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Abstract. We prove that the quasi-Einstein metrics found by Lii, Page and Pope on CP!-
bundles over Fano Kéahler—Einstein bases are conformally Kéhler and that the K&hler class
of the conformal metric is a multiple of the first Chern class. A detailed study of the lowest-
dimensional example of such metrics on CP? # CP? using the methods developed by Abreu
and Guillemin for studying toric Kahler metrics is given. Our methods yield, in a unified
framework, proofs of the existence of the Page, Koiso—Cao and Lii-Page-Pope metrics on
CP? # CP2. Finally, we investigate the properties that similar quasi-Einstein metrics would
have if they also exist on the toric surface CP? § 2CP2.

1. INTRODUCTION

A quasi-Einstein metric is a complete Riemannian manifold (M, g) satisfying
. 1
(1) Ric(g) + V¢ — —do ®d = Ag,

for some function ¢ € C*°(M) and constants A, m with m > 0. Setting ¢
to be constant yields an Einstein metric, so solutions to equation (1) with
nonconstant ¢ are referred to as nontrivial quasi-Einstein metrics. When m is
a positive integer such metrics are important as the base manifolds for warped
product constructions of Einstein metrics. As well as generalizing the Einstein
condition, quasi-Einstein metrics can be thought of as deformations of gradient
Ricci solitons, which are of central importance in the theory of Ricci flow. By
formally taking m — oo in equation (1), one recovers the equation defining a
gradient Ricci soliton. Given their relationship with both types of canonical
metric, a fundamental question is: in what way are quasi-Einstein metrics like
Ricci solitons, and in what way are they like Einstein metrics?

The only known examples of compact quasi-Einstein metrics where m varies
continuously are essentially due to a construction of Lii, Page and Pope [25]
on CP'-bundles over Fano Kéahler—Einstein manifolds, where the total space
is denoted by W,. This construction was generalized by the second author
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in [16]. On such spaces, non-Kéhler Einstein metrics were known to exist due
to a similar construction of Bérard-Bergery [3] (later generalized by Wang and
Wang [28]). These spaces also admit shrinking gradient Ricci solitons due to
Koiso [22], Cao [6] and Chave and Valent [8]. A more general construction
of such solitons was later given by Dancer and Wang [11]. All the examples
of Ricci solitons on these manifolds are Kéhler. The Bérard-Bergery Einstein
metrics turn out to be conformally Kahler. In the lowest-dimensional case,
this was demonstrated by Derdzinski [12] who also showed that the Kéhler
metric must be extremal. However quasi-Einstein metrics are never Kahler,
due to a foundational result of Case, Shu and Wei [7]. Nevertheless, we will
show Kahler geometry plays a role in the theory of quasi-Einstein metrics on
these spaces.

In Section 2 we show that the Lii—-Page—Pope metrics are conformally Kahler
and so are similar to the Bérard-Bergery Einstein metrics on these spaces.
Maschler, in [26], suggested that this was likely to be the case, and it is probably
known to experts. What is more surprising is that we are able to show that
the Kéhler metrics always lie in a multiple of the first Chern class. In this
way the Li—Page-Pope metrics are similar to the Dancer—Wang Ricci solitons,
since any K&ahler—Ricci soliton must lie in the first Chern class.

The next, and most significant, part of the article makes the link with Kahler
geometry even more explicit for the lowest-dimensional case of the Lii—Page—
Pope construction. Here the underlying manifold in this case is the nontrivial
CP'-bundle over CP*, which can also be described as the one-point blow-up
of the complex projective plane, CP? #CP?. The Einstein metric given by
this construction was originally discovered by Page [27], and the associated
conformally K&hler metric is due to Calabi [5]. The Ké&hler—Ricci soliton on
this manifold was originally discovered independently by Koiso [22] and Cao [6].
All of these Kéahler metrics are toric, and therefore have a beautiful description
due to Abreu [1, 2] and Guillemin [14]. In Section 3, we show that the Lii-Page—
Pope metrics can also be explicitly described in this framework. This has a
number of consequences; it leads to a greatly simplified proof of the existence
of the quasi-Einstein metrics, and also gives a straightforward proof of the
results of Section 2 in this special case. Moreover, our construction provides a
unified framework for constructing the Page, Koiso—Cao, and Lii—Page-Pope
metrics in one fell swoop.

In Section 4, the related toric surface CP? § 2CP? is studied. This manifold
is known to admit a conformally Kéhler Einstein metric, analogous to the Page
metric, due to Chen-LeBrun—Weber [9]. It also admits a Kéhler—Ricci soliton,
analogous to the Koiso—Cao metric, due to Wang and Zhu [29] (Donaldson
gives an alternative proof of the existence theorem using the Abreu—Guillemin
framework in [13]). The problem of constructing quasi-Einstein metrics anal-
ogous to the Lii-Page—Pope metrics on CP? # 2CP? is a natural open problem.
If a family of quasi-Einstein metric with the same properties as the Lii—Page—
Pope were to exist on CP?§2CP?, then our methods allow us to determine
the explicit form of the potential function ¢ for metrics in a given cohomology
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class. Finally, in Section 5 we discuss some open problems and areas for future
research.

2. THE GEOMETRY OF LU-PAGE-POPE METRICS

In this section we make precise the relationship between the Lii-Page—Pope
quasi-Einstein metrics on certain CP'-bundles and the Kéhler geometry of such
manifolds.

2.1. Construction of metrics on the manifolds W,. We begin by describ-
ing the construction of the manifolds W,. Let (M, h,J) be a Fano Kéhler—
Einstein manifold of complex dimension n. Write the first Chern class of M
as ¢1(M) = pa, where p € N and a € H?(M,Z) is an indivisible class. For
example, in the case M = CP", one has p = n+ 1 and a = ¢;(O(1)). The
metric h is normalized so that

Ric(h) = ph.

In other words, if n(,-) = h(J-,-) is the Kéhler form of h, then [n] = a.

Denote by P, the principal U(1)-bundle over M with Euler class e = ga
where g € Z. Let 6 be the connection with curvature {2 = ¢n. Finally, denote
by W, the projectivization P(L, @& O) where L, is the associated holomorphic
line-bundle of P,. It is useful to view the manifolds W, as the compactification
of P, x (0,4) obtained by collapsing a U(1)-fiber at 0 and 4. This gives rise to
Riemannian metrics on W, of the form

(2) g =a(s)tds® + a(s)0 @ 0 + B(s)T*h,

where s denotes the coordinate on (0,4), 7 : Wy, — M is the projection and
a, € C*((0,4)). In order for the metrics of the form (2) to extend smoothly
to the compactification W, the functions o and /5 satisfy

a(0)=a(4) =0 and o'(0)=—a/(0)=2.

The precise theorem that guarantees existence of nontrivial quasi-Einstein
metrics on the manifolds W, is [16, Thm. 3] (the case when m is integral was
first proved in [25]). In the case where the base manifold is a single factor this
can be restated as follows.

Theorem 2.2. For 0 < |q| < p, let W, be as described above. Then, for all
m > 1, there exists a nontrivial quasi-Finstein metric of the form (2) on Wj.
Furthermore the function B is given by

Bls) = Als +50)* = L.

where sg and A are constants satisfying

8Ap + ¢?

(3) 80(80 + 4) = W
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Remark 2.3. Theorem 3 in [16] involves a constraint (the non-vanishing of a
certain integral) which the Lii-Page-Pope examples automatically satisfy. The
constraint is suggestive of a link between the quasi-Einstein metrics on W, and
Kéhler geometry as the integral is essentially the Futaki invariant. A nontrivial
Kahler—Ricci soliton must have non-vanishing Futaki invariant.

2.4. The complex geometry of W,. The complex structure on W, can be
described in the (s, 6)-coordinates. One can lift the complex structure J on
the base component and then define J(9s) = —(1/1/a)9. Hence the Kéhler
form of equation (2) is given by
w=0Ads+ Br"n.
Lemma 2.5 (see [28, Cor. 7.3]). Let g be a Li—Page—Pope metric. If
o(s) = —log(|24(s + s0) — ql),
then the conformally related metric gk = €% g is Kdahler.
Proof. This follows from straightforward calculation. The Hermitian form of
gk is given by
wk = €27 (0 Ads + Br*n)
and so
dwg = e (d6 Ads + (B'(s) 4+ 20" (s)B(s))ds A m*n).
Using the fact that df = 7*n, this vanishes if
B'(s) +20'(5)B(s) + ¢ = 0.
Hence as 3(s) = A(s + s9)? — ¢?/4A it follows that (up to a constant)
o(s) = —log(|2A(s + s0) — ). O

In order to compute the first Chern class of W, we revert to considering
the manifold as the projectivization of a rank-two holomorphic vector bundle,
namely P(L,® O). Some of the topology we need is presented in [28, §6]. Over
each CP'-fiber there is the tautological line bundle Ogpi(—1). We denote the
first Chern class of the dual of this line bundle over W, by F = ¢1(Ocp1(1)).
The Leray—Hirsch theorem states that

H*(Wo3 Z) = H*(M;Z) & (F).
In such a setting, we have the following lemma.
Lemma 2.6 ([28, Prop. 6.4]). Let Wy, = P(Ly & O) and F be as described

above. Then
a(Wy) = (p+q)r"a + 2F.

We can now compute the cohomology class of the Kéhler metric gk confor-
mal to the Li—Page-Pope metric.
Theorem 2.7. Let (Wy,g) be a Li-Page-Pope metric. Then

(1) the metric g is conformal to a Kahler metric gk, and
(2) the cohomology class of the associated class wk is a scalar multiple of the
first Chern class of Wy.
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Proof. The first part of the theorem follows immediately from Lemma 2.5.
In order to compute the cohomology class of the metric some distinguished
homology classes will be introduced. Let 7 € Ho(M,R) be the class dual to
a € H?(M,R), in the sense that f a = 1. Similarly, let 75 € Ho(W,, R) be the
homology class dual to F', which means that f F =1 (here one represents 7o
by a CP'-fiber divided by 27). Denote by 77 the class of 71 in the copy of M
glued in to W, at s = 0 and by 7¢ the 71 in the copy of M glued in at s = 4.
We claim that these classes satisfy the equation

4) Tf - Tf = qTo.

Establishing the claim starts with the fact that Ho(W,,Z) = Ho(M,Z) @ 7o.
Here the first factor represents the pushforward of classes in the base M via
a generic section of the vector bundle L4, and 7, is the homology class of the
CP'-fiber.

The copy of M at s = 0 represents the zero section of the line bundle L,.
The class 7i obviously does not intersect 7{ in homology as the manifolds M
at s = 0 and s = 4 do not intersect. If we restrict to the bundle defined over
a representative cycle of the homology class 7V then, because the pullback of
the first Chern class is the first Chern class of the pullback, we see that generic
sections of the restriction of L, intersect ¢ times. Hence the homology of the
subbundle is generated by 70 and 7, with

N =q, mN=1 and N7 =0,

where N denotes oriented intersection. Hence if 7 N (ar{ + bm2) = 0, it follows
that @ = 1 and b = —¢q, because the coefficients are elements of Z. Hence
¢ = 70 — gm2. By construction, none of the homology classes 7¢, 74 or T2
vanish when they are embedded in Wy, as they were defined as the classes one
gets in the image of this embedding. Therefore this identity must also hold in
Hy(Wg,R) and equation (4) is established.

Using equation (4), Lemma 2.6 can be restated as

/Ocl(Wq):p+q and /401(Wq):p—q.

1
This implies that in order to prove the theorem one needs to evaluate the
metric on the copies of 74 at s = 0 and at s = 4 and take the ratio. We
compute
e2Mp(4) _ (2450 — Q)*(4A%(4 + 50)* — ¢*)
€29(0) 3(0) (2A(4 + s0) — q)2(4A2s% — ¢?)
_ (2450~ 9)(2A( + 50) +q)
(2A(4 + s0) — q)(24s0 +q)

Using (3), we see
e2WpM4)  BAp+¢*—8A¢—¢* p—q
e20(03(0)  8Ap+q2+84¢—q¢> p+q
The result now follows. O
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Remark 2.8. In [26], conformally Kéhler quasi-Einstein metrics were inves-
tigated by Maschler. He showed that in complex dimension 3 and greater,
assuming the Kahler metric is not a local product, the square root of the
conformal factor is a Killing potential, and the potential function and the con-
formal factor are functionally dependent, then the manifold is biholomorphic
to one of the manifolds Wj,.

3. METRICS ON CP'-BUNDLES OVER CP' IN THE
ABREU—GUILLEMIN FRAMEWORK

In this section we study in more detail the lowest-dimensional example of
the Lii-Page Pope construction which occurs on the nontrivial CP'-bundle
over CP'. As mentioned in the introduction, we shall switch perspectives and
consider this manifold as the blow-up of the complex projective plane CP? at
one point, written CP?  CP2. In this section we write the conformally Kahler
Lii—Page—Pope metric (and Page’s conformally Einstein metric and the Koiso—
Cao soliton) explicitly in symplectic (also known as action-angle) coordinates.
This has a number of nice features; it simplifies the existence theory in [25]
and [16] and the results of Theorem 2.7 are almost immediate in this setting.
It also suggests how the existence theory might run on the other toric Fano
surface with non-vanishing Futaki invariant, CP? 4 2CP2.

3.1. U(2)-invariant Kihler Metrics on CP? § CP2. To begin with, we con-
sider Kéhler metrics that are invariant under a Hamiltonian action by the
torus T2. The moment polytope (i.e. the image of the moment map) for the
manifold CP?$CP? is the trapezium (trapezoid) T described by the linear
inequalities

L(z) = (1+ 1), Ia(z) = (1+ 22),
I3(x) = (1 — 21 —x2), lL(x)=(a+x1+ x2).

The parameter a € (—1,2) determines the volume of the exceptional divisor
and hence the cohomology class that the associated metric w is in. The case
where a = 1 corresponds to the case when [w] = ¢;. We note in this case, the
volume of the exceptional divisor is one third of the volume of the projective
line at infinity. The Guillemin theory states that there is an open set in the
manifold, diffeomorphic to T° x T? where the metric takes the form

(5) g = wijdxidr; +udo;db;,

where u is a function on 7" known as the symplectic potential. Here u;; is the
Hessian matrix in the Euclidean coordinates x1,xs on the trapezium 7', and
u¥ is the inverse matrix. Furthermore, Guillemin showed that the symplectic
potential uw has the form

(6) <Zz ) log(1; )+f(a:1,a:2))
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where f is a smooth function with all derivatives continuous up to the boundary
OT. The manifold CP?#CP? inherits a U(2) action from CP? which fixes
the point that is blown up. Hence the action lifts to (C]Pﬂﬁ@?. It is an
example of a cohomogeneity-one action as the orbit of a generic point is a
three-sphere S3. If we restrict to U(2)-invariant Kihler metrics then one can
take f(xz1,22) = f(x1 + x2) in (6). For the remainder of the article we will take
t = x1 + x2. We can write the metric explicitly by noting that the Euclidean
Hessian of u is given by
Doy 1 <—+ R PG
2 P(t) 5+ P1)°
where
1

1 1
P(t)= 7+ = + ')

It will also be useful to introduce, in terms of ¢ = x1 + xo the related functions
F(t)=1+ 2+ t)P(t) and z(t)=F"'(t).

The function z(t) satisfies the following conditions at the boundaries:

(7) 2(—a)=2(1)=0 and Z/(-a)=(2-a)"t, Z(1)=-1/3.

The determinant of the metric and the inverse of the matrix D?u are given by

F(t)

det(D2u) = T D@t
and
o 1 2@+ (x4 1) (5 + P@) —P(t)
(D)™ = F(t) ( Zpe) . P(t)) '

The z;-components of the Ricci tensor in these coordinates are given by

1 (92 kl 8Uij 8 2
3 (5%5% —u 2, 3_xl> log det(D*u).

The following quantity will be especially useful in our calculations:

R <F’ 2(F—1)>.

RiCij =

8 Ricy; — Ricga = - — =

® 1 T2+ D+ D\F2 T F2+1)

Functions on the manifold that are invariant under the U(2) action can be
expressed as functions ¢(t) : [—a, 1] — R. We will also need a similar expression
to the one above for the Hessian (calculated with the metric (5)) of such
functions:

1 X9 — I (b/
9 Vi1 — Vigpy = o2 L&
©) fu 2 = e Dt D) F
Throughout this paper we will use the analyst’s Laplacian A = tr(V?). The
Laplacian of a U(2)-invariant function ¢(t) is given by

F' 4 ) o 22+1)

(10) Agp = (—2(2 R L e
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We will also need the formulae for how some of the above quantities transform
under a conformal rescaling of the metric. If § = ?7g for o € C°°(M) then

(11) Ric(§) = Ric(g) — 2(V?0 — do ®@ do) — (2|Va|* + Ao)g,

where all the quantities on the right-hand side are computed with the metric g.
The Hessian of a function ¢ transforms under conformal rescaling via

(12) V2 =V2¢+e7[de™ @do+dp @ de™ — g(Ve ™, V)g],
and hence the Laplacian transforms via

(13) Ag =727 (A¢ + 29(Vo, Vo).

3.2. Explicit metrics. We now determine explicit representations for the
function z(¢). One could then rearrange and perform the required integra-
tion in order to determine the function f(¢) in the symplectic potential (6).

3.2.1. The Lii-Page-Pope metrics. As before, we write grpp = €27gxk, with
gk a Kahler metric. The Lii-Page-Pope metrics have J-invariant Ricci tensor
and so the function e~ is a Killing potential and thus o(t) = — log(bt + ¢) for
constants b and c¢. We can take the potential function to be invariant under
the U(2)-action and so ¢ is also a function of t. We are hence in the setting
considered by Maschler and so, by the discussion following [26, (2.2)], we have

o(t) = —mlog(e”V +d) = —mlog<dbtl:;7j-ccﬂ>,

for a constant d. We note that the constants a, b, ¢, d must satisfy
bt+c>0 and dbt+dc+1>0,

for all t € [—a,1]. Using equations (11), (12) and (13), for conformally re-
lated quantities, together with equations (8), (9) and (10), we can rewrite the
equation

Ric11(grpp) — Ricaa(gLpp) + V2011 — V22 = (gLpp)11 — (9LPP)22
as a first-order ODE for z(¢):
2
(14) dz N 3 b B mb
dt 24+t bt+c bt+4b—c (dbt +dc+1)(bt +c)
20t +c)? —(2+1t)
(2+t)(bt +c)(bt +4b—c)

Quasi-Einstein metrics have a first integral due to Kim and Kim [21] coming
from the contracted second Bianchi identity. For any solution to (1), there is
a constant u for which the quasi-Einstein potential ¢ satisfies

(15) 1 (A6~ Vo) = e
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We calculate with respect to the Kahler metric and obtain another ODE:

dz 2 3b b mb
@t <2+t Tbt+c bttctdl (dbt+dc+l)(bt+c))z
< (u(bt + ¢)2 — (dbt + de + 1)2 ) _0
26d(2 + 1) (bt + c)(bt +c+d 1) '

In order to have consistency we must have

d=(212b—c¢))™! and p=d*+ 4bd.

Using the boundary conditions (7), we obtain
3-20b+c? 1 and (2 —a) — 2(c — ab)? 1
3b+c)(bb—c) 3 (2—a)(c—ab)((4—a)b—c) (2—a)
Rearranging we see that
A=b"+1 and ¢* =a(4—3a)b*+4(a—1)bc+ (2 —a).
If a # 1 then ¢ = (2+ /3(2 —a))b. In the case ¢ = (2 + 1/3(2 — a))b, then
¢>2band so d= (2(2b — ¢))~! < 0. This means that

bt+c+d t=bt+4b—c<0

on [—a,1]. Hence ¢ > 5b; this is a contradiction as a € (—1,2). In the case

where ¢ = (2 — 1/3(2—a))b we have b+ ¢ > 0 and so (3 —+/3(2—a))b > 0.

As —1 < a < 2 this means we must have b > 0. We also have ¢ — ba > 0 hence

2—+4/3(2—a) > a and so a < —1. This is a contradiction. Hence a = 1 and

we have proved in a straightforward fashion the second part of Theorem 2.7.
The solution of (14) is given by

(1) = Z(1) /_ 1 2 +(Z ; i)(fjfj ) (dbs + de + 1)"2(2 + s)ds,

where

d(bt 4 ¢)™+3 1
Z == = \/ 1 2 = ——
®) (dbt + dec+ 1)m=1(2 + )2’ ¢ T, d 2(2b—¢)

In order that we get a smooth metric we must be able to choose a compatible
b so that z(1) = 0, which is equivalent to

() == /_ 1 2 +(2:Li)(fjf+j ) (dbs + de +1)"2(2 + 5)ds = 0.

We note that

and, for m > 1,

1 1 ! (3 - 1)2 m—2
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Hence we see that there exists b € (0,1/4/24) giving a smooth solution of (14),
and hence of (1). For a fixed value of m it is very easy to find the approximate
values of b (and hence ¢ and d) numerically. When m = 2 we find

b=~ 0.076527, ¢=1.002924 and d = —0.588325.
For m = 50 we find
b= 0.005120, ¢=1.000013 and d= —0.505167.
Using the above values for m = 50, we compute
o(1) — 9(=1)
2
which suggests ¢ is approximately a linear function with gradient close to

0.52. If we compare the construction of the Koiso—Cao soliton (gkc, ¢xc) in
Section 3.2.3, we see there is strong numerical evidence that, as m — oo,

~ 0.517374,

oc—0, ¢—¢xkc and grpp — gxc,

where one expects to get convergence in the C* topology. A careful study of
the above ansatz and the dependence of the values of b upon m would probably
yield this result.

3.2.2. Page’s Finstein metric. Toric constructions of the Ké&hler metric gk
conformal to Page’s Einstein metric gp were already given by Abreu [1] and
Dammerman [10]. Both authors constructed Calabi’s family of extremal met-
rics on the manifold which involves solving a fourth-order ODE. Our approach
via the function z(t) is slightly different as it uses only the Einstein equation
and is therefore second-order. As with the Lii—Page—Pope metrics we write
gp = €27gk. As the Page metric must have J-invariant Ricci tensor where J
is the complex structure, the gradient Vke™" must be a holomorphic vector
field. As the function o is also U(2)-invariant we find

o(t) = —log(bt + ¢),

where b, ¢ are constants that satisfy bt + ¢ > 0 for ¢ € [—a, 1]. We can always
perform a homothetic rescaling to fix Ric(gp) = gp and, as in the Lii-Page—
Pope case, rewrite the equation

Rici1(gp) — Ricaa(gp) = (gp)11 — (gp)22
as a first-order ODE for the function z():

@Jr 2 3 b - 2(bt +¢)? — (2 + 1) 0
dt 24+t bt+c bt+4db—c 2+t) (bt +e)bt+4b—c))
A(t)

This has a solution z(t) = %, with

A(t) = 6Kt + 24Kb™t? + 12Kb5ct® + 72K b + T2Kb c*t — 12Kb*c3t
+ 24K — 6 Kb3c* + 6632 4 12b%ct 4 6bc® — 2bt — 2b — c,
B(t) = (6b*(t +2)*),
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and K a constant. In order to determine the constants we consider the bound-
ary behavior of z(t). Using the form of the solution and the boundary condi-
tions, we let

(t—1)(t+a)(At? + Bt + C)

t) =
() (t+2)2
Then using the conditions on the derivative, we have
-3 —(2—a)
A+ B+C = d a?A—aB+C=—"_—".
+ b5+ (+a) and a ab + a1

Using the form of z(t), we obtain
A= Kb B+ (a—1)A=4Kb* + 2Kb3c
and
—aA+ (a—1)B+C =12Kb%c + 1.
This yields
(30 — 7a)A+ (a—T)B+C = 1.

Hence
1 11\ /4 =
30—7a) (a—7) 1| |B]|= 1
a? —a 1 C 7((124;‘;)
Solving this system yields
A 2(a — 2) B a? +10a — 33
(1+a)(a® — 16a + 37)’ (14 a)(a? — 16a + 37)

and
—2(2a% — 18a + 37)

¢= (1+a)(a® — 16a + 37)°

From this we can deduce
c 3a? — 4a — 13

b 4(a—2)
On the other hand, the conditions (7) yield
3 —2(b+c)? _ 1 and (2—a)—2(c—ab)? 1
3b+c)(5b—c) 3 (2—a)(c—ab)(4—a)b—c) (2—a)

Rearranging we see that
A =b"+1 and ¢*=a(4—3a)b*+4(a—1)bc+ (2 —a).
Hence
(a—1)((1 = 3a)b® + 4bc — 1) = 0.
If = 1 then ¢ = 7b/2 and
1 1 21

22’ 5 and C=-5
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By examining the form of the solution z(t) = A(¢)/B(t) one can see that this
choice leads to inconsistency. If @ # 1 we have ¢ = (2+ +/3(2 — a))b and we
deduce

3a* — 8a® — 42a® + 168a — 125 = 0
and so a ~ 1.057769. We note with this value of a, that the ratio of the volume
of the exceptional divisor and the projective line that does not intersect it is

% ~ 3.183933

which agrees with values calculated by other methods in [4] and [23].

3.2.3. The Koiso—Cao Kdihler—Ricci soliton. We now look for a U(2)-invariant
solution to the equation
Ric(g) + V?¢ = Ag.

If we assume the metric is Kéahler, this forces the function ¢ to have holomor-
phic gradient and so we can assume ¢ = ¢(x; + x2) for some constant ¢. We
will also factor out homothety by setting A = 1. Hence we obtain the following
equation for z(t):

dz  2—c¢(2+1) t

i = 0.
@ T T ern C o

This yields
o(t) = dect+2) Pt +2) +2c(t+ 1) +2
(t+2)? c3(t +2)2 ’
where d is a constant. Using the boundary conditions z(1) = z(—1) = 0, we
get the equations

2—¢2

3

de® + =0

and

de’c +3c2—|—4c+2 _

9 9¢3 0

This means that ¢ solves
e*(c* —2) +3c® +4c+2=0,

which yields ¢ ~ 0.5276 and d ~ —6.91561. This agrees with the value found
by other methods in [15].

As with the Lii-Page-Pope metric, one could also recover the relevant equa-
tions by considering a first integral due to Hamilton [19] and Ivey [20]; namely

Agp+2¢ =0,
where Ay is the Bakry-Emery Laplacian
Ag() = AL) —9(Vo, V),
and ¢ is normalized so that [, ¢e~?dVy = 0. This yields

F’ 4 22+t
(—2(2+t)ﬁ+ﬁ)c—%02+2ct20.

Miinster Journal of Mathematics VoL. 8 (2015), 211-228



CONFORMALLY KAHLER GEOMETRY AND QUASI-EINSTEIN METRICS 223

Hence
Y T P A
dt 2+1¢ 2+t
4. METRICS ON CP? 4 2CP?

We now perform a very similar analysis on the toric surface CP? § 2CP2. In
this case the moment polytope is the pentagon P given by I;(x) > 0 for the
linear functions:

ll($)21+$1, lg(x)zl—f—xg, lg(x):a—l—ml,
li(x)=a—-1—x9, Ils(z)=a—1—2x1 — 0.
Here we assume that the metric is also symmetric under the Zs action that
swaps 1 and xy. This is sensible as both the Wang-Zhu Kéahler—Ricci soliton
and the Chen—LeBrun—Weber metric have this symmetry. A Zs-invariant toric

Kahler metric g on this manifold can be written in symplectic coordinates given
by equation (5) with D?u equal to

(a?—aza—2?—2x,—1) 1
2(x1+1)(a7127w11)(a7]1.7w17w2) + fll 2(a—1—z1—x2) + le
) (0®—azy—a2—205—1)
Saiorim) T /12 e e ai e ey T /22

where f : P — R is a smooth function with f(z1,z2) = f(x2,z1). One can
show that the determinant of g is given by

D
Az +1)(ze+1)(a—1—z1)(a—1—x2)(@a — 1 — 21 — T2)’

det(g) =

where
D =a(a®+a— (23 +23) — 2(x1 +22) — 2)
+2(x1+1)(a—1—21)Paf11
+2(z2 + 1)(a — 1 — 22) Py fa
— 41+ (e +)(a—1—21)(a—1—x2)f12
+4(x1+ (e +D)(a—1—x1)(a—1—22)(a—1— 21 — x2)
(frrfa2 — fTa),
where
P = 2—am2—m%—2m1—1), P = 2—am1—m§—2m2—1).

The inverse is thus given by
11 12 An A
(DQU)—l — u u _ D D
u21 u22 Ais Aoo |7
D D

A =2(z1+1)(a—1—z1)((a® — azy — 25 — 222 — 1)
+2(z2+1)(a—1—z2)(a —1—z1 — 22) faz),

where
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A = =2(x1 + (@2 +1)(a -1 —z1)(a— 1 —x2)
(1+2(a—1—21 —22) f12),
Agy =2(z2 +1)(a— 1 — 22)((a® — azy — 2] — 221 — 1)
+2(z1 +1)(a—1—z1)(a—1—21 —22)f11).
Straightforward calculation yields the following lemma.

Lemma 4.1. Let g be a toric Kihler metric on CP? §2CP? of the form given
by equation (5). Then the inverse u" satisfies

ul(-1,-1)=u"(~1,a — 1) =u"(0,a—1) =0

fori,j € {1,2}. The derivatives satisfy

uil(—=1-1) =2, ul?(—1,-1) = ud?(~=1,-1) =0,
ud(—1,-1) =2, uit(—1,a —1) = 2,
ui?(—1,a — 1) =ud?*(=1,a —1) =0, u2*(-1l,a—1)= -2,

ui'(0,a — 1) = -2, u1%(0,a — 1) = 0,
u?(0,a — 1) = 2, u2%(0,a — 1) = =2

The quasi-Einstein metrics on CP?  CP? are Hermitian and have J-invariant
Ricci tensor. If we search for metrics on CP? § 2CP? that are invariant under
the T? x Zg action described above and which are also J-invariant, we have
the following result.

Proposition 4.2. Let (g, ¢) be a Hermitian quasi-FEinstein metric on the toric
surface CP?42CP2. Suppose g is invariant under the action of T2 x Zy, has
J-invariant Ricci tensor and g = e2° gk for a Kdhler metric gx. Then

dbt—|—dc+1)

o= —log(bt +c¢) and ¢= —mlog( T
c

Proof. The form of o follows from the fact that the Ricci tensor of g is J-
invariant. This forces the gradient with respect to gk, Ve™7, to be a holomor-
phic vector field. Hence e™7 is an affine function in the polytope coordinates,
invariant under the Zs-action. With respect to the metric g, V2¢ — L d¢ ® d¢
is J-invariant. Calculation yields

ij — (U/(fbi +¢j) + %(biﬁbj) =0,

for 1 < 4,7 < 2. This equation can then be solved explicitly, yielding the
result. d

The Kim-Kim first integral (15) and boundary behavior of the metric given
in Lemma 4.1 give some constraints on the quantities b, ¢, d and pu.
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Proposition 4.3. Suppose (g, ¢) is a quasi-Einstein metric on CP? 42CP? of
the form given in Proposition 4.2. Then

4b _ 1 _ o
(c—2b)(dc+1—2db)  (c—2b)2 (dc+1— 2db)2’
1 1%

(c+(a—2)b)2  (dc+1+ (a—2)db)?’
and
—2b 1 W

(c+(a—1)b)(dc+ 1+ (a—1)db) (c+ (a—1)b)?> (de+1+ (a—1)db)?

Moreover, we have

/ (e_¢ — ue(%_1)¢)e4”dx =0.
P

Proof. All the equations above can be derived by examining the Kim—Kim first
integral (15). Calculating quantities with respect to the Kahler metric gk, this
equation becomes

(16) m(e® — pem t2°) = Ag + 29k (Va, Vo) — |V|>.

The first three equations now follow from Lemma 4.1. For the integral con-
straint we note that the right-hand side of (16) can be written as A z¢ where

A]:() = A() - gK(V.F,V) and F = gb — 20.

The result follows from noting that, for any F,

Ax()e Fdv, = 0. O
M

If one fixes the value of a (and so the particular K&hler class) and the value
of m, then Proposition 4.3 yields four equations in the four unknowns b, ¢, d
and p. Given the result of Theorem 2.7 it is sensible to look for conformally
Kahler quasi-Einstein metrics on CP? $ 2CP? in the first Chern class ¢; which
corresponds to setting a = 2. Using a numerical program to evaluate the
integral, we find in the case a = 2 and m = 2 that the system of equations
in Proposition 4.3 has the unique admissible solution (values are given to six

significant figures)

b~ —0.0744357, ¢~ 1.00482, d=~ —0.463585 and u~ 0.282617.

Another use of the proposition is to rule out certain limiting behaviors of
hypothetical families of quasi-Einstein metrics. Suppose that a family of con-
formally Kahler quasi-Einstein metrics of the form given in Proposition 4.2
converges smoothly to a conformally Kéhler gradient Ricci soliton. Then,
as well as the Wang-Zhu soliton, one could in theory also converge to the
Chen-LeBrun—Weber metric. By the calculations in [18] this would mean, as
m — 00,
b— —0.217907 and ¢ — 1.000632.
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As ¢ converges to a constant, the integral constraint of Proposition 4.3 would
mean g — 1. One can then check that these values are not admissible as
solutions of the constraints of Proposition 4.3 and so conclude that the Chen—
LeBrun—-Weber metric is not the smooth limit of such a hypothetical family.

5. FUTURE WORK

In this section we list and comment on some future directions for research
that our current work raises.

(1) Are there conformally K&hler analogues of the Lii—Page—Pope metric on
CP? $2CP?? The second and fourth authors investigated this question nu-
merically using an algorithm they developed for numerically approximating
toric Kihler metrics on CP? §2CP? in [17, 18].

(2) What is the significance of the conformally Kéhler quasi-Einstein metrics?
For example, in dimension 4, the K&hler metrics conformal to the Page
and the Chen-LeBrun—Weber metrics are extremal Kéhler metrics. An
extremal Kéhler metric is a critical point of the Calabi energy and such
metrics are the subject of intense research activity at the time of writing.
The Kahler classes of the extremal metrics conformal to the Page and
Chen—LeBrun—Weber Einstein metrics are distinguished by minimizing the
Calabi energy over all possible Kéhler classes on these manifolds [24].

(3) The existence theorem for compact quasi-Einstein metrics in [16] can be
paraphrased as: “whenever the manifold W, admits a nontrivial Kéhler—
Ricci soliton, it admits at least one family of quasi-Einstein metrics”. Is
this true in general? Or is it at least true for other constructions of Kéhler—
Ricci solitons, such as that of Wang—Zhu [29]?
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