjJLSdCTZDvehNxf+8bmbi6yBnIs0MFWS+KM44MhJNX0cRU5QYPrYEE8XssYgMscLE2IAqNgVv8edl0jqre5f1i/vzWuOuyKMMR3AMp+DBFTTgFprgAwEGz/AKb450Xpx352PeWnKKmUP4A+fzB5bPjzY=</latexit>^

Past<latexit sha1_base64="CIEPZbw01HxMFKYhO0qJMNxne/U=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblaq876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai2KNqg==</latexit>

P
Now<latexit sha1_base64="5wZwTBu5mcfNHtGRE1vxXF2qkwk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMhs7PLzKwYlnyBJ0FBvPpJnvwbZ5McNLGgoajqprsrSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8l/vtR1Sax/LBTBL0IzqUPOSMGis1Gv1yxa26M5BV4i1IBRao98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s+eZpdOyZmVBiSMlS1pyEz9PZLRSOtJFNjOiJqRXvZy8T+vm5rw1s+4TFKDks0XhakgJib522TAFTIjJpZQprg9lrARVZQZG07JpuAt/7xKWhdV77p61bis1Oq1eR5FOIFTOAcPbqAG91CHJjBAeIZXeHPGzovz7nzMWwvOIsNj+APn8weM542r</latexit>

Q
P

....
Q

R



Hindsight Reasoning

• Record execution history  

not just current state

• Derive inevitable facts:

  if all paths from P to Q 
                       pass through R.

Now<latexit sha1_base64="5wZwTBu5mcfNHtGRE1vxXF2qkwk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cEzAOSJcxOepMhs7PLzKwYlnyBJ0FBvPpJnvwbZ5McNLGgoajqprsrSATXxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8l/vtR1Sax/LBTBL0IzqUPOSMGis1Gv1yxa26M5BV4i1IBRao98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s+eZpdOyZmVBiSMlS1pyEz9PZLRSOtJFNjOiJqRXvZy8T+vm5rw1s+4TFKDks0XhakgJib522TAFTIjJpZQprg9lrARVZQZG07JpuAt/7xKWhdV77p61bis1Oq1eR5FOIFTOAcPbqAG91CHJjBAeIZXeHPGzovz7nzMWwvOIsNj+APn8weM542r</latexit>

QPast<latexit sha1_base64="CIEPZbw01HxMFKYhO0qJMNxne/U=">AAAB6XicbVDLSgMxFL3xWeur6tJNsAiuyoz4WhbcuGzBPqAdJJPeaUMzmSHJiGXoF7gSFMStn+TKvzF9LLT1QOBwzgn33hOmUhjred9kZXVtfWOzsFXc3tnd2y8dHDZNkmmODZ7IRLdDZlAKhQ0rrMR2qpHFocRWOLyd+K1H1EYk6t6OUgxi1lciEpxZJ9VrD6WyV/GmoMvEn5MyzOHyX91ewrMYleWSGdPxvdQGOdNWcInjYjczmDI+ZH3sOKpYjCbIn6abjumpk3o0SrR7ytKp+vtLzmJjRnHokjGzA7PoTcT/vE5mo5sgFyrNLCo+GxRlktqETs6mPaGRWzlyhHEt3LKUD5hm3Lpyiq4Ff/HmZdI8r/hXlcv6Rblaq876KMAxnMAZ+HANVbiDGjSAA8IzvMIbGZIX8k4+ZtEVMu/wCP6AfP4Ai2KNqg==</latexit>

P Past<latexit sha1_base64="lzC7p6a5NWvvohOng39w3WeC68A=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BLx4TMQ9IljA76U2GzM4uM7NiWPIFngQF8eonefJvnDwOmljQUFR1090VJIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LBjBP0IzqQPOSMGivV73vFklt2ZyCrxFuQEixQ6xW/uv2YpRFKwwTVuuO5ifEzqgxnAieFbqoxoWxEB9ixVNIItZ89zS6dkDMr9UkYK1vSkJn6eySjkdbjKLCdETVDvexNxf+8TmrCGz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtsYQNqaLM2HAKNgVv+edV0rwoe1flSv2yVK1V53nk4QRO4Rw8uIYq3EENGsAA4Rle4c0ZOS/Ou/Mxb805iwyP4Q+czx+ObI2s</latexit>
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while (x#->key < 5):
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    x = y;
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while (x#->key < 5):

    y = x#->next;

    x = y;

Example: contains(5)

return x#->key #== 5;

x = Root#->next;
Traversal learns 

facts about Now, 
not the Past.

Use hindsight to 
propagate 

Now facts into the Past.

Temporal invariant: 
unreachable nodes 

never change
!!~~> Past

3
x

? ...
y

... <latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)

<latexit sha1_base64="XJuesmMmXaWKfE0xyOhqLIU6Ox4="></latexit>

52Outlow(x)

Now

-∞
Root

3
x

? ...
y Past

3 ...
x

<latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)
...

<latexit sha1_base64="XJuesmMmXaWKfE0xyOhqLIU6Ox4="></latexit>

52Outlow(x)∧



Past

3
x

? ...
y

... <latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)

<latexit sha1_base64="XJuesmMmXaWKfE0xyOhqLIU6Ox4="></latexit>

52Outlow(x)

while (x#->key < 5):

    y = x#->next;

    x = y;

Example: contains(5)

return x#->key #== 5;

x = Root#->next;

Now

-∞
Root

3
x

? ...
y ∧



Past

3
x

? ...
y

... <latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)

<latexit sha1_base64="XJuesmMmXaWKfE0xyOhqLIU6Ox4="></latexit>

52Outlow(x)
Past

? ...
y

... <latexit sha1_base64="gJSoC85pbFJS5ZF3v3fhkeL0FJ4="></latexit>

52Flow(y)

while (x#->key < 5):

    y = x#->next;

    x = y;

Example: contains(5)

return x#->key #== 5;

x = Root#->next;

Now

-∞
Root

3
x

? ...
y ∧



Now

-∞
Root

3 ? ...
x Past

? ...
x

<latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)...

while (x#->key < 5):

    y = x#->next;

Example: contains(5)

return x#->key #== 5;

x = Root#->next;

    x = y;

∧



Now

-∞
Root

3 ? ...
x Now

-∞
Root

3 7 ...
x Past

? ...
x

<latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)...
Past

7 ...
x

<latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)... <latexit sha1_base64="FIziQRKOy3Ktbemb6cUSEFXQTPA="></latexit>

5 /2Outlow(x)

while (x#->key < 5):

    y = x#->next;

Example: contains(5)

return x#->key #== 5;

x = Root#->next;

    x = y;

∧



Now

-∞
Root

3 ? ...
x Now

-∞
Root

3 7 ...
x Past

? ...
x

<latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)...
Past

7 ...
x

<latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)... <latexit sha1_base64="FIziQRKOy3Ktbemb6cUSEFXQTPA="></latexit>

5 /2Outlow(x)

while (x#->key < 5):

    y = x#->next;

Example: contains(5)

return x#->key #== 5;

x = Root#->next;

    x = y;

set(M), 5∉M at some point⊨

∧



Now

-∞
Root

3 ? ...
x Now

-∞
Root

3 7 ...
x Past

? ...
x

<latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)...
Past

7 ...
x

<latexit sha1_base64="atH6YDJkPGG5kLoLkIGsykE5zys="></latexit>

52Flow(x)... <latexit sha1_base64="FIziQRKOy3Ktbemb6cUSEFXQTPA="></latexit>

5 /2Outlow(x)

while (x#->key < 5):

    y = x#->next;

Example: contains(5)

return x#->key #== 5;

x = Root#->next;

    x = y;

establishes linearizability proof obligation 

set(M), 5∉M at some point⊨

∧



• Temporal interpolation proof rule 

Technical Contribution



• Temporal interpolation proof rule 

Technical Contribution

<latexit sha1_base64="ZrOM2oVLeGa7s7+ck1MwqxAxW2E="></latexit>

InterpolateI(P, Q) R

I ` {S ^ Past(P ) ^ Now(Q)} skip {S ^ Past(R)}



• Temporal interpolation proof rule 

• Soundness 

➡ eliminate frame rule 

Technical Contribution



• Temporal interpolation proof rule 

• Soundness 

➡ eliminate frame rule 

Technical Contribution

<latexit sha1_base64="ZrOM2oVLeGa7s7+ck1MwqxAxW2E="></latexit>

InterpolateI(P, Q) R

I ` {S ^ Past(P ) ^ Now(Q)} skip {S ^ Past(R)}



• Temporal interpolation proof rule 

• Soundness 

➡ eliminate frame rule 

➡ eliminate temporal interpolation rule

Technical Contribution



• Temporal interpolation proof rule 

• Soundness 

➡ eliminate frame rule 

➡ eliminate temporal interpolation rule

Technical Contribution

<latexit sha1_base64="ZrOM2oVLeGa7s7+ck1MwqxAxW2E="></latexit>

InterpolateI(P, Q) R

I ` {S ^ Past(P ) ^ Now(Q)} skip {S ^ Past(R)}



• Temporal interpolation proof rule 

• Soundness 

➡ eliminate frame rule 

➡ eliminate temporal interpolation rule

Technical Contribution



• Temporal interpolation proof rule 

• Soundness 

➡ eliminate frame rule 

➡ eliminate temporal interpolation rule

Technical Contribution

<latexit sha1_base64="ZrOM2oVLeGa7s7+ck1MwqxAxW2E="></latexit>

InterpolateI(P, Q) R

I ` {S ^ Past(P ) ^ Now(Q)} skip {S ^ Past(R)}



• Temporal interpolation proof rule 

• Soundness 

➡ eliminate frame rule 

➡ eliminate temporal interpolation rule

Technical Contribution

<latexit sha1_base64="ZrOM2oVLeGa7s7+ck1MwqxAxW2E="></latexit>

InterpolateI(P, Q) R

I ` {S ^ Past(P ) ^ Now(Q)} skip {S ^ Past(R)}

Temporal interpolation 
structures proofs



Technical Contribution

• Interpolation requirements
<latexit sha1_base64="mZLRkAc/lY6ljQCKiUC2RakjQyk="></latexit>

{Now(P )} I⇤ {Now(Q) =) Past(R)}
InterpolateI(P, Q) R



Technical Contribution

• Interpolation requirements

• Interpolation strategy
<latexit sha1_base64="aT1h0gj8ogx9Hoc+XwoyVyqd1EM="></latexit>

9I . Now(P ) =) I I interference-free I ^ Now(Q) =) Past(R)

InterpolateI(P, Q) R

<latexit sha1_base64="mZLRkAc/lY6ljQCKiUC2RakjQyk="></latexit>

{Now(P )} I⇤ {Now(Q) =) Past(R)}
InterpolateI(P, Q) R



Technical Contribution

• Interpolation requirements

• Interpolation strategy

• Great choice:  <latexit sha1_base64="+gtmHXEGdBUnwiuKyP7YXR4Eldg=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTiayMU3OiuFfuAJpTJZNIOnUzCzKRYQn/DlaAgbv0ZV/6N0zYLbT1w4XDOvdx7j59wprRtf1uFldW19Y3iZmlre2d3r7x/0FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7yd+u0RlYrF4lGPE+pFuC9YyAjWRnIf0A2quxyLADV65YpdtWdAy8TJSQVy1HvlLzeISRpRoQnHSnUdO9FehqVmhNNJyU0VTTAZ4j7tGipwRJWXPc2OnqATIwUojKUpodFM/T2S4UipceSbzgjrgVr0puJ/XjfV4bWXMZGkmgoyXxSmHOkYTRNAAZOUaD42BBPJzLGIDLDERJucSiYFZ/HnZdI6qzqX1YvGeaV2n+dRhCM4hlNw4ApqcAd1aAKBBJ7hFd6skfVivVsf89aClc8cwh9Ynz8HsZEM</latexit>

R = P ^Q

<latexit sha1_base64="aT1h0gj8ogx9Hoc+XwoyVyqd1EM="></latexit>

9I . Now(P ) =) I I interference-free I ^ Now(Q) =) Past(R)

InterpolateI(P, Q) R

<latexit sha1_base64="mZLRkAc/lY6ljQCKiUC2RakjQyk="></latexit>

{Now(P )} I⇤ {Now(Q) =) Past(R)}
InterpolateI(P, Q) R



Technical Contribution

• Interpolation requirements

• Interpolation strategy

• Great choice:  <latexit sha1_base64="+gtmHXEGdBUnwiuKyP7YXR4Eldg=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiTiayMU3OiuFfuAJpTJZNIOnUzCzKRYQn/DlaAgbv0ZV/6N0zYLbT1w4XDOvdx7j59wprRtf1uFldW19Y3iZmlre2d3r7x/0FJxKgltkpjHsuNjRTkTtKmZ5rSTSIojn9O2P7yd+u0RlYrF4lGPE+pFuC9YyAjWRnIf0A2quxyLADV65YpdtWdAy8TJSQVy1HvlLzeISRpRoQnHSnUdO9FehqVmhNNJyU0VTTAZ4j7tGipwRJWXPc2OnqATIwUojKUpodFM/T2S4UipceSbzgjrgVr0puJ/XjfV4bWXMZGkmgoyXxSmHOkYTRNAAZOUaD42BBPJzLGIDLDERJucSiYFZ/HnZdI6qzqX1YvGeaV2n+dRhCM4hlNw4ApqcAd1aAKBBJ7hFd6skfVivVsf89aClc8cwh9Ynz8HsZEM</latexit>

R = P ^Q

<latexit sha1_base64="aT1h0gj8ogx9Hoc+XwoyVyqd1EM="></latexit>

9I . Now(P ) =) I I interference-free I ^ Now(Q) =) Past(R)

InterpolateI(P, Q) R

<latexit sha1_base64="mZLRkAc/lY6ljQCKiUC2RakjQyk="></latexit>

{Now(P )} I⇤ {Now(Q) =) Past(R)}
InterpolateI(P, Q) R

182

Embedding Hindsight Reasoning in Separation Logic
ROLAND MEYER, TU Braunschweig, Germany
THOMAS WIES, New York University, USA
SEBASTIAN WOLFF, New York University, USA

Automatically proving linearizability of concurrent data structures remains a key challenge for veri�cation.
We present temporal interpolation as a new proof principle to guide automated proof search using hindsight
arguments within concurrent separation logic. Temporal interpolation o�ers an easy-to-automate alterna-
tive to prophecy variables and has the advantage of structuring proofs into easy-to-discharge hypotheses.
Additionally, we advance hindsight theory by integrating it into a program logic, bringing formal rigor and
complementary proof machinery. We substantiate the usefulness of temporal interpolation by implementing it
in a tool and using it to automatically verify the Logical Ordering tree. The proof is challenging due to future-
dependent linearization points and complex structure overlays. It is the �rst formal proof of this data structure.
Interestingly, our formalization revealed an unknown bug and an existing informal proof as erroneous.

Conference Version:
Roland Meyer, Thomas Wies, and Sebastian Wol�. 2023. Embedding Hindsight Reasoning in Separation Logic.
Proc. ACM Program. Lang. 7, PLDI, Article 182 (June 2023), 24 pages. https://doi.org/10.1145/3591296

1 INTRODUCTION
We are concerned with automatically proving linearizability, the standard correctness criterion for
concurrent data structures [Herlihy and Wing 1990]. A concurrent data structure is linearizable
subject to a sequential speci�cation of its methods, if each method takes e�ect in a single atomic
step of its concurrent execution, the method’s linearization point, and satis�es the sequential
speci�cation in this step.
Concurrent separation logics [Bell et al. 2010; Delbianco et al. 2017; Elmas et al. 2010; Fu et al.

2010; Gotsman et al. 2013; Gu et al. 2018; Hemed et al. 2015; Parkinson et al. 2007; Sergey et al.
2015; Vafeiadis and Parkinson 2007] provide a powerful toolbox of deductive reasoning techniques
to verify complex concurrent data structures. However, the proof construction heavily relies on
the proof author’s creativity and expertise in wielding the available tools e�ectively. For instance,
in order to construct the inductive invariant of the data structure, the proof author may have to
devise proof-speci�c resource algebras to express ghost state that captures the key aspects of the
computation history. This hinders proof automation due to the vast complexity of the proof space
that needs to be explored. Similarly, the proofs may make use of prophecy variables [Abadi and
Lamport 1991] to predict future-dependent linearization points [Jung et al. 2020; Liang and Feng
2013; Vafeiadis 2008]. Constructing such proofs involves backward reasoning, which is di�cult to
automate [Bouajjani et al. 2017]. It stands to reason that there is a need for guiding principles that
help to structure the proof and that provide e�ective strategies for automated tools to prune the
search space.
Hindsight theory [Feldman et al. 2018, 2020; Lev-Ari et al. 2015; O’Hearn et al. 2010] provides

such a guiding principle, which we refer to as temporal interpolation. One proves lemmas of the form:
if there existed a past state that satis�ed property ? and the current state satis�es @, then there must
have existed an intermediate state that satis�ed > . Such lemmas can then be applied, e.g., to prove the

© 2023 Copyright held by the owner/author(s).
This is the author’s version of the work. It is posted here for your personal use. Not for redistribution. The de�nitive Version
of Record was published in Proceedings of the ACM on Programming Languages, https://doi.org/10.1145/3591296.
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Implementations

• plankton 
• linearizability checker for concurrent search structures 
• input: edge functions + node invariant 
• hard-coded: search path flow monoid 
• automatically constructs proofs
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A Concurrent Program Logic with a Future and History

ROLAND MEYER, TU Braunschweig, Germany

THOMAS WIES, New York University, USA

SEBASTIAN WOLFF, New York University, USA

Verifying !ne-grained optimistic concurrent programs remains an open problem. Modern program logics
provide abstraction mechanisms and compositional reasoning principles to deal with the inherent complexity.
However, their use is mostly con!ned to pencil-and-paper or mechanized proofs. We devise a new separation
logic geared towards the lacking automation. While local reasoning is known to be crucial for automation, we
are the !rst to show how to retain this locality for (i) reasoning about inductive properties without the need
for ghost code, and (ii) reasoning about computation histories in hindsight. We implemented our new logic
in a tool and used it to automatically verify challenging concurrent search structures that require inductive
properties and hindsight reasoning, such as the Harris set.

CCS Concepts: • Theory of computation → Separation logic; Hoare logic; Automated reasoning;
Program veri!cation; Programming logic.

Additional Key Words and Phrases: Linearizability, Non-blocking Data Structures, Harris Set

ACM Reference Format:
RolandMeyer, ThomasWies, and SebastianWol". 2022. A Concurrent Program Logic with a Future and History.
Proc. ACM Program. Lang. 6, OOPSLA2, Article 174 (October 2022), 30 pages. https://doi.org/10.1145/3563337

1 INTRODUCTION

Concurrency comes at a cost, at least, in terms of increased e"ort when verifying program cor-
rectness. There has been a proliferation of concurrent program logics that provide an arsenal of
reasoning techniques to address this challenge [Bell et al. 2010; Delbianco et al. 2017; Elmas et al.
2010; Fu et al. 2010; Gotsman et al. 2013; Gu et al. 2018; Hemed et al. 2015; Jung et al. 2018; Liang
and Feng 2013; Manna and Pnueli 1995; Parkinson et al. 2007; Sergey et al. 2015; Vafeiadis and
Parkinson 2007]. In addition, a number of general approaches have been developed to help structure
the high-level proof argument [Feldman et al. 2018, 2020; Kragl et al. 2020; O’Hearn et al. 2010;
Shasha and Goodman 1988]. However, the use of these techniques has been mostly con!ned to
manual proofs done on paper, or mechanized proofs constructed in interactive proof assistants.
We distill from these works a concurrent separation logic suitable for automating the construction
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Automatically proving linearizability of concurrent data structures remains a key challenge for veri�cation.
We present temporal interpolation as a new proof principle to guide automated proof search using hindsight
arguments within concurrent separation logic. Temporal interpolation o�ers an easy-to-automate alterna-
tive to prophecy variables and has the advantage of structuring proofs into easy-to-discharge hypotheses.
Additionally, we advance hindsight theory by integrating it into a program logic, bringing formal rigor and
complementary proof machinery. We substantiate the usefulness of temporal interpolation by implementing it
in a tool and using it to automatically verify the Logical Ordering tree. The proof is challenging due to future-
dependent linearization points and complex structure overlays. It is the �rst formal proof of this data structure.
Interestingly, our formalization revealed an unknown bug and an existing informal proof as erroneous.
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1 INTRODUCTION
We are concerned with automatically proving linearizability, the standard correctness criterion for
concurrent data structures [Herlihy and Wing 1990]. A concurrent data structure is linearizable
subject to a sequential speci�cation of its methods, if each method takes e�ect in a single atomic
step of its concurrent execution, the method’s linearization point, and satis�es the sequential
speci�cation in this step.
Concurrent separation logics [Bell et al. 2010; Delbianco et al. 2017; Elmas et al. 2010; Fu et al.

2010; Gotsman et al. 2013; Gu et al. 2018; Hemed et al. 2015; Parkinson et al. 2007; Sergey et al.
2015; Vafeiadis and Parkinson 2007] provide a powerful toolbox of deductive reasoning techniques
to verify complex concurrent data structures. However, the proof construction heavily relies on
the proof author’s creativity and expertise in wielding the available tools e�ectively. For instance,
in order to construct the inductive invariant of the data structure, the proof author may have to
devise proof-speci�c resource algebras to express ghost state that captures the key aspects of the
computation history. This hinders proof automation due to the vast complexity of the proof space
that needs to be explored. Similarly, the proofs may make use of prophecy variables [Abadi and
Lamport 1991] to predict future-dependent linearization points [Jung et al. 2020; Liang and Feng
2013; Vafeiadis 2008]. Constructing such proofs involves backward reasoning, which is di�cult to
automate [Bouajjani et al. 2017]. It stands to reason that there is a need for guiding principles that
help to structure the proof and that provide e�ective strategies for automated tools to prune the
search space.
Hindsight theory [Feldman et al. 2018, 2020; Lev-Ari et al. 2015; O’Hearn et al. 2010] provides

such a guiding principle, which we refer to as temporal interpolation. One proves lemmas of the form:
if there existed a past state that satis�ed property ? and the current state satis�es @, then there must
have existed an intermediate state that satis�ed > . Such lemmas can then be applied, e.g., to prove the
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Abstract nekton is a new tool for checking linearizability proofs of highly com-
plex concurrent search structures. The tool’s unique features are its parametric
heap abstraction based on separation logic and the flow framework, and its sup-
port for hindsight arguments about future-dependent linearization points. We de-
scribe the tool, present a case study, and discuss implementation details.

Keywords: separation logic · proof checker · linearizability · flow framework

1 Introduction

We present nekton, a mostly automated deductive program verifier based on separa-
tion logic (SL) [23,27]. The tool is designed to aid the construction of linearizabil-
ity proofs for complex concurrent search structures. Similar to many other SL-based
tools [2,8,14,22,33,33], nekton uses an SMT solver to automate basic SL reasoning.
Similar to the original implementation of CIVL [7], it uses non-interference reasoning
à la Owicki-Gries [25] to automate thread modularity. What makes nekton stand out
among these relatives is its inbuilt support for expressing complex inductive heap in-
variants using the flow framework [12,13,20] and the ability to (partially) automate
complex linearizability arguments that require hindsight reasoning [4,5,15,18,19,24].
Together, these features enable nekton to verify challenging concurrent data structures
such as the FEMRS tree [4] with little user guidance.

nekton [17] is derived from the tool plankton [18,19], which shares the same over-
all goals and features as nekton but strives for full proof automation at the expense of
generality. In terms of the trade-off between automation and expressivity, nekton aims
to occupy a sweet spot between plankton and general purpose program verifiers. In
the following, we discuss nekton’s unique features in more detail and explain how it
deviates from plankton’s design.

The flow framework can be used to express global properties of graph structures in
a node-local manner, aiding compositional verification of recursive data structures. The
framework is parametric in a flow domain which determines what global information
about the graph is provided at each node. Various flow domains have been proposed
that have shown to be useful in concurrency proofs [11,26]. To simplify proof automa-
tion, plankton uses a fixed flow domain that is geared towards verifying functional
correctness of search structures. In contrast, nekton is parametric in the flow domain.
For instance, it supports custom domains for reasoning about overlayed structures and
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plankton

• Verifies future-dependent 
linearization points 

• Logical Ordering Tree 

• found bug in implementation 

• found bug in previous proof 

• first proof of (fixed) version
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Table 1. Runtime comparison of our novel temporal interpolation proof rule with the tool from Meyer et al.
[2022]. The experiments were conducted on an Apple M1 Pro.

Benchmark Veri�cation Time

Fine-Grained set 45B 3
Lazy set 2< 13B 3
FEMRS tree (no maintenance) 3< 50B 3
Vechev&Yahav 2CAS set 1< 15B 3
Vechev&Yahav CAS set 2< 20B 3
ORVYY set 1< 36B 3
Michael set 6< 53B 3
Michael set (wait-free search) 6< 53B 3
Harris set 57< 20B 3
Harris set (wait-free search) 43< 00B 3
LO-tree (generalized maintenance) 16< 43B 3

6.6 Proof Automation
We substantiate our claims that temporal interpolation and the resulting proof system for lin-
earizability aid automated proof construction. To this end, we adapted the plankton tool [Meyer
et al. 2022]. plankton is a verifyer for non-blocking data structures that constructs proofs in the
program logic from §3 extended by rules for linearizability akin to those from §5. To be more
precise, plankton takes as input the implementation under scrutiny together with a candidate node
invariant, like NInv(N ,M, x) from §6.4. It then performs an exhaustive proof search.

We extended plankton to use our new proof rules from Figures 3 and 4, in particular Rule ���������
�������������. Our implementation [Meyer et al. 2023] applies temporal interpolation only for
hypotheses of the form h(p, q, p\q) and only if it is able to discharge the hypothesis using Lemma 4.2
with invariant _q ! _�(p \ q). This eager approach ensures that we do not pollute the proof
search with temporal interpolations that are doomed to fail because their hypotheses do not hold.
Note that this is possible despite a potentially incomplete interference set as plankton restarts
proof construction whenever a new interference is discovered. Altogether, our implementation
establishes linearizability results along Theorem 4.3.
We used our tool to verify automatically the LO-tree from Figure 6. Similarly to the presented

proof, we did not use the actual implementation of the helper functions modifying the tree overlay.
Instead, we used most general stubs, functions that change the tree overlay arbitrarily (leaving
the logical ordering list unchanged). The node invariant we speci�ed is the one from §6.4. With
this, plankton is able to fully automatically construct a linearizability proof for the LO-tree within
twenty minutes (see Table 1). We stress that this includes fully automatic applications of temporal
interpolation, which are strictly necessary to prove the LO-tree linearizable.
We also compared our new version of plankton against the original version form Meyer et al.

[2022]. See Table 1 for the results: temporal interpolation incurs a slow down of factor 3.15 in the
worst case and factor 2 on average.We believe that this slowdown is justi�ed by the reasoning power
brought by temporal interpolation. We consider a more extensive evaluation of our implementation
future work. As of now, plankton’s proof construction is limited by orthogonal concerns (e.g.
imprecise joins, the handling of updates with non-local e�ects) that still limit its applicability.
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Goal 
Localize the proof to a small number of nodes.  

Problem 
Complex updates affect an unbounded number of nodes. 

Solution 
Keep track of ghost updates that are local. 
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A Concurrent Program Logic with a Future and History
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Verifying �ne-grained optimistic concurrent programs remains an open problem. Modern program logics
provide abstraction mechanisms and compositional reasoning principles to deal with the inherent complexity.
However, their use is mostly con�ned to pencil-and-paper or mechanized proofs. We devise a new separation
logic geared towards the lacking automation. While local reasoning is known to be crucial for automation, we
are the �rst to show how to retain this locality for (i) reasoning about inductive properties without the need
for ghost code, and (ii) reasoning about computation histories in hindsight. We implemented our new logic
in a tool and used it to automatically verify challenging concurrent search structures that require inductive
properties and hindsight reasoning, such as the Harris set.

CCS Concepts: • Theory of computation ! Separation logic; Hoare logic; Automated reasoning;
Program veri�cation; Programming logic.

Additional Key Words and Phrases: Linearizability, Non-blocking Data Structures, Harris Set
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1 INTRODUCTION
Concurrency comes at a cost, at least, in terms of increased e�ort when verifying program cor-
rectness. There has been a proliferation of concurrent program logics that provide an arsenal of
reasoning techniques to address this challenge [Bell et al. 2010; Delbianco et al. 2017; Elmas et al.
2010; Fu et al. 2010; Gotsman et al. 2013; Gu et al. 2018; Hemed et al. 2015; Jung et al. 2018; Liang
and Feng 2013; Manna and Pnueli 1995; Parkinson et al. 2007; Sergey et al. 2015; Vafeiadis and
Parkinson 2007]. In addition, a number of general approaches have been developed to help structure
the high-level proof argument [Feldman et al. 2018, 2020; Kragl et al. 2020; O’Hearn et al. 2010;
Shasha and Goodman 1988]. However, the use of these techniques has been mostly con�ned to
manual proofs done on paper, or mechanized proofs constructed in interactive proof assistants.
We distill from these works a concurrent separation logic suitable for automating the construction
of local correctness proofs for highly concurrent data structures. We focus on concurrent search
structures (sets and maps indexed by keys), but the developed techniques apply more broadly. Our
guiding principle is to perform all inductive reasoning, both in time and space, in lock-step with the
program execution. The reasoning about inductive properties of graph structures and computation
histories is relegated to the meta-theory of the logic by choosing appropriate semantic models.
Running Example.Wemotivate our work using the Harris non-blocking set data structure [Harris
2001], which we will also use as a running example throughout the paper.
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Table 1. Runtime comparison of our novel temporal interpolation proof rule with the tool from Meyer et al.
[2022]. The experiments were conducted on an Apple M1 Pro.

Benchmark Veri�cation Time

Fine-Grained set 45B 3
Lazy set 2< 13B 3
FEMRS tree (no maintenance) 3< 50B 3
Vechev&Yahav 2CAS set 1< 15B 3
Vechev&Yahav CAS set 2< 20B 3
ORVYY set 1< 36B 3
Michael set 6< 53B 3
Michael set (wait-free search) 6< 53B 3
Harris set 57< 20B 3
Harris set (wait-free search) 43< 00B 3
LO-tree (generalized maintenance) 16< 43B 3

6.6 Proof Automation
We substantiate our claims that temporal interpolation and the resulting proof system for lin-
earizability aid automated proof construction. To this end, we adapted the plankton tool [Meyer
et al. 2022]. plankton is a verifyer for non-blocking data structures that constructs proofs in the
program logic from §3 extended by rules for linearizability akin to those from §5. To be more
precise, plankton takes as input the implementation under scrutiny together with a candidate node
invariant, like NInv(N ,M, x) from §6.4. It then performs an exhaustive proof search.

We extended plankton to use our new proof rules from Figures 3 and 4, in particular Rule ���������
�������������. Our implementation [Meyer et al. 2023] applies temporal interpolation only for
hypotheses of the form h(p, q, p\q) and only if it is able to discharge the hypothesis using Lemma 4.2
with invariant _q ! _�(p \ q). This eager approach ensures that we do not pollute the proof
search with temporal interpolations that are doomed to fail because their hypotheses do not hold.
Note that this is possible despite a potentially incomplete interference set as plankton restarts
proof construction whenever a new interference is discovered. Altogether, our implementation
establishes linearizability results along Theorem 4.3.
We used our tool to verify automatically the LO-tree from Figure 6. Similarly to the presented

proof, we did not use the actual implementation of the helper functions modifying the tree overlay.
Instead, we used most general stubs, functions that change the tree overlay arbitrarily (leaving
the logical ordering list unchanged). The node invariant we speci�ed is the one from §6.4. With
this, plankton is able to fully automatically construct a linearizability proof for the LO-tree within
twenty minutes (see Table 1). We stress that this includes fully automatic applications of temporal
interpolation, which are strictly necessary to prove the LO-tree linearizable.
We also compared our new version of plankton against the original version form Meyer et al.

[2022]. See Table 1 for the results: temporal interpolation incurs a slow down of factor 3.15 in the
worst case and factor 2 on average.We believe that this slowdown is justi�ed by the reasoning power
brought by temporal interpolation. We consider a more extensive evaluation of our implementation
future work. As of now, plankton’s proof construction is limited by orthogonal concerns (e.g.
imprecise joins, the handling of updates with non-local e�ects) that still limit its applicability.
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Table 1. Runtime comparison of our novel temporal interpolation proof rule with the tool from Meyer et al.
[2022]. The experiments were conducted on an Apple M1 Pro.
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6.6 Proof Automation
We substantiate our claims that temporal interpolation and the resulting proof system for lin-
earizability aid automated proof construction. To this end, we adapted the plankton tool [Meyer
et al. 2022]. plankton is a verifyer for non-blocking data structures that constructs proofs in the
program logic from §3 extended by rules for linearizability akin to those from §5. To be more
precise, plankton takes as input the implementation under scrutiny together with a candidate node
invariant, like NInv(N ,M, x) from §6.4. It then performs an exhaustive proof search.

We extended plankton to use our new proof rules from Figures 3 and 4, in particular Rule ���������
�������������. Our implementation [Meyer et al. 2023] applies temporal interpolation only for
hypotheses of the form h(p, q, p\q) and only if it is able to discharge the hypothesis using Lemma 4.2
with invariant _q ! _�(p \ q). This eager approach ensures that we do not pollute the proof
search with temporal interpolations that are doomed to fail because their hypotheses do not hold.
Note that this is possible despite a potentially incomplete interference set as plankton restarts
proof construction whenever a new interference is discovered. Altogether, our implementation
establishes linearizability results along Theorem 4.3.
We used our tool to verify automatically the LO-tree from Figure 6. Similarly to the presented

proof, we did not use the actual implementation of the helper functions modifying the tree overlay.
Instead, we used most general stubs, functions that change the tree overlay arbitrarily (leaving
the logical ordering list unchanged). The node invariant we speci�ed is the one from §6.4. With
this, plankton is able to fully automatically construct a linearizability proof for the LO-tree within
twenty minutes (see Table 1). We stress that this includes fully automatic applications of temporal
interpolation, which are strictly necessary to prove the LO-tree linearizable.
We also compared our new version of plankton against the original version form Meyer et al.

[2022]. See Table 1 for the results: temporal interpolation incurs a slow down of factor 3.15 in the
worst case and factor 2 on average.We believe that this slowdown is justi�ed by the reasoning power
brought by temporal interpolation. We consider a more extensive evaluation of our implementation
future work. As of now, plankton’s proof construction is limited by orthogonal concerns (e.g.
imprecise joins, the handling of updates with non-local e�ects) that still limit its applicability.
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proof construction whenever a new interference is discovered. Altogether, our implementation
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proof, we did not use the actual implementation of the helper functions modifying the tree overlay.
Instead, we used most general stubs, functions that change the tree overlay arbitrarily (leaving
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