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Abstract. Given any irreducible inclusion B C A of unital C*-algebras with a finite-index
conditional expectation E : A — B, we show that the set of E-compatible intermediate
C*-subalgebras is finite, thereby generalizing a finiteness result of Ino and Watatani [11].
A finiteness result for a certain collection of intermediate C*-subalgebras of a non-irreducible
inclusion of simple unital C*-algebras is also obtained, which provides a C*-version of a finite-
ness result of Khoshkam and Mashood [18].

Apart from these finiteness results, comparisons between various notions of distance
between subalgebras of operator algebras by Kadison—-Kastler, Christensen and Mashood—
Taylor are made. Further, these comparisons are used satisfactorily to provide some concrete
calculations of distance between operator algebras associated to two distinct subgroups of
a given discrete group.

1. INTRODUCTION

Watatani [25] (resp., Teruya and Watatani [23]) proved that the lattice of in-
termediate subfactors of an irreducible finite-index subfactor of type I1; (resp.,
type III) is finite. This was then generalized to the C*-context by Ino and
Watatani [11], who proved that the set of intermediate C*-subalgebras of an
irreducible inclusion of simple unital C*-algebras with a finite-index conditional
expectation is finite [11, Cor. 3.9]. Further, Longo [19] obtained a bound for
the cardinality of the lattice of intermediate subfactors of any finite-index irre-
ducible inclusion of factors (of type II; or III). More recently, a similar bound
was obtained for the cardinality of the lattice of intermediate C*-algebras of
a finite-index irreducible inclusion of simple unital C*-algebras by Bakshi and
the first named author in [3], which was achieved by introducing the notion of
(interior) angle between intermediate C*-subalgebras. This bound was further
improved by Bakshi, Guin and Jana [2].
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One of the highlights of this paper is the following generalization of Ino—
Watatani’s finiteness result [11].

Corollary 4.3. Let BC A be an irreducible inclusion of unital C*-algebras with
a finite-index conditional expectation E : A — B. Then the set IMS(B, A, E)
consisting of E-compatible intermediate C*-subalgebras of B C A is finite.

Ino—Watatani’s proof of finiteness was a clever compactness argument based
on an appropriate estimate for ||ec — ep|| for any two (E-compatible) interme-
diate C*-subalgebras C and D (see [11, Lem. 3.3]), and a perturbation result
established by them in [11, Thm. 3.8]. Corollary 4.3 is an immediate con-
sequence of the following more general result, whose proof is an appropriate
adaptation of the compactness argument of Ino-Watatani [11].

Theorem 4.2. Let B C A be an inclusion of unital C*-algebras with a finite-
index conditional expectation E : A — B. If one (equivalently, any) of the
algebras C4(B), Z(B) and Z(A) is finite-dimensional, then the collection

F(B,AE):={CecIMS(B,A E)|Ca(B) CCa(C)UC}
1s finite.

It is noteworthy that, in the above mentioned finiteness results (except
Theorem 4.2), irreducibility of the initial inclusion was crucial. Somehow, not
much is known about the finiteness of the lattice of intermediate subalgebras of
non-irreducible inclusions. Interestingly, very recently, while looking for such
finiteness results for the full lattice of intermediate von Neumann subalgebras
of non-irreducible inclusions, the compactness argument of Ino and Watatani
was also employed successfully by Bakshi and the first named author [3] to
prove the following.

Theorem ([3, Thm. 6.4]). Let N'C M be an inclusion of von Neumann alge-
bras with a faithful normal tracial state on M such that Z(N') is finite-dimen-
sional and the trace preserving normal conditional expectation from M onto
N has finite Watatani index. If the relative commutant N' N M equals ei-
ther Z(N') or Z(M), then the lattice consisting of intermediate von Neumann
subalgebras of N C M is finite.

Prior to this, Khoshkam and Mashood [18, Thm. 1.3] had shown that, for
any finite-index subfactor N C M of type II;, the subcollections
Li(NCM):={PeL(NCM)|NNM cC P},
Lo(NCM):={PeL(NCM)|NNM=PnNM}
are both finite, where L(N C M) denotes the lattice of intermediate subfactors
of the inclusion N C M.
Note that Theorem 4.2 is a C*-version of [18, Thm. 1.3] for non-irreducible
inclusions of non-simple C*-algebras. Moreover, in Section 4 itself, we also

prove another variant of a C*-version of [18, Thm. 1.3] for non-irreducible
inclusions of simple unital C*-algebras, which reads as follows.
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Theorem 4.9. Let B C A be an inclusion of simple unital C*-algebras with
a finite-index conditional expectation from A onto B. Then the sublattice

Li(BCcA):={CeZI(BCA)|Ca(B)CC} is finite.

A few words regarding the techniques employed to achieve the above men-
tioned finiteness results. Theorem 4.2 is achieved by directly employing the
compactness argument of [11], wherein the main ingredients include a basic
observation from [9] (that ec € Ay for any C € IMS(B, A, E)), an estimate
for |lec — ep]| from [11] and a perturbation result from [8]. On the other
hand, Theorem 4.9 is proved on similar lines by first showing that ec € A;
for any intermediate C*-subalgebra C € Z; (Proposition 4.7), then obtaining
Ino—Watatani’s estimate for ||e¢c — ep|| (Lemma 4.8), where C and D are two
intermediate C*-subalgebras in Z;, and finally, by exploiting a perturbation
result by Dickson [8].

The above mentioned finiteness results are all achieved in Section 4. Prior
to Section 4, we devote a short section (Section 2) on preliminaries and an-
other short section (Section 3) recalling and proving some basic (yet inter-
esting) observations related to the Kadison—Kastler distance. One interesting
observation being that, for any inclusion B C A of unital C*-algebras with
a finite-index conditional expectation E : A — B, there exists an « > 0 such
that the set of unitaries

{ue NaB) | lu—1| <a} [ {Na(C) |C e F(B, A E)};

see Corollary 3.7. A slightly stronger version holds for inclusions of simple
unital C*-algebras—see Corollary 3.9. These two observations, respectively,
are immediate consequences of the above mentioned perturbation results by
Ino-Watatani and Dickson, and a very simple minded inequality

dx (B, uBu*) < 2d(u, Na(B) < 2[ju — 1|,

obtained in Lemma 3.5, for every unitary u in A.

Then, in Section 5, we first recall and make some basic observations related
to the different notions of distance between subalgebras of C*-algebras and
tracial von Neumann algebras, introduced by Christensen [5, 6, 7] and Mas-
hood and Taylor [20]. The essence of this section lies in making comparisons
between them and the Kadison—Kastler distance, and a desirable (and useful)
observation made in the following proposition.

Proposition 5.7. Let M be a von Neumann algebra with a faithful normal
tracial state. Then

dMT(Pa Q) _ dMT(P7 @S.O.T.) _ dMT(ﬁS.O.T.’QS.O.T.)
for any two unital x-subalgebras P and Q of M.

Finally, in Section 6, we make use of the comparisons made in Section 5
and provide some concrete calculations of various distances between subalge-
bras associated to distinct subgroups (via C*-crossed products, Banach group
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algebras and group von Neumann algebras) of a given discrete group G. Inter-
estingly, in all cases, they turn out to be distance 1 apart—see Corollary 6.7,
Proposition 6.21 and Proposition 6.23.

2. PRELIMINARIES

We briefly recall the notions of finite-index conditional expectations, Wata-
tani’s C*-basic construction and compatible intermediate C*-subalgebras.

2.1. Watatani’s C*-basic construction. For any inclusion B C A of uni-
tal C*-algebras with common unit and a faithful conditional expectation E :
A — B, A becomes a pre-Hilbert B-module with respect to the B-valued inner
product (-, )p: A x A— Bgiven by (z,y)s = E(z*y) for x,y € A. We denote
by £ the Hilbert B-module completion of A.

In order to distinguish the elements of the C*-algebra A and the pre-Hilbert
B-module A, following [24], we consider the inclusion map n: A — AC E. Thus,

(@) := | E(z"2)|V? < |||

for all z € A. Let L5(€) denote the unital C*-algebra consisting of adjointable
maps on £. Every member of L5(€) is a B-module map (see [24, §2.10]).
Further, there is a natural C*-embedding A : A — Lg(€) satistying

AMa)n(z) = n(az) for all a,x € A.

Thus, we can identify A with its image A(A) in £5(&). Further, there is a nat-
ural projection e; € A(B)' N Lg(E) (called the Jones projection corresponding
to F) satisfying, via the above identification, the relations

ei(n(z)) =n(E(z)) and ejxze; = E(z)ey

for all x € A. Watatani’s C*-basic construction for the inclusion B C A with
respect to the conditional expectation F is defined as the C*-algebra

Ay =span{ze1y | x,y € A} C Lp(E).
Like the “Jones” basic construction for a subfactor, Watatani’s basic construc-

tion also satisfies a natural universal property—see [24, Prop. 2.2.11].

Some standard notation. Recall that, for an inclusion B C A of C*-algebras,
the centralizer of B in A is defined by

Ca(B) ={x € A|bx = b for all b € B},

and if B C A are unital (with common unit), the normalizer of B in A is defined
by

NA(B) ={ucU(A) | uBu* = B}.
The centralizer C4(B) is a C*-subalgebra of A and is also denoted by B’ N.A

and called the relative commutant of B in A. The normalizer N 4(B) is a closed
subgroup of U(A).
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2.2. Finite-index conditional expectations and index. For any inclusion
B C A of unital C*-algebras, a conditional expectation E : A — B is said to
have finite index if there exists a finite set {\; | 1 < i < n} C A such that
z =Y E(x\;)A} for all z € A. Such a set {\;} is called a quasi-basis for £
and the Watatani index of E is defined as Indw (E) = > | \;A\¥, which is a
positive invertible element in Z(.A) and is independent of the quasi-basis {);}.
Every such F is faithful and preserves the unit, i.e., 1g = E(14) = 1 4.

The set of finite-index conditional expectations from A onto B is denoted
by £0(A, B). If Z(A) = C and & (A4, B) # &, then an F € & (A, B) is said to
be minimal if

Indw (F) = inf{Indw (E) | E € & (A, B)}.
In some nice cases, a minimal conditional expectation exists and is unique as
well.

Remark 2.3. Let B C A be an inclusion of unital C*-algebras with
Eo(AB)£ @ and Z(A)=C=Z(B).
(i) There exists a unique minimal conditional expectation (denoted usually

by) Eop : B — A (see [24, Thm. 2.12.3]).
(ii) The index of such an inclusion is defined as (see [24, Def. 2.12.4])

[.A : B]O = Indw(Eo) = mln{IndW(E) | E e 80(./4, B)}

2.3.1. Compatible intermediate C*-subalgebras. For any inclusion B C A of uni-
tal C*-algebras (with common unit), let Z(B C A) denote the collection of in-
termediate C*-subalgebras of the inclusion B C A and let £(A, B) denote the
set of conditional expectations from A onto B. Further, for any E € £(A, B),
following [11] (also see [3, 9]), let

IMS(B, A, E) := {C € Z(B C A) | there exists an F' € £(A,C)
such that E,, o F = E}.

If E has finite index, then for any C € IMS(B, A, E), a compatible conditional
expectation from A onto C is unique and has finite index (see [11, p. 471]).

2.3.2. Dual conditional expectation and iterated tower of basic constructions.

Remark 2.4. Let B C A be an inclusion of unital C*-algebras and let E :

A — B be a finite-index conditional expectation. Let A; denote the C*- basic

construction of B C A with respect to the conditional expectation F and let e;

denote the corresponding Jones projection. The following facts are noteworthy

and shall be needed ahead.

(i) >, AierA; =1 for any quasi-basis {A;} of E.

(i) Ay =span{zeiy | z,y € A} = C*(A,e1) = Lp(A) (see [24, Prop. 1.3.3]).

(iii) There exists a unique finite-index conditional expectation E : A; — A
satisfying F(ze,y) = (Indy (E)) " zy for all z,y € A (see [24, Prop. 1.6.1]).
(E is called the dual conditional expectation of E and is often denoted
by El)
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(iv) By iteration, one obtains a tower of unital C*-algebras (see [13, §3.1], [15,
Prop. 3.18] and [3, §2.3])

A1 =BCcAy=ACc A CA C---CA, C---

with finite-index conditional expectations Ej : Ay, — Ai_1 and Jones pro-
jections ey, € Ag, k> 1, with Ay = C*(Ak_1,ex) for all k > 1. Also, Ex41
is the dual of Ej, for all £ > 0, with Ey := E.

(v) If Indw (E) € B, then Indy (F) = Indy (E). Moreover, if A and B are
both simple and E is minimal, then A; is simple and E is minimal ( [24,
Cor. 2.2.14, Prop. 2.3.4] and [15, Cor. 3.4]).

(vi) (Pushdown Lemma.) For each z; € Aj, there exists a unique zp € A
such that x1e; = zge; and xg is given by xg = IndW(E)E(xlel) (see [13,
Lem. 3.7]).

In [3, Prop. 3.2], it was shown (using the so-called “Fourier transforms”)
that if B C A is an inclusion of simple unital C*-algebras with & (A, B) # @,
then B’ N A, =2 A’ N Ak (as vector spaces) for all £ > 0. In particular, if
B C A is irreducible, then so is A C A;. It turns out that the last inference is
true for more general inclusions and will be needed ahead.

Lemma 2.5. Let B C A be an inclusion of unital C*-algebras with a finite-

index conditional expectation E : A — B. Then

(i) Er(A,_oNAk) =A,_5NAi_y for every k > 1, and

(i) 4f, in addition, the inclusion B C A is irreducible, then the inclusions
Ap_1 C Ai, k> 1, are all irreducible.

Proof. 1t is enough to prove for k = 1.

(i) Clearly, for each z; € B'N A1, E(x1)b = E(x1b) = E(bxy) = bE(x,) for
all b € B. Hence, E(B' N A1) C B N A. For the reverse inclusion, note that, for
each a € B'NA, 21 := Indw (F)ae; € B'N.A; and E(xl) = a by Remark 2.4.
Hence, BN A C E(B’ NAp).

(ii) Now, suppose that B C A is irreducible and that x; € A’ N A;. Let
{A\i|1<i<n}CAbea quasi basis for E. Then g := Indy (E)E(z1e1) € A
and x1e; = xoer by Remark 2.4 (vi). Further, for every b € B, we have

zob = Indyy (E)E(x1e1)b = Indy (E)E(x1e1b)

= IndW(E)E(bxlel) = bIndW (E)E(xlel) = bxo.

Hence, g € B N A = C so that xqg = 81 for some 8 € C, which then shows
that

T =1 zn:)\iel)\? = 211:/\1'33161/\;»k = 62n:)\i€1)\2< = A1,
i=1 i=1 im1

where the first equality holds because of Remark 2.4 (i). This implies that
A" N A; = C1, and we are done. O

See [24, 11] for more on Watatani index, C*-basic construction and com-
patible intermediate C*-subalgebras.
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3. KADISON-KASTLER DISTANCE

For any normed space X, as is standard, its closed unit ball will be denoted
by Bi(X), and for any subset K of X and an element z € X, the distance
between x and K is defined as

d(z, K) = inf{||lz —y[| [ y € K}.

Definition 3.1 ([14]). The Kadison—Kastler distance between any two sub-
algebras C and D of a normed algebra A (which we denote by dxk(C, D)) is
defined as the Hausdorff distance between the closed unit balls of C and D,
i.e.,
dkk(C,D) = max{ sup d(z,B:1(D)), sup d(z, Bi(C))}.
z€B1(C) 2€B1(D)

The Kadison—Kastler distance makes sense even for two subspaces of a
normed space, but we shall work mainly with the distance between subalgebras
of a normed algebra.

We must remark that the notation dki is not standard. We have used it for
the Kadison—Kastler distance in order to keep a distinction between it and two
other notions of distance introduced by Christensen and a distance introduced
by Mashood and Taylor, which shall be discussed in Section 5.

Notation. For a normed algebra A, let
Sub 4 := {subalgebras of A},
C-Sub 4 := {closed subalgebras of A},
and, if A is a C*-algebra, then let
C*-Sub 4 := {C*-subalgebras of A}.

Here are some well-known elementary observations related to the Kadison—
Kastler distance.

Remark 3.2. Let A be a normed algebra.

(i) dxx(C,D) <1forall C,D € Suby4.

(ii) If A is a Banach algebra, then dkik is a metric on C-Sub 4.

(iii) If C,D € C-Sub 4 and C is a proper subalgebra of D, then dxk(C,D) =1
(see [11, Lem. 2.1]).

The following elementary observation is obvious and will be used to calculate
the distance between certain C*-subalgebras in Section 6.

Lemma 3.3. Let A be a normed algebra. Then
dxk (C, D) = dxk (C, D) = dxk (C, D) = dxk (C, D)
for all C,D € Sub4.

It is natural to ask whether, for a given subalgebra B of a C*-algebra A, one
can always find a subalgebra as close as one desires. In [10, Ex. 2.2.2], it was
shown that dxk (B, uBu*) < |lu— 1|| for all u € U(A). Thus, because of the
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following lemma, one can get a conjugate subalgebra as close as one wishes.
(Its proof follows from an elementary continuous functional calculus argument
and we leave it to the reader.)

Lemma 3.4. Let A be a unital C*-algebra. Then, for each € > 0, there exists
a unitary u in A such that 0 < ||ju — 1] <.

Further, for any inclusion B C A of unital C*-algebras, it is also quite natural
to ask whether, for a unitary u € U(A), there exists any relationship between
its distance from N 4(B) and the Kadison-Kastler distance between B and its
conjugate uBu*.

Interestingly, motivated by an inequality given by Popa—Sinclair—Smith [22,
Lem. 6.3], we obtain the following pleasing relationship without much effort,
which then has a nice consequence that if E € (A, B), then a unitary which
normalizes B and is sufficiently close to N 4(C) must belong to N4(C) for any
C e F(B, A E) (see (1))—see Proposition 3.6.

Lemma 3.5. Let A be a unital C*-algebra and B a unital C*-subalgebra of A.
Then

dgk (B, uBu*) < 2d(u, N4(B)) < 2|lu — 1]
for all uw € U(A).

Proof. Let u € U(A). Clearly, d(u, No(B)) < ||lu—1|. Next, let v € Na(B)
and w := wv*. Then wBw* = (uwv*)B(uv*)* = u(v*Bv)u* = ubBu*. So, for any
T € B (B),

[l — wew*|| = [lzw —wzl| < flzw — 2| + ||z — wz|| < 2[|lw —1].
This implies that d(z, By (wBw*)) < 2||w — 1||. Hence,
sup d(z, By (wBw")) < 2|jw — 1]

2€B; (B)
Likewise,
sup d(y, Bi(B)) < 2w —1].
y€B (wBw*)
So

dKK(B,’LUBU)*) < 2”11) — 1||
Thus, dkk (B, wBw*) < 2||u — v|| for all v € N4(B). Hence,
dxx (B, uBu*) = dxk (B, wBw™) < 2d(u, NA(B)). O

In the reverse direction, Kadison and Kastler [14] had conjectured that suffi-
ciently close subalgebras must be conjugates of each other. This was answered
in the affirmative for various cases in a series of some fundamental papers by
Christensen, Phillips, Raeburn and others in the 1970s. Since then, there have
been several other such so-called “perturbation results”. People have also em-
ployed such perturbation results to answer other important questions. One
such result with a nice application is due to Ino and Watatani [11]. In fact,
some of the results in this article are direct applications of the perturbation
result of Ino and Watatani.
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Consider the following question, which arises naturally from Lemma 3.5.

Question. Given a unital C*-algebra A and a C*-subalgebra B, is every uni-
tary sufficiently close to 1 (or to N4(B)) in the normalizer of the subalgebra B7?

It is easily seen—see, for instance, Example 6.18—that it has a negative
answer. However, interestingly, Lemma 3.5 along with a perturbation result
of Ino and Watatani [11, Prop. 3.6] immediately yields a somewhat positive
answer for compatible intermediate C*-subalgebras—see Proposition 3.6 and
Corollary 3.7 below.

Notation. Given an inclusion B C A of unital C*-algebras with a finite-index
conditional expectation E : A — B, let

(1) F(B,AE):={CeIMS(B,AE)|Ca(B) CC4(C)UC}.
Note that F(B, A, E) =IMS(B, A, E) if C4(B) C B.

Proposition 3.6. Let B C A be an inclusion of unital C*-algebras with a finite-
index conditional expectation E : A — B. Then there exists a constant o > 0
such that {u € Na(B) | d(u, Na(C)) < a} CNA(C) for every C € F(B, A, E).

In particular, if C4(B) C B, then {u € NA(B) | d(u, NA(C)) < a} C Na(C)
for every C € IMS(B, A, E).

Proof. Let N be the number of elements (which is not unique) in a quasi-basis

for E and let
0.5

(10N)*
First, note that, for any C € IMS(B, A, E), with respect to the compatible
finite-index conditional expectation F : A — C, and any u € U(A), there exists
a faithful conditional expectation Fy, : A — uCu* given by F;y = Ad, o F o Ad,-.
Now, let C € F(B, A, E) and u € N4(B) with d(u, NA(B)) < a. Then

1
C *C * -
BCuCu*C A and dgk(C,uCu™) < 0N

by Lemma 3.5. Thus, by [11, Prop. 3.6], there exists a v € U (B’ N .A) such that
vCv* = uCu*. Since B'NAC (C'NA)UC, it follows that vCv* = C. Hence,
u € N4(C), and we are done. O

Corollary 3.7. Let A, B, E and « be as in Proposition 3.6. Then
{ue Na(B) | lu—1|| < a} €[ [{Na(C) | C € F(B, A E)}.
In particular, if C4(B) C B, then
{ue NaB) | lu—1|| < a} C[{Na(C) | C € IMS(B, A, E)}.

As an application of a perturbation result by Dickson [8] and a funda-
mental result regarding finiteness of the index of a conditional expectation
by Izumi [12], we have a slightly more general variant of Proposition 3.6 for
inclusions of simple unital C*-algebras.
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Notation. For any inclusion B C A of unital C*-algebras (with common unit),
let

To(BC A):={CeZ(BCA)|Ca(B)CCalC)uUC}.
Clearly, (B, A, E) C Zy(B C A) for every E € & (A, B), and if C4(B) C B,
then Zo(B C A) =Z(B C A).

Proposition 3.8. Let B C A be an inclusion of simple unital C*-algebras with
a finite-index conditional expectation E : A — B. Then, for any 0 <~ < 1076,
{u e Na(B) | d(u,Na(C)) < 2} S N4(C) for every C € Io(B C A).

In particular, if Ca(B) C B, then {u € Na(B) | d(u,Na(C)) < 3} € Na(C)
for every C € Z(B C A).

Proof. First, note that, for any C € Z(B C A), by [12, Prop. 6.1], there exists
a conditional expectation F': A — C of finite index. Hence, it is faithful.
Now, let C € Zo(B C A), 0 <y <107% and u € N4 (B) with d(u,Na(C)) < 3.
Then B C uCu* C A and dxx (C,uCu*) < v < 10~¢ by Lemma 3.5. Note that,
as F is of finite Watatani index, it satisfies the Pimsner—Popa inequality; in
particular, so does the restriction E}ycy+ @ uCu® — B. Since B is simple, it
follows from [12, Cor. 3.4] that E},cy- also has a finite quasi-basis. Thus,
by [8, Thm. 3.7], there exists a v € U(B’ N A) such that vCv* = uCu*. Since
B'NAC(C'NnA)UC, it follows that vCv* = C. Hence, u € N4(C), and we are
done. O

Corollary 3.9. Let A, B and E be as in Proposition 3.8. Then, for any
0<~y<1079,

{weNa® |Ilu-1 <1} W@ I e To(B < W)},
In particular, if C4(B) C B, then
{u € Na(B) \ lu—1| < g} C (JINA(©) | C € Z(B C A)}.

For any group G, let Subg denote the collection of subgroups of G. Then
G admits a canonical action on Subg via conjugation, i.e.,
G x Subg 3 (g, H) +— gHg™ ! € Subg.

Corollary 3.10. Let A, B, E and « be as in Proposition 3.6 and let G :=
NA(B). Then, with respect to the natural conjugation action of G on Subg,
the following hold.
(i) The open ball

{u e Na(B) | lu—1] < a}
C ({Stabe (Na(B) N N4(C)) | C € F(B, A E)},
and in particular, if Co(B) C B, then
{u e Na(B) | lu—1] < a}
C ({Staba (Na(B) NNA(C)) | C € IMS(B, A, E)}.
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(ii) In addition, if A and B are both simple, then for any 0 <~y < 1076, the
open ball

{ueNa® |llu-1) <3}

C [{Staba (Na(B)NNA(C)) | C € To(B C A)},
and in particular, if C4(B) C B, then
{weNa®) | lu-1) <1}
C ({Stabe (Na(B) NN4(C)) | C € Z(B C A)}.

4. SOME FINITENESS RESULTS

This section is devoted to some more applications of certain perturbation
results from [11, 8] to generalize some finiteness results by Ino—Watatani [11]
and Khoshkam—Mashood [18].

4.1. Finiteness of certain compatible intermediate C*-subalgebras.

Theorem 4.2. Let B C A be an inclusion of unital C*-algebras with a finite-
index conditional expectation E : A — B. If one (equivalently, any) of the al-
gebras C4(B), Z(B), Z(A) is finite-dimensional, then the collection F (B, A, E)
(as in (1)) is finite.

Proof. First, note that, since there exists a finite-index conditional expectation
from A onto B, it follows from [24, Prop. 2.7.3] that the C*-subalgebras C 4(B),
Z(B) and Z(.A) are either all finite-dimensional or none of them is finite-dimen-
sional.

Consider Watatani’s C*-basic construction 4; := C*(A,e1) of the inclusion
B C A with respect to the conditional expectation ' and Jones projection ej.
In view of the preceding paragraph and the given hypothesis, Z(B) is finite-
dimensional, so by [24, Prop. 2.7.3] again, the relative commutant 5’ N A; is
finite-dimensional. Therefore, the set

P:={pe B NA|pisa projection}

is a compact Hausdorff space with respect to the operator norm.

Further, note that if C € IMS(B, A, E) with respect to the compatible con-
ditional expectation F': A — C, then F has finite index and C; C A; (see [9,
Prop. 2.7(2)], so the corresponding Jones projection ec belongs to

C'NCL C B NAL

where C; denotes the C*-basic construction of the inclusion C C A with respect
to the finite-index conditional expectation F' and Jones projection ec.
Fix a 0 <y < 107¢ and let
R A
2|[Indw (E)||
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By the compactness of P, there exists a finite cover of P consisting of open
balls of radius €. So it suffices to show that each such e-ball contains only
finitely many Jones projections corresponding to the members of F (B, A, E).

Note that, for any two C,D € IMS(B, A, E), their corresponding Jones pro-
jections ec and ep are in B’ N A; and satisfy

dxk (C, D) < |[Indw (E)|l[lec — epll,

by [11, Lem. 3.3]. In particular, if e¢c and ep are in one of the e-open balls,
then dxk(C,D) < 3 <~. Thus, by [8, Thm. 3.7], there exists a unitary u in
B’ N A such that C = uDu* (and |ju — 1|| < 163/11072 + 880~).

Let C,D € F(B, A, E) and let they be in one e-ball as above. Asu € B'N.A
and B’ N A C C4(D)UD, it follows that C = uDu* = D. Thus, each e-open
ball of the cover contains at most one Jones projection for some member of
F(B, A, E), as was desired. O

We can immediately deduce the following generalization of [11, Cor. 3.9].
(The second part follows from Lemma 2.5.)

Corollary 4.3. Let B C A be an irreducible inclusion of unital C*-algebras
with a finite-index conditional expectation E : A — B. Then IMS(B, A, E) is
finite. In particular, IMS(Ag, Ak+1, Ex+1) is finite for every k > 0.

For any unital inclusion of von Neumann algebras N' C M, let LN C M)
denote the lattice of intermediate von Neumann subalgebras. For any such
inclusion, if there exists a faithful normal tracial state tr on M and the unique
tr-preserving conditional expectation Ex : M — N has finite Watatani index,
then it was shown in [3] that if Z(N) is finite-dimensional and the relative
commutant N/ N M equals either Z(N) or Z(M), then LN C M) is finite.
Analogous to [18, Thm. 1.3] and Theorem 4.2, we now have the following.

Proposition 4.4. Let N C M be a unital inclusion of finite von Neumann
algebras with a (fized) faithful normal tracial state tr on M such that the
unique tr-preserving conditional expectation Exn: M — N has finite Watatani
indez. If one (equivalently, any) of the algebras Capq(N), Z(N) and Z(M) is
finite-dimensional, then the subcollection

LoNCM)={PeLWNCM): N'nMZCPUP NM)}
1s finite.

Proof. Clearly, LIN C M) CIMS(N, M, Exr). The rest follows from Theo-
rem 4.2. O

Note that Proposition 4.4 also generalizes Watatani’s finiteness result [25,
Thm. 2.2] to a non-irreducible setting.

4.5. Finiteness results for non-irreducible inclusions of simple C*-
algebras. In general, if B C A are simple unital C*-algebras and the inclusion
is not irreducible, then the lattice Z(B C A) need not be finite. For instance,
consider the following easy example.
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Example 4.6. Let A = My(C), B=Cl, A= {diag(A\, p) | A\, u € C}, let

E : A — B denote the canonical (tracial) conditional expectation given by
E(lay]) = (GILQCW)I% [aij] € A,

and let F': A — A denote another canonical conditional expectation given by

F(lay]) = diag(a11, az2), [ay] € A.

Note that uAu* € IMS(B, A, E) for all u € U(2) (by [9, Lem. 2.8]). Also,
the set {uAu* | u € U(2) \ Na(A)} is infinite because the set of left cosets of
N4(A) in U(2) is infinite. Hence, IMS(B, A, E) and, therefore, Z(B C A) are
infinite sets.

Here is an indirect way of seeing why U(2)/N4(A) is infinite. Suppose, on
the contrary, that {[u] := uN4(A) | u € U(2)} is finite. Then, for any element
w € uN4(A), w = uw for some v € N4(A), so

a(A, wAw*) = (A, uwwA(uv)*) = a(A, uAu®),

where « is the interior angle (see [9]). This implies (A, wAw*) = a(A, uAu*)
for every w € [u]. Hence, the set

{a(A, ubu*) | u e U2)} = {a@’“A“*) ’ € N[i(<2A)>}

is finite. This contradicts the fact that {a(A,uAu*) | u € U(2)} = [0, §] (see
[9, Cor. 4.6]). Thus, the set of left cosets of N4(A) in U(2) must be infinite.

However, for a non-irreducible inclusion B C A of simple unital C*-algebras
with a finite-index conditional expectation, we shall show in this section that
the sublattice consisting of intermediate C*-subalgebras of B C A which contain
the centralizer algebra C4(B) is finite.

The following useful observation (whose first part comes from [12] and the
second part is comparable with [9, Prop. 2.7 (1), (2)]) will be needed ahead.

Proposition 4.7. Let B C A be an inclusion of simple unital C*-algebras with
a finite-index conditional expectation E : A — B. Then, for any C € Z(B C A),
there exists a finite-index conditional expectation F' : A — C and, moreover, if
Ca(B) CC, then Lc(A) C L(A), where Lo(A) is defined with respect to F.

In particular, C; C Ay, where Ay (resp., C1) denotes the C*-basic construc-
tion of the inclusion B C A (resp., C C A) with respect to E (resp., F).

Proof. Let C € Z(B C A). Then, by [12, Prop. 6.1], there exists a conditional
expectation F': A — C of finite index. Next, suppose that C4(B) =B NnACC.

Note that, as F is of finite Watatani index, it satisfies the Pimsner—Popa
inequality [24]; in particular, so does the restriction E)¢ : C — B. Since B is
simple, it then follows from [12, Cor. 3.4] that E|, also has a finite quasi-basis.
Thus, G := Ej¢c o F' is of finite Watatani index by [24, Prop. 1.7.1]. Since E
and G are two finite-index conditional expectations from A onto B, by [24,
Prop. 2.10.9], there exists a ¢ € B’ N A such that E(x) = G(¢*xq) for all z € A.
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Then, for any T € Lo (A), we observe that
(T'(x),y)s = E(T(x)"y) = G(¢"T(2)"yq) = By (F((T(x)q)"yq))
= E1c(T(2)g,y9)c) = Ejc({zq, T"(yg))c)
= Eio(F(¢" 2" T"(yq))) = Erc(F(¢" 2" T"(y)q))
=G 2" T (y)q) = E(@"T"(y)) = (=, T"(y))5
for all x,y € A. Hence, T € Lp(A). O

Notation. For any inclusion B C A of unital C*-algebras, let
Ti(BCcA):={CeZ(BCA)|CaB)CC}.
Clearly, Z; a sublattice of Z(BC A), Zy(BC A) CZo(BC A) and Z; (B C A) =
I(BcC A)if Ca(B) C B.
We shall need the following adaptation of [11, Lem. 3.3].

Lemma 4.8. Let B C A be an inclusion of simple unital C*-algebras with
a finite-index conditional expectation E : A — B. Then

dKK(C,D) S Indw(E)Hec — ep||
forallC,DeZi(B CA).

Proof. We shall simply write Z; for the set Z; (B C A). Since E has finite index,
it satisfies the Pimsner—Popa inequality (by [24, Prop. 2.6.2]), i.e., E(z*z) >
(Indy (E))~'z*z for all z € A, and since Indy (E) > 1 (by [24, Lem. 2.3.1]),
it follows that
E(z*z) > (Indw (E)) 22"z

for all x € A. In particular, ||n(z)|| > (Indw (E))~!||z|| for all z € A. Moreover,
In(a)]| < |la|l <1 for every a € B1(C).

Since B C A are both simple, it follows from Proposition 4.7 that L¢(A) U
Lp(A) C Lp(A) for any two C,D € Z;. Thus, ec,ep € L5(A), and

[n(Ec(a) — Ep(a))]
In(a)]|

lla — Ep(a)]l

lec —enll = 2 [[n(a — Ep(a))]|

1
> -
= TIndw (E)
for all a € B1(C) \ {0}. Therefore, for each a € B1(C), there exists an element
b:= Ep(a) € B1(D) such that ||a — b|| < Indw (E)|ec — ep]|. By a symmetric
argument, we deduce that dgxk(C,D) < Indw (E)|lec — ep||. O
The following finiteness result is an adaptation (as well as a mild generaliza-

tion) of [11, Cor. 3.9] (also see [18, Thm. 1.3]). Its proof is an imitation of that
of Theorem 4.2. However, we provide all steps for the sake of completeness.

Theorem 4.9. Let B C A be an inclusion of simple unital C*-algebras with
a finite-index conditional expectation E: A— B. Then the sublattice T (B C A)
18 finite.
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Proof. Consider Watatani’s C*-basic construction A, := C*(A, e;1) of the in-
clusion B C A with respect to the finite-index conditional expectation E and
Jones projection e;. Let E : Ay — A be the finite-index dual conditional ex-
pectation of E. Then E o E : Ay — B is also a conditional expectation of finite
index. Since A is simple, it follows from [24, Prop. 2.7.3] that the relative
commutant B’ N A; is finite-dimensional. Therefore, the set

P:={pe B NA |pisa projection}

is a compact Hausdorff space with respect to the operator norm.
Since A is simple, Indyy (E) is a positive scalar. Fix a 0 < < 1075 and let

€= S —
2Indyy (E)

By the compactness of P, there exists a finite cover of P consisting of open
balls of radius e. Now, it suffices to show that each such e-ball contains only
finitely many Jones projections corresponding to members of Z;.

Note that, for any two C,D € Z;, their corresponding Jones projections ec
and ep are in B'N Lg(A) = B’ N A; by Proposition 4.7, and by Lemma 4.8,
they also satisfy the inequality

dKK(C,D) S Indw(E)”ec — €D||.

So if e¢c and ep are in one of the e-open balls, then dxk (C,D) < % < 7. Thus,
by [8, Thm. 3.7], there exists a unitary v in B’ N.A such that D = uCu* (and
luw— 14| < 16v/11072 + 8807). Since B’ N.A = C4(B) C C, this implies that
u € C. Hence, D = uCu* = C. This shows that each e-open ball of the cover
contains at most one Jones projection for some intermediate C*-subalgebra
in 73, and we are done. U

Since countably decomposable type III factors are simple, we obtain the
following generalization of [23, Thm. 2.5] (and a partial generalization of [18,
Thm. 1.3]).

Corollary 4.10. Let N'C M be an inclusion of countably decomposable type III
factors with a finite-index conditional expectation. Then the set L1 (N C M) :=
{Qe LN C M) |N' NMC Q} is finite.

4.11. Cardinality of IMS(B, A, E). Longo [19] showed that the cardinality
of the lattice of intermediate subfactors of any finite-index irreducible inclusion
N C M of factors (of type II; or III) is bounded by ([M : N]2)N* More re-
cently, a similar bound was obtained for the lattice of intermediate C*-algebras
of a finite-index inclusion of simple unital C*-algebras by Bakshi and the first
named author in [3], which was achieved by introducing the notion of (interior)
angle between two intermediate C*-subalgebras. Further, Bakshi, Guin and
Jana [2] improved the bound by proving that the cardinality of the lattice of
intermediate C*-subalgebras of an irreducible inclusion B C A of simple unital
C*-algebras with finite index is bounded by 9M4:Blo,
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In this subsection, for any irreducible inclusion B C A of unital C*-algebras
with a finite index conditional expectation E : A — B, through some elemen-
tary group action technique, we provide an expression for the cardinality of
IMS(B, A, E) in terms of the indices of the unitary normalizers of its members
in N4 (B); see Proposition 4.13. On face, the expression looks a bit dry, but it
might prove useful while performing some concrete calculations.

In [9, Lem. 2.8(2)], it was shown that, for any inclusion B C A of unital
C*-algebras with a tracial finite-index conditional expectation E : A — B,
uCu* € IMS(B, A, E) for every C € IMS(B, A, E) and v € N4(B). We now have
its following (more obvious) variant (which does not require E to be tracial),
which gives an abundance of compatible intermediate C*-algebras and will
also allow us to get an expression for the cardinality of IMS(B, A, E') when the
inclusion B C A is irreducible.

Lemma 4.12. Let B C A be an inclusion of unital C*-algebras with a finite-
index conditional expectation E : A — B such that C4(B) C B. Suppose that
C € IMS(B, A, E) with respect to the compatible finite-index conditional expecta-
tion F: A— C. Then, for every u € Na(B), uCu* € IMS(B, A, E) with respect
to the conditional expectation F, : A — uCu* given by F,, = Ad, o F o Ady-.

Proof. As C4(B) C B and & (A, B) # @, it follows from [24, Cor. 1.4.3] that E
is the unique conditional from A onto B. Also, from [9, Lem. 2.8 (1)], we know
that F, is of finite index. So E} . . o F), is again a finite-index conditional ex-
pectation from A onto B. Thus, by uniqueness of E, we get E; . .o F, = FE.
Hence, uCu* € IMS(B, A, E) with respect to the compatible conditional expec-
tation F,. O

With notation as in Lemma 4.12, we thus observe that the group G := N4 (B)
admits an action on the set IMS(B, A, E) via the map
G x IMS(B, A, E) 5 (u,C) — uCu* € IMS(B, A, E).
For any C € IMS(B, A, E), its stabilizer
Stabg(C) = Na(B) N N4(C).

Let IMS(B, A, E) denote a set of representatives of the orbits of IMS(B, A, E)
with respect to this action. Then, in view of Corollary 4.3, from some basic
theory of group actions, we immediately conclude the following.

Proposition 4.13. Let B C A be an irreducible inclusion of unital C*-algebras
with a finite-index conditional expectation E : A — B and G := N4(B). Then
(i) [Na(B): Na(B) N N4(C)] < oo for every C € IMS(B, A, E), and
(i) [IMS(B, A, E)| = T oryszae) VAB) : NalB) N NA©)].
Lemma 4.14. Let A, B, E,G be as in Proposition 4.13 and C € IMS(B, A, E).
Then

[A:D]o=[A:Clo and [D:Blo=][C:Blo
for every D € Orbg(C).
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Proof. Since B C A is an irreducible inclusion, the conditional expectation
E : A — B is unique by [24, Cor. 1.4.3]. Hence, it is minimal.
Suppose that C € IMS(B, A, E) with respect to the compatible finite-index
conditional expectation F': A — C. Note that Orbg(C) = {uCu* | u € G}.
Let D € Orbg(C). Then D =uCu* for some u € No(B) and D € IMS(B, A, E)
with respect to the conditional expectation Fy, := Ad, o F' o Ad,~. Also,

Z(D) = Z(wCu*) =uZ(C)u* =C = Z(A),
DNACBNA=C and BNDCBNA=C,

so, by [24, Cor. 1.4.3] again, F,, and E,, are both unique and hence minimal.
Thus, by [16, Thm. 3], we get [A: B]o = [A: D]o[D : By for every D € Orbg(C).
Note that [A : D]y = [A : uCu*]p = [A: C]op by [9, Lem. 2.8], which then shows
that [D : Blo = [C : B]o as well. O

5. COMPARISONS BETWEEN VARIOUS NOTIONS OF DISTANCE

In this section, we discuss the various notions of distance between subal-
gebras of a given operator algebra by Christensen and Mashood—Taylor and
make comparisons between them and the Kadison—Kastler distance.

5.1. Christensen’s distances. Christensen has given two notions of dis-
tances and used them effectively in proving some significant perturbation re-
sults. The first one is defined between subalgebras of any tracial von Neumann
algebra [5] and, more generally, the other one is defined between subalgebras of
any C*-algebra [6]. We briefly recall both notions in reversed order and state
some facts related to them.

5.1.1. Christensen’s distance between subalgebras of a normed algebra. Though
Christensen gave the notion of distance between subalgebras of a C*-algebra,
the same can be used in the normed algebra context as well.

Let A be a normed algebra. Recall from [6] that, for C, D € Suba and a
scalar v > 0, C' C, D if, for each x € B(C), there exists a y € D such that
|l — y|| <+, and the Christensen distance between C' and D is defined by

do(C,D) =inf{y>0|C C, D and D C, C}.
Here are some elementary observations regarding the Christensen distance,

some of which will be used ahead.

Remark 5.2. Let A be a normed algebra.

(i) do(C,D) <1 forall C,D € Subyu.

(ii) do(C,D) = do(C, D) = do(C, D) for all C, D € Suba.

(iii) dp is not a metric on Suby (as it does not satisfy the triangle inequality).
However, dy and dkxk are “equivalent” in the sense that

do(C, D) < dxk(C,D) < 2do(C, D)
for all C, D € Suby (see [7, Rem. 2.3]).
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(iv) If C,D € Suby and C is a norm closed proper subalgebra of D, then
do(C, D) = 1. (This follows from [7, Prop. 2.4]—also compare with Re-
mark 3.2 (iii).)

5.2.1. Christensen’s distance between subalgebras of a tracial von Neumann
algebra. For a von Neumann algebra M, let

x-Suby, := {*-subalgebras of M containing 1}
and

W*-Sub g := {von Neumann subalgebras of M
(possibly with different unit)}.

Let M be a von Neumann algebra with a (fixed) faithful normal tracial state 7.
Then M inherits a natural inner-product structure with respect to the inner
product {(x,y), = 7(y*z), x,y € M. The corresponding norm on M will be
denoted by ||z|,, i.e., |||l = T(z*z)'/2, 2 € M, and the Hilbert space com-
pletion of M is denoted by L?(M, 7). There is a natural embedding of M into
B(L?(M,T)) via left multiplication and this allows us to consider M as a von
Neumann algebra on L?(M, 7).

Further, in order to distinguish the elements of the inner-product structure
M from that of the von Neumann algebra M, as is standard, we shall use
the notation & for the elements of the inner-product space M. Thus, we have
(Z,9) = 7(y*z) and z(1) = 2 for all 2,y € M.

Recall from [5] that, for P,Q € Sub and a scalar v > 0, P C, Q if, for each
x € B1(P) (with respect to || -||), there exists a y € @ such that ||Z — g|- <7,
and the Christensen distance between P and @ is defined by

dc(P,Q) =inf{y >0| P C, Q and Q C, P}.
Here are some facts related to the Christensen distance dc.

Remark 5.3. With running notation, the following hold.

(1) dc(P, Q) <1 forall P,Q € Sub.

(ii) dc is a complete metric on W*-Subp, (see [5, Thm. 5.1]).

(iii) From Proposition 5.11 and Proposition 5.7 ahead, it follows that

dC(P, Q) _ dc(ﬁS.O.T.’@S.O.T.) _ dC(PI/, QI/)
for all P,Q € *-Sub'y,.

Here is a well-known observation which will be essential for our discussion—
see, for instance, [1, Prop. 2.6.4].

Proposition 5.4. Let M be a unital C*-algebra equipped with a faithful tracial
state 7. Then M is a von Neumann algebra on L*(M,T) if and only if B1(M)
is complete with respect to || - || - .

In particular, M is a W*-algebra if and only if B1(M) is complete with
respect to || - || -
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5.5. Mashood—Taylor distance between subalgebras of a tracial von
Neumann algebra. Given a II;-factor M with a unique faithful normal tra-
cial state 7 and any two subfactors P and @ of M, Mashood and Taylor [20]
consider the Hausdorff distance (with respect to || -||-) between Bi(P) and
B1(Q) and prove some nice results related to continuity of “Jones” index.
They also mention [20, p. 56] that this distance gives the same topology on the
set of subfactors of M as the one given by the Christensen distance dc. We
shall show in this section that dc = dyir.

Mashood-Taylor distance can, in fact, be defined in a slightly more general
set-up as follows. For a von Neumann algebra M with a faithful normal tracial
state 7, for any pair P,Q € Suba, the Mashood—Taylor distance between P
and @ is defined as

dyut(P,Q) = dg, ., (B1(P), B1(Q)),
where dp |||, denotes the Hausdorff distance with respect to the metric in-
duced by the norm |- ||, and S C L?*(M,7) for S C M (as in Section 5.2.1).

Lemma 5.6. Let M be a von Neumann algebra with a faithful normal tracial
state 7. Then the following hold.

(i) dwmr is a semi-metric on Subay.

(ii) dwmr is a metric on W*-Sub .

(111) dc(P, Q) < dMT(P, Q) fOT’ all P,Q € Sub .

Proof. (i) follows readily from the definition.

(ii) Note that B;(Q) is closed and bounded in L?(M, 1) for every Q €
W*-Sub g by Proposition 5.4. And it is well-known that the Hausdorff distance
is a metric on the collection of closed and bounded subsets of a metric space.

(iii) Let P,Q € Subpg and € > 0. By the definition of dyr(P, @), for each
x € B1(P), there exists a z € B1(Q) such that ||Z — 2| < dur(P,Q) + €. This

implies that P Cg,,p(p,Q)+e @ Similarly, we have Q Cgyp(p,@)+e P- Thus,
de(P,Q) < dur(P,Q) + € for all € > 0, and we are done. O

The following observation is a nice tool to calculate the distance between two
von Neumann subalgebras and will be used ahead on more than one occasion.

Proposition 5.7. Let (M, T) be as in Lemma 5.6. Then

dyr(P, Q) = dyr (P,Q% ™) = dyr (P50, Q%°™) = dyur (P”, Q")
for all P,Q € %-Sub'y,.
Proof. In order to avoid any possible confusion, for every z € M and S C M,

let d, (&, S) := inf{||& — 8||, | s € S}. Now, let P,Q € %-Sub%,. We first assert
that

o — e

d-(a, B1(Q)) = d-(a, B, (Q%9T"))
for all @ € By(P). Clearly,

— ———

dr(a, BL(Q%OT)) < d-(a, B1(Q))
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for all a € B1(P). For the reverse inequality, fix an @ € B;(P) and an € > 0.
Then there exists a by € By (Q5°-T") such that

—

dr(, B1(@5O™)) < ||a — boll» < dr (6, BL(@5OT)) + €.

As
B Q50T = B (Q)SOT

(by Kaplansky density theorem), there exists a net

{ba} € B1(Q) such that by ~2 by,

Hence, there exists an «g such that
1@ = b ||+ < dr (@, B1(QS-OT)) +e.
This implies that
dT(&a Bl(Q)) < ”& - i’ao”ﬂ' < d.,-(&, By (@S'O'T')) +e

As e > 0 was arbitrary, we get

o — e

d-(a, B1(Q)) < dr(a, B1(Q5°T)).

This proves our assertion.

Then we get
B:= sup d.(a,B1(Q)) = sup d.(a, B;(Q50T))
a€B1(P) a€B1(P)

< sup d-(2,B1(Q%0T)) =: au.
2€B, (P5-0-T.)

Further, for any n > 0, there exists a 2o € By (P%©-T") such that

o —

a—1n < d.(%,B1(Q%°T)) < a.
Then, by Kaplansky density theorem again, there exists a net
{zx} € B1(P) such that z, sor, 20.

In particular, z) — Zy with respect to || ||, and since d, is continuous with
respect to || - ||, it follows that

_

dr (23, B1(Q3OT)) —= dr (20, B1(QSOT)).

Thus, there exists a Ay such that

dr (230, B1(Q5OT)) > o — 1,
so that 8 > a —n. Since n > 0 was arbitrary, we have § > «. Thus, a = 3,
i.e.,

dMT(Pa Q) = dMT(Pa QS.O.T.)'
By a similar argument, we conclude that

dyr (P, Q) = dyr (P30T, Q59T

The rest follows from von Neumann’s Double Commutant Theorem. O
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5.8. Comparisons between dkk, dc and dypr. We first present the fol-
lowing comparison between dyr and dgk.

Lemma 5.9. Let M be a von Neumann algebra with a faithful normal tracial
state 7. Then dyr(P, Q) < dkk (P, Q) for all P,Q € Sub .

Proof. Let P,Q € Suby and p € B1(P). Then

d-(p, B1(Q)) < Ip — dll- < llp = d
for all ¢ € B1(Q). Thus,

-

for all p € B1(P). In particular,

sup dT(ﬁ? B (Q)) < sup d(pa Bl (Q))
PeBl(P) peBl(P)
Similarly,
sup d-(¢, Bi(P)) < sup d(g, Bi(P)).
q€B1(Q) q€B1(Q)
Hence, dur(P, Q) < dkk (P, Q). O

The following useful observation is well-known to the experts (see, for in-
stance, [5, Eqn. (6)]).

Lemma 5.10. Let (M, 1) be as in Lemma 5.9 and let N be a von Neumann
subalgebra of M (with common unit). Then

dr (3, Bi(N) = ||& — Bx (@)l = dr (&, L2(A))

for all x € B1(M), where Ex denotes the unique T-preserving normal condi-
tional expectation from M onto N .

We are now all set to show that the Mashood-Taylor distance agrees with
the Christensen distance on *-Subj;.

Proposition 5.11. Let (M, 1) be as in Lemma 5.10. Then
dc(P, Q) = dut(P, Q)

for all P,Q € %-Sub’y,.

Proof. Let P, @ € %-Sub'y, and consider

P:=PSOT and Q:=QSOT,

In view of Lemma 5.6 and Proposition 5.7, it suffices to show that
dc(P,Q) > dur(P, Q).

We first assert that

d: (5, (B1(Q))) = dy (5, L2(Q)) = d: (5, Q)
for all p € By(P).
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Let p € Bi(P). Then, by Lemma 5.10,

a5, B1(Q)) = Ilp — B Eo®)ll- = dr (5, L*(Q))-
Thus, as B/l(\Q) C Q C L*(Q), we see that

—

d-(5. B1(Q)) = d-(5, L2(0)) < d- (5, Q) < d- (5. B1(Q)) = d- (5, B1(Q))

for all p € By(P). Hence, our first assertion is true.
Now, suppose that P C, @ and @ C, P for some v > 0. We then assert
that

dr(p, B1(Q)) <~ for all p € By(P).
Solet p € By (]5) and, by Kaplansky density theorem, fix a net

{pa} C B1(P) such that pq, R N B(L*(M,1)).

Since P C, Q, for each «, there exists a ¢, € @ such that ||pq — dal/- <. So

¥ > ||Pa — dallr = dT(ﬁaaQ) =d, (paaBl( )) Pa — Eg (pa)HT

for all o, where Eg is the unique 7-preserving normal conditional expectation
from M onto . Thus,

o —

d-(p, B1(Q)) < inf[[p — Eg 2 (pa)l- < inf|lp — poll- + inf|[po — E, 2o pa)ll <7,

where the last inequality holds because ||p, — p||- — 0 (as po — p in S.0.T.)
and

”pa — Ej (pa)”?’ <7

for all a. Thus, our second assertion is also true.
As a consequence,

sup _d-(p, Bl(@))

pEB1(P)
Likewise,
sup  d- (g, Bi(P)) < v
q€B1(Q)

as well. Hence, dMT(]:’, Q) < 7, which then implies that
dMT(Pa Q) < dC(PaQ)v

and we are done. O
In view of Lemma 5.9, we also have the following.
Corollary 5.12. Let (M, 7) be as in Lemma 5.10. Then
de(P, Q) < dxk (P, Q)
for all P,Q € Sub .
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6. KADISON—KASTLER AND CHRISTENSEN DISTANCE BETWEEN
SUBALGEBRAS CORRESPONDING TO SUBGROUPS

6.1. Distances between crossed-product subalgebras associated to
subgroups. Let G be a discrete group acting on a C*-algebra A via the
map «: G — Aut(A). Consider the space C.(G,.A) consisting of compactly
supported A-valued functions on G, which can be identified naturally with
the vector space {d g .10 @99 | ag € A, g € G} consisting of formal finite sums.
Further, C.(G, A) is a x-algebra with respect to the (so-called twisted) multi-
plication given by the convolution operation

(Zass) (tht) = Z asos(by)st

scl teJ sel, ted
and involution given by
* 1
(E ass) = E ag-1(ak)s™
sel sel

for any two finite sets I and J in G. The reduced crossed product A %7, G
and the universal crossed product A x% G are defined, respectively, as the
completions of C.(G,.A) with respect to the reduced norm and the universal
norm on C¢(G, A), as described below.

The reduced norm is given by

HZ %QH = HZ W(ag)(l‘g)/\g)H )
finite " finite B(H®I?(G))

where A C B(H) is an (equivalently, any) fixed faithful representation of A,
A\ : G — B(I%(Q)) is the left regular representation and 7 : A — B(H ® I?(G))
is the representation satisfying 7(a)(§ ® 64) = ag-1(a)(§) ® 0, for all £ € H and
g €qG.

The universal norm is given by

2]l == sup||7(x)|| () for @ € Ce(G, A),

where the supremum runs over all (cyclic) *-homomorphisms 7 : C.(G, A) —
B(H). Note that ||z||, < ||z, for all z € C.(G, A).
We refer the reader to [4] for more on crossed products.

6.1.1. Distances between subalgebras of reduced crossed product. First, we gath-
er some relevant facts related to the reduced crossed product construction.

Remark 6.2. Let G and A be as above and H be a subgroup of G.
(i) The canonical injective *-homomorphism

Ce(H,A)3 > anh = Y aph € C(G, A)
finite finite

extends to an injective x-homomorphism from 4 %!, H into A %/, G. So
we can consider A x” H as C*-subalgebra of A x” G (see [17, Rem. 3.2]).
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(ii) There exists a faithful conditional expectation Ey : A X!, G — A %!, H
satisfying

Ey (Z agg) = Z aph  for all Zagg € C.(G,A)
g€l heInH gel

(see [17, Rem. 3.2]), and if [G : H| < oo, then Ey has finite (Watatani)
index with a quasi-basis given by any set of left coset representatives
{9:|1<i<[G:H]}of HinG.

(iii) Thus, as in Section 2, the vector space A x7, G is a natural left (A %", H)-
module via multiplication from left. Hence, following [24], we consider
A %" G as a pre-Hilbert (left) (A x7 H)-module with respect to the
(A %7, H)-valued inner product given by

(x,y) = Ey(z*y) for x,y € A XL G.

Further, in order to distinguish the elements of the C*-algebra A x! G
and the pre-Hilbert (A x%, H)-module A x”, G, following [24], we consider
the identity map ng : A 1!, G — A ", G, where we consider the codomain
as the pre-Hilbert (A %[, H)-module. Since Ep is a contraction, we have

(2) I (@) = | B (27 2) /2 < |||,
for all z € A %}, G.

(iv) Note that, for two subgroups H C K of a discrete group G, ||ng(x)|| need
not be equal to ||nk (x)| for every z € A X%, G.

For instance, consider the trivial action of the finite permutation group
G = S5 on the C*-algebra C. Let H = {e}, K = A3 and

x =a1(123) + a2(132) € C(G) = C[G] with a1,as # 0.
Then z*z = (Ja1|? + |az2|?)e + d1a2(123) + dza1(132) and
Ink (@)|” = || Ex (z"2)|,
= [[(Ja1|* + laz|*)e + (d1a2)(123) + (a2a1)(132)]|,
= |[(Jax|* + laz*)Ae + (d1a2)A(123) + (d2a1)X132) | Bez(ss))
> |[((Jax|* + laz*)Ae + (d1a2)A(123) + (d2a1)A(132)) 5e)‘|g2(53)
= [[(la1]? + laz|*)b + (d1a2)d(123) + (d2a1)8(132) lle2(s,)
= ((
> ((joaf* + Jaz?)2)* = (loa? + lazf?) = s ()]
(v) We shall denote Ey.) (resp., ngey) simply by E (resp., ).

1
|CL1|2 + |CL2|2)2 + |dla2|2 + |Cfga1|2) 2

The following is an elementary and useful observation. A more general
version of it was proved by Phillips (see [21, Prop. 9.16 (3)]).

Lemma 6.3. Let G be a discrete group acting on a C*-algebra A. If
a= Z aqg € Co(G, A),

gel
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then
lagll* < [[E(a*a)|l, = [n(a)[|* for all g € I.

Proposition 6.4. Let G, A be as in Lemma 6.8 and let H and K be two
distinct subgroups of G. Then
dxk (Ce(H, A),Ce(K, A)) =1 =do(Cc(H, A), Cc(K, A))

n A X}, G.
Proof. Note that dxk(C.(H, A),C.(K,.A)) <1 by definition, and

do(Ce(H, A), Ce(K, A)) < dxx(Ce(H, A), Ce(K, A))
by Remark 5.2. So it just remains to show that

do(Ce(H, A),Ce(K, A)) = 1.

Since H and K are distinct, either H # H N K or K # HN K. Without
loss of generality, we can assume that H # H N K. Then, in view of (2) and
Lemma 6.3, we observe that

1= llr = [In(h — ) 21>~

forall he H\ HNK, z € B1(C.(K,.A)) and for every 0 < < 1. Thus, if
C.(H,A) C, C.(K,A) for some v > 0, then v > 1. So, by the definition of do,
we must have

do(Ce(H, A),Ce(K, A)) > 1. O

6.4.1. Distances between subalgebras of universal crossed product.

Remark 6.5. Let G, A and «: G — Aut(A) be as in the preceding subsection
and let H be a subgroup of G. Then the canonical injective x-homomorphism

Co(H,A)3 > aph = Y aph € C(G, A)
finite finite
extends to an injective *-homomorphism from A x% H into A x{ G. Hence,
we can consider A x% H as C*-subalgebra of A x% G (see [17, Prop. 3.1]).

Since ||z, > ||z]|» on C.(G, A), the following is immediate from the proof
of Proposition 6.4.

Proposition 6.6. Let G, A be as in Lemma 6.3 and let H and K be two
distinct subgroups of G. Then

dxk (Ce(H, A),C.(K, A)) =1 =dy(C.(H, A),C.(K, A))
in AxtG.
In view of Lemma 3.3, its analog in Remark 5.2 and the preceding two

propositions, we obtain the following corollary.

Corollary 6.7. Let G, H, K, A and « be as in Proposition 6.4. Then
(i) drx(A XL, HAXLK)=1=dy(Ax}, H AL, K)in Ax"G, and
(ii)) dgx(AXE HAXYK)=1=dy(Ax* H Ax*K) in Ax"G.

Minster Journal of Mathematics VoL. 17 (2024), 241-272



266 VED PRAKASH GUPTA AND SUMIT KUMAR

6.7.1. Some observations related to the C*-algebras associated to groups. Re-
call that, for any discrete group G, if A =C and o : G — Aut(G) is the trivial
action, then A x! G (resp., A x¥ G) is just the reduced group C*-algebra
C*(G) (resp., the (universal) group C*-algebra C}(G)). Thus, we readily ob-
tain the following.

Corollary 6.8. Let G be a discrete group and let H and K be two distinct
subgroups of G. Then

dxxc (CIH], C[K]) = dx (C:(H), O (K)) = 1
= do(C[H], C[K]) = do(C}(H), CE(K)) in CF(C),
drcxc(C[H], CIK]) = diec(C1(H), C5(K) = 1
[

= do(C[H], C[K]) = do(Cy;(H), Cy(K)) in Cu(G).

As in Remark 6.2, for any subgroup H of G, we consider the identity map
ny : CF(G) — C*(G) with the pre-Hilbert C*(H )-norm

e (@) = | En ()|}
for all x € C[G]. Also, we simply write n for 7.

Lemma 6.9. With running notation,
2
(S eun)|| < ol X o)
geG geG rzegH
for all -, agg € C[G].
Proof. Note that

E((Z agg)*(z agg)) Z Z Qg09 1x—Zagg 1( Z awx)

geG geG geGxegH rzegH
for all - ayg € C[G]. O

Further, the reduced group C*-algebra always admits a canonical faithful
tracial state 7 : C;(G) — C which satisfies 7(z) = (A(z)de, de) for all x € C[G],
where \ : C[G] — B(£?(@G)) is the faithful -representation induced by the (left)
regular representation of G.

Remark 6.10. Let G be a discrete group.
(i) If H is the trivial subgroup of G, then the conditional expectation F
from C*(G) onto C (= C(H)) is just the tracial state 7 on C¥(G), which

satisfies
E(Z agg) = a, for all Zagg e ClaG],
geG g

the C-valued inner product induced by F is just the usual inner product
on C}(G) induced by 7, and

[o(X o) = [
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for all > ayg € C[G] because
B((3 009) (3 009)) = Lleal®
9eG geaq geG

(ii) We thus deduce that

HZ O[ggHT > m for all Zagg € C[G).

In particular, v/2 < ||g — hl|, < 2 for any two distinct elements g, h of G.
Thus, {g | g € G} is a discrete linearly independent subset of the unit
sphere of C(G).

(iii) If G is finite, then C*(G) = C[G] and

3) In(@)|| < llzll» < 1GllIn(2)]|

for all € C[G], because

In(@)ll = > logl? forevery z = a,g € C[G]
geG g

(and the last inequality in (3) follows from Hélder’s inequality).
Moreover, E : C[G] — C has finite index with a quasi-basis {g | g € G}
and Indw (E) = |G].

Remark 6.11. If B is a x-subalgebra of a unital C*-algebra A, then Na(B) is
a subgroup of N 4(B). In particular, for any subgroup H of a discrete group G,
Na(H) < Nox o) (C[H]) < Nex(6)(Cr (H)).

Given a subgroup H of a discrete group G and a unitary u in U(C*(G)) \
Neia)(C[H]), it is natural to ask whether

uC[HJu* = CIK] or uCi(H)u" =C;(K)
for some subgroup K of G or not. Obviously, for every g € G,
gC[H]g" = ClgHg™ '], ¢C;(H)g" = Ci(gHg™") and |[lg—1], > V2.

However, when u ¢ G, then it is not clear when uC[H]u* equals C[K] for
some subgroup K of G. Corollary 6.8 allows us to deduce the following partial
answer to this question.

Proposition 6.12. Let H be a proper subgroup of a discrete group G and let
u be a unitary in C[G] (resp., Cx(G)) such that ||u — 1|, < 1/2. If uC[H]u* =
C[K] (resp., uC:(H)u* = Cf(K)) for some subgroup K of G, then K = H
and, in particular, v € Nejq(C[H]) (resp., u € New(ay)(Cr(H))),

Proof. For the group algebra case, let u € C[G] with ||u — 1|, < 1/2. Suppose
that uC[H|u* = C[K] for some subgroup K of G. Then, by Lemma 3.5, we
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observe that

Thus, K = H by Corollary 6.8.

Even in the reduced group C*-algebra case, when u is a unitary in C*(G)
satisfying the inequality ||u — 1], < 1/2 and that uC}(H)u* = C}(K) for some
subgroup K of G, the same argument shows that dxk (C;(H),Cx(K)) < 1, so
that K = H (by Corollary 6.8 again). O

Here are two obvious reformulations of the preceding corollary.

Remark 6.13. Let H, G be as in Proposition 6.12 and let u be a unitary in
C[G] (resp., C*(G)).
(i) IuC[H]u*=C[K] (resp., uC}(H)u* = C;(K)) for some subgroup K other
than H, then |lu — 1], > 1/2.
(i) If [ju — 1], < 1/2, the conjugate *-subalgebra uC[H]u* (resp., uC}(H )u*)
is not equal to C[K] (resp., C;(K)) for any subgroup K other than H.
Remark 6.14. One could ask whether every unitary u in N (C[H]) (resp.,
in Nox (e (C(H))) satisfies the inequality [lu — 1], < 1/2. This is trivially
seen to be false.
Indeed, if H is a subgroup of G with a nontrivial normalizer, then gC[H]g* =
ClgHg~ '] =C[H] for any e # g € Ng(H), whereas, as noted in Remark 6.10 (ii),
we have

*

lg =1l = llg—ellr > V2> 1/2.

By the same argument, one also concludes that if u € Ne«(q)(Cy(H)), then
the inequality ||u — 1], < 1/2 need not be true.

Remark 6.15. Note that, by Lemma 3.4, we can always find a unitary u
in C¥(G) such that 0 < ||1 — ul|, < 1/2. Hence, as is well-known, not every
C*-subalgebra of C(G) is a reduced subgroup C*-algebra.

The following recipe provides a concrete way of obtaining unitaries arbitrar-
ily close to 1.

Lemma 6.16. Let G be a discrete group. If there exists an element g € G
such that g = g~"', then ug := cos(f)e + isin(f)g is a unitary in C[G] for every
0 € R. Also, for each € > 0, there exists a § > 0 such that |lug — 1|, < €
whenever |0] < 4.

Proof. Let 8 € R. Then
uguy = (cos(f)e + isin(6)g) (cos(f)e — isin(f)g)
= (cos®(0) + sin?(0))e + (isin() cos(d) — isin(f) cos(0))g = e.

Similarly, ujug = e. Hence, ug is a unitary in C[G] for every 6 € R.
Note that, for any given € > 0, there exists a § > 0 such that |cos(d) — 1],
[sin(f)] < €/2 whenever |0| < §. So

[lug — 1| = ||(cos(8) — 1)e + isin() gl < |cos(f) — 1| + [sin(F)] < €
whenever || < 4. O

Miinster Journal of Mathematics VOL. 17 (2024), 241-272



ON VARIOUS NOTIONS OF DISTANCE BETWEEN SUBALGEBRAS 269

We can now find unitaries arbitrarily close to 1 yet not in the normalizer of
a subalgebra. Compare with Corollary 3.7.

Lemma 6.17. Let H be a proper subgroup of a discrete group G. If there
exists an element g € G\ H such that g = g~ and g ¢ Cq(H) (centralizer of
H in G), then ug ¢ Nex(a)(Cy(H)) for every 0 € R\ {&F | n € Z}.

Proof. Since g ¢ Ce(H), there exists an h € H such that gh # hg; also, we have
gh,hg ¢ H. Then, for this h € C[H] and 6§ € R\ {& | n € Z},

ughuj, = cos?(0)h + isin(f) cos(d)gh — isin(0) cos(8)hg + sin?(0)ghyg.
Hence, ug ¢ Nc:(a)(Cy(H)) for every 6 € R\ {5 | n € Z}. O
Example 6.18. Let G = S5 and H = A3. Then up := cos(f)e + isin(0)(12) is
a unitary in C[S3] for every 6 € R. Clearly, by the preceding lemma, we have
ug & Ng(s,(C[As]) for every 0 e R\ {&F | n € Z}, because (12) ¢ Cg, (As). Also,
we can choose 0 < 6 < /2 small enough so that ||ug — 1||,- is as small as we

wish. Thus,
(i) for each € > 0, there exists a unitary u in C[S5] such that

0< dKK((C[Ag,], ’U,(C[A;;]u*) < €,
(ii) 1 is not an interior point of Ng(s,)(C[As]) in U(C[S5]).

6.19. Kadison—Kastler distance between (Banach) subgroup algebras.
Recall that, for a discrete group G, the Banach space

06 ={r:6-c| Y9l <}
geG

is a unital Banach *-algebra with multiplication given by convolution, i.e., for
a,b € (G),

(ab)(g) := Y a(h)b(h™"g).

heq
and involution given by

for a € (*(G), g € G.
Further, for each g € G, we define u, € (*(G) by uy(h) = d4. Then u, is
the multiplicative identity for £*(G).

Remark 6.20. With running notation,

(i) there exists an injective unital *~homomorphism i : C[G] — ¢} (G) such that
i(g) = ugy for all g € G and the image of i is dense in ¢! (G). In particular,
C[G] can be considered as a dense subspace of /1(G).

(ii) For any subgroup H of G, the natural embedding of C[H]| into C[G] ex-
tends to an isometric unital *-homomorphism from ¢ (H) into £*(G). We
can thus identify ¢!(H) with a unital Banach x-subalgebra of £}(G).
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Proposition 6.21. Let H and K be two distinct subgroups of a discrete
group G. Then

dxk (C[H], C[K]) = dxx (¢! (H), £ (K)) =1
in (1(QG).
Proof. Since C[G] is dense in ¢!(G), by Lemma 3.3, it is enough to show that
dxx (C[H]),C[K]) = 1 in £}(G). In view of Remark 3.2 (iii), we can assume

that H#HNK # K.
For convenience, let C':= C[H] and D :=C[K] and let h € H\ HN K. Then

[h — Z agk|lh > 1 for all Z ark € B1(D).

keK keK
This implies that d(h, B1(D)) > 1. Thus, by definition, we get
dxk (C[H],C[K]) > 1,
and we are done. O

6.22. Kadison—Kastler and Christensen distances between subgroup
von Neumann subalgebras. Recall that, for any discrete group G, the
group von Neumann algebra associated to G is the von Neumann algebra
given by
L(G) = {X@)}" € B(£*(@G)),

where A : G — B((?(Q)) is the left regular (unitary) representation of G. Also,
there is a natural x-isomorphism between C[G] and *-alg(A(G)), and for any
subgroup H of G, there is a natural *-isomorphism from L(H) onto \(H)" C
L(G); thus, L(H) can be considered as a von Neumann subalgebra of L(G).
Further, L(G) always admits a faithful normal tracial state 7 given by 7(z) =
(x(de),0e) for x € L(G). Thus, L(G) admits an inner-product structure via 7
which induces a norm || - ||, on L(G) given by ||z||, = 7(z*z)'/?, z € L(G).

Proposition 6.23. Let G be a discrete group and let H and K be two distinct
nontrivial subgroups of G. Then, in L(G), the distances

dc(C[H], C[K]), dur (C[H], C[K]), dxx (C[H], C[K]),
do(L(H), L(K)), dyr(L(H), L(K)) and dicic(L(H), L(K))
are all equal to 1.
Proof. By Lemma 5.9, dyr(C[H],C[K]) < dxx(C[H],C[K]) < 1. So, in view
of Proposition 5.7 and Proposition 5.11, it is enough to show that
dut(C[H],C[K]) > 1.

We prove this by considering the following two possibilities separately.
Case 1. Suppose that H C K or K C H. Without loss of generality, assume
that H C K. Then C[H] € C[K] and

—
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for all a € B)(C[H]). Further, for any k € K \ H N K, we have ||k — &[|; > 1
for all x € B;(C[H]). Thus,

sup  d.(2,B1(C[H])) > 1,
2€B1(C[K]))

and hence dy(C[H],C[K]) > 1.

Case 2. Suppose that H # HN K # K. Then, again forany h€ H\ HN K,
|h — &||; > 1 for all € B;(C[K]). Thus, as above, dyr(C[H], C[K]) > 1, and
we are done. (]
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