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Figure 4 The set {q1, q2} is an end-component in e2, not in e1.

Then, in order to reach the target q3, if there are more q1’s than q2’s in the history we play
a in q2, otherwise b. The intuition is that the histories with more q1’s than q2’s have a high
probability (more than 1 → ω) in M [e1] and a small probability (less than ω) in M [e2], where
ω can be made arbitrarily small (however not 0) by playing c for su!ciently long. Hence q1
is limit-sure winning, but not almost-sure winning.

In the second scenario (Figure 4), the transition probabilities do not matter. The objective
is to visit some state in {q3, q4, q5} infinitely often (those states have priority 0, the other
states have priority 1). The state q1 is limit-sure winning, but not almost-sure winning. To
win with probability 1 → ω, a strategy can play a (in q2) for a su!ciently long time, then
switch to playing b (unless q5 was reached before that). The crux is that playing a does
not harm, as it does not leave the limit-sure winning region, but ensures in at least one
environment (namely, e1) that the objective is satisfied with probability 1 (by reaching q5).
This allows to “discard” the environment e1 if q5 was not reached, and to switch to a strategy
that is winning with probability at least 1 → ω in e2, namely by playing b. With an arbitrary
number of environments, the di!culty is to determine in which order the environments can
be “discarded”.

Note that the transition (q2, a, q1) is not revealing, since it is present in both environments.
However, after crossing this transition a large number of times, we can still learn that the
environment is e2 (and be mistaken with arbitrarily small probability). In contrast, the
transition (q2, a, q5) is revealing and the environment is e1 with certainty upon crossing that
transition.

To solve the membership problem for limit-sure parity, we first convert M into a revealed-
form MEMDP M

→, similar to the case of almost-sure winning, with the obvious di"erence that
revealing transitions t = (q, a, q

→) of M [e] are redirected in M
→[e] to qwin if q

→ ↑ LS(M [Kt], ε)
is limit-sure winning when the set of environments is the knowledge Kt after observing
transition t. Thus, we aim for a recursive algorithm, where the base case is limit-sure winning
in MEMDPs with one environment, which are equivalent to plain MDPs, for which limit-sure
and almost-sure parity coincide. Note that the examples of Figure 3 and Figure 4 are in
revealed form.
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δ : Q × A ⇀ 𝖣𝗂𝗌𝗍(Q)

States
Available actions

Prob. transition function 

Q :  strategy  to visit Büchi states (parity condition) -often with prob. at least  from  ?∃ σ : 𝖰* → A ∞ α q

Let  be s.t.  then σ σ(h ⋅ q2) = a Mq × σ ⊧ ℙ ( □ ◊{q3, q4, q5} = 1)
Markov chain
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δ : Q × A ⇀ 𝖣𝗂𝗌𝗍(Q)

States
Available actions

Prob. transition function 

Q :  strategy  to visit Büchi states (parity condition) -often with prob. at least  from  ?∃ σ : 𝖰* → A ∞ α q

Let  be s.t.  then σ σ(h ⋅ q2) = a ℙσ
q(M, □ ◊{q3, q4, q5}) = 1



• A parity objective  is defined by a coloring function   

• The color of a path , noted , is the minimal color that 
appears infinitely many times along , and  is winning iff  

• Given a MDP , a state , and a threshold :  
can be decided in PTime

φ p : Q → ℕ

ρ = q1q2…qn… p(ρ)
ρ ρ ⊧p φ p(ρ) ∈ 𝖤𝗏𝖾𝗇

M q α ∃?σ ⋅ ℙσ
q(M, φ) ≥ α
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Markov Decision Processes
Solving parity objectives - End Components

Let ,  an End-Component (EC) of  is a pair  where: 

• the graph induced by  and  is strongly connected 

•

M = (Q, (Aq)q∈Q, δ) M (S, (Bq)q∈S)

S (Bq)q∈S

∀q ∈ S ⋅ ∀a ∈ Bq : 𝖲𝗎𝗉𝗉(δ(s, a)) ⊆ S150:8 The Value Problem for Multiple-Environment MDPs with Parity Objective
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Figure 3 An end-component {q1, q2} with di!erent transition probabilities in environments e1
and e2.

↭ Lemma 3. Given an MEMDP M in revealed form with state space Q, if W → Q is such
that in every environment e, from every state q ↑ W , there exists a strategy ωe that is almost-
sure winning for the parity objective Parity(p) in M |W [e] from q, then W → AS(M, Parity(p)).
Moreover, for all q ↑ W , there exists a pure (|Q| · |E|)-memory strategy ensuring Parity(p)
from q in M .

The characterization in the first part of Lemma 3 holds simply because parity objectives
are prefix-independent (runs that di!er by a finite prefix are either both winning or both
losing), and thus the characterization holds for all prefix-independent objectives.

Following the characterization in Lemma 3, we can construct an algorithm that computes
the revealed form (using recursive calls to determine the winning region of MEMDPs with
smaller sets of environments), and then computes the winning region by a fixpoint iteration
computable in polynomial time for a fixed set of environments. The depth of the recursive calls
is bounded by the number of environments, giving a PSPACE algorithm. Correspondingly,
we show that pure strategies with exponential memory O(|Q| · |E| · 2|E|) are su"cient. It
is easy to show that exponential memory is necessary using the construction establishing
PSPACE lower bound of the problem [23, Theorem 7].

↭ Theorem 4. The membership problem for almost-sure parity in MEMDPs is PSPACE-
complete. Pure exponential-memory strategies are su!cient for almost-sure winning in
MEMDPs with parity (thus also reachability and safety) objectives. When the number of
environments is fixed, the problem is solvable in polynomial time.

4 Limit-Sure Winning

We refer to the examples of the duplicate card and the missing card in Section 1 to illustrate
the di!erence between limit-sure and almost-sure winning. We present in Section 4.1 two
other scenarios where limit-sure winning and almost-sure winning do not coincide, which will
be useful to illustrate the key ideas in the algorithmic solution.

4.1 Examples
In the example of Figure 3, the set D = {q1, q2} is an end-component in both environments
e1 and e2 (the actions are shown in the figures only when relevant, that is in q2). However,
the transition probabilities from q1 are di!erent in the two environments e1 and e2, and
intuitively we can learn (with high probability) in which environment we are by playing c

for a long enough (but finite) time and collecting the frequency of the visits to q1 and q2.

a

3 2
1

0

 is a EC({q1, q2}, Bq1
= {a}, Bq2

= {c})
Playing all actions in  
uniformly at random ensures 
to visit all states of the EC with 
probability 1. 

(Bq)q∈S

All states in an EC are either winning 
the parity objective with prob. 1 (if min. color in 
EC is even) or with prob. 0 (if min. color is odd).

Solving parity objectives in MDP 
reduces to maximizing 
the prob. of reaching EC with value 1.

…



The Model of  
Multi-env. MDPs



• A multi-env. MDP  = collection of  MDPs 

• Same state space but different next state transition functions 

• The controller does not observe which  governs the dynamics 
but fully observes states 
 
 
 
 
 
 

• Robust control: (unique) strategy that enforces a specification (parity 
condition) in all environments: 

M = (Q, (Aq)q∈Q, (δe)e∈E) |E |

e ∈ E

∃?σ ⋅ ∀e ∈ E : ℙσ
q(M[e], φp) ≥ α

Multi-Environment MDPs
The model
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Figure 1 Multiple-environment MDP for the missing card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been removed. The
environment can be identified almost-surely (with probability 1).

an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [21], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 23, 22].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are su!cient in POMDPs [17, 7]
while randomization is necessary in general in MEMDPs [21, Lemma 3].

The synthesis problem has been considered for traditional ω-regular objectives, defined
as parity [21] or Rabin [22] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the di"erence between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shu#es the cards (including the top card,
which remains in the deck); the action guess(x), where 1 ↑ x ↑ 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists



• MEMDPs can be used to model: 

• e.g. several types of users, different types of 
patients, etc. 

• finite number of valuations for a parametric MDP 

• an adversary playing a strategy taken from a finite 
set of finite memory randomized strategies

Multi-Environment MDPs
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limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.
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is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
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wins with probability 1, even if there exist scenarios (though with probability 0) where some
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an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [21], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 23, 22].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are su!cient in POMDPs [17, 7]
while randomization is necessary in general in MEMDPs [21, Lemma 3].

The synthesis problem has been considered for traditional ω-regular objectives, defined
as parity [21] or Rabin [22] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the di"erence between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shu#es the cards (including the top card,
which remains in the deck); the action guess(x), where 1 ↑ x ↑ 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists
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• The states are fully observable but environment is not 

• This is a variant of Partially Observable MDPs (POMPDs) 
% env. is chosen adversarially not stochastically 

• Some of the problems that we want to study on MEMDP can be reduced to 
problems on POMDPs 
% uniformly choosing the environment 
 
 
 
 

• … but those problems are harder on POMDPs  
% for instance almost sure reachability is already ExpTime-C and limit-sure reachability is undecidable, almost sure co-
Büchi, and so parity, are undecidable 

• So, we study dedicated algorithms instead and settle the complexity of the 
problems
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represents the behavior of the MEMDP under environment ei where card i has been removed. The
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an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [21], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 23, 22].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are su!cient in POMDPs [17, 7]
while randomization is necessary in general in MEMDPs [21, Lemma 3].

The synthesis problem has been considered for traditional ω-regular objectives, defined
as parity [21] or Rabin [22] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the di"erence between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shu#es the cards (including the top card,
which remains in the deck); the action guess(x), where 1 ↑ x ↑ 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists

A card deck with one missing card 
Q : Can we discover the missing card? With which probability?
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Figure 1 Multiple-environment MDP for the missing card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been removed. The
environment can be identified almost-surely (with probability 1).

an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [21], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 23, 22].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are su!cient in POMDPs [17, 7]
while randomization is necessary in general in MEMDPs [21, Lemma 3].

The synthesis problem has been considered for traditional ω-regular objectives, defined
as parity [21] or Rabin [22] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the di"erence between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shu#es the cards (including the top card,
which remains in the deck); the action guess(x), where 1 ↑ x ↑ 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists

A card deck with one missing card 
Q : Can we discover the missing card? With which probability?
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Figure 1 Multiple-environment MDP for the missing card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been removed. The
environment can be identified almost-surely (with probability 1).

an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [21], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 23, 22].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are su!cient in POMDPs [17, 7]
while randomization is necessary in general in MEMDPs [21, Lemma 3].

The synthesis problem has been considered for traditional ω-regular objectives, defined
as parity [21] or Rabin [22] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the di"erence between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shu#es the cards (including the top card,
which remains in the deck); the action guess(x), where 1 ↑ x ↑ 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists

A card deck with one missing card 
Q : Can we discover the missing card? With which probability?

Yes, with probability one (almost surely) !



• Claim:  to discover missing card with probability 1 (almost surely) 

• The MEMDP starts in an unknown environment   
(chosen adversarially) 

•  draws cards at random and records edges seen so far 
Important concept: revealing edge  
if , then env. in not  (knowledge ) 

• The two edges appearing in  are eventually revealed, with prob. 1 

• At that time, we know , i.e. what is the missing card !
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Figure 1 Multiple-environment MDP for the missing card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been removed. The
environment can be identified almost-surely (with probability 1).

an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [21], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 23, 22].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are su!cient in POMDPs [17, 7]
while randomization is necessary in general in MEMDPs [21, Lemma 3].

The synthesis problem has been considered for traditional ω-regular objectives, defined
as parity [21] or Rabin [22] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the di"erence between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shu#es the cards (including the top card,
which remains in the deck); the action guess(x), where 1 ↑ x ↑ 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists
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Figure 2 Multiple-environment MDP for the duplicate card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been duplicated.
The environment can be identified limit-surely (with probability arbitrarily close to 1).

in every strategy. Consider now an environment consisting of 53 cards, obtained by adding
one duplicate card c to the standard deck, and the same action set and rules of the game,
except that a correct guess is now the duplicate card x = c (see Figure 2). The strategy
that samples for a long time and then makes a guess based on the most frequent card wins
with probability close to 1 – and closer to 1 as the sampling time is longer – but not equal
to 1, since no matter how long is the sampling phase there is always a nonzero probability
that the duplicate card does not have the highest frequency at the time of the guess. In
this case, the MEMDP is limit-sure winning, but not almost-sure winning. Intuitively, the
solution of almost-sure winning relies on the analysis of revealing transitions, which give a
sure information allowing to exclude some environment (seeing card c is a guarantee that we
are not in the environment where c is missing); the solution of limit-sure winning involves
learning by sampling, which also allows to exclude some environment, but possibly with a
nonzero probability to be mistaken.

For MEMDPs with two environments, it is known that the almost-sure and limit-sure
problem for parity objectives are solvable in polynomial time [21, Theorem 33, Theorem 40],
while the gap problem is decidable in 2-fold exponential space [21, Theorem 30] and is
NP-hard, even for acyclic MEMDPs with two environments [21, Theorem 26]. With an
arbitrary number of environments, the almost-sure problem becomes PSPACE-complete [22,
Theorem 41], even for reachability objectives [23, Lemma 11]. For comparison, in the close
model of POMDP, the decidability frontier lies between limit-sure winning and almost-sure
winning: with reachability objectives, the almost-sure problem is decidable (and EXPTIME-
complete [2]), whereas the limit-sure problem is undecidable [12]. The gap problem is also
undecidable [16].

In this paper, we consider the limit-sure problem and the gap problem for parity objectives
in MEMDPs with an arbitrary number of environments. Our main result is to show that
(a) the limit-sure problem is PSPACE-complete and can be solved in polynomial time for a
fixed number of environments, and (b) the gap problem can be solved in double exponential
space. Correspondingly, our algorithms significantly extend the solutions that are known for
two environments, relying on a non-trivial recursive (inductive) analysis.

The PSPACE upper bound is obtained by a characterization of limit-sure winning for
a subclass of MEMDPs, in terms of almost-sure winning conditions (Lemma 14). A pre-
processing phase transforms general MEMDPs into the subclass. We present a PSPACE
algorithm to compute the pre-processing and verify the characterization. Since our algorithm
relies on almost-sure winning, we also give a new characterization of almost-sure winning
for parity objectives in MEMDPs (Lemma 3), which gives a conceptually simple alternative
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Figure 2 Multiple-environment MDP for the duplicate card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been duplicated.
The environment can be identified limit-surely (with probability arbitrarily close to 1).

in every strategy. Consider now an environment consisting of 53 cards, obtained by adding
one duplicate card c to the standard deck, and the same action set and rules of the game,
except that a correct guess is now the duplicate card x = c (see Figure 2). The strategy
that samples for a long time and then makes a guess based on the most frequent card wins
with probability close to 1 – and closer to 1 as the sampling time is longer – but not equal
to 1, since no matter how long is the sampling phase there is always a nonzero probability
that the duplicate card does not have the highest frequency at the time of the guess. In
this case, the MEMDP is limit-sure winning, but not almost-sure winning. Intuitively, the
solution of almost-sure winning relies on the analysis of revealing transitions, which give a
sure information allowing to exclude some environment (seeing card c is a guarantee that we
are not in the environment where c is missing); the solution of limit-sure winning involves
learning by sampling, which also allows to exclude some environment, but possibly with a
nonzero probability to be mistaken.

For MEMDPs with two environments, it is known that the almost-sure and limit-sure
problem for parity objectives are solvable in polynomial time [21, Theorem 33, Theorem 40],
while the gap problem is decidable in 2-fold exponential space [21, Theorem 30] and is
NP-hard, even for acyclic MEMDPs with two environments [21, Theorem 26]. With an
arbitrary number of environments, the almost-sure problem becomes PSPACE-complete [22,
Theorem 41], even for reachability objectives [23, Lemma 11]. For comparison, in the close
model of POMDP, the decidability frontier lies between limit-sure winning and almost-sure
winning: with reachability objectives, the almost-sure problem is decidable (and EXPTIME-
complete [2]), whereas the limit-sure problem is undecidable [12]. The gap problem is also
undecidable [16].

In this paper, we consider the limit-sure problem and the gap problem for parity objectives
in MEMDPs with an arbitrary number of environments. Our main result is to show that
(a) the limit-sure problem is PSPACE-complete and can be solved in polynomial time for a
fixed number of environments, and (b) the gap problem can be solved in double exponential
space. Correspondingly, our algorithms significantly extend the solutions that are known for
two environments, relying on a non-trivial recursive (inductive) analysis.

The PSPACE upper bound is obtained by a characterization of limit-sure winning for
a subclass of MEMDPs, in terms of almost-sure winning conditions (Lemma 14). A pre-
processing phase transforms general MEMDPs into the subclass. We present a PSPACE
algorithm to compute the pre-processing and verify the characterization. Since our algorithm
relies on almost-sure winning, we also give a new characterization of almost-sure winning
for parity objectives in MEMDPs (Lemma 3), which gives a conceptually simple alternative

Yes, but only with high probability (arbitrarily close to one - limit surely) 
but not with prob. 1
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Figure 2 Multiple-environment MDP for the duplicate card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been duplicated.
The environment can be identified limit-surely (with probability arbitrarily close to 1).

in every strategy. Consider now an environment consisting of 53 cards, obtained by adding
one duplicate card c to the standard deck, and the same action set and rules of the game,
except that a correct guess is now the duplicate card x = c (see Figure 2). The strategy
that samples for a long time and then makes a guess based on the most frequent card wins
with probability close to 1 – and closer to 1 as the sampling time is longer – but not equal
to 1, since no matter how long is the sampling phase there is always a nonzero probability
that the duplicate card does not have the highest frequency at the time of the guess. In
this case, the MEMDP is limit-sure winning, but not almost-sure winning. Intuitively, the
solution of almost-sure winning relies on the analysis of revealing transitions, which give a
sure information allowing to exclude some environment (seeing card c is a guarantee that we
are not in the environment where c is missing); the solution of limit-sure winning involves
learning by sampling, which also allows to exclude some environment, but possibly with a
nonzero probability to be mistaken.

For MEMDPs with two environments, it is known that the almost-sure and limit-sure
problem for parity objectives are solvable in polynomial time [21, Theorem 33, Theorem 40],
while the gap problem is decidable in 2-fold exponential space [21, Theorem 30] and is
NP-hard, even for acyclic MEMDPs with two environments [21, Theorem 26]. With an
arbitrary number of environments, the almost-sure problem becomes PSPACE-complete [22,
Theorem 41], even for reachability objectives [23, Lemma 11]. For comparison, in the close
model of POMDP, the decidability frontier lies between limit-sure winning and almost-sure
winning: with reachability objectives, the almost-sure problem is decidable (and EXPTIME-
complete [2]), whereas the limit-sure problem is undecidable [12]. The gap problem is also
undecidable [16].

In this paper, we consider the limit-sure problem and the gap problem for parity objectives
in MEMDPs with an arbitrary number of environments. Our main result is to show that
(a) the limit-sure problem is PSPACE-complete and can be solved in polynomial time for a
fixed number of environments, and (b) the gap problem can be solved in double exponential
space. Correspondingly, our algorithms significantly extend the solutions that are known for
two environments, relying on a non-trivial recursive (inductive) analysis.

The PSPACE upper bound is obtained by a characterization of limit-sure winning for
a subclass of MEMDPs, in terms of almost-sure winning conditions (Lemma 14). A pre-
processing phase transforms general MEMDPs into the subclass. We present a PSPACE
algorithm to compute the pre-processing and verify the characterization. Since our algorithm
relies on almost-sure winning, we also give a new characterization of almost-sure winning
for parity objectives in MEMDPs (Lemma 3), which gives a conceptually simple alternative

• Claim:  to discover duplicated card with probability  (limit surely) 

• MEMDP starts in an unknown environment  (chosen adversarially) 

•  draws cards at random and records statistics about frequency of edges seen so far 

•
Hoeffding’s inequality: , 

i.e. Hoeffding's inequality provides a bound on the prob. that the sum of random variables  deviates from its expected 
value 

• For any given , we can determine a number of draws  sufficient to determine 
with probability  the active environment, and so the duplicated card !  
% similar to PAC learning
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• Given , and a state , a parity objective  decide: 

• for almost sure winning: if there exists a strategy  s.t.  
for all ,  

• for limit sure winning: if for all , there exists a strategy  s.t.  
for all ,  
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Figure 1 Multiple-environment MDP for the missing card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been removed. The
environment can be identified almost-surely (with probability 1).

an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [21], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 23, 22].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are su!cient in POMDPs [17, 7]
while randomization is necessary in general in MEMDPs [21, Lemma 3].

The synthesis problem has been considered for traditional ω-regular objectives, defined
as parity [21] or Rabin [22] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the di"erence between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shu#es the cards (including the top card,
which remains in the deck); the action guess(x), where 1 ↑ x ↑ 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists
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Figure 2 Multiple-environment MDP for the duplicate card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been duplicated.
The environment can be identified limit-surely (with probability arbitrarily close to 1).

in every strategy. Consider now an environment consisting of 53 cards, obtained by adding
one duplicate card c to the standard deck, and the same action set and rules of the game,
except that a correct guess is now the duplicate card x = c (see Figure 2). The strategy
that samples for a long time and then makes a guess based on the most frequent card wins
with probability close to 1 – and closer to 1 as the sampling time is longer – but not equal
to 1, since no matter how long is the sampling phase there is always a nonzero probability
that the duplicate card does not have the highest frequency at the time of the guess. In
this case, the MEMDP is limit-sure winning, but not almost-sure winning. Intuitively, the
solution of almost-sure winning relies on the analysis of revealing transitions, which give a
sure information allowing to exclude some environment (seeing card c is a guarantee that we
are not in the environment where c is missing); the solution of limit-sure winning involves
learning by sampling, which also allows to exclude some environment, but possibly with a
nonzero probability to be mistaken.

For MEMDPs with two environments, it is known that the almost-sure and limit-sure
problem for parity objectives are solvable in polynomial time [21, Theorem 33, Theorem 40],
while the gap problem is decidable in 2-fold exponential space [21, Theorem 30] and is
NP-hard, even for acyclic MEMDPs with two environments [21, Theorem 26]. With an
arbitrary number of environments, the almost-sure problem becomes PSPACE-complete [22,
Theorem 41], even for reachability objectives [23, Lemma 11]. For comparison, in the close
model of POMDP, the decidability frontier lies between limit-sure winning and almost-sure
winning: with reachability objectives, the almost-sure problem is decidable (and EXPTIME-
complete [2]), whereas the limit-sure problem is undecidable [12]. The gap problem is also
undecidable [16].

In this paper, we consider the limit-sure problem and the gap problem for parity objectives
in MEMDPs with an arbitrary number of environments. Our main result is to show that
(a) the limit-sure problem is PSPACE-complete and can be solved in polynomial time for a
fixed number of environments, and (b) the gap problem can be solved in double exponential
space. Correspondingly, our algorithms significantly extend the solutions that are known for
two environments, relying on a non-trivial recursive (inductive) analysis.

The PSPACE upper bound is obtained by a characterization of limit-sure winning for
a subclass of MEMDPs, in terms of almost-sure winning conditions (Lemma 14). A pre-
processing phase transforms general MEMDPs into the subclass. We present a PSPACE
algorithm to compute the pre-processing and verify the characterization. Since our algorithm
relies on almost-sure winning, we also give a new characterization of almost-sure winning
for parity objectives in MEMDPs (Lemma 3), which gives a conceptually simple alternative
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• Theorem (Almost Sure) [SVJ24].  
Membership problem is PSPACE-complete; solvable in 
PTime if number of environments is fixed. Pure 
exponential-memory strategies suffice. 

• Theorem (Limit Sure).  
Membership problem is PSPACE-complete; solvable in 
PTime if number of environments is fixed. From a LS 
winning state, for any ε  >  0, pure exponential-memory 
strategies suffice to ensure the objective with probability 
≥ 1−ε.

Main results - Almost sure and limit sure
Complexity



• We leave open the decidability of the threshold problem.  

• We show how to solve a relaxation: the gap problem (a.k.a. promise problem). 
Given  and , a MEMDP , a state , parity objective , answers: 

• Yes, if there exists a strategy  such that for all , we have 
 

• No, if for all strategies , there exists  with 
 

• and arbitrarily otherwise 

• This can be used to approximate arbitrarily closely the max. realizable threshold 

% see details in the paper

0 < α < 1 ϵ > 0 M q φ

σ e ∈ E
ℙσ

q(M[e], φ) ≥ α

σ e ∈ E
ℙσ

q(M[e], φ) < α − ϵ

Main results - Threshold problem
Gap version



Main algorithmic ideas



Revealing Edges
Improve knowledge about  environment with certainty

XX:2 The Value Problem for Multiple-Environment MDPs with Parity Objective
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Figure 1 Multiple-environment MDP for the missing card (over 3-card deck). Each M [ei]
represents the behavior of the MEMDP under environment ei where card i has been removed. The
environment can be identified almost-surely (with probability 1).

an alternative model of MDPs with partial information has attracted attention, the multiple-
environment MDPs (MEMDP) [21], which consists of a finite set of MDPs over the same
state space. Each MDP represents a possible environment, but the decision-maker does not
know in which environment they are operating. The synthesis problem is then to construct a
single strategy that can be executed in all environments to ensure the objective be satisfied
independently of the environment. This model is natural in applications where the structure
of the transitions and their probability are uncertain such as in robust planning or population
models with individual variability [4, 6, 1, 23, 22].

In contrast to what previous work suggest, the two models of POMDP and MEMDP
are (syntactically) incomparable: the choice of the environment in MEMDP is adversarial,
which cannot be expressed in a POMDP, and the partial observability of POMDP can occur
throughout the execution, whereas the uncertainty in MEMDP is only initial. In particular,
MEMDP are not a subclass of POMDP since pure strategies are su!cient in POMDPs [17, 7]
while randomization is necessary in general in MEMDPs [21, Lemma 3].

The synthesis problem has been considered for traditional ω-regular objectives, defined
as parity [21] or Rabin [22] condition, in three variants: the almost-sure problem is to decide
whether there exists a strategy that is winning with probability 1 in all environments, the
limit-sure problem is to decide whether, for every ε > 0, there exists a strategy that is
winning with probability at least 1 → ε in all environments, and the gap problem, which is
an approximate version of the quantitative problem to decide, given a threshold 0 < ϑ ↑ 1,
whether there exists a strategy that is winning with probability at least ϑ in all environments.
The limit-sure problem is also called the value-1 problem, where the value of an MEMDP is
defined as the supremum of the values achievable by a strategy. The value is 1 if and only if
the answer to the limit-sure problem is Yes.

A classical example to illustrate the di"erence between almost-sure and limit-sure winning
is to consider an environment consisting of 51 cards, obtained by removing one card from a
standard 52-card deck (see Figure 1). The decision-maker has two possible actions: the action
sample reveals the top card of the deck and then shu#es the cards (including the top card,
which remains in the deck); the action guess(x), where 1 ↑ x ↑ 52 is a card, stops the game
with a win if x is the missing card, and a lose otherwise. If no guess is ever made, the game
is also losing. An almost-sure winning strategy is to sample until each of the 51 cards has
been revealed at least once, then to make a correct guess. It is easy to see that the strategy
wins with probability 1, even if there exist scenarios (though with probability 0) where some
of the 51 cards are never revealed and no correct guess is made. Hence the MEMDP is
almost-sure winning, and we say that it is not sure winning because a losing scenario exists

• if , then env. in not  (knowledge )0 → 1 e1 K ∈ 2E∖∅
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Figure 3 An end-component {q1, q2} with di!erent transition probabilities in environments e1
and e2.

Otherwise, we scan the set of environments given as input, and store a subset E
→ of these:

we include an environment e in E
→ if and only if none of the previously stored environments

is equivalent to e. This takes O(|E|2) time. This yields a subset with at most 2|Q|2|A|

environments, with at most one representative for each possible support. We then apply the
recursive algorithm on the MEMDP M [E→], which yields the same result as if it was applied
to M = M [E] by Lemma 5. ↭

4 Limit-Sure Winning

We refer to the examples of the duplicate card and the missing card in Section 1 to illustrate
the di!erence between limit-sure and almost-sure winning. We present in Section 4.1 two
other scenarios where limit-sure winning and almost-sure winning do not coincide, which will
be useful to illustrate the key ideas in the algorithmic solution.

4.1 Examples

In the example of Figure 3, the set D = {q1, q2} is an end-component in both environments
e1 and e2 (the actions are shown in the figures only when relevant, that is in q2). However,
the transition probabilities from q1 are di!erent in the two environments e1 and e2, and
intuitively we can learn (with high probability) in which environment we are by playing c

for a long enough (but finite) time and collecting the frequency of the visits to q1 and q2.
Then, in order to reach the target q3, if there are more q1’s than q2’s in the history we play
a in q2, otherwise b. The intuition is that the histories with more q1’s than q2’s have a high
probability (more than 1 → ω) in M [e1] and a small probability (less than ω) in M [e2], where
ω can be made arbitrarily small (however not 0) by playing c for su"ciently long. Hence q1

is limit-sure winning, but not almost-sure winning.
In the second scenario (Figure 4), the transition probabilities do not matter. The objective

is to visit some state in {q3, q4, q5} infinitely often (those states have priority 0, the other
states have priority 1). The state q1 is limit-sure winning, but not almost-sure winning. To
win with probability 1 → ω, a strategy can play a (in q2) for a su"ciently long time, then
switch to playing b (unless q5 was reached before that). The crux is that playing a does
not harm, as it does not leave the limit-sure winning region, but ensures in at least one
environment (namely, e1) that the objective is satisfied with probability 1 (by reaching q5).
This allows to “discard” the environment e1 if q5 was not reached, and to switch to a strategy
that is winning with probability at least 1 → ω in e2, namely by playing b. With an arbitrary

Let  be multi-env MDP. A pair 
 is an End-Component (EC) in : that is 

the subMDP  is strongly 

connected.

M = (Q, (Aq)q∈Q, (δe)e∈E)
(Q′￼, (Aq)q∈Q′￼

) e ∈ E

(Q′￼, (Aq)q∈Q′￼
, δ (Q′￼,(Aq)q∈Q′￼)

e )
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Otherwise, we scan the set of environments given as input, and store a subset E
→ of these:

we include an environment e in E
→ if and only if none of the previously stored environments

is equivalent to e. This takes O(|E|2) time. This yields a subset with at most 2|Q|2|A|

environments, with at most one representative for each possible support. We then apply the
recursive algorithm on the MEMDP M [E→], which yields the same result as if it was applied
to M = M [E] by Lemma 5. ↭

4 Limit-Sure Winning

We refer to the examples of the duplicate card and the missing card in Section 1 to illustrate
the di!erence between limit-sure and almost-sure winning. We present in Section 4.1 two
other scenarios where limit-sure winning and almost-sure winning do not coincide, which will
be useful to illustrate the key ideas in the algorithmic solution.

4.1 Examples

In the example of Figure 3, the set D = {q1, q2} is an end-component in both environments
e1 and e2 (the actions are shown in the figures only when relevant, that is in q2). However,
the transition probabilities from q1 are di!erent in the two environments e1 and e2, and
intuitively we can learn (with high probability) in which environment we are by playing c

for a long enough (but finite) time and collecting the frequency of the visits to q1 and q2.
Then, in order to reach the target q3, if there are more q1’s than q2’s in the history we play
a in q2, otherwise b. The intuition is that the histories with more q1’s than q2’s have a high
probability (more than 1 → ω) in M [e1] and a small probability (less than ω) in M [e2], where
ω can be made arbitrarily small (however not 0) by playing c for su"ciently long. Hence q1

is limit-sure winning, but not almost-sure winning.
In the second scenario (Figure 4), the transition probabilities do not matter. The objective

is to visit some state in {q3, q4, q5} infinitely often (those states have priority 0, the other
states have priority 1). The state q1 is limit-sure winning, but not almost-sure winning. To
win with probability 1 → ω, a strategy can play a (in q2) for a su"ciently long time, then
switch to playing b (unless q5 was reached before that). The crux is that playing a does
not harm, as it does not leave the limit-sure winning region, but ensures in at least one
environment (namely, e1) that the objective is satisfied with probability 1 (by reaching q5).
This allows to “discard” the environment e1 if q5 was not reached, and to switch to a strategy
that is winning with probability at least 1 → ω in e2, namely by playing b. With an arbitrary

A Common End-Component (CEC) is a pair  that is an 
EC in all . 

It is distinguishing if it contains a transition  such that 
 for some env. . 

Distinguishing CEC allows to learn! By observing frequencies of next 
states, we can guess the correct environment with high probability!

(Q′￼, (Aq)q∈Q′￼)
e ∈ E

(q, a, q′￼)
δe(q, a)(q′￼) ≠ δf(q, a)(q′￼) e, f ∈ E



• The knowledge is the set of environment that are potentially active 

• Initially:         % env. is chosen adversarially 

• Two (main) ways to improve the knowledge: 

• when crossing a revealing edge   
% one which is not present in all env. of current knowledge 

• When staying long enough into a distinguishing common-end-
component 
% by collecting statistics, we can exclude some environments 

• When  is a singleton or all environments share the same future dynamics: 
we have a plain MDP that we can solve (in PTime) ! (base case) 

• Recurse when knowledge improves

K0 = {e1, e2, …, en} = E

K

Algorithmic ideas
Knowledge and recursion
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Figure 4 The set {q1, q2} is an end-component in e2, not in e1.

Then, in order to reach the target q3, if there are more q1’s than q2’s in the history we play
a in q2, otherwise b. The intuition is that the histories with more q1’s than q2’s have a high
probability (more than 1 → ω) in M [e1] and a small probability (less than ω) in M [e2], where
ω can be made arbitrarily small (however not 0) by playing c for su!ciently long. Hence q1
is limit-sure winning, but not almost-sure winning.

In the second scenario (Figure 4), the transition probabilities do not matter. The objective
is to visit some state in {q3, q4, q5} infinitely often (those states have priority 0, the other
states have priority 1). The state q1 is limit-sure winning, but not almost-sure winning. To
win with probability 1 → ω, a strategy can play a (in q2) for a su!ciently long time, then
switch to playing b (unless q5 was reached before that). The crux is that playing a does
not harm, as it does not leave the limit-sure winning region, but ensures in at least one
environment (namely, e1) that the objective is satisfied with probability 1 (by reaching q5).
This allows to “discard” the environment e1 if q5 was not reached, and to switch to a strategy
that is winning with probability at least 1 → ω in e2, namely by playing b. With an arbitrary
number of environments, the di!culty is to determine in which order the environments can
be “discarded”.

Note that the transition (q2, a, q1) is not revealing, since it is present in both environments.
However, after crossing this transition a large number of times, we can still learn that the
environment is e2 (and be mistaken with arbitrarily small probability). In contrast, the
transition (q2, a, q5) is revealing and the environment is e1 with certainty upon crossing that
transition.

To solve the membership problem for limit-sure parity, we first convert M into a revealed-
form MEMDP M

→, similar to the case of almost-sure winning, with the obvious di"erence that
revealing transitions t = (q, a, q

→) of M [e] are redirected in M
→[e] to qwin if q

→ ↑ LS(M [Kt], ε)
is limit-sure winning when the set of environments is the knowledge Kt after observing
transition t. Thus, we aim for a recursive algorithm, where the base case is limit-sure winning
in MEMDPs with one environment, which are equivalent to plain MDPs, for which limit-sure
and almost-sure parity coincide. Note that the examples of Figure 3 and Figure 4 are in
revealed form.

ICALP 2025

Objective: □ ◊{q3, q4, q5}

Prob. does not matter



• If the active env. is  then playing action  never reveals this 

• Still after taking action  many times in , we win or we can guess, and 
being correct with high probability that active env. is  

• Playing action  is OK even if  is not a CEC because action  is « safe » 
for limit sure winning (every LS state has a « safe » action) 
% see details in the paper

e2 a

a q2
e2

a {q1, q2} a

Distinguishing CEC and revealing edge
… combined …
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Figure 4 The set {q1, q2} is an end-component in e2, not in e1.

number of environments, the di!culty is to determine in which order the environments can
be “discarded”.

Note that the transition (q2, a, q1) is not revealing, since it is present in both environments.
However, after crossing this transition a large number of times, we can still learn that the
environment is e2 (and be mistaken with arbitrarily small probability). In contrast, the
transition (q2, a, q5) is revealing and the environment is e1 with certainty upon crossing that
transition.

To solve the membership problem for limit-sure parity, we first convert M into a revealed-
form MEMDP M

→, similar to the case of almost-sure winning, with the obvious di"erence that
revealing transitions t = (q, a, q

→) of M [e] are redirected in M
→[e] to qwin if q

→ → LS(M [Kt], ω)
is limit-sure winning when the set of environments is the knowledge Kt after observing
transition t. Thus, we aim for a recursive algorithm, where the base case is limit-sure winning
in MEMDPs with one environment, which are equivalent to plain MDPs, for which limit-sure
and almost-sure parity coincide. Note that the examples of Figure 3 and Figure 4 are in
revealed form.

4.2 Common End-Components and Learning

A common end-component (CEC) of an MEMDP M = ↑Q, (Aq)q↑Q, (εe)e↑E↓ is a pair (Q→
, A

→)
that is an end-component in M [e] for all environments e → E. A CEC D is trivial if it
contains a single state. D is said winning for a parity condition Parity(p), if for all e → E,
there is a strategy in M [e] which, when started inside D, ensures Parity(p) with probability 1.
Notice that since D is a common end-component, such a strategy ensures Parity(p) with
probability 1 in M [e] i" it does in M [e→].

We note that the common end-components of an MEMDP are the end-components of the
MDP ↔e↑EM [e] assuming M is in revealed form, and thus can be computed using standard
algorithm for end-components [9].

↭ Lemma 7. Consider an MEMDP M in revealed form. The common end-components of M

are exactly the end-components of ↔e↑EM [e].

Proof. Consider a common end-component D of M . Because in each M [e], all state-action
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However, after crossing this transition a large number of times, we can still learn that the
environment is e2 (and be mistaken with arbitrarily small probability). In contrast, the
transition (q2, a, q5) is revealing and the environment is e1 with certainty upon crossing that
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there is a strategy in M [e] which, when started inside D, ensures Parity(p) with probability 1.
Notice that since D is a common end-component, such a strategy ensures Parity(p) with
probability 1 in M [e] i" it does in M [e→].

We note that the common end-components of an MEMDP are the end-components of the
MDP ↔e↑EM [e] assuming M is in revealed form, and thus can be computed using standard
algorithm for end-components [9].
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are exactly the end-components of ↔e↑EM [e].
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• MEMDP=perfectly observable states but unknown, fixed 
environment dynamics taken in finite set of env., modeling a.o.: 

• several types of users, different types of patients, etc. 

• finite number of valuations for a parametric MDP 

• adversary playing a strategy taken from a finite set of finite memory strategies 

• Variants (not subclass) of POMDPs with decidable decision 
problems 

• Algorithms for robust synthesis across multiple environments 

• Almost-sure and limit-sure are solvable in PSPACE, and in PTIME for 
fixed number of environments. Threshold problem remains open, 
but gap problem is decidable.

Multi-Env. MDPs
Conclusions


