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SAT Competition

A SAT solver will be disqualified if the
solver produces a wrong answer.
Specifically, if a solver reports UNSAT on
an instance that was proven to be SAT
by some other solver, or SAT and
provides a wrong assignment.
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tool has not found a satisfying assignment, 
answer UNSAT.
• Has been used already!
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certificate?
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 (Tries for a while, doesn‘t
find assignment)  It‘s UNSAT

 Sure! I can send you a 10 TB 
proof for only 10$ more!

 No problem, for another 20$ 
we also check it for you!
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Certification

SAT certificate: 
Truth assignment that makes the formula true
Checkable on a standard laptop for formulas
of GB size

UNSAT certificate: 
Resolution proof, DRAT proof

• Compulsory in the Main Track of the
SAT Competition
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During SAT Competition 2014, a few
runs produced proofs of over 100 GB,
the local storage limit



Certifying UNSAT
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Certifying UNSAT
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… we produced and verified a proof in
the DRAT format, which is almost 200 TB
in size. From this we extracted […] a
compressed certificate of 68 gigabytes …
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Cloud scenario again

 Please check whether this
formula is SAT or UNSAT

 OK

 Oh, can I please have a 
certificate?

 But I can‘t check that!

 It‘ll cost you 10$ 

 (Tries for a while, doesn‘t
find assignment) It‘s UNSAT

 Sure! I can send you a 10 TB 
proof for only 10$ more!

 No problem, for another 20$ 
we also check it for you!

How can we help? 
Can we produce
smaller proofs?
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Error in SPIN (CAV 2019)

Partial order reduction and on-the-fly model
checking […] interact in subtle ways […]. A
standard algorithm combining the two
optimizations, published over twenty years ago
[1995], has been widely studied and deployed in
popular model checking tools [SPIN]. Yet the
algorithm is incorrect.
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Two page proof containing the line:



Error in SPIN (CAV 2019)

Two page proof containing the line:

(Counterexample to the proof by Brunner, 
counterexample to the theorem by Siegel)



Certification

Proof size problem is even worse.
Can we produce smaller proofs?



Ask a complexity theorist …



Ask a complexity theorist …

PSPACE: class of problems decidable by an 
algorithm that uses polynomial memory



Ask a complexity theorist …

• The model-checking problem solved by
SPIN is PSPACE-complete

• If there are polynomial certificates for it
then NP=PSPACE

• UNSAT is coNP-complete
• If there are polynomial certificates for

UNSAT then NP=coNP



Ask a complexity theorist …

But why don‘t you just apply the

IP=PSPACE 
theorem?



IP=PSPACE (Lund et al 90, Shamir 92)

• IP: class of decision problems with

interactive proof systems

(interactive certification systems would
be a better name.)



Standard (polynomial) certification

• Prover computes a fact and wants to prove to
Verifier that the fact holds. 

• Prover sends Verifier a certificate; an object that
Verifier can check in polynomial time in the size
of the instance.

• Example : SAT, satisfying assignment, polynomial
checker
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Interactive proof system

Prover
Challenge 1

Answer 1

⋯

Challenge 2

Answer 2

Challenge 1

Answer 1

Verifier

Polynomial time

Verifier can only be
fooled by Prover with
probability 1/2 ( )



IP=PSPACE (Lund et al 90, Shamir 92)

JACM 92



• To prove PSPACE ⊆ IP (the interesting part), 
Shamir gives an interactive proof system for
QBF (Quantified Boolean Formulas)

IP=PSPACE (Lund et al 90, Shamir 92)
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Extended Boolean Circuits: Syntax

Inner nodes
labelled with
Boolean operators … 

… or with
partial evaluation
operators.

 ∧

 ∧

 ∨

 푥  푦

 휋  휋



Extended Boolean Circuits: Semantics
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Semantics: 
Boolean formula
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푥 푦
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Extended Boolean Circuits: Semantics
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푥 푦
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푥푥
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The circuit satisfiability problem

EBC
Input: A (extended boolean) circuit 휑

Output: Is (the formula of) 휑 satisfiable?

An interactive protocol for EBC is also an 
interactive protocol for QBF



Towards EBC ∈ IP: Arithmetization

• Fix a finite field 픽

• Goal:  assign to a circuit 휑
a polynomial  푝

over 픽 such that

휑 unsatisfiable iff  푝 = 0



Towards EBC ∈ IP: Arithmetization

푝 : = 푥
푝¬ ≔ 1 − 푝
푝 ∧ ≔ 푝 ⋅ 푝

 푝 ∨  ≔  푝 + 푝 −  푝 ⋅ 푝
푝 ≔ ≔  푝 [푥 ≔ 푏]



Towards EBC ∈ IP: Arithmetization
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 푥  푦
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푥 푦

푥 + 푦 − 푥푦

푥

푥 푥

푥 + 푥푦 − 푥 푦



A first (incorrect) IP-system for EBC

 ∧

 ∧
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 푥  푦

 휋  휋

a

b c

d

e

f g

Verifier‘s strategy

To check Prover‘s claim about the polynomial of a 
node (e.g a), Verifier asks Prover to make claims
about the polynomials of its children (b, c).

If Prover‘s claim about the node is dishonest, then
at least one of the claims about its children will be
dishonest with high probability.

So: if claim about the root is dishonest, then at least 
one of Prover‘s claims about the leaves will be
dishonest. 

Verifier will be able to directly check Prover‘s claims
about leaves



Schwartz-Zippel lemma

Lemma (Schwartz-Zippel):
Let 푝 푥 ≠ 푞(푥) be polynomials of degree 푑 ≥ 0 over 픽 . 
Let 푟 be selected uniformly at random from 픽 . Then 

Pr 푝 푟 = 푞(푟) ≤
푑
푝

Probability of error:   ≈ 10



Problem: Exponential degree

 ∧
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 푥 푥  

푥

푥

푥

푥

Degree of polynomials 
can grow exponentially in 
the height of the circuit.

Verifier needs
exponential time and
Prover can cheat w.h.p.
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Degree-reduction trick

Degree-reduction
nodes
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VerifierProver
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푥 푥

푥
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Degree-reduction trick

Prover Verifier



The big question

Why don‘t we have any probabilistically
certified model-checkers or QBF-solvers
yet ?

Seemingly incompatible with our bag of
tricks for the „formula explosion“ 
problem.
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Our result

We add
interactive certification

to a 
BDD-solver for EBC 

with very small overhead



BDD-solver for EBC
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BDD-solver for EBC

A BDD-solver computes
the formulas bottom-up, 
representing them as
BDDs
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BDD-based Prover for EBC
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BDD-based Prover for EBC

We represent and
evaluate the
polynomials using BDDs
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Using BDDs to represent polynomials

 1  0

01

 푥

  

푝 푝

푥 ⋅ 푝 + 1 − 푥 ⋅ 푝



Theorem 1:
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Using BDDs to represent polynomials
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What can we do with these?



Main result
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EBC
Given: An EBC
Decide: Is its binary polynomial 0?

Theorem
If solving an instance of EBC using BDDs takes time t,
then solving + IP-certification using eBDDs takes time 푶(풕).



Some QBF experiments

Instance Var Quant Time 
Prover

Time 
Eval.

Time 
Verifier

Bytes 
exchanged

BDD 
total size

EQ-N-10 30 3 0.6 s 0.4 s 1 ms 75 KB 6 M

KBKF_QU-N-8 40 17 11 s 7 s 6 ms 176 KB 6 M

KBKF-N-10 40 21 0.5 s 0.3 s 4 ms 187 KB 0.6 M

BEQ-N-10 62 4 14 s 10 s 22 ms 680 KB 10 M

CR-N-10 121 6 6 s 4 s 160 ms 1.2 MB 7 M



Conclusion

• IP=PSPACE is not just a theoretical
result

• IP systems are compatible with BDDs
• Which other techniques are they

compatible with


