PoQ,nommeS All Around Uss

Mahsa Nam:’h'a _IRIF

IFIP wa 2.2 _ Aachen



In *‘\is talk ...

) EMM F‘e& 0# Pol/«/nommls In Com;)uter Sdence



In 1%5 talk ...

) Exam F‘e& 0# PoL,nochs In Cam])uter Sdence

D lhe gcomejrn, behind our algebmlc methods



Y M ‘
Cv
S ‘ | \/ b
em

nhal
(2) s
(:0' )fmaﬂ

2
reaclh ?

2 )’



Symmd?)c VAS Rea.d«a(odhjvy Froblem

Ezamr’e . Symmefr,c vas - (7)), (2) ) 2] ; c 7
inhal (: ) a,? (Z )fmg
P 9 o _2
EQL/I)OM)J Enfocl)/g :(a) b> 0) /b) —lo> (*b ( b
& 7,“79_1 '—%qy L 22 b ylo_%



Symmd?)c VAS Rea.cl'\a(o'ohjvy Froblem

Exanple . Symnctoic VS = (), (%) () (2) | c 2
nhal (5 -
NNa {2 ) (&T‘:?(Z)ﬁmaé
E?L/ﬂOM)dEnfod;lg;(cp_)béo) /Z() (:Ol'a> (ja) (—;)
lqyb— , ) %0‘7 b X2 b y"_mﬂ‘



Symmd?)c VAS Rea.cl'\a(o'ohjvy Froblem

Emmr’e . Symmefr)c VAS - {(“2') ) (_aq) »( ' ) ) (2;?) ; - 7_/1

inhal {5 ) — (Z )fmaf

2 | feach?

%L/nom)d Encoalr'noc/ (e, b 20) (v) ) (&) (;!j) :

zf'yb—l p_o,f‘Vb xq.yb J -

[deal membenship prblem

?
current _ 1itial € lleal ﬂaefafeci oy the taansiTion ?o@,nomicu(s
—_———

A
2! 2y



E/‘ng — Lteu(S

Ring ldeal geaerafors | members
Z | multiples £ aumber n > divisible by n.
2Z 1S an 'Jea,( of L : (2> €V v\umlge/\g,




E/‘ng — Iol,euls

Kin 9 IchCb | ’.eauafbrs members
Z | mubiples B rumber n U divisible by n.
2Z is an ideal of L (2> eV numbRNS
Q C'l] mu‘ﬁfﬁq c‘ﬁ FoﬁynoM‘lal ’fl’h) (ﬁ(x)) Po-lynomiwt \/an‘osk;f\g
”WH;‘FL“ of (. —1) Lt -1y oA o'ool‘s o’l‘,‘{')‘)




E/‘ng — Iol,eu(S

Ring ldeal generalory members
Z | mubiples B rumber n U divisible by n.
2z is an ideal of Z (2> cSVem numbRns
Q@) | miltples of plysomal #00 | (Prary | pbymominl vanishing
”W't’l’[@ of (1) <L —179 oA o’ool‘s Jhﬂ)
ON BRI Combinaﬁons of J’S }Wrahrs (f' ,.,,,f"

Hilbert basis thm

\/an)sh}nj on a 3eomaan

dm\fe ovcrc\‘p
aJ?zbm}(, Aw (J



E/‘ng — Iol,euls

Ring ldeal generalory members
Z | mutbples £ dumber n divisible by n.
2z is an deal of Z (2> Ve numbRAS
Q@ () "w‘e"f&a 0‘2 Foﬁyﬂo“"“l f ) (F(x)) Po-eynomi«l \/an}sh;qg
”W't’l’[@ of (2 1) <t —17y oA o’ool‘s Jhﬂ)
@I, - 1p )| combinabiong of ks }mda(‘ors ¢t ,-.

Hilbert basis thm
what Q@ v Field of) a%qclolrwc numbpers

Van)sh}nj on a 3eomaan

dm\fe ovcrc\‘p

aJ?zbm}(, Aw (J

root of Poarnom)cuas wth rabonal wethicients VX € @ , L €Q



Cquwivalent Problems

Tdeal mem Ioershof Ploblen

‘ﬂFu{“ ;ﬁﬂeﬂd@( [bﬂyl’OMW\/S > ) K a,m/ a /Zl?elé Fo@nam;@zg\
Quesbor . g€ (F, B ?
Gomplewty - EXPSPACE _ omplete  (Mapr - Meger 1952)



E?ul valent Problems

Tdea) membersh, P Problem

‘ﬂFu{“ ;Eﬂeféd‘o( [bﬁyﬂOMM/S ) - K anJ a /Zl?elé Fodynamm,zg\
QucSEoll. 36 {'ﬁ,,m, ,(> P

CamFOex)fy - EXPSPACE _ camlolde (Mayr_ Meyer 1982 )

Sy mnetrc VAS feac.halo‘ath,
\nput mtal shale %), ﬁrgd‘ state @), tansitien VeC]Lorg V

Question: Can ® be enched ierom@ by cLP/?/y/ng veclors 1n V ¢
comF/exﬁL/ . EXAPSPACE _ Complete



Cquwivalent Problems

Tdeal mem Ioershof Ploblen

[

S

§ ‘ﬂFu{“ ;enermLo( Foﬁynomm/s > K cwo/ a /Zl?elé Poﬂynamng
%“ Question . 36 {t,. k> P

, §) \ Cami)‘egu{'y .‘ EXFSFACE _ Coml)le{e (M&Yf_ 'WCYEf '9&1)

Symmetrc VAS feac.halo‘alhtl
\nput mtal shale %), ﬁrgd‘ state @), tansitien veoLorg V

Question: Can ® be enched ierom@ by cLP/?/y/ng veclors 1n V ¢
coM(PlexﬁL/ . EXAPSPACE _ Complete



SAT

EzaM?/e. Lf = )V iz, A I, Vag VA3 A
s T o
C, Cqy 3

|< thow a euslconmwf‘ for 2, Hhat ?:T ?



SAT

—l’)(,’
VvV

n, 2 VX

x, A -

—

VvV

X 2,

¢ = -

EzaM?le.

7
T ;
E =

r A,

Ionma«(‘fo

S

ad

- oA

|< thew

. ) l —_—
' PR (‘ z
t
( ) ‘} 3
1d P—
Of
. . )
%1 p—



SAT

EMM?Ie :

V A
,~ 7 w
. ‘ W C—

| S
| =), =
o n, V(F) H g, =C
xq = 0 (1)

Algebrarc enc@ij :

Ca
Ca
L2

-,
£-7L (l-‘ll)“—f)g 3

B TR L A R 2

' g \

1w,



SAT

T, A Iy Vay, VU3 A
E‘Z«aM?le . Lf = 4V ’-—} =
C. Cz

, that @=T 7
|< thow a euslcommwf‘ for 2, tha @ ;

| S
‘ | =% ) A, =
X =0(1) of A, =1(F) fi 3&

o A'g_e‘ora,)c, enC@JMj :

C Ca
¢ T, C, N

’ %7’ . ‘ (' '\x (

’ )=0
Sﬁz /a,;az/ﬂ\z
—T ’ﬁﬁ } (a”az ,aﬁ) S*t\ l - (a 742/('13):0
C\ACy ACa = gz




Halbert Nullstellensatz (weak)

J :<ez )32 )é:1’2’3>



Halbert Nullstellensatz (weak)

d = <b59i,1=12.3)

lgz (ay,42,23)=0

(3 (a,,a; ,a3) s ¢ Sﬁz /a\fa2/43)~0)

CommoN So&at;on @US‘L llgor *‘le &73"@?\ .



Halbert Nullstellensatz (weak)

OT ' = <(32 > 42 ,2=1,2,%)

ls(a.,az/aa)/ A(a| ,42/0(3):0 Vhégi . (3 (a,,ay ,a5) S-+ Sﬁz (awaZ/ag)-O)

gz () ;A2,43)=0

—

tommon 2ef end- tor the idarl

CommohN So&nt;on ex,}swt eor 7416 sys‘rem ;



Halbert Nullstellensatz (weak)

OT ' = <(32 ;32 )'.1:1r2/3>

{(a'”alfa&)/ h(a| ,ag,/ﬂ(g):o Vhégi . (3 (a,,ay ,a5) S-+ Sﬁz (a\}aZ/ag)-O)

9, (a1,42,23)=0

—

tommon 2ef end- tor the idarl

CommohN So&it;on ex,iswt {')or 4\.6 SYS{'QM ;

Hilbert Nullsltelensatz (weak) § 1deal 1n Q@[x].
A common zero of o Foéynomicv& n J eusts T ¢ J -



Halbert Nullstellensatz (weak)

OT ' = <ez ;32 )'.1:1r2/3>

ls(a.,az/aa)/ A(a| ,ag,/ﬂ(g):o Vhégi . (3 (a,,ay ,a5) S-+ Sﬁz (awaZ/ag)-O)

9, (a1,42,23)=0

—

tommon 2ef end- tor the idarl

CommohN So&it;on m"S,L for 4\.6 SYS{'QM ;

Hilbert Nulstellensatz (weak ) d deal 1n @D‘«]

A common zero of ofl polynemals i J custs H 1¢ ] .
v
What u the c.omrle'x)fy P



Halbert Nullstellensatz (weak)

OT ' = <e2 ;32 )'.1:1r2/3>

f(a”alla&)/. ll(a| /az/ﬂ(g):o Vhégi) . (3 (a,,a; ,a3) s ¢ sz (awaz/“g)-O)

9, (a1,42,23)=0

—

tommon 2ef end- tor the idarl

CommohN So&nt;on ex,}swt eor 7416 sys‘rem ;

Hilbert Nulistellensatz (weak) ¢ deal 1n QL]

A common zero of ol Fo[ynomm/& n J emsts H A ¢ J .
v
what u the wmrleuify ? EXPSPACE

.7



Why the Compleaity s Retrer ?

UN “nfud: .- H"”'«/#“l' < QL)
lQueA\';on RS (13‘ ""1£K>



Why the Compleaity s Betrer ?

un J lnput Hi,,.. by <
lQueA\‘on: 46 (f‘, £K>

Befter than EXPSPACE :

HN u» o 4M. (ko;ran—@‘%)




Why the Compleaity s Retrer ?

UN “nfud: .- H"”'«/#“l' < QL)
lQueA\';on RS (13‘ ""1£K>

Better than TXPSPACE :  |HN 1 1 AM . (Koiran_1996 )

o AM _C_:NFNP

NV



Why the Compleaity s Retrer ?

HN f lnput - 5* Sy € Q)
[Qmm: 4e<a, 2>

Better than TXPSPACE :  |HN 1 1 AM . (Koiran_1996 )

OAM_C_:NFNP

‘ S{T"oh(y Null stellensalfz :
Q‘ A sys/%n has no solubion #F 1 €&f|,...,ﬁ(>
®



Why the Compleaity s Retrer ?

HN f lnput - 5* Sy € Q)
lQueA\_on: 46 (12‘; £K>

Better than TXPSPACE :  |HN 1 1 AM . (Koiran_1996 )

OAM_C_:NFNP

‘ S{T"oh(y Null sfellensatfz :
A sys/%n has no solubtion #F 1 €&f|,---,ﬁ,¢>
what 1 radical \deal 9



Undewnecdls e Surtace

Eugene Wigner

( Nobel Prize 1n Physics 1963 )

Reprinted from Communications in Pure and Applied Mathematics, Vol. 13, No. I (February 1960). New York:
John Wiley & Sons, Inc. Copyright © 1960 by John Wiley & Sons, Inc.

THE UNREASONABLE EFFECTIVENSS
OF MATHEMATICS IN THE NATURAL
SCIENCES

Eugene Wigner

Mathematics, rightly viewed, possesses not only truth, but supreme beauty cold and
austere, like that of sculpture, without appeal to any part of our weaker nature, without
the gorgeous trappings of painting or music, yet sublimely pure, and capable of a stern
perfection such as only the greatest art can show. The true spirit of delight, the
exaltation, the sense of being more than Man, which is the touchstone of the highest
excellence, is to be found in mathematics as surely as in poetry.

- BERTRAND RUSSELL, Study of Mathematics

There is a story about two friends, who were classmates in high school, talking about their jobs.
One of them became a statistician and was working on population trends. He showed a reprint to his
former classmate. The reprint started, as usual, with the Gaussian distribution and the statistician
explained to his former classmate the meaning of the symbols for the actual population, for the
average population, and so on. His classmate was a bit incredulous and was not quite sure whether
the statistician was pulling his leg. "How can you know that?" was his query. "And what is this
symbol here?" "Oh," said the statistician, "this is pi." "What 1s that?" "The ratio of the
circumference of the circle to its diameter." "Well, now you are pushing your joke too far," said the
classmate, "surely the population has nothing to do with the circumference of the circle."

Naturally, we are inclined to smile about the simplicity of the classmate’s approach. Nevertheless,
when I heard this story, I had to admit to an eerie feeling because, surely, the reaction of the
classmate betrayed only plain common sense. I was even more confused when, not many days later,
someone came to me and expressed his bewilderment [ The remark to be quoted was made by F.
Werner when he was a student in Princeton.] with the fact that we make a rather narrow selection
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