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Kleene algebra

Theorem
For all regular expressions e, f,

KAFe=f (axiomatic proof)
< [e] = [f] (language equality)
= LANG =e=f (language models)
= REL }=e=f (relational models)

[Kleene ‘56, Conway '71, Kozen '91, Krob '91]
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Completeness is hard!
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(S*-R-S*)* =(RUS)*-R-(RUS)*



A property of relations

(S*-R-S*)*

text {* Adapted from C.Sternagel and R.Thier

CF. hitp://afp.hg.sourceforge. nzl/hgweb/an/an/rzv/dbbgaiaﬂ&n

(SA* 0 R O SAmpAs

lerma relto_trancl_conv: (RUSA* 0RO (R U SH®
proof.
show “(R U S)A* 0 R O (R U S)A* € (relto R S)As
proof(clarify, simg)
Fix xl x2 23 xt
assume x12: (x1,x2) € (R U §)4*" ond x23:
let san

(x2,x3) € R ond x34:

{
Fixxyz
assume "(y,2) € (R U S)A*
hence “(x,y) € relto R § — (x,2) € (relto R Sy
proof (induct)
case bose
show Zcase by auto
next
case (step u 2)
how Pcase
proof
assume “(x,y) € relto R §
with step have nearly:

(RuS)*

(:3,x4) € (R u S+

@x,u) € (relto R $)As" by simp
from step(2)
show “(x,2) € (relto R A
proof
assume '(u,2) € R
hence (u,2) € relte R S by auto
with nearly shon 7thesis by aute
next
assume uz: (u,2) € S
from nearly(unfolded trancl_unfold_right]
obtain v where xvi (x,¥) € Crelto R SY* and vui "(v,u) € relto R S by auto
from vu obtain w where ww: (v,w) € 5A* O R ond wuz (w,u) € SA* by auto
from wu uz have w2z (n,z) € SA by auto

with vw have vz: (v,2) € relto R §

by auto
With xv show 7thesis by auto
ed

aed

aed
} note steps_right = this|

pr

show “(relto R S)hs

(RuS)*

from x23 have '(x2,x3) € relto R §' by auto
from mp[OF steps_right[OF x34] this] have x2¢:
with x12 shom (xL,x4) € (relto R )+
proof (induct orbitrary: xé, sim)
case (step y 2)
from step(2)
have (y,x¢) € Crelto R Sy
proof
assune “(y,2) & R
hence '(y,2) € relto R S by auto
with step(¢) show ?thesis by auto
next
assume yz: (y,7) € 5
from step(4)[unfolded trancl_unfold_Left]
obtain v where zv: "(z,v) € relto R S
from zv obtain w where zw: “(z,w) € SA*
from yz 2w have Cy,u) € $4° by auto
with wy have "(y,v) € relto R S by auto
With vxe shom 7thesis by outo
aed

and vxe:
and

from StepC3)[OF this] show 7case -
qed

@ U sHe
R C(RUSH by aut

(RUSI DRO(RU AT

oof (rule susrelly
Fixxy
assme “(x,y) € (SA* O R O SAMAL

thus “(x,y) € (R U $)A* O R 0 (R U S)A*

(Base y)
thus ?ease using § by blast

ext

case (step y 2)

from step(2) have “(y,2) € (R U S)A* 0 (R U S)A" O (R U S0A*
hence “(y,2) € (R U $)A*" by auto

with step (3) show Pcase by force

(x2,x8) € Crelto R Sy

(v,x8) € (relto R $)*
w,v) € RO 5A

by auto
by auto

by Crule rranclmonofof S R U S, simplified])

using R S by blast



A property of relations

(S*-R-S*)* =(RUS)*-R-(RUS)*

text {* Adapted From C.Sternagel and R.Thiemann from x23 have (x2,x3) € relto R § by auto
CF. htkp://afp.hg.sourceforge. nek/hgneb/afp/afa/rev/dsb3aBa3Be7s from mp[GF steps_right[OF x34] this] hove K24 (2,74) € Crelto R S
with x12 shom (x1,x4) € (relto R S)*+

proof Cinduct arbitrary: x¢, simg)
lenmo relto_trancl_conv: “(54% 0 R O SA®JA+ = (R U A 0 R 0 CR U S)A* case Cstep ¥ 2)
proof from step(2)
show “(R U S}A% 0 R 0 (R U SA* € (relko R St have Cy,x$) € Crelto R Syt
proof(celarify, simp) proof
Fix x1 o2 A3 xé

assume x12: (x1,x2) € (R
let 25 - 5w

Cnye Lemma relto_trancl_conv: forall R S,
assime "(y,2) € (R U S A% A¥IAL == A* A% ]
RS (5" 0 R 0 54+ == R + SH™ o R o R +5) ot "3 = vt R 5 by
proof Cinduct) Proof. ka. Qed. + ond we (u) € RO 5 by auto
case base
Shom case by auto "
next
case (step u 2) o
show ?case from step(3)[OF this] show 7ease
proot o
assume “Gxy) € relto R S
with step bave nearly: ‘C,u) € (relto R S)re” by sinp
from step(2) (R U 5)A* by Crule rtrancl_monofof S R U S, simplified])
Shom Cx,20 € Crelto R S e Ry s by st
proof show “(relto R $)4s € (R U S O R O (R U S)A®
assume ‘(u,z) € R proof (rule subrell)
hence “(u,2) & relta R §° by auto foxx y
With nearly shon 7eesis by auto csmims "Co,y) € (5A% 0 B O Sho3as
next thus “(x,y) € (R U S)A* 0 R 0 (R U S)A*
assume w2 (u,2) € proat Cantact)
from nearlyfunfolded trancl_unfold_right] case Coose y)
obtain v where xvi “(x,v) € (relto R S)** and vu: (v,u) € relto R S by auto thus Pcase using S by blast
from vu obtain w where vw: Cv,w) € A" 0 R and wuz ~(w,u) € SA* by auto next
from wu uz have wz: (w,z) € 5A* by auto case (step y 2)
with vw have vz: "(v,2) € relto R §' by auto from step(2) have (y,2) € (R U S)A* 0 (R U S)A* O (R U S)A* using R S by blast
With xv shom 7thests by auto hence “(y,2) € (R U S)M" by auto
e Fith step (3) shom 7ese by Force
aea aee
aea aea
) rote steps_rignt - this aea




Paterson's flowchart equivalence [Manna'74]

254 FLOWCHART SCHEMAS

of y, is not used in statement 5, we can execute statement 4 after testing
p(yy); similarly, since the value of y, is not used in statement 8, we can
execute statement 6 after testing p(y,).

Figure d-6a  Schema Sq.
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Figure 4-6¢ Schema Sz

Step 4: Sep ~ Sep. Considering statements 4 and 6 in Sqp, we realize
that , is merely a dummy variable and can be replaced by y,. Therefore.

Seg-

dropping the subscript and modifying statements 1, 3, and 6, we obtain
o
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of y, is not used in statement 5, we can execute statement 4 after testing
P(yy); similarly, since the value of y, is not used in statement & we can
execute statement 6 after testing p(y,).

Figure 4-6¢ Schema Sz

Step 4: Sep & Sgz. Considering statements 4 and 6 in Sp, we realize
that y, is merely a dummy variable and can be replaced by y,. Therefore.
dropping the subscript and modifying statements 1, 3, and 6, we obtain
Seg: o

one page of plain english text
three pages for intermediate flowcharts

Figure d-6a  Schema Sq.



Paterson’s flowchart equivalence [Angus and Kozen'01]

Kleene Algebra with Tests
and Program Schematology

Allegra Angus Dexter Kozen

Department of Computer Science
Cornell University
Ithaca, NY 14853-7501, USA

July 10, 2001

Abstract

The theory of flowchart schemes has a rich history going back to Ianov [6]; see
Manna [22] for an elementary exposition. A central question in the theory of pro-
gram schemes is scheme equivalence. Manna presents several examples of equiv-
alence proofs that work by simplifying the schemes using various combinatorial
transformation rules. In this paper we present a purely algebraic approach to this
problem using Kleene algebra with tests (KAT). Instead of transforming schemes
directly using combinatorial graph manipulation, we regard them as a certain kind
of automaton on abstract traces. We prove a generalization of Kleene's theorem
and use it to construct equivalent ions in the lang of KAT. We can then
give a purely equational proof of the equivalence of the resulting expressions. We
prove soundness of the method and give a detailed example of its use.

six pages of KAT computations
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Paterson's flowchart equivalence [summary|

START
START ‘» e
1 ]
U ; : \T
[ \7()()}’ y gy
| T
} I Y 7‘"1\\ “l
|, —_— |
= ‘ 6 t— 11 l
| ot SU) 2y |
D . ] N
i . ;r{.” (HALT )
T 4 and 6 in Sgp, we realize
’ be replaced by y,. Therefore,
- Va dr 3, and 6, we obtain
i \
| o—t— 10—+ . L. . i
| basson) w0 = » 1 intuitive hand-waving page in [Manna'74]
A ;
11 r—
e » 6 tedious pages in [Angus and Kozen'01]
HALT

> 3 formal screens in Rocq + certified KAT

Figure 4-62  Schema S
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What about adding a top element?

New constant T interpreted as full language / full relation

In the context of Kleene algebra with tests (KAT), adding top
makes it possible to express incorrectness triples

Some laws include:
LANG,REL =x < T
LANG,REL =TT =T
LANG, REL = x < xTx
LANG,REL = TxTyT = TyTxT

The equational theories of LANG and REL differ!
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Theorem
For all regular expressions with top e, f,
KA, x< T Fe=f KA, x< [, x<xIxke=f
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We are going to prove

Theorem
For all regular expressions with top e, f,

KA, x< T Fe=f KA, x< [, x<xIxke=f
= Cle] = C[f] PN D[e] = D[f]
= LANG =e=f < RELEe=f
Difficulties:

» second axiom not obvious to use

TxTyT < TxTyT T TxTyT

<
< TxTyT T TxT
<
<

> interplay with KA reasoning

exercise: (aaa)* < (aaa)*T(aa)* + (aa

NN
N

o
< <K <
NN
J22xn

N N

)*aT(aaa)*
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Let H be a set of hypotheses of the shape u < v, with u, v words.
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First tool: hypotheses and closed languages

Let H be a set of hypotheses of the shape u < v, with u, v words.
Extend H into a rewriting relation on words:

ey ={(lur,lvr) | I,re*, (u<v)e H}
For a language L, define its downward closure w.r.t. H as:
Cy(L) ={u|ue~jvel}
Theorem (Soundness)
For all regular expressions e, f, we have

KAH-e=f = Cule] = Culf]

V.

Converse does not always hold!
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Second tool: reductions

Theorem (Completeness)

If there is a function r such that for all regular expresssions e,
1. Cyle] =[r(e)], and
2. KAJHE e =r(e)

Then for all regular expressions e, f, we have

KA, Hiee=f soundness CH[e] _ CH[f]

KA r(e) = r(f)

KA completeness

» Example: H = {aa < a}, set r(a) = a*

» Non-example: H = {ab = ba}, Cy[(ab)*] = ??
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Languages (easy!)

Consider T as a new letter in the alphabet.
Abbreviate C,- as C.

Define a reduction r as the homomorphic extension of:

HT) = (S +T)
r(a) =a

(a) a#T
We obtain:
KA, x< T e=f reduction ¢ Cle] = C[f]
soundness is a homomorphism

LANG = e =
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Relations (harder!)

[closed languages of words]

Abbreviate C.-7 x<xTx as D.

)

We will obtain:

KA, x < T, x

REL|=e="f

<xTxFe=f<——Dl|e

-

[Ianguages of graphs, modulo homomorphisms]

D[f]
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Relations (harder!)

[closed languages of words]

Abbreviate C. -1 x<xTx as D.
We will obtain:

KA, x < T, x < xTx | e = f<2duction, pre] — p[f]

ﬁa lemma

[Brunet&Pous '16] G(e) <> G(f)

yd

[Ianguages of graphs, modulo homomorphisms]

REL|=e=f
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Graphs of words with top

G(abc) —»o—a>o—b>o—c>o—>
G(deeT) —»o—d>o o—d>o—e>o o—p
ab< aTabTh TaTbT < TbTaT
a a b b b a
—>07>o..' o—>0—>0 o—>0—> —>o o,—.'>o..~..o—'.>.o o—>
sl RSN
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A key lemma

Recall closures C = C.-t and D = C. -7, x<xTx-

Lemma
For all words with top u, v, the following are equivalent:
L. uempv
2. G(u)< G(v)
3. ue E(C({v})) where E(L) = {u | 3n, u(Tu)" € L}J
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Since < is a preorder, focus on single rewriting steps:

» x < [, sothat Iwr «~[Tr:

» x < xTx, so that Iwr «~ IwTwr :
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From homomorphisms to rewriting

Homomorphisms have the following shape:

—Ww—J——T—V—T—WB—7

Ca_ K 4y ui » Y >

Thus u = ljvir; for all i, with Iy and r3 empty.

e T == T V2 — T o Vs —
. o T . (x<T/0C)
E v Thlw TnThie v, I, TR v 2

. ......... I _— (x <xTx /[ E)
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A key lemma (proved)

Recall closures C = C.-v and D = C.- 7 x<xTx-

Lemma

For all words with top u, v, the following are equivalent:
1. uerv
2. G(u)<G(v)
3. ue E(C({v})) where E(L) = {u | 3n, u(Tu)" € L}J

Corollary

Previous vertical equivalence, and D = E o C.
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We need to find a reduction t for D, i.e., such that
1. D[e] = [t(e)], and
2. KA, x < T, x<xTxt e=t(e)

This is harder than for C, because D is not a homomorphism.

However, since we already have reduction for C, and D = Eo C, it
suffices to find a reduction for E.
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Remaining reduction

Recall that E(L) = {u | 3n, u(Tu)" € L}.

We need to find a reduction s for E, i.e., such that

1. E[e] = [s(e)], and
2. KA, x < T, x<xTxt e=s(e)

We use an automata construction for that.
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An exercise in language theory

Given a language L, set

\Qsz{u|u2eL}
Vi={u|In=1u"€ L}

When L is regular, is ¥/L regular?
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Thanks again to Paul Brunet, Amina Doumane, Denis Kuperberg,
Jurriaan Rot, and Jana Wagemaker



