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Invariants: a Tale as Old as Time

Robert W. Floyd, Assigning Meanings to Programs, 1967



Invariants and Verification

I
S

BAD!

The classical approach to the verification of temporal
safety properties of programs requires the construction of
inductive invariants [...]. Automation of this construc-
tion is the main challenge in program verification.

D. Beyer, T. Henzinger, R. Majumdar, and A. Rybalchenko
Invariant Synthesis for Combined Theories, 2007



Polyhedral and Algebraic Invariants

Algorithm 1: Loop Program with Invariant

1 x ← 0;
2 y ← 0;
3 while x < 100 do
4 x ← x + 1;
5 y ← y + x ;

Invariant: 2y − x2 − x = 0 ∧ 0 ≤ x ≤ 100



Application to Transducers @ FOCS’15
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Equivalence of Deterministic Top-Down Tree-to-String
Transducers Is Decidable

HELMUT SEIDL, Technical University of Munich
SEBASTIAN MANETH, Universität of Bremen
GREGOR KEMPER, Technical University of Munich

We prove that equivalence of deterministic top-down tree-to-string transducers is decidable, thus solving a
long-standing open problem in formal language theory. We also present efficient algorithms for subclasses:
for linear transducers or total transducers with unary output alphabet (over a given top-down regular domain
language), as well as for transducers with the single-use restriction. These results are obtained using tech-
niques from multi-linear algebra. For our main result, we introduce polynomial transducers and prove that
for these, validity of a polynomial invariant can be certified by means of an inductive invariant of polynomial
ideals. This allows us to construct two semi-algorithms, one searching for a certificate of the invariant and
one searching for a witness of its violation. Via a translation into polynomial transducers, we thus obtain
that equivalence of general ydt transducers is decidable. In fact, our translation also shows that equivalence
is decidable when the output is not in a free monoid but in a free group.

CCS Concepts: • Theory of computation → Tree languages; Transducers;

Additional Key Words and Phrases: Tree-to-string transducer, macro tree transducer, equivalence problem,
decidability, polynomial ideals
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1 INTRODUCTION
Transformations of structured data are at the heart of functional programming (Wadler 1990;
Marlow and Wadler 1993; Voigtländer and Kühnemann 2004; Voigtländer 2005; Matsuda et al.
2012) and also application areas such as compiling (Fülöp and Vogler 1998), document process-
ing (W3C 1999; Boag et al. 2010; Maneth and Neven 1999; Engelfriet and Maneth 2003a; Maneth
et al. 2005, 2007; Hakuta et al. 2014), automatic translation of natural languages (Liu et al. 2006,
2007; Maletti et al. 2009; Braune et al. 2013), or even cryptographic protocols (Küsters and Wilke
2007). The most fundamental model of such transformations is given by (finite-state tree) transduc-
ers (Maneth 2003; Fülöp and Vogler 1998). Transducers traverse the input by means of finitely many
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“ [. . . ]we introduce polynomial transducers and prove that
for these, equivalence can be certified by means of an in-
ductive polynomial invariant. This allows us to construct
two semi-algorithms, one searching for an invariant and
the other for a witness of non-equivalence [. . . ]”



Application to Quantum Automata

SIAM J. COMPUT. c© 2005 Society for Industrial and Applied Mathematics
Vol. 34, No. 6, pp. 1464–1473

DECIDABLE AND UNDECIDABLE PROBLEMS
ABOUT QUANTUM AUTOMATA∗

VINCENT D. BLONDEL† , EMMANUEL JEANDEL‡ , PASCAL KOIRAN‡ , AND

NATACHA PORTIER‡

Abstract. We study the following decision problem: is the language recognized by a quantum
finite automaton empty or nonempty? We prove that this problem is decidable or undecidable
depending on whether recognition is defined by strict or nonstrict thresholds. This result is in
contrast with the corresponding situation for probabilistic finite automata, for which it is known
that strict and nonstrict thresholds both lead to undecidable problems.

Key words. quantum automata, probabilistic automata, undecidable problems, algebraic
groups

AMS subject classifications. 81P68, 68Q45

DOI. 10.1137/S0097539703425861

1. Introduction. In this paper, we provide decidability and undecidability
proofs for two problems associated with quantum finite automata. Quantum finite
automata (QFA) were introduced by Moore and Crutchfield [MC00]; they are to quan-
tum computers what finite automata are to Turing machines. Quantum automata are
also analogous to the probabilistic finite automata introduced in the 1960s by Rabin
that accept words with a certain probability (see [Rab63], [Rab67]; see also [Paz71] for
a book-length treatment). A quantum automaton A assigns real values ValA(w) to
input words w (see below for a precise description of how these values are computed).
ValA(w) can be interpreted as the probability that on any given run of A on the input
word w, w is accepted by A. Nonisolated cut-point recognition will be considered in
this article: we do not ask for a gap between the set of ValA(w) for accepted words
w and the set of ValA(w) for rejected words w. Associated to a real threshold λ, the
languages recognized by the automaton A with nonstrict and strict threshold λ are

L≥ = {w : ValA(w) ≥ λ} and L> = {w : ValA(w) > λ}.

Many properties of these languages are known in the case of probabilistic and quantum
automata. For instance, it is known that the class of languages recognized by quantum
automata is strictly contained in the class of languages recognized by probabilistic
finite automata [BP02]. For probabilistic automata it is also known that the problem
of determining if L≥ is empty and the problem of determining if L> is empty are
undecidable (see [Paz71, Thm. 6.17, p. 90]). This is true even for automata of fixed
dimensions [BC03]. Decidability problems on QFA were first studied in the paper
by Amano and Iwama [AI99]: is the language recognized by a 1.5-way quantum
automaton empty? The undecidability of this problem was proven, even in the case
of isolated cut-point.

∗Received by the editors April 9, 2003; accepted for publication (in revised form) December 11,
2004; published electronically August 17, 2005.
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Theorem (Blondel, Jeandel, Koiran, Portier 2005)

The strict threshold problem is decidable for quantum automata.



Invariants for Affine Programs @ ICALP’04

Theorem
There is an algorithm which computes, for any given affine
program, all its polynomial inductive invariants up to any fixed
degree d.



Polynomial and Affine Programs

Polynomial Programs (Muller-Olm and Seidl 2004)

1 2

3

f1x := 3x2y − 7y
f2

f3

f4f5

▶ Nondeterministic branching (no guards)

▶ All assignments are affine (or polynomial)

▶ Compute all valid polynomial equations at each location

▶ Represents the Zariski closure of the reachable set at each
location



Polynomial Invariants: Geometric Picture
x , y , z range over Q
x , y , z range over Q
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⟨I1, I2, I3⟩ is an algebraic invariant
⟨I1, I2, I3⟩ is an algebraic invariant
⟨I1, I2, I3⟩ is an inductive algebraic invariant



Computing Strongest Inductive Polynomial Invariants
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. . . because polynomial functions are Zariski-continuous



Finding all polynomial invariants



Strongest Polynomial Invariants @ LICS’18

Theorem (Hrushovski, Ouaknine, Pouly, W. 18)

There is an algorithm which computes the strongest polynomial
inductive invariant of a given affine program.

▶ Algorithm computes for each location the set of all
polynomial relations among program variables that hold
whenever control reaches that location

▶ We represent this set of relations using a finite basis of
polynomial equalities

▶ Dually, the algorithm computes for each location the smallest
algebraic set containing the set of reachable states



Affine Programs with Recursive Procedures

procedure Q()
begin
if (∗) then

x := Ax ; call Q() ; x := Bx ; call Q()
else
skip

endif
end

Compute φ(L) for Dyck language L ⊆ {a, b}∗, where φ(a) = A
and φ(b) = B.



Interprocedural Equational Invariants @ POPL’04

Precise Interprocedural Analysis through Linear Algebra

Markus Müller-Olm
∗

FernUniversität Hagen, LG Praktische Informatik 5
58084 Hagen, Germany

mmo@ls5.cs.uni-dortmund.de

Helmut Seidl
TU München, Lehrstuhl für Informatik II

80333 München, Germany

seidl@informatik.tu-muenchen.de

Abstract

We apply linear algebra techniques to precise interprocedural
dataflow analysis. Specifically, we describe analyses that deter-
mine for each program point identities that are valid among the
program variables whenever control reaches that program point.
Our analyses fully interpret assignment statements with affine ex-
pressions on the right hand side while considering other assign-
ments as non-deterministic and ignoring conditions at branches.
Under this abstraction, the analysis computes the set of all affine
relations and, more generally, all polynomial relations of bounded
degree precisely. The running time of our algorithms is linear in the
program size and polynomial in the number of occurring variables.
We also show how to deal with affine preconditions and local vari-
ables and indicate how to handle parameters and return values of
procedures.

Categories and Subject Descriptors: F.3.1 [Logics and Mean-
ings of Programs]: Specifying and Verifying and Reasoning about
Programs; D.3.3 [Programming Languages]: Language Constructs
and Features—procedures, functions, and subroutines; D.3.4 [Pro-
gramming Languages]: Processors—compilers; D.3.4 [Program-
ming Languages]: Processors—optimization

General Terms: algorithms, theory, verification.

Keywords: interprocedural analysis, linear algebra, weakest pre-
condition, affine relation, polynomial relation.

1 Introduction

The field of program analysis is concerned with designing algo-
rithms that compute information about the dynamic behavior of
programs by a static analysis. Such information is useful in many

∗On leave from Universität Dortmund, FB 4, LS 5, 44221 Dort-
mund, Germany.
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on the first page. To copy otherwise, to republish, to post on servers or to redistribute
to lists, requires prior specific permission and/or a fee.
POPL’04, January 14–16, 2004, Venice, Italy.
Copyright 2004 ACM 1-58113-729-X/04/0001 ...$5.00

circumstances. Important application areas are optimizing com-
pilers and validation or verification of programs. An often used
simplification is to work with intraprocedural or context-insensitive
analyses. Intraprocedural analyses treat bodies of single procedures
(or methods) in isolation, while context-insensitive analyses assume
conservatively that a procedure called at one call site may return to
any other call site of this procedure. The context-insensitive ap-
proach, though interprocedural, still is limited in the quality of the
computed information: if only weak information about one partic-
ular calling context of a procedure or method is available, this may
affect all other calling contexts. The design of context-sensitive in-
terprocedural analyses that mirror the actual call/return behavior of
programs is generally deemed to be challenging. Here, if we speak
about interprocedural analyses without further qualification, we al-
ways will mean context-sensitive ones.

In this paper, we show how linear algebra techniques can be used
for interprocedural flow analysis. Our specific goal is to determine
for each program point affine and, more generally, polynomial re-
lations that are valid among the program variables whenever con-
trol reaches that program point. An affine relation is a condition
of the form a0 + ∑n

i+1 aixi = 0, where a0, . . . ,an are constants and
x1, . . . ,xn are program variables; a polynomial relation is a condi-
tion of the form p(x1, . . . ,xn) = 0, where p is a multi-variate poly-
nomial in x1, . . . ,xn. We call an analysis precise (w.r.t. a given class
of programs) if it computes for every program point u of a program
all valid relations of the given form which are valid along every fea-
sible program path reaching u. (A program path is called feasible if
it mirrors the actual call/return behavior of procedures.)

Looking for valid affine and polynomial relations is a rather general
question with many applications. First of all, many classical data
flow analysis problems can be seen as problems about affine and
polynomials relations. Some examples are: finding definite equali-
ties among variables like x = y; constant propagation, i.e. detecting
variables or expressions with a constant value at run-time; discov-
ery of symbolic constants like x = 5y + 2 or even x = yz2 + 42;
detection of complex common sub-expressions where even expres-
sions are sought which are syntactically different but have the same
value at run-time; and discovery of loop induction variables. Karr
[10] also discusses applications in connection with parallelization
of do-loops.

Affine and polynomial relations found by an automatic analysis
routine are also useful in program verification contexts, as they pro-
vide non-trivial valid assertions about the program. In particular,
certain loop invariants can be discovered in this way fully automat-
ically. As affine and, even more, polynomial relations express quite
complex relationships among variables, the discovered assertions

330

[. . . ] we describe analyses that determine identities valid
among program variables at each program point. Our
analyses interpret assignment statements with affine ex-
pressions on the right hand side and ignore conditions at
branches. Under this abstraction, the analysis computes
all polynomial relations of bounded degree precisely.



Interprocedural Invariant Synthesis

Theorem (Ait El Manssour, Naraghi, Shirmohammadi, W. 25)

Given a morphism φ : Σ∗ → Md(Q), we can compute φ(L) if
either L is a one-counter language or L is context-free and φ takes
values in invertible matrices.

Proof. Analog of Simon’s factorisation forest theorem for matrix
semigroups.

Theorem (Ait El Manssour, Naraghi, Shirmohammadi, W. 25)

There is no algorithm to compute φ(L) for L the language of an
indexed grammar.

Can we compute φ(L) for a context-free language L and general φ?



The Monniaux Problem

P. Cousot N. Halbwachs D. Monniaux

“Forty years of research on convex polyhedral invariants have
focused, on the one hand, on identifying “easier” subclasses, on
the other hand on heuristics for finding general convex polyhedra.
These heuristics are however not guaranteed to find polyhedral
inductive invariants when they exist. To our best knowledge, the
existence of polyhedral inductive invariants has never been proved
to be undecidable.”

– David Monniaux, 2019



Interprocedural Inequality Invariants @ ESOP’07

Interprocedurally Analysing Linear Inequality
Relations

Helmut Seidl, Andrea Flexeder, and Michael Petter

Technische Universität München, Boltzmannstrasse 3, 85748 Garching, Germany
{seidl,flexeder,petter}@cs.tum.edu

http://www2.cs.tum.edu/˜{seidl,flexeder,petter}

Abstract. In this paper we present an alternative approach to interprocedurally
inferring linear inequality relations. We propose an abstraction of the effects of
procedures through convex sets of transition matrices. In the absence of condi-
tional branching, this abstraction can be characterised precisely by means of the
least solution of a constraint system. In order to handle conditionals, we introduce
auxiliary variables and postpone checking them until after the procedure calls.
In order to obtain an effective analysis, we approximate convex sets by means
of polyhedra. Since our implementation of function composition uses the frame
representation of polyhedra, we rely on the subclass of simplices to obtain an ef-
ficient implementation. We show that for this abstraction the basic operations can
be implemented in polynomial time. First practical experiments indicate that the
resulting analysis is quite efficient and provides reasonably precise results.

1 Introduction

In [5], Cousot and Halbwachs present an intraprocedural analysis of linear inequalities
based on an abstraction of the collecting semantics [4] by means of convex polyhe-
dra. They draw upon both the frame and the constraint representation of polyhedra to
perform the subsumption test and widening [5] on polyhedra. More precise widening
strategies on convex polyhedra are provided in [1]. Based on this approach an interpro-
cedural analysis can be obtained by relating input and output states of a procedure call
by means of linear inequalities. This leads to convex transition invariants on program
variables before and after the procedure call.

sf

rf

x := 2*x

x := x - 2

f:

x := x
x := 2

f()
s1

rm

sm

main:

s2

Fig. 1. An example program for transition invariants

R. De Nicola (Ed.): ESOP 2007, LNCS 4421, pp. 284–299, 2007.
c© Springer-Verlag Berlin Heidelberg 2007

[. . . ] we present an alternative approach to interprocedu-
rally inferring linear inequality relations. We propose an
abstraction of the effects of procedures through convex
sets of transition matrices. In the absence of conditional
branching, this abstraction can be characterised precisely
by means of the least solution of a constraint system [. . . ]



Undecidability

Theorem (Hrushovski, Ouaknine, Pouly, W. 23)

There is no algorithm that computes the Zariski closure of the
reachable set of a polynomial program.

Theorem (Monniaux 19)

There is no algorithm for determining the existence of convex
polyhedral separating invariants for polynomial programs.

Theorem (Fijalkow et al. 25)

There is no algorithm for certifying non-reachability in affine
programs by (non-convex) polyhedral invariants.



Outstanding Problems

▶ Is there an algorithm to compute all algebraic invariants for
affine programs with recursion?

▶ Is there a procedure for determining existence of convex
polyhedral invariants for affine programs (with and without
recursion)?

▶ Is it decidable whether a finite set of matrices preserves some
bounded convex polyhedron?


