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Kleene algebra

Theorem

For all regular expressions e, f ,

KA $ e “ f (axiomatic proof)

ô res “ rf s (language equality)

ô LANG |ù e “ f (language models)

ô REL |ù e “ f (relational models)

[Kleene ’56, Conway ’71, Kozen ’91, Krob ’91]

Completeness is hard!

Yield tools for reasoning about relations:

§ algebraically

§ automatically
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Paterson’s flowchart equivalence [Angus and Kozen’01]

six pages of KAT computations
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Paterson’s flowchart equivalence [summary]

. . .

§ 1 intuitive hand-waving page in [Manna’74]

§ 6 tedious pages in [Angus and Kozen’01]

§ 3 formal screens in Rocq + certified KAT



What about adding a top element?

New constant J interpreted as full language / full relation

In the context of Kleene algebra with tests (KAT), adding top
makes it possible to express incorrectness triples [Zhang et al. ’22]

Some laws include:

LANG,REL |ù x ď J

LANG,REL |ù JJ “ J

����LANG,REL |ù x ď xJx

����LANG,REL |ù JxJyJ “ JyJxJ

The equational theories of LANG and REL differ!
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We are going to prove

Theorem

For all regular expressions with top e, f ,

KA, x ď J $ e “ f KA, x ď J, x ď xJx $ e “ f

ô C res “ C rf s ô Dres “ Drf s

ô LANG |ù e “ f ô REL |ù e “ f

Difficulties:
§ second axiom not obvious to use

JxJyJ ď

JxJyJ J JxJyJ (by z ď zJz)

ď

JxJyJ J JxJ (by z ď J)

ď

JxJyJxJ (by z ď J)

ď JyJxJ

(by z ď J)

§ interplay with KA reasoning
exercise: paaaq‹ ď paaaq‹Jpaaq‹ ` paaq‹aJpaaaq‹



We are going to prove

Theorem

For all regular expressions with top e, f ,

KA, x ď J $ e “ f KA, x ď J, x ď xJx $ e “ f

ô C res “ C rf s ô Dres “ Drf s

ô LANG |ù e “ f ô REL |ù e “ f

Difficulties:
§ second axiom not obvious to use

JxJyJ ď

JxJyJ J JxJyJ (by z ď zJz)

ď

JxJyJ J JxJ (by z ď J)

ď

JxJyJxJ (by z ď J)

ď JyJxJ

(by z ď J)

§ interplay with KA reasoning
exercise: paaaq‹ ď paaaq‹Jpaaq‹ ` paaq‹aJpaaaq‹



We are going to prove

Theorem

For all regular expressions with top e, f ,

KA, x ď J $ e “ f KA, x ď J, x ď xJx $ e “ f

ô C res “ C rf s ô Dres “ Drf s

ô LANG |ù e “ f ô REL |ù e “ f

Difficulties:
§ second axiom not obvious to use

JxJyJ ď JxJyJ J JxJyJ (by z ď zJz)

ď

JxJyJ J JxJ (by z ď J)

ď

JxJyJxJ (by z ď J)

ď JyJxJ

(by z ď J)

§ interplay with KA reasoning
exercise: paaaq‹ ď paaaq‹Jpaaq‹ ` paaq‹aJpaaaq‹



We are going to prove

Theorem

For all regular expressions with top e, f ,

KA, x ď J $ e “ f KA, x ď J, x ď xJx $ e “ f

ô C res “ C rf s ô Dres “ Drf s

ô LANG |ù e “ f ô REL |ù e “ f

Difficulties:
§ second axiom not obvious to use

JxJyJ ď JxJyJ J JxJyJ (by z ď zJz)

ď JxJyJ J JxJ (by z ď J)

ď

JxJyJxJ (by z ď J)

ď JyJxJ

(by z ď J)

§ interplay with KA reasoning
exercise: paaaq‹ ď paaaq‹Jpaaq‹ ` paaq‹aJpaaaq‹



We are going to prove

Theorem

For all regular expressions with top e, f ,

KA, x ď J $ e “ f KA, x ď J, x ď xJx $ e “ f

ô C res “ C rf s ô Dres “ Drf s

ô LANG |ù e “ f ô REL |ù e “ f

Difficulties:
§ second axiom not obvious to use

JxJyJ ď JxJyJ J JxJyJ (by z ď zJz)

ď JxJyJ J JxJ (by z ď J)

ď JxJyJxJ (by z ď J)

ď JyJxJ

(by z ď J)

§ interplay with KA reasoning
exercise: paaaq‹ ď paaaq‹Jpaaq‹ ` paaq‹aJpaaaq‹



We are going to prove

Theorem

For all regular expressions with top e, f ,

KA, x ď J $ e “ f KA, x ď J, x ď xJx $ e “ f

ô C res “ C rf s ô Dres “ Drf s

ô LANG |ù e “ f ô REL |ù e “ f

Difficulties:
§ second axiom not obvious to use

JxJyJ ď JxJyJ J JxJyJ (by z ď zJz)

ď JxJyJ J JxJ (by z ď J)

ď JxJyJxJ (by z ď J)

ď JyJxJ (by z ď J)

§ interplay with KA reasoning
exercise: paaaq‹ ď paaaq‹Jpaaq‹ ` paaq‹aJpaaaq‹



We are going to prove

Theorem

For all regular expressions with top e, f ,

KA, x ď J $ e “ f KA, x ď J, x ď xJx $ e “ f

ô C res “ C rf s ô Dres “ Drf s

ô LANG |ù e “ f ô REL |ù e “ f

Difficulties:
§ second axiom not obvious to use

JxJyJ ď JxJyJ J JxJyJ (by z ď zJz)

ď JxJyJ J JxJ (by z ď J)

ď JxJyJxJ (by z ď J)

ď JyJxJ (by z ď J)

§ interplay with KA reasoning
exercise: paaaq‹ ď paaaq‹Jpaaq‹ ` paaq‹aJpaaaq‹



First tool: hypotheses and closed languages

Let H be a set of hypotheses of the shape u ď v , with u, v words.

Extend H into a rewriting relation on words:

øH “ tplur , lvrq | l , r P Σ‹, pu ď vq P Hu

For a language L, define its downward closure w.r.t. H as:

CHpLq “ tu | u ø‹
H v P Lu

Theorem (Soundness)

For all regular expressions e, f , we have

KA,H $ e “ f ñ CH res “ CH rf s

[Doumane&Pous&Pradic&Kuperberg ’19]

Converse does not always hold!
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Second tool: reductions

Theorem (Completeness)

If there is a function r such that for all regular expresssions e,

1. CH res “ rrpeqs, and

2. KA,H $ e “ rpeq

Then for all regular expressions e, f , we have

KA,H $ e “ f
soundness +3 CH res “ CH rf s

1.
��

KA $ rpeq “ rpf q

2.

KS

rrpeqs “ rrpf qs
KA completeness
ks

[folklore, Pous&Rot&Wagemaker ’21]

§ Example: H “ taa ď au, set rpaq “ a`

§ Non-example: H “ tab “ bau, CH rpabq‹s “ ??
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Languages (easy!)

Consider J as a new letter in the alphabet.
Abbreviate CxďJ as C .

Define a reduction r as the homomorphic extension of:

#

rpJq “ pΣ ` Jq‹

rpaq “ a a ‰ J

We obtain:

KA, x ď J $ e “ f ks
reduction r +3

soundness

%-

C res “ C rf s

LANG |ù e “ f

C is a homomorphism

2:
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Relations (harder!)

Abbreviate CxďJ, xďxJx as D.

We will obtain:

KA, x ď J, x ď xJx $ e “ f ks

a reduction

+3 Dres “ Drf s
KS

a lemma

��
REL |ù e “ f ks

[Brunet&Pous ’16]

+3 G peq ◁▷ G pf q

closed languages of words

languages of graphs, modulo homomorphisms
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Third tool: graphs

Theorem

REL |ù u Ď v iff G pvq ◁ G puq

[Chandra & Merlin ’77, Freyd & Scedrov ’90, Andréka & Bredikhin ’95]

a ¨ pb X cq X d

a

d

b

c

a ¨ b X a ¨ c

a

a

b

c
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d d e

ab ď aJabJb JaJbJ ď JbJaJ

a a b b

a b

b a

a b



Graphs of words with top

G pabcq
a b c

G pdJdeJq
d d e

ab ď aJabJb JaJbJ ď JbJaJ

a a b b

a b

b a

a b



Graphs of words with top

G pabcq
a b c

G pdJdeJq
d d e

ab ď aJabJb JaJbJ ď JbJaJ

a a b b

a b

b a

a b



A key lemma

Recall closures C “ CxďJ and D “ CxďJ, xďxJx .

Lemma

For all words with top u, v, the following are equivalent:

1. u ø‹
D v

2. G puq ◁ G pvq

3. u P E pC ptvuqq where E pLq “ tu | Dn, upJuqn P Lu



From rewriting to homomorphisms

Since ◁ is a preorder, focus on single rewriting steps:

§ x ď J, so that lwr ø lJr :

Jl r

l w r

§ x ď xJx , so that lwr ø lwJwr :

Jl w w r

l w r
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From homomorphisms to rewriting

Homomorphisms have the following shape:

J J Jv0 v1 v2 v3

u

Thus u “ livi ri for all i , with l0 and r3 empty.

px ď J { Cq

px ď xJx { Eq

J J Jv0 v1 v2 v3

r0 J l1 r1 J l2 r2 J l3v0 v1 v2 v3

J J Ju u u u

u



From homomorphisms to rewriting

Homomorphisms have the following shape:

J J Jv0 v1 v2 v3

u

Thus u “ livi ri for all i , with l0 and r3 empty.

px ď J { Cq

px ď xJx { Eq

J J Jv0 v1 v2 v3

r0 J l1 r1 J l2 r2 J l3v0 v1 v2 v3

J J Ju u u u

u



From homomorphisms to rewriting

Homomorphisms have the following shape:

J J Jv0 v1 v2 v3

u

Thus u “ livi ri for all i , with l0 and r3 empty.

px ď J { Cq

px ď xJx { Eq

J J Jv0 v1 v2 v3

r0 J l1 r1 J l2 r2 J l3v0 v1 v2 v3

J J Ju u u u

u



A key lemma (proved)

Recall closures C “ CxďJ and D “ CxďJ, xďxJx .

Lemma

For all words with top u, v, the following are equivalent:

1. u ø‹ v

2. G puq ◁ G pvq

3. u P E pC ptvuqq where E pLq “ tu | Dn, upJuqn P Lu

Corollary

Previous vertical equivalence, and D “ E ˝ C.
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Remaining reduction

We need to find a reduction t for D, i.e., such that

1. Dres “ rtpeqs, and

2. KA, x ď J, x ď xJx $ e “ tpeq

This is harder than for C , because D is not a homomorphism.

However, since we already have reduction for C , and D “ E ˝ C , it
suffices to find a reduction for E .
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Remaining reduction

Recall that E pLq “ tu | Dn, upJuqn P Lu.

We need to find a reduction s for E , i.e., such that

1. E res “ rspeqs, and

2. KA, x ď J, x ď xJx $ e “ speq

We use an automata construction for that.
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When L is regular, is 2
?
L regular?
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Summary

Theorem

KA, x ď J $ e “ f ô C res “ C rf s ô LANG |ù e “ f

KA, x ď J, x ď xJx $ e “ f ô Dres “ Drf s ô REL |ù e “ f

Using reductions, string rewriting, graphs, and monoids

More on this topic:

§ PSpace algorithm & KAT with top arXiv/2304.07190

§ general hypotheses & modular reductions arXiv/2210.13020

§ Rocq tactics github/damien-pous/relation-algebra

§ advanced decidability results: [Yoshiki Nakamura ’17 and later]

Thanks again to Paul Brunet, Amina Doumane, Denis Kuperberg,

Jurriaan Rot, and Jana Wagemaker
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