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contains the orbit and is closed in topology 



Orbit-Closure

G = ⟨(1 1
1 0)⟩

(1
0)Zariski Topology:

The orbit closure is the smallest set  that 
contains the orbit and is closed in topology 

Closed sets are algebraic!
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Orbit-Closure

G v ⟨x4 + y4 − 2x3y − x2y2 + 2xy3 − 1⟩

G = ⟨(1 1
1 0)⟩

P(x, y) = 0 and Q(x, y) = 0 then P + Q(x, y) = 0

P(x, y) = 0 then PQ(x, y) = 0

(x
y)



(Geometric) Complexity Theory

VP = VNP ? [STOC’79]

Orbit and Group-Closure
(Geometric) Complexity Theory
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circuit  computing comp( f ) = min(size(C) ∣ C f )

VP:  all   such that  f(x1, …, xk)

deg( f ) ≤ poly(k) comp( f ) ≤ poly(k)
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VP:  all   such that  f(x1, …, xk)

deg( f ) ≤ poly(k) comp( f ) ≤ poly(k)

VNP:  all   of the form  

 

where  is in VP

f(x1, …, xk)

∑
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VP = VNP ? [STOC’79]

Det(M) = ∑
σ ∈ Sn

Sgn(σ)
n

∏
i = 1

Mi,σ(i)

Perm(M) = ∑
σ ∈ Sn

n

∏
i = 1

Mi,σ(i)

(Geometric) Complexity Theory

K Mulmuley
M Sohoni

[FOCS’12]

VP = VNP     if and only if      Perm(M) ∈ SLn2 Det(M)



Quantum Computation

C Moore

JP Crutchfield

Orbit and Group-Closure
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Quantum Computing Model

  of unit normv ∈ ℚn×1 ∥v∥ = v2
1 + … + v2

n = 1

  unitary matrix{Mσ}σ ∈ Σ length preserving  ∥v∥ = ∥Mσ v∥

  orthogonal projection matrixP ∈ ℚn×n

Every word  will have a matrix   

Quantum automaton computes a function   where 

  

w = σ1⋯σn Mw = Mσn
⋯Mσ1

Val : Σ* → ℚ

Val(w) = ∥P Mw v∥2
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Quantum Computing Model

  of unit normv ∈ ℚn×1 ∥v∥ = v2
1 + … + v2

n = 1

  unitary matrix{Mσ}σ ∈ Σ length preserving  ∥v∥ = ∥Mσ v∥

  orthogonal projection matrixP ∈ ℚn×n

Decidable!H Derksen E. Jeandel P. Koiran
[SIAM JC’05]

-threshold problem asks, given , whether λ (v, {Mσ}σ ∈ Σ, P)

 such that ∃w ∈ Σ* ∥P Mw v∥2 > λ

∥P ⟨Mσ ∣ σ ∈ Σ⟩ v ∥2 ≤ λ

    for all ∥P Mw v∥2 ≤ λ w ∈ Σ*

⇔
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Algorithms

⟨Mσ ∣ σ ∈ Σ⟩ v
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This Euclidian closure  is algebraic!⟨Mσ ∣ σ ∈ Σ⟩ v

The vanishing ideal  of the orbit-closure can be finitely presented:I ⊆ ℚ[x1, …, xn]

I = ⟨P1, …, Pk ∣ Pi ∈ ℚn⟩

No complexity bounds!



Rational Series and Automata

The Orbit and Group-Closure Problems
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Program Analysis

Orbit and Group-Closure
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Does this program terminate?

(1
0)

Fibonacci numbers

x := 1;
y := 0;

while y − x2 ≤ 2 do

(x
y) := (1 1

1 0) (x
y)

done

G = ⟨(1 1
1 0)⟩



Does this program terminate?

(1
0)

x := 1;
y := 0;

while y − x2 ≤ 2 do

(x
y) := (1 1

1 0) (x
y)

done

Deciding termination of simple linear loops is open!

Fibonacci numbers

It is faintly 
outrageous that this 

problem is still open…



Does this program terminate?

Certificate of non-termination

x := 1;
y := 0;

while y − x2 ≤ 2 do

(x
y) := (1 1

1 0) (x
y)

done
G v  defined by  ⟨x4 + y4 − 2x3y − x2y2 + 2xy3 − 1⟩



Does this program terminate?

Certificate of non-termination

x := 1;
y := 0;

while y − x2 ≤ 2 do

(x
y) := (1 1

1 0) (x
y)

done
G v = ⟨x4 + y4 − 2x3y − x2y2 + 2xy3 − 1⟩

It is an invariant: it holds at every step



Invariants

Inductive invariant = invariant preserved by the transition relation preserved by 
transition

The classical approach to the verification of temporal safety properties of programs 
requires the construction of inductive invariants [...]. Automation of this construction is 

the main challenge in program verification. 

D. Beyer, T. Henzinger, R. Majumdar, and A. Rybalchenko  
Invariant Synthesis for Combined Theories, 2007 



Invariants

Inductive invariant = invariant preserved by the transition relation preserved by 
transition

Which invariants?

Intervals Octagons Polyhedrons Algebraic Sets



Affine invariants

There is an algorithm computing the strongest affine inductive invariant  for affine programs.

Theorem (Karr 76)

 reachable states are an 
orbit under a semigroup orbit-closure

 degree one



Affine invariants

There is an algorithm computing the strongest affine inductive invariant  for affine programs.

Theorem (Karr 76)

[ICALP’04]

M. Müller-Olm

H. Seidl



Polynomial invariants

[ICALP’04]

M. Müller-Olm

H. Seidl

… it is a challenging open problem whether or not the 
set of all valid polynomial relations can be computed not 

just the ones of some given form..



Polynomial invariants

There is an algorithm computing strongest polynomial inductive invariant for affine programs.

Theorem [LICS’18]
J. WorrellA. PoulyE. Hrushovski J. Ouaknine

 reachable states are an 
orbit under a semigroup orbit-closure



Polynomial invariants

⟨Mσ ∣ σ ∈ Σ⟩ v
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There is an algorithm computing strongest polynomial inductive invariant for affine programs.

Theorem [LICS’18]
J. WorrellA. PoulyE. Hrushovski J. Ouaknine

No complexity bounds!



Group Closure

M. Shirmohammadi

Let . What is the complexity of computing  ?S ⊆ GLn(ℚ) ⟨S⟩

K. NosanS. Schmitz

J. Worrell

A. Pouly



Polynomial invariants

[ICALP’04]

M. Müller-Olm

H. Seidl

… it is a challenging open problem whether or not the 
set of all valid polynomial relations can be computed not 

just the ones of some given form..



Group Closure

M. Shirmohammadi

Let . What is the complexity of computing  ?S ⊆ GLn(ℚ) ⟨S⟩

The closure  can be computed in .⟨S⟩ 10 EXPTIME(size(S), n)

Theorem [ISSAC’22]

Bound the degree



Group Closure
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G = hSi
S ⊆ GLn(ℚ)



Identity Component

S ⊆ GLn(ℚ)
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Identity Component G∘
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Identity Component

S ⊆ GLn(ℚ)
<latexit sha1_base64="LZiPMwpdyPBGMnOd5rAFJArDKmE="></latexit>

G = hSi

G�

G∘ ⊴ G

Identity Component G∘

G/G∘ ≅  finite rational group GLp(ℚ)

Can we degree bound      ?G∘

Size of finite rational groups                  

is at most

GLp(ℚ)

(2p)!



Group Closure
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Semisimple and Unipotent

S ⊆ GLn(ℚ)
Each               can be written as g ∈ G

(gu − I)n = 0

Jordan-Chevalley decomposition

g = gu gs

        semisimple 

diagnosable over Qℚ(gu − I)n = 0
unipotent

 and  are algebraic sets in G Gu := {gu : g ∈ G} Gs := {gs : g ∈ G} G = Gu ⋅ Gs
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G = Gu ·Gs



Unipotent Closure

S ⊆ GLn(ℚ)

(gu − I)n = 0 and  Gu := {gu : g ∈ G} U ⊴ G
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G = Gu ·Gs

U := hGui



Unipotent Closure

S ⊆ GLn(ℚ)

(gu − I)n = 0
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G = Gu ·Gs

U := hGui

�U (G) ⇠= G/U�U (G) ⇠= G/U

�U : G ! GLp(Q)

 and  Gu := {gu : g ∈ G} U ⊴ G

   degree     exp(exp(n3))



Unipotent Closure

S ⊆ GLn(ℚ)

(gu − I)n = 0

<latexit sha1_base64="C+vVl88H4GzeceuZyN3bp/Ss8IM="></latexit>

G = Gu ·Gs

U := hGui

�U (G) ⇠= G/U�U (G) ⇠= G/U

�U : G ! GLp(Q)

 and  Gu := {gu : g ∈ G} U ⊴ G

But  is not finite!G/U
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U := hGui

�U (G) ⇠= G/U�U (G) ⇠= G/U

�U : G ! GLp(Q)

   degree     exp(exp(n3))



Fictional H

S ⊆ GLn(ℚ)

(gu − I)n = 0

U ⊴ H ⊴ G

 so that 
 is also a finite 

rational group! 

H/U commutative!

G∘ ⊴ H ⊴ G
G/H
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U := hGui

�U (G) ⇠= G/U�U (G) ⇠= G/U

�U : G ! GLp(Q)
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S ⊆ GLn(ℚ)

(gu − I)n = 0
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Given the index of  in , a variant of Schreier’s Lemma gives  such that H G S′￼ H = ⟨S′￼⟩

Given degree of , we can compute degree of :U H H = (∏
g∈S′￼

⟨g⟩) ⋅ U

Given the degree of , and its index in G we can compute a degree bound on G!!! H
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A torus   can be made diagonal 

The maximal Tori in  are conjugate to the group of diagonal matrices
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GLn(K)

 Degree 1 



Define H
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A torus   can be made diagonal 

The maximal Tori in  are conjugate to the group of diagonal matrices

T ⩽ GLn(K)
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H

U := hGui
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Given the index of  in , a variant of Schreier’s Lemma gives  such that H G S′￼ H = ⟨S′￼⟩

Given degree of , we can compute degree of :U H H = (∏
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⟨g⟩) ⋅ U

Given the degree of , and its index in G we can compute a degree bound on G!!! H



Group Closure

M. Shirmohammadi

The closure  can be computed in .⟨S⟩ 10 EXPTIME(size(S), n)

Theorem [ISSAC’22]

S ⊆ GLn(ℚ)

K. NosanS. Schmitz

J. Worrell

A. Pouly



Cyclic Groups/Semigroups

M. ShirmohammadiA. Varonka
G. Kenison

Computation of  is in PTIME (previously 2EXPSPACE).⟨M⟩ v
Theorem [POPL’25]

 reduces in PTIME to ACITw ∈ ⟨M⟩ v

R. Ait El Manssour 
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Computation of  is in PTIME (previously 2EXPSPACE).⟨M⟩ v
Theorem [POPL’25]

 reduces in PTIME to ACITw ∈ ⟨M⟩ v
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Does circuit evaluates to 0? 

R. Ait El Manssour 



Identity Problems over number fields
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randomised ptime randomised ptime coNP randomised ptime

ACIT [LICS’22] [LICS’22] [ISSAC’21]

K.Nosan

J.Worrell

N.Balaji

S.Perifel
[LICS’22] [LICS’22] [ISASC’21]



Program Synthesis

M. Shirmohammadi

J. Worrell

G. Kenison

R. Ait El Manssour 

Orbit-closure ⟨Mσ ∣ σ ∈ Σ⟩ v Vanishing ideal I[x] ⊆ ℚ[x]

PSPACE : commutative
[Submitted]

A. Varonka

Given a safe invariant, and a partial program can you complete it properly?

x := ?; y := 0;

while TRUE do

(x
y) := (1 ?

? 0) (x
y)

done

G v = ⟨x4 + y4 − 2x3y − x2y2 + 2xy3 − 1⟩



Commutative Groups/Semigroups

M. ShirmohammadiA. Varonka
G. Kenison

 is in PH.w ∈ ⟨Mσ ∣ σ ∈ Σ⟩ v
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Commutative

Theorem [Preprint]

J. Worrell

Reduce the problem to Radical Ideal Membership

R. Ait El Manssour 



Interprocedural Programs

M. Shirmohammadi

J. Worrell

R. Ait El Manssour M. Naraghi 

[Submitted]

What about orbit-closure in recursive programs?



WHAT?!

M. Shirmohammadi

J. Worrell

R. Ait El Manssour 

R. Guttenburg

N. Lhote

Theorem [Preprint]

Given a finite semigroup , every matrix   has polynomial 
bitsize in size of generators .

S = ⟨A1, . . . , Ar⟩ ⊆ Qn×n A ∈ S
Ai
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