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The fundamental groupoid:
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Rohit Dilip Holkar, Md Amir Hossain, and Dheeraj Kulkarni
(Communicated by Siegfried Echterhoff)

Abstract. We equip the fundamental groupoid II;(X) of a locally path connected and
semilocally simply connected space X with the Whisker topology to make it a topological
groupoid. Then the equivalence of the Whisker topology and the quotient of the compact-
open topology on the path space of X is proved. This topological groupoid is locally trivial
and not étale. We prove that the fundamental groupoid of a topological group, in particular
a Lie group, is a transformation groupoid. To understand when IT; (X)) is locally compact or
Hausdorff, we study its point-set topology. We discuss the existence and give a description
of a Haar system on II1(X). For the last main result, let £ be the category of IT; (X )-spaces
for which the momentum maps are local homeomorphisms. We show that this category is
isomorphic to that of the covering spaces of X. Using this, we give different characterizations
for the free or proper actions in .

1. INTRODUCTION

In this article, we study the fundamental groupoid as a topological group-
oid. The project has two main goals: firstly, to describe when a fundamental
groupoid is locally compact and can be equipped with a Haar system; secondly,
to study the actions of this topological groupoid.

Three popular choices are available for the topology on the fundamental
groupoid: the Whisker and Lasso topologies, and the quotient of the compact-
open topology on the path space; we call the last topology the “CO’ topol-
ogy”. Brown [6, Lem. 2] seems to be the first to topologize the fundamental
groupoid. He works with locally path connected and semilocally simply con-
nected spaces, and he basically uses the Whisker topology. Recent articles of
Pakdaman and Shahini show that the Lasso [27] (or the Whisker [28]) topol-
ogy makes the fundamental groupoid of a locally path connected (respectively,
small loop transfer) space a topological groupoid. In general, the fundamental
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groupoid is not a topological groupoid with the CO’ topology. If the underly-
ing space is locally path connected and semilocally simply connected, then the
CO’ topology also makes the fundamental groupoid topological; this is noticed
by Reinhart [29, Prop. 2.37 and the discussion preceding it] and Muhly [23,
Ex. 5.33.4].

The restrictions of the above topologies on the universal covering space and
the fundamental group are well-studied. It is customary to use the Whisker
topology for constructing the universal covering space of a locally path con-
nected and semilocally simply connected space, e.g. [32, 25, 18]. Brazas [3]
proves the existence of an interesting topology—the finest topology that makes
the fundamental group a topological group, and it also makes the quotient map
from the path space continuous.

We study the Whisker topology on the fundamental groupoid of a locally
path connected and semilocally simply connected space X (unlike [28] in which
the spaces are slightly more general'). We show that the Whisker and CO’
topologies on the fundamental groupoid I1; (X) are equal. As X is semilocally
simply connected, its universal covering space exists, and this allows us to de-
scribe the topological properties of II; (X)), such as Hausdorffness, local com-
pactness (Section 5), in terms of those of X.

Once we have the locally compact fundamental groupoid, we can equip it
with a Haar system. We show that the existence of a Haar system on the funda-
mental groupoid IT; (X)) is equivalent to the existence of a fully supported mea-
sure on X or a 71 (X, x)-invariant measure (for the deck transformation action)
on the universal covering space of X (Theorem 6.7). The point is that the fully
supported measure on X can be pulled back to a m (X, x)-invariant measure
on the covering space IT; (X)® using the covering map; here I1; (X)* = r~(x)
for the range map II; (X)) — X. And such a measure, when translated to other
cover copies, I1; (X)? for z € X, gives us the Haar system on the fundamental
groupoid. We describe the concrete formulae for the Haar system using the
measures on X and the universal covering space II;(X)” in Section 6.11.

It is natural to use the topological fundamental groupoid as an invariant
for distinguishing spaces, e.g. [14, 4]. Although this is not our central goal,
we give an example of two spaces whose algebraic fundamental groupoids as
well as (topological) fundamental groups are isomorphic, but the topological
fundamental groupoids are different (see Remark 3.14).

Example 2.1.4 in [20] states that the fundamental groupoid is étale. How-
ever, we note (Remark 3.13) that it is not étale but locally trivial in the sense
of Ehresmann [12, p. 143, second paragraph]. An important observation of ours
(Theorem 4.3) is that the fundamental groupoid of a path connected, locally
path connected and semilocally simply connected group is a transformation
groupoid—contrary to a common belief that fundamental groupoids are far
away from being transformation groupoids.

ln [28], Pakdaman and Shahini assume that their spaces are “small loop transfer spaces”
(5, Def. 4.7]; a locally path connected and semilocally simply connected space is such a space.
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We observe that the covering spaces constitute an interesting category of
actions of a fundamental groupoid. Theorem 7.9 characterizes the covering
spaces as II; (X)-spaces. We describe free (Proposition 7.11) and proper (The-
orem 8.6) actions in this category.

Organization of the article and chief results. Section 2 establishes no-
tation, conventions and preliminaries for topological groupoids.

Section 3 starts by describing and then comparing the Whisker and CO’
topologies; Proposition 3.5 is the main result about this comparison. Theo-
rem 3.9 proves that the fundamental groupoid is topological; its Corollary 3.10
shows that the topology on the fundamental groupoid is compatible with the
universal covering space and the fundamental group.

Theorem 4.3 in Section 4 proves that the fundamental groupoid of a group
is a transformation groupoid.

In Section 5, we first give an alternate description of the fundamental group-
oid (Proposition 5.4). Then, in Section 5.5, we discuss the point-set topology
of the fundamental groupoid in Propositions 5.7, 5.8, 5.9 and 5.10.

Section 6 discusses a Haar system on a locally compact, Hausdorff and
locally trivial groupoid. Section 6.11 contains descriptions of the Haar system
on II; (X) in terms of certain fully supported measures on X or the universal
cover of X.

In Section 7, we prove Theorems 7.9 and 7.12 which say that the cate-
gory of covering spaces over a space can be identified with the category of
IT; (X)-spaces for which the momentum maps are local homeomorphisms.

In Section 8, we characterize the proper actions (Theorem 8.6) of the fun-
damental groupoid.

2. NOTATION, CONVENTIONS AND PRELIMINARIES

2.1. Groupoids. We work with topological groupoids. For locally compact
spaces and groupoids, we follow Tu’s conventions in [33]. Thus, by a quasi-
compact space, we mean a space for which any open cover has a finite subcover.
A quasi-compact and Hausdorff space is called compact. A topological space is
called locally compact if every point in it has a compact neighborhood. Thus
a locally compact space is locally Hausdorff and hence T;. Note that a compact
set K is also locally compact Hausdorff. Then the open set K° C K, the interior
of K, is a locally compact Hausdorff space [25, Cor. 29.3]. A space is called
paracompact if it is Hausdorff and every open cover of it has a locally finite
open refinement.

For us, a groupoid is a small category in which every arrow is invertible.
Thus a groupoid can be denoted as a quintuple (G, GO r s, inv), where G is
the small category with G(©) as the set of objects,  and s are the range and
source maps G = G(© and inv : G — G is the inversion map. Thus, for an
arrow v € G, 7(7), s(v) and inv(v) are, respectively, the range of v, the source
of v and v~!. We shall not write the quintuple all the time but simply call G
the groupoid.
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For a groupoid G, we always consider G(©) as a subset of G by identifying it
with the unit arrows on the objects. This convention implies that s(y) =y~ 1y
and r(y) = vy~!. Finally, we call the elements of G(*) the units instead of
objects.

The elements of the fiber product
G x50 Gi={(7,n) € GxG|s(y) =r(7)}
are called composable pairs of G. The multiplication on G is the mapping
GXsa0,G—=G, (v,n) 1.

The groupoid G is called topological if G carries a topology such that the
multiplication and inversion are continuous mappings; for the continuity of the
multiplication, the fiber product G x; g , G is equipped with the subspace
topology of G x G. As a consequence, inv is a homeomorphism and r,s : G =
G are continuous maps when G(©) is given the subspace topology.

A topological groupoid G is called locally compact if its topology is locally
compact and its space of units is a Hausdorff subspace.

For u € G the symbols G*, G,, and G have their standard meanings,
namely,

Gu=s5"{u}), G*=r*{u}) and G"=G,NG"

Note that G is the isotropy group at u € G(°). In general, for sets A, B C G(©),
we define

GA=r"Y4), Gp=sYB) and G§=G*NGp.
The subspaces G, or G* of G are called transversals (see [24]).

Observation 2.2. Suppose that 7 is an arrow in a groupoid G; write x = s(7)
and y = r(y). Then the cardinality of the isotropy at  and GY is the same;
the function

0: Gy —=GY n—n forn € G
is a bijection. The inverse of the function is given by
e 1:GY -G ATl fory € GY.

Example 2.3. Given a topological space X, the product space X x X has
the following groupoid structure: (x,y), (z,w) € X x X are composable if and
only if y = z and the composition is (z,y)(y,w) = (z,w); the inverse map is
(x,y)~! = (y,2). The space of units of this groupoid is the diagonal in X x X,
which we often identify with X. This groupoid is called the groupoid of the

trivial equivalence relation.

Example 2.4. Let G be a topological group acting continuously on the right

on a space X. The transformation groupoid for this action, denoted by X x G,

is defined as follows: the underlying space of this groupoid is the cartesian

product X x G; two elements (z,¢g) and (y,t) are composable if and only if

y = x - g and the composition is given by (x,¢)(y,t) = (x, gt); the inverse map
Miinster Journal of Mathematics VoL. 17 (2024), 203-240
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is given by (z,9)"' = (z - g,¢7!). Finally, if e € G is the unit, then the space
of units of this groupoid is X x {e}, which we identify with X.

For a left G-space X, the transformation groupoid is defined similarly and
is denoted by G x X.

A map of spaces f: X — Y is called a local homeomorphism if any x € X
has a neighborhood U C X such that f(U) CY isopen and f|y : U — f(U) is
a homeomorphism. A local homeomorphism is an open mapping. A covering
map is a local homeomorphism.

Definition 2.5 (Locally trivial groupoid [12, p. 143]). A topological groupoid
G is called locally trivial if, for each unit u, the restriction of the source map
G* — G is a local homeomorphism.

a1 Gy — GO s a local

u

Definition 2.5 can be, equivalently, stated as r
homeomorphism for every unit u.

Observation 2.6. Note that, since s|gu is a local homeomorphism for a locally
trivial groupoid G, the isotropy G¥ = s|5u({u}) is discrete.

A groupoid G is called transitive if, given z,y € G0, there is an arrow v € G
with = r(y) and y = s(v). Equivalently, G is transitive if s|g= : G* — G(©) is
surjective for some z € G(9). Therefore, a locally trivial groupoid is transitive
if the local homeomorphism s|g= is surjective for some 2 € G(©).

Definition 2.7. A topological groupoid is called étale if its range (or, equiv-
alently, source) map is a local homeomorphism.

The transformation groupoid in Example 2.4 is étale if and only if G is
discrete.

2.8. Actions of groupoids. A (left) action of a topological groupoid G on
a space X is a pair (rx, o), where rx : X — G(©) is an open surjection and
0:G X560, X = X is a function with the following properties:

(i) for any unit u € G and z € ry' (u), o(u,z) = ;

(ii) if (v,n) € G x G is a composable pair and (n,z) € G X5 a©® , X, then
(v,0(n,x)) is also in the fiber product G x4 ¢© , X. Moreover, we have
o(y,0(n,z)) = o(yn,z).

Here G x4,c® ,, X is the fiber product {(v,z) € G x X | s(y) =rx(x)}. We

call rx the momentum map of the action. A right action is defined simi-

larly. From now on, we shall simply write v or v -« instead of o(v, ) for

(v,2) € G X500 X.

A groupoid G acts on its space of units, from left, as follows: for v € G and

x € G, the action is defined if s(y) = « and is given by vz = (). The identity

map on G is the momentum map for this action. Similarly, the right action

of G on G is defined.
Given G-spaces X and Y, by an equivariant map, we mean a function f :

X — Y such that ry o f = rx and f(yx) = vf(x) for all composable pairs

(7,2) € G Xgqm r X.
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Next is a characterization of spaces on which a transformation groupoid can
act. We require this characterization in Example 7.10.

Lemma 2.9 ([13, Lem. 2.7]). Let G x X be a transformation groupoid for an
action of a groupoid G on a space X. Then G x X acts on a space Y with
0:Y — X as the momentum map if and only if o0 is a G-equivariant map of
spaces. Thus there is a one-to-one correspondence between G-equivariant maps
0:Y = X and G x X-spaces Y.

Assume that X is a G-space for a groupoid G. While studying the groupoid
actions, the map

(1) a:G@ X560, X 5> XxX, a:(y,z)— (yz,2)

turns out to be useful. Although, this map does not have a standard name, we
call it the kinetics or the map of the kinetics of the action. Observation 3.11
shows that the map of kinetics for the action of IT; (X') on its space of units is
a covering map, where X is a locally path connected and semilocally simply
connected space.

Lemma and Definition 2.10. Let G be a groupoid acting on a space X.
Then the following statement are equivalent:

(i) the map of kinetics of the action is one-to-one;

(i) for every x € X, the isotropy (G x X)% is the trivial group.

If any of the above conditions holds, we call the G-action on X free.

As it is a standard fact, we leave the proof of the last lemma to the reader.
A map of locally compact, Hausdorff spaces f: X — Y is called proper if
the inverse image of a compact set in Y under f is compact.

Lemma and Definition 2.11. Let G be a locally compact Hausdorff groupoid

acting on a locally compact Hausdorff space X. Then the following statements

are equivalent:

(i) the map of the kinetics of the action is proper;

(i) for any pair of compact subsets T, S of X, the set {y € G |yT NS # &}
is compact in G.

The action of G on X s called proper if any of the above conditions holds.

And then the transformation groupoid G x X 1is called proper.

The proof of the last lemma is also standard, e.g. see [35, Prop. 2.17].
A groupoid G is called proper if its action on the space of units is proper.

Observation 2.12. If a groupoid G acts properly on a space X, then the
isotropy of the transformation groupoid at a point = € X is compact, and it is
the inverse image of (x,z) under the map of kinetics of the action.

2.13. Topology. Our reference for algebraic topology is Hatcher’s book [18].
We denote the unit closed interval [0,1] C R by I. For a topological space X,
PX denotes the set of paths in X. That is, PX = C(I, X) is the set of all con-
tinuous functions from I — X. For v € PX, we call v(0) and ~y(1), respectively,
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the starting and ending points of 7. For xzg € X, the constant function xg in
PX is called the constant path at z¢, and is denoted by e, .

Let v,n € PX. If v(0) = n(1), we call the pair (v,n) composable (or con-
catenable) and v O denotes the concatenated path. For a path ~, v~ is its
opposite path given by v~ (t) = (1 — t).

For X as above, let © € X. Then II;(X) and m (X, z) denote the funda-
mental groupoid of X and fundamental group of X based at x, respectively.
Thus IT; (X) is the quotient of PX = C(I, X) by the endpoint fixing path ho-
motopy equivalence relation. The (endpoint fixing) homotopy class of v € PX
is denoted by [y]. The quotient map from PX — II;(X), corresponding to
the equivalence relation mentioned above, need not be open in general [25,
Ex. 1, §22].

For X as earlier, a set V' C X is called relatively inessential in X if the
homomorphism 71 (V, z) — 71 (X, z) induced by the inclusion (V,z) — (X, x)
is trivial for all z € V. The space X is called semilocally simply connected if
each x € X has a relatively inessential neighborhood. A covering map, covering
space, locally path connected space, an evenly covered neighborhood and other
standard terms regarding covering spaces and simply connected covers have
their usual meanings as in Hatcher [18].

Let X and Y be spaces and let C(Y, X) denote the set of continuous functions
fromY to X. For U CY and V C X, define the following subset of C(Y, X):

BUV)={feCY,X)| f(U)CV}.

Recall from [10] that the sets of the form B(K,U), where K C Y is compact
and U C X is open, constitute a subbasis for the compact-open topology on
C(Y, X).

Lemma 2.14. The following statements hold.

(i) Assume that U is a basis for the topology of a space X. Let R be the
collection of subsets of PX of the form B(I,U), where I C 1 is a closed
interval and U € U. Then R forms a subbasis for the compact-open topol-
ogy on PX.

(ii) In particular, if the space X above is locally path connected and semi-
locally simply connected, then the sets of the form B(I,U), with I C1
a closed interval and U C X a path connected and relatively inessential
open neighborhood, form a subbasis for the compact-open topology on PX.

(iii) In particular, if the space X above is locally path connected and semilocally
simply connected, then the sets of the form B(I,U), with I C 1 a closed
interval with rational endpoints and U C X a path connected and rela-
tively inessential open neighborhood, form a subbasis for the compact-open
topology on PX .

Proof. (i): Every set in R is clearly open in PX in the compact-open topology.
Let B(I,V) be a subbasic open set in PX, where I := [a,b] C I is an interval
and V C X open. For given o € B(I, V), we construct finitely many sets
A,..., Ay e R with a € ﬂ?zl A; € B(I,V), which is the claim of the lemma.
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Since U is a basis, we cover V = [Jy.; Us by open sets Uy in U, where
J is some indexing set. Then {a~(Uy)}ges is an open cover of I = [a, b
in I. Using a Lebesgue number for the open cover {a~(Uy)}oes, get a finite
sequence ag = a < a1 < --- < a; = b in [a, ] such that, for each 0 < j <, there
is an index ¢; € J so that [a;, a;41] contained in o™ *(Uy,). Thus

!
a € ﬂ B([aj,aj+1], Uﬁj).
3=0
The third relation of [10, Chap. XII, Ex. 2] implies that
1 1 I
() Bllaj, a1, Us,) < B( Uley, a5 U Um) C B, V).
j=0 J=0 7=0

(ii) and (iii): These follow directly from (i) as the path connected relatively
inessential neighborhoods form a basis for the topology on X. 0

Lemma 2.14 (iii) implies that PX is second countable if X is second count-
able, locally path connected and semilocally simply connected.

3. THE FUNDAMENTAL GROUPOID AS A TOPOLOGICAL GROUPOID

3.1. The two topologies. In this section, we describe the CO’ and the
Whisker topologies on the fundamental groupoid, and show that they are equal
for a locally path connected and semilocally simply connected space.

Definition 3.2 (CO’ topology). Let X be a space. The CO’ topology on
IT; (X) is the quotient topology induced by the compact-open topology on PX
via the quotient map ¢ : PX — II; (X) that sends a path to its path homotopy
class.

Let X be a topological space. For v € PX and neighborhoods v(1) € U and
~v(0) € V in X, define the following subsets of PX and II; (X), respectively:

N(v,U,V)={60(y09) | € PU with §(0) = (1) and
¥ € PV with 4(0) = 9(1)},

N(v),U,V)={[60~y0O9] | § € PU with §(0) = v(1) and
¥ € PV with v(0) =9(1)}.

Thus, in short, N([v],U,V) = q(N(v,U,V)). For the sake of clarification,
by [6 O~y O49], we mean [0 O (yO9)] = [(6 Ov)OY].

The sets of the form N([v],U, V), where [y] € II;(X) and U,V C X are
neighborhoods of (1) and 7(0), constitute a basis for a topology on II; (X).
In particular, if the space X is locally path connected and semilocally simply
connected, then the collection sets of the form N([y],U, V'), where U and V

are path connected and relatively inessential, form a basis for the topology on
I, (X) (see [6, Lem. 2]).
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Definition 3.3 (The Whisker topology). For a space X, the topology on
IT; (X) generated by the basic open sets N ([v],U, V), where [y] € II;(X) and
U,V C X are neighborhoods of (1) and v(0), respectively, is called the Whisker
topology.

Assume that the space X in the previous definition is locally path con-
nected and semilocally simply connected. Suppose N([a], U, V) is a neigh-
borhood of [a] € TI;(X), where U and V are path connected and semilocally
simply connected neighborhoods of «(1) and «(0), respectively. Then, for
(8] € N([e], U, V),

N([ﬁ]a U, V) = N([a]a U, V)
The inclusion N([5],U,V) C N([a],U,V) is clear. Suppose [f] = [0 O a0 0]
for some paths ¢ and o in U and V, respectively. Then [o] = [0~ O0p00 ] €
N([8],U,V). Therefore, the reverse inclusion holds.

Our next goal is Proposition 3.5, which we state after the following two
lemmas. We do not claim any originality for the proof of this proposition as it
is basically the proof of [16, Lem. 2.1] written for both ends of a path.

Lemma 3.4. For a topological space X, the CO’ topology is coarser than the
Whisker topology. That is, CO’" C Whisker.

Proof. Assume that PX has the compact-open topology and ¢ : PX — II; (X) is
the quotient map. Let a CO’-open set M C II;(X) be given. That is, ¢~ 1 (M) is
open in PX. Let [a] € M. Then we show that there is a Whisker-neighborhood
N([a], V1, V) of [a] that is contained in M.

Firstly, note that, since ¢! (M) C PX is open in the compact-open topology,
o has a basic (compact-open) neighborhood (_, B(I;,U;) C ¢~ (M), where
I, Iy, ..., I, are closed intervals in [0, 1] and Uy, Us,...,U, are open subsets
of X (cp. Lemma 2.14 (ii)).

Now we construct the required Whisker-neighborhood: for ¢ =0, 1, let \S; be
the set of indices k € {1,...,n} for which i € Iy. Set V' =, .4 Uy, for i =0,1.
Then «(0) € V? and (1) € V1. The set N([a], V1, V?) is a neighborhood of
[a] in the Whisker topology.

The neighborhood N ([a], V!, V?) is contained in M: for that, assume that
(8] € N([a], V!, V) is given. Let =190 (a07) € [#'] for some paths ¥ € PV!
and v € PV? appropriately concatenable with a. Choose e € (0, 1) such that
a([0,e]) C VY and I; N [0,¢] = & whenever 0 ¢ I;. Similarly, let § € (0,1) be
such that «([6,1]) € V! and I; N [6, 1] = @ whenever 1 ¢ I;. Due to this choice
of € and ¢, the path 8 =9 0 (a0%) looks as follows:

() B(0,e]) € VO

(ii) B equals « on [g, 4], that is, a(t) = 8(¢) for t € [e, ).

(if) (5, 1)) C V',

To show 8 € (i, B(I;,U;), we note that, for a given index k € {1,...,n},
there are the following choices for I, namely,

(a) 0, 1 ¢ Ik,

(b) 0€ I but 1 ¢ I,
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(C) 0 ¢ I but 1 € I,

(d) 0,1€ I.

We note that, for all these choices, S(I) C Ug. Choice (a) is equivalent to

saying that k ¢ S° for i = 0,1. Therefore, I, C [¢,6]. Thus B(Ix) = a(Ix) C Uk.
For choice (b), one can see that

B(t) = a(t) € Uy for e <,
B eVOCU, for0<t<e.
The first case in the above equation is because o € (i, B(I;,U;). A similar
argument shows that 8(Iy) C Uy for choice (c).
Finally, choice (d) forces I, = I and then
a(t) € Uy when e <t <4,
B(t)=<B(t) eV CU, when0<t<e,
B(t) e VI CU, whend <t<1.

Thus 8 € (., B(I;,U;) and hence [8'] = [8] € M, which proves the lemma. [

Proposition 3.5. For a locally path connected and semilocally simply con-
nected space X, the CO’ and Whisker topologies on 111 (X) are equal.

FIGURE 1

Proof. CO' is coarser than Whisker by Lemma 3.4. For the converse, let
[a] € H1(X) and let N([a], U, U®) be a basic Whisker-open neighborhood
of it, and we may assume that U° and U' are path connected and relatively
inessential; see Lemma 2.14 (ii). We need to show that ¢~ (N ([a], U, U?)) C
PX is open in the compact-open topology. For this, let 3 € ¢~ (N ([a],U!,U?))
be given. We construct a compact-open neighborhood 7' of 5 that is contained
in ¢~ (N([a],U',UY)). Recall from the remark after Definition 3.3 that, in the
current situation, N ([a],U*,U°%) = N([8],U*,U°). Firstly, using the continuity
of B, choose €,6 € (0,1) such that 3([0,e]) C U° and B([5,1]) C UL, Let O
be an open cover of the compact set B([e, §]) by path connected relatively
inessential open sets; cp. Figure 1. Obtain a Lebesgue number r > 0 of the cover
{B71(O) | O € O} of the closed interval [e,§]. Using this Lebesgue number r,
we get a partition e =1 <ty <--- <t, =0 of [g,0] such that B([t;, ti+1]) lies
in some path connected open relatively inessential neighborhood W; of X for
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i=1,2,...,n—1. Weset Wy =U° and W,, = U'. And finally, let V; be the
path component of W; N W1 which contains 8(t;41) for i =0,1,2,...,n — 1.
Now we define our desired set T" C PX as follows:

(2) T =5B([0,¢e], Wo) N B({t1}, Vo) N B([tr, t2], W1) N B({t2}, V1)
N B([t2, ts], Wa) N B({t3}, V2) N+ N B([tn-1,tn], Wn-1)
NB({tn}, Vae1) NB([5, 1], W,).

By definition, 7" is open in the compact-open topology on PX and contains .

Lemma 3.6 shows that if £ € T, then [£] € N([3],U*,U°) = N([a],U',U"), that
is, T C ¢ (N ([a],U',U")), which completes the proof. O

Lemma 3.6. Let T CPX be as in equation (2). Assume the same conventions,
hypotheses and notation as in the proof of Proposition 3.5. Then, for given
¢ €T, there are paths oy € PWy and o, € PW,, with [{] = [0, 08 00¢]. In
short, [€] € N([a], UL, U°).
Proof. Recall from the remark after Definition 3.3 that

N([a]’ Ula UO) = N([ﬁ]a Ulv UO)
Using the path connectedness of Wy and W;,, choose paths o from £(0) to
B8(0) and o, from B(1) to £(1). Since S(¢;) and £(¢;) are in the same path
component V;, choose a path 7; from 5(¢;) to (¢;) for i = 1,2,...,n. Now we
have
(@) [m OB, O 0o] = [Eljo,4,1], because Wy is relatively inessential;
(b) [i+1 OBl 0] O | = [El [, t,51]]> Decause Wi is relatively inessential for

1<i<n-1;

(¢) [onOBl,,118n,] = [€li, 1], because W, is relatively inessential.
Using (a), (b) and (c), we have

(€] = (00 O Blit,,1 Om 10 O Blit, 1) O sl -
(12 O Blity,t2 Ony 111 O Bljo,e,) O 00
= (0% O Blit,,1] O Blity_1,a) B O Bljo,e) D o0] = [0 O B DO a0);

this is the claim of the lemma. O

Corollary 3.7 (Corollary of Proposition 3.5). Let X be locally path connected
and semilocally simply connected space; equip PX with the compact-open topol-
ogy and 111 (X) with the CO’ topology. Then the quotient map q: PX — 111 (X)
s open.

Proof. We use the fact that the CO’ and the Whisker topologies on II; (X)
are equal to prove this. Let U = ﬂ?:l B(I;,V;) € PX be a basic open set
in the compact-open topology, where I; are closed intervals and V; C X are
neighborhoods. Let [a] € ¢(U) be given. We construct a Whisker-neighborhood
of [@] contained in ¢(U). For that, we may assume that a(0) € V3 and a(1) €V,
(relabel the indices if required). Then note that N([a], Vi, V1) is an open
neighborhood of [ contained in ¢(U). O
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3.8. Topological fundamental groupoid. Assume that X is a locally path
connected and semilocally simply connected space. In this section, we prove
that II;(X) is a topological fundamental groupoid when equipped with CO’
or Whisker topology. Fabel [15] points out that if X is not semilocally simply
connected, then the fundamental group equipped with the CO’ topology may
fail to be topological. As a consequence, the fundamental groupoid fails to be
topological.
For the fundamental groupoid IT; (X), the fiber product

Hl (X) XS,Hl(X)(O)ﬂ‘ Hl (X),
which consists of composable arrows, shall be denoted by II; (X )(2).

Theorem 3.9. Let X be a locally path connected and semilocally simply con-
nected space. Then the fundamental groupoid I11(X) is a topological groupoid
when equipped with the Whisker or, equivalently, the CO’ topology.

Proof. Continuity of multiplication: Let ([a], [3]) € TI1(X)®?). Consider an
open set W of II;(X) containing [« O 3]. Take a basic Whisker-open neigh-
borhood N([a O f],U,V) C W of [« O f]. Choose a relatively inessential open
neighborhood Z of a(0) = 3(1). Consider the open set O in IT; (X)) given by

O = (N([a],U, Z) x N([8], Z,V)) NIL; (X)®.

Then O is a neighborhood of ([a], [3]) in IT;(X)®).

We claim that the product [ O] is in N([owO8],U, V) for any ([¢], [n]) € O.
The validity of this claim proves the continuity of multiplication.

Proof of the claim: since ([¢], [n]) € O, let

E]=["O0a0d] and [n=[¥05046],
where ¥; € PU, §1,02 € PZ, 62 € PV and 9¥2(1) = 61(0). Now we have
0n =1 0a06 0920606 = [Y1 Oal[d1 O[5 06]
= 0a][f0d] =1 0adf0bsn] € N(laOp],U,V).
The third equality follows because Z is relatively inessential.
The continuity of the inverse map follows from the equation
inv(N([a™'],V,U)) = N([a],U, V). O

Consider X as in the last theorem. Here we note some observations.

(a) Let Y :X — II;(X)©® be the correspondence that sends a point in X to
the homotopy class of the corresponding constant path. Note that T is
induced by the continuous mapping X — PX that maps = € X to the
constant path in x; here PX is equipped with the compact-open topology.
The mapping v is continuous because the inverse image of a subbasic open
set B(I,V) CPX is V.

(b) For [e,] € T} (X)), where e, is the constant path at = € X, the fiber over
its range is

I (X)) = {[7] € L (X) | 7(1) = 2}
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Then IT; (X )[81] is in one-to-one correspondence with X. The covering map
p: X — X is identified with the restriction s|r, (x)le=] of the source map.

(c) Finally, for z € X, the fundamental group m (X, x) is Hl(X){Zj
The next corollary shows that the above bijections of sets are actually ho-

meomorphisms of spaces.

Corollary 3.10. Let X be a path connected, locally path connected and semi-

locally simply connected space.

(i) The mapping T in point (a) above is a homeomorphism of spaces.

(ii) In point (b), the subspace topology on 11 (X)=] is the same as the covering
space topology on it. By covering space topology, we mean the CO’ or the
Whisker topology on the universal covering space of X.

(iil) With the subspace topology of 111 (X), the fundamental group of X is a dis-
crete group; cp. point (c) above.

Proof. (i): The bijection T is continuous as it is the composite of continuous
functions X - PX % TI;(X). We show that Y is also open. For that, let
U C X be a nonempty relatively inessential open set. Fix z € U. Then we
have Y(U) = I, (X)©® N N([e.],U,U). Thus Y(U) is open in the subspace
topology of II; (X)(©),

(ii): This is clear if one looks at the construction of the simply connected
covering space of X. The covering map IT; (X)!¢=] — II; (X)(® is the restriction
of the source map of the groupoid.

(iii): Due to (i) and (ii), we can identify the restriction of the source map
I (X)le=] — 1, (X)(© with the universal covering map p: X — X, which is
a local homeomorphism. As the fundamental group 1 (X,z) = p~1({x}), it is
discrete. (]

The reader may readily see that, in Corollary 3.10 (i), r~!([e,]) can be
replaced by s!([e,]) with appropriate modifications.

Observation 3.11. For the space X in Corollary 3.10, consider the map
rxs:IH(X)—= X xX, rxs([y]) =H(1),7(0)) for [v] € II1(X).

Consider a basic Whisker-open neighborhood N ([«],U, V), wherein U and V/
are path connected, relatively inessential neighborhoods of (1) and «(0), re-
spectively. Then (r x s)(N([a],U,V)) = U x V, where the latter set is a basic
open set in X x X. Since U and V are relatively inessential neighborhoods,
the map r x s is injective on N([a], U, V). Thus the mapping r x s is a local
homeomorphism. In fact, it is a covering map (see Proposition 8.4).

Remark 3.12. Let X be alocally path connected and simply connected space.
Then the map 7 X s: II1(X) — X x X of Observation 3.11 is a bijection. It
can be checked that r x s is an isomorphism of algebraic groupoids, where
the latter is the groupoid of the trivial equivalence relation on X (see Exam-
ple 2.3). Thus r X s is an isomorphism of topological groupoids as it is a local
homeomorphism.
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Remark 3.13. Corollary 3.10 (i) and (ii) clearly show that the fundamental
groupoid is a locally trivial groupoid (Definition 2.5) but not étale (Defini-
tion 2.7) unless the path connected space is a point. Thus the claim in [20,
Ex. 2.1.4] that a fundamental groupoid is étale is not correct.

Remark 3.14. Let X be the infinite-dimensional separable Hilbert space of
square summable complex sequences. Let X* be its dual space. Let X denote
X* with the norm topology and let X denote X* with the weak*-topology;
the weak*-topology is strictly coarser than the norm topology. Both topologies
make X* a locally convex topological vector space. Therefore, X' and X are
path connected, locally path connected and simply connected spaces. Now the
identity map ¢ : X' — X is a continuous map which induces an isomorphism
of the fundamental groups. In fact, ¢ also induces an isomorphism of algebraic
fundamental groupoids—in both cases, the algebraic fundamental groupoid
is the cartesian product X* x X*, the groupoid of trivial equivalence on X*
due to Remark 3.12. Thus neither the fundamental group nor the algebraic
fundamental groupoids can distinguish these spaces. However, the topological
fundamental groupoids here are different: in the first case, it is the topological
space X x X, and in the second case, it is the space X% x X.

3.15. Functoriality.

Lemma 3.16. Let f: X — Y be a continuous map between two locally path
connected and semilocally simply connected topological spaces. Then

fo (X)) = IL(Y)  given by [o] — fi([a]) :=[f o ]
s a continuous groupoid homomorphism.

Proof. Let N([f o«],V,U) be a Whisker-open neighborhood of [f o o] € II; (Y),
where V' and U are open neighborhoods of f(a(1)) and f(«(0)), respectively.
By continuity of f, there are open neighborhoods V' of a(1) and U’ of «(0)
satisfying f(V’) CV and f(U’) C U. Now it can be readily seen that

f«(N([a],U",U")) CN([foa],UV).
The rest is a standard fact. O

Let 7 be the category of locally path connected and semilocally simply
connected topological spaces, G the category of algebraic groupoids with al-
gebraic homomorphisms as morphisms and let GT be obtained by enriching
GA with topology. Thus GT is the category of topological groupoids with con-
tinuous groupoid homomorphism as morphisms. It is a standard fact that
X + TI(X) is a functor 7 — GA. Lemma 3.16 combined with this standard
fact gives us the next result.

Theorem 3.17. The assignment 11, : T — G that sends a space X + I1; (X)
and a map of spaces X LY to IT; (X) ELN I1;(Y) as in Lemma 3.16 is a co-
variant functor.
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4. THE FUNDAMENTAL GROUPOID OF A GROUP

Let p: H — G be a homomorphism of topological groups. Then H acts on
the left of G' continuously through p as n-~v = p(n)y for v € G and n € H. We
denote the corresponding transformation groupoid by H x, G.

For a path connected group G, we follow the standard custom of considering
m1(G) as m (G, 1), where 1g € G is the identity. Recall that, for a path
connected, locally path connected and semilocally simply connected group G,
its simply connected cover H is a group, and the covering map p: H — G
is a group homomorphism. In this section, we fix to G, H and p as in the
last sentence. Our goal is to prove that the fundamental groupoid of G is
isomorphic to the transformation groupoid H x, G.

Throughout this section, we shall consider the universal cover H as the fiber
IT1;(G)1,,. In this case, the covering map p : H — G is given by p([v]) = v(1)
for [y] € H. For [n],[y] € H, the group multiplication ® in H is given by
[v] @ [n] = [y @ n], where v ® 7 is the path ¢ — ~(¢)n(¢). We shall abuse the
notation and write ® instead of ®’ from now on.

For a path v in G and g € G, define the translated path - g as t — 7(t)g,
where t € I. The concatenation, product and translates of paths have the
following properties: for paths v, 7,d,9 € PG with 6(0) = ¢(1), and g € G,

M®7)-g=n® (7 9),
(609)-g=(5-9)0(I-9g).
The multiplication by g above is a homeomorphism of PG which respects

(endpoint preserving) path homotopy, that is, [ - g] = [n] - g for all n € PG.
Therefore, for the paths as above, we have

(3) m©-g=Mel- g,
[pOd]-g=[5-g0[-g].
We realize the space II; (G) as the fiber product

1 (G) Xs11,(0)® jdg G :={(["],9) | g € G and 7(0) = g};

this identification is useful to prove the main result of this section. Note that
the basic open set in II1(G) X 11, (@) ,ide G corresponding to the basic open
set N([Oé], U, V) - Hl(G) is N([Oé], U, V) XS,H1(G)(O),idG V.

Lemma 4.1. The mapping J : H x G — II1(G) given by ([v],9) — ([v-g],9)
s a homeomorphism.

Proof. Let N([a,U,V) X 11,(G)® ,ide V be a basic open set in II;(G), where
U,V C G are path connected and relatively inessential open sets. Its inverse
image under J is the set N ([a],U) x V, which is a basic open set in the product
topology. Conversely, if N([a],U) x V C H x G is a basic open set, where U
and V' are path connected and relatively inessential open sets in G (such sets
form a basis of G), then J(N([a],U) x V) = N([a, U, V) Xs11,(G)® ide V-
Therefore, J is open. One can easily check that J is invertible with its inverse
given by J7'([7],9) = ([v- 97", 9)- O
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The basic open subset N ([a],U) of H in the last proof is given by
N([a],U) ={[00a] | § € PU with 6(0) = «(1)}.

Let 7,7 be paths in G starting at the identity 1. Then the path - (1) is
concatenable with v as (n-7(1))(0) = n(0)y(1) = v(1). Therefore, the state-
ment of the next lemma makes sense.

Lemma 4.2. Letn,~ be paths in G starting at the identity 1. Then, for any
g€G, [(n-~(1)0)-gl=[n®7)-gl

Proof. Recall that, for two continuous functions, their minimum and maximum
functions are continuous. Then, for 0 < ¢ <1,

(-1 -9)(®) = ((n- (1) D)) - g
B {’y(Zt)g ifo<t<i,
n(2t —1)y(1)g if 5 <t <1
= np(max{2t — 1,0}) - y(min{2¢,1}) - g.
For s,t € [0, 1], consider the function
H(s,t) = n(max{t + (t — 1)s,0}) - y(min{t + ts,1}) - g.
Then H implements a path homotopy between
H(0,%) = (n®~)-g and H(l,%) = (n-7(1)07)-g.
This is because H is continuous, and
H(s,0) = g =1(0)y(0)g = ((n-~(1) B7) - 9)(0),
H(s, 1) =n(1)y(1)g = ((n®7) - g)(1) = ((1y(1) T7)g)(1)
for0<s<1. O
If g = 1¢, then Lemma 4.2 allows us to express the product in the universal

covering group H in terms of homotopies of paths. We need this observation
to prove the next theorem.

Theorem 4.3. Let G be a locally path connected, path connected, semilocally
simply connected topological group, let p: H — G be its universal covering space

and H be given its canonical group structure. Then the topological fundamental
groupoid I1, (Q) is isomorphic to the transformation groupoid H %, G.

Proof. Define

J:Hx, G—=1L(G) by J((],9)=(lv-dl9)
for ([v],9) € H x G. Lemma 4.1 shows that J is a homeomorphism. It remains
to prove that J is an (algebraic) homomorphism of groupoids. For that, take
two composable elements ([n], k), ([v],9) € H X, G. Then
e h=p(])g :=~(1)g, and
o ([, (0 9) = (M@ hlg) = (@] 9).
As a consequence,

(4) J(([),h) (7], 9)) = T @).9) = ([(n©7) - gl.9),
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the images of these elements J([n],h) = ([n - h] h)and J([v],9) = ([v - g, 9) are
composable in ITI; (G) as (v - g)(1) = v(1)g = h = (n- h)(1). Furthermore, the
concatenation of these images in IT; (G) is

J(, k) J (W), 9) = (In- k], ) ([y - gl,9) = ([(n- ) O (v - 9)], 9)-

By using property (3), take the g out in the path homotopy [(n-h) O (v - g)]
above; then the last term in the computation above equals

([(n-hg~") O] g,9).
Now apply Lemma 4.2 to the first coordinate above, so the last term equals

(Im®@7)-gl,g) = J((n), h)([7], 9))

as we wanted; cp. equation (4) above. O

Since the groupoids I1; (G) and H x, G in Theorem 4.3 are isomorphic, the
isotropies of the points are also isomorphic. The isotropy of the unit 1¢ € G in
the transformation groupoid H x, G is {n € H | p(n) = e} = ker(p). Therefore,
m1 (G, e) is isomorphic to the kernel of p.

We end this section with the following remark. Theorem 4.3 shows that, for
the fundamental groupoid not to have the form of a transformation groupoid,
it is necessary that the underlying space is not a topological group. The fol-
lowing are some path connected, locally path connected and semilocally simply
connected spaces which are known to carry no group structure.

(i) The sphere S* C R"*! for n # 0,1, 3.

(ii) The figure of eight in the plane. The fundamental group of a topological
group is abelian [25, Ex. 7(d), §52]. The fundamental group of the figure
of eight is not abelian.

(iii) The wedge sum of n-circles \/, S* for n > 1, for the same reason as in (ii).

5. THE POINT-SET TOPOLOGY OF THE FUNDAMENTAL GROUPOID

The goal of this section is to describe the point-set topology of the fun-
damental groupoid IT;(X). We relate this topology with that of X and the
simply connected covering space of X. For this purpose, we need an alternate
construction of the fundamental groupoid involving equivalence of groupoids.

5.1. One more description of the fundamental groupoid. Recall actions
of groupoids on topological spaces from Section 2.8.

Definition 5.2 (Equivalence of groupoids [24]). Let G and H be groupoids.

We call a space X a G-H-equivalence if X is a left G- and right H-space, and

the following properties are satisfied:

(i) the actions commute, that is, v(zn) = (yz)n for all appropriate v € G,z €
X andn € H;

(ii) both the actions are free and proper;

(iii) the momentum maps induce homeomorphisms

G\X - H® and X/H— GO,
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The next is a well-known example of equivalence of groupoids from [24].

Example 5.3 ([35, Prop. 2.47]). Let H be a group and X a right H-space.
Assume that the action of H is free and proper. Then G := (X x X)/H is
a topological groupoid; here the action of H on the product space is given
by (z,y)n = (xn,yn), where z,y € X and n € H. The groupoid G acts freely
and properly on X on the left. Moreover, this X implements an equivalence
between G and H.

For a Hausdorff, path connected, locally path connected and semilocally
simply connected space X, the deck transformation action of m(X) on X is
free and proper (the properness is a consequence of [22, Lem. 21.11]). There-
fore, using Example 5.3, we notice that the quotient space (X x X)/m (X)
is a groupoid equivalent to 71 (X) where the equivalence is implemented by
the simply connected covering space X. But [24, Ex. 2.3] already shows that
m1(X) is equivalent to II; (X) via the simply connected covering space. Then
[35, Lem. 2.44] implies that (X x X)/m;(X) and II;(X) are isomorphic as
topological groupoids. This result is summarized as follows.

Proposition 5.4. Let X be a Hausdorff, path connected, locally path connected
and semilocally simply connected space, and let X be its simply connected cover.
Let G be the topological groupoid (X x X)/m1(X) associated with the free and
proper action of m1(X) on X as in Example 5.3. Then G is isomorphic to the
topological fundamental groupoid of X .

5.5. The point-set topology. We study the relation between the point-set
topologies of X, X, PX and the fundamental groupoid ITy (X). Our main goal
is to investigate when the groupoid is Hausdorff or locally compact or second
countable. Before we start proving the main propositions, we need a lemma.

Lemma 5.6. Assume X is a topological space with an equivalence relation ~
having open quotient map q : X — X/~. Then X/~ is Hausdor(f if and only
if ~C X x X is a closed subset.

Proof. Write Y for X/~. Let ¢ x ¢: X x X =Y x Y be the continuous map-
ping (z,y) — (q(z),q(y)), where x,y € X. If the diagonal dia(Y) CY x Y is
closed, then ~ = (¢ x ¢)~(dia(Y")) is a closed subspace of X x X.

For the converse, note that g x ¢ is an open map since ¢ is open. Now
assume that ~ is a closed subspace of X x X. Then note that

(4% (X x X)—~) = (¥ x Y) - dia(Y).

The left-hand side, and hence the right side, of this equation is an open set.
Thus the diagonal dia(Y) CY x Y is closed. O

Proposition 5.7. Let X be a locally path connected and semilocally simply
connected space. Let ~ be the equivalence relation of path homotopy on PX.
Consider the following assertions.

(i) X is Hausdorff.

(ii) X 4s Hausdorff.

(iii) PX is Hausdorff.
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(iv) II1(X) s Hausdorff.
(v) ~CPX xPX is a closed subspace.
Then (i), (iii), (iv) and (v) are equivalent, and (i) = (ii).

Proof. (i) < (iii) follows from [10, Chap. XTI, 1.3].

(iv) & (v): Since the quotient map PX — II;(X) is open, this follows
from Lemma 5.6.

(iv) = (i), as X, X C II;(X) are subspaces by Corollary 3.10.

(i) = (iv): Suppose X is Hausdorff and two distinct points [«], [5] € IT;(X)
are given. Then there are two cases: one of the endpoints of « and £ differ, or
both these paths have the same initial points and the same terminal points. In
the first case, first assume that «(0) # £(0). Choose neighborhoods a(0) € W
and £(0) € W/ in X with W N W’ =@. And choose any neighborhoods a(1) € V
and B(1) € V'. Then, clearly, N([a], V,W)NN([5], V', W) = @. A similar
argument works if a(1) # 5(1).

Consider the second case, namely, «(0) = 5(0) and «(1) = 5(1). Since X is
semilocally simply connected, choose relatively inessential neighborhoods U of
a(0) and V of a(1). Then N([e], V,U)NN([B],V,U) = 2. If this intersection is
not empty, we get a contradiction as follows: assume that [y] € N([a],V,U)N
N([8],V,U). Then [y] =[nDa0¥] = [y 080OY) for some n,7 € PV and
9,9 € PU with v(0) = 9(0) = 9(0), v(1) = n(1) = n’(1). Moreover, since «
and § have the same endpoints, we also have that (1) ='(1) and n(0) = 1'(0).
Therefore,

() o] =~ 09 0B0Y 007 =~ Oy lB|[Y 00~ =[3].

The last equality holds because U and V are relatively inessential neighbor-
hoods. Equation (5) contradicts that [a] and [3] are distinct.

Finally, for the proof of (i) = (ii), consider X as a subspace of IT; (X'). Then
the same proof as in the first case above works. O

The proof of (i) = (iv) in Proposition 5.7 uses that X is semilocally simply
connected.

Recall from Section 2.1 that, for us, locally compact spaces are not neces-
sarily Hausdorff.

Proposition 5.8. Consider the following statements about a path connected,
locally path connected and semilocally simply connected space X .

(i) X s locally compact.

(i) X is locally compact.

(iil) T13(X) is locally compact.

Then (i) < (ii), and (iii) = (ii), (i). If X is also Hausdorff, all are equivalent.

Proof. (i) < (ii): This follows because X and X are locally homeomorphic via
the covering map.

(iii) = (ii): A locally compact space in our sense is Tj. Therefore, the
covering space X C II;(X) is a closed subspace (remark after Corollary 3.10).
Being a closed subspace of a locally compact space [33, Prop. 1.2], X is closed.
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(i) = (iii): Assume that X is Hausdorff. Then X is Hausdorff due to Propo-
sition 5.7. Therefore, X x X is a locally compact Hausdorff space. Now Propo-
sition 5.4 implies that IT; (X) is locally compact Hausdorff, being the quotient
space of a proper action. O

Recall from our convention, Section 2.1, that paracompact and second
countable spaces are Hausdorff.

Proposition 5.9. Let X be a locally path connected and semilocally simply
connected space. Then the following are equivalent.

(i) X is second countable.

(i) X is second countable.

(iii) PX is second countable.

(iv) I (X) is second countable.

Proof. (iii) = (iv): Assume PX is second countable. Then the fundamental
groupoid is second countable as it is the image of PX under the quotient map,
which is open due to Corollary 3.7.

(iv) = (i) and (ii): Since X and X are subspaces of IT; (X), they are second
countable [25, Thm. 30.2].

(i) < (iii): Due to [11, Thm. 3.7].

(ii) = (iv): This is a consequence of Proposition 5.4. O

The proof of the last proposition, except (ii) = (iv), holds even if second
countable spaces are not assumed to be Hausdorff.

Before we proceed, note that the space of units of a Hausdorff groupoid G
is a closed subspace of G: consider the map G — G x G that sends v € G to
(7,7~1). The diagonal in G x G is closed, and G(?) is the inverse image of the
diagonal under the above continuous map.

Proposition 5.10. Let X be a path connected, locally path connected and
semilocally simply connected space. Consider the following statements.

(i) X is paracompact.

(i) X is paracompact.

(iii) 11 (X) is paracompact.

Then (iil) = (ii), (i). Additionally, if we assume 71 (X) < 0o, then (i) = (ii).

Proof. (iii) = (ii), (i): This follows because X, X C II;(X) are closed sub-
spaces—X is closed as it is the space of units, and X is closed for being the
inverse image of a point under the range map.

(i) = (ii): The hypothesis implies that the covering map p: X — X is a
perfect map. Therefore, X is paracompact if X is so; see [25, Ex. 8, p.260]. O

If Y and X are metric spaces with Y separable, then C(Y, X) is paracom-
pact in the compact-open topology [26]. As a consequence, the path space of
a metric space is paracompact. Zabrodsky discusses the metrizability of X
in [36].
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6. A HAAR SYSTEM ON A FUNDAMENTAL GROUPOID

Theorem 6.7 in this section gives conditions for the existence of the Haar
system on the fundamental groupoid. More concretely, in Section 6.7, we de-
scribe formulae for this Haar system, provided that a measure on the universal
covering space of the space X as in Theorem 6.7 is given. All the computa-
tions required for this purpose directly generalize to locally trivial groupoids.
Therefore, in this section, we prove the results for locally trivial groupoids.

6.1. Families of measures. By a measure on a locally compact space, we
mean a positive Radon measure. Such measures are exactly the positive linear
functional C.(X) — C due to the Riesz theorem [31], where X is a locally
compact Hausdorff space. Therefore, if i is such a measure on a locally com-
pact space X, then we also write u(f) for [ fdu. The support of j is the
smallest closed set S C X with u(X \ §) = @. We shall work with fully sup-
ported measures, that is, the measures whose support is the whole space. Here
C.(X) denotes the normed involutive algebra of compactly supported contin-
uous complex-valued functions on X equipped with the uniform norm.

Consider a homeomorphism ¢ : X — Y of locally compact spaces. A measure
pwon Y induces the pullback measure ¢*p on X which is defined by ¢*u(f) =
pu(fopt) for f e Co(X).

Let X and Y be locally compact, Hausdorff spaces and 7 : X — Y a contin-
uous open surjection. By a continuous family of measures along mw, we mean
a family of measures p := {py }yey such that, for each y € Y, p, is a measure
on X supported in 771(y), and for f € C.(X), the complex-valued function on
Y given by y — p,(f), for y € Y, is continuous on Y. We denote the above
function y — py (f) by wu(f). In fact, the function pu(f) is in Cc(Y') as it van-
ishes outside m(supp(f)). Thus p: Cc(X) = Cc(Y) is a map of complex vector
spaces that is continuous in the inductive limit topologies. Lemme 1.1 in [30]
says that p is surjective.

If v is a measure on Y, then v o pu is a measure on X; for f € C.(X),

vou(f)=wv(u(f))

We frequently call a continuous family of measures as a family of measures.

Example 6.2. Let 7 : X — Y be a surjective local homeomorphism. For
y €Y, define p, to be the counting measure on 7~ 1(y). Then p = {1y} ey
is a continuous family of measures along w. For f € C.(X) and y € Y,

py(f) =" [fla).
zeT 1 (y)

In particular, if f is supported in an open set U such that 7|y is a homeomor-
phism, then

py(f) = {f((ﬂU)l(y)) if y € m(U),

0 otherwise.

Assume that X and Y are G-spaces for a groupoid G and 7: X — Y is
a G-equivariant open mapping. Suppose a continuous family of measures
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pi={pty}yey along m is given. We say that p is G-equivariant if, for each
composable pair (y,y) € G X5c® ,, Y,

[ t@duy@ =[50 i)
m=1(vy) = 1(y)
for f e Co(X).

Note that if G is a group, then a G-equivariant family for the constant map
X — {*} is essentially a G-invariant measure.

A Haar system on a locally compact groupoid G is a continuous family of
fully supported measures « := {a"},cc© along the range map r : G — G©)
that is also G-equivariant for the left multiplication action of G on itself and
the standard action of G on G(?). Thus the measure a* is supported on G*,

and for f € C.(G) and v € G,
/ £(n) das™) () = / Fym) dar@ ().
Gs(v)

aGr)

It is well-known that, unlike groups, a locally compact groupoid may not
have a Haar system.

Example 6.3. (i) The Haar measure on a locally compact group is a Haar
system.

(ii) The transformation groupoid of group action, X x G, in Example 2.4
carries a Haar system. Let A be the Haar measure on G, and for x € X, let
6, be the point mass at x in X. For each x € X, define a, := d,, x \. Then
{as}zex is a Haar system on X x G.

(iii) Let X be a locally compact space and X x X the groupoid of trivial
equivalence on X (see Example 2.3). Assume that A is a fully supported
measure on X. Then {0, X A},ex is a Haar system on X x X.

Lemma and Definition 6.4 ([2, Lem. 1, App. I]). Let X be a locally compact
Hausdorff space, R an open equivalence relation on X, such that the quotient
space X/R is paracompact. Let q: X — X/R be the canonical quotient map.
Then there is a real-valued continuous function e > 0 on X such that

(i) e is not identically zero on any equivalence for R;

(ii) for every compact subset K of X/R, ¢~'(K) N supp(e) is a compact set.

We call the function e a cutoff function for q.

In particular, if p : X5 Xisa covering map over a locally path connected,
semilocally simply connected and paracompact space X, then p has an associ-
ated cutoff function.

6.5. Haar system on locally trivial groupoids.

6.5.1. Second countable case. If G is a locally compact, Hausdorff, second
countable, locally trivial and transitive groupoid, then G has a Haar system.
To see this, let z € G, Since G is second countable, the isotropy G? is
a countable discrete group; the counting measure is the Haar measure on GZ.
As G* establishes an equivalence between G and G, the required claim follows
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from Williams’ [34, Thm. 2.1]. As a consequence, if X is a path connected,
locally path connected, semilocally simply connected, locally compact, Haus-
dorff and second countable space, then the fundamental groupoid II; (X) has
a Haar system.

6.5.2. Non-second countable case.

Theorem 6.6. Let X be a path connected, locally path connected, semilocally
simply connected and locally compact topological group. Then its fundamental
groupoid 111 (X) has a Haar system.

Proof. Theorem 4.3 says that I1; (X) is a transformation groupoid H x X; here
H is the universal covering group of X. Therefore, the Haar measure on H
induces a Haar system on II; (X)) (see Example 6.3 (ii)). O

Theorem 6.7. Let G be a locally compact, locally trivial, transitive groupoid,

and let © € G Consider the following statements:

(i) G has a Haar system;

(ii) the transversal G* has a GZ-invariant fully supported invariant Radon
measure for the left multiplication action of G% on G*;

(iil) GO has a fully supported Radon measure.

Then (i) < (ii) and (iil) = (ii). If G is paracompact, then (ii) = (ii).

Note that a GZ-invariant measure A on G¥ is fully supported if and only if
A is nonzero.

Proof of Theorem 6.7. (i) < (ii): The transversal G* implements equivalence
between G2 and G. Therefore, the claim follows from [21, Prop. 5.2].

(iii) = (ii): Assume that v is a fully supported measure on G(9). Let p:=
{4z }zec© be the family of counting measures along the local homeomorphism
slge : G* — G(©). Then the measure v oy is a GZ-invariant fully supported
measure on G*. Since p and v have full support, so does v o 1. Also, note that u
is invariant for the left multiplication action of G% on G*. Now GZ-invariance of
v oy follows from a standard computation; for example, see [19, Prop. 3.1 (i)].

(ii) = (iii): Assume that G©) is paracompact, and let A be a GZ-invariant
measure on G* having full support.

Let e be the cutoff function for the local homeomorphism s|g= : G* — G(©).
Getting the measure v on G(©) from X is a standard process; for example, see
[19, Prop. 3.2 (ii)]. We describe this construction next, which is basically [19,
Prop. 3.1(i)].

Note that s|1 (2) Nsupp(e) is a finite set for z € G(©). Define h: G* — [0,00)
as

h() = e(z) _
2ge(slon) (slae (@) €0)
for x (60 )Gm. Then h is also a cutoff function. Additionally, for Z € G* and
x e G\Y,

0<h(Z) <1 and >  h(z) =1

zes|ga (z)
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Now, for f € C.(G(®), define the positive Radon measure v as follows:

W(f) = / Foslee (@) - h(F) dAA(F).

The fact that v is a GZ-invariant measure on G* is a special case of [19,
Prop. 3.2(ii)]. The measure v has full support because A has full support
and the cutoff function h does not identically vanish on any fiber s|;i(2)
for z € GO,

In fact, [19, Prop. 3.2 (iii)] says that, for given A, this v is the unique measure
with the property that A = v o p. O

Corollary 6.8 (Corollary of Theorem 6.7). Consider the following statements

for a locally compact, path connected, locally path connected and semilocally

simply connected topological space X :

(i) the fundamental groupoid 111 (X) has a Haar system;

(ii) the universal covering space X has a w1 (X)-invariant fully supported
Radon measure;

(iii) X has a fully supported Radon measure.

Then (i) < (ii) and (iii) = (ii). If X s paracompact, then (ii) = (iii).
We derive the following standard fact from the last corollary.

Corollary 6.9. Let X be a locally compact, path connected, locally path con-
nected and semilocally simply connected topological group. Then the Haar mea-
sure on its universal cover X is w1 (X)-invariant.

Proof. This is a consequence of Theorem 6.6 and Theorem 6.7 (1)—(ii). O

Example 6.10. Consider a locally compact, path connected, locally path
connected and semilocally simply connected space X. Theorem 6.7 implies
that, in the following cases, IT; (X) has a Haar system.

(i) If X is a homogeneous G-space for some locally compact group G, then it is
well-known that X carries a quasi-invariant measure (see [17]). Therefore,
the measure has full support.

(ii) Let X be a compact Hausdorff space and o a homeomorphism of it. Then
Z acts on X via this homeomorphism which gives the classical dynamical
system (X, ). Assume that this action is transitive. Then X has a
o-invariant measure p (see [7, Thm. VIL.3.1]). Due to the transitivity of
the action, this is a measure on X with full support.

Two examples of compact Hausdorff spaces that cannot be supports of any
Radon measure are given in [8].

6.11. Formulae for the Haar system.

6.11.1. Haar system in terms of measure on the transversal. Fix the locally
compact, locally trivial, transitive groupoid G as in Theorem 6.7. Let 2 € G,
and suppose a GE-invariant measure A on the transversal G* is given.
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Let n € G. Define the left translation £,g of a function g € C.(G*(™) as the
function £,g : 2+ g(n~'2) on GT™. Then £,g € C.(G™").
Let n € G%,. Define the measure £,,-1A on G* by

[ r© @ = [ are)a)
where f € C.(G").

Lemma 6.12. For n,§ € G, the measures A\jy—1 = A¢—1.
Proof. For f e C.(G"),

[ sormaxem = [ retertmam = [ retnae

becaube A is GZ-invariant. O

Choose C' C G formed by collecting exactly one arrow ,,n € G for the
given z € G(© and w varying over G0, For w € GO, define \* = £, -1\,
which is well-defined due to the last lemma. Since G is a transitive groupoid,
A= {X“’}wer) is a family of measures along 7 : G — G0,

Proposition 6.13. Let G be a locally compact, locally trivial, transitive group-
oid. Let x € G(O). Assume that \ is a GZ-invariant measure on the transversal
G* for the left multiplication of G%. Then A= {S\M}weG(O) defined above is
a Haar system on G.

Proof. Support condition: The multiplication by ,n~' is a homeomorphism

G* — G" and £ ,~1 \ is the push forward of the measure A along this homeo-
morphism. As A has full support, £, ,-1 A has full support.

Translation invariance: This is a straight-forward computation: let g €
Ce(G) and € € G. Let w = s(§). Then

/G (69) d3*© () / le19(7) dR© (4 / 0 n(be-19)(7) dA(Y).

But £, ,le—1 = {(,me-1 and ,n- & € G7(¢e)- Therefore, the last term above

equals
G e

due to Lemma 6.12.

Continuity: Let f € Co(G). We want to show that A(f) is continuous on
GO, Let w € G and consider a net (w;);e; with w; — w. We know that
slge : G* — G is a local homeomorphism. Choose an open set P C G* such
that s(P) is an open neighborhood of w and s|p is a homeomorphism. Choose
a cocompact neighborhood U of w such that U C s(P). We may assume that
w; € U for all i. Let n; be preimage of w; and 7 that of w in P under s|p. Then
ni — 1. And ¢, f — £, f pointwise on the compact set (U ' - supp(f)) N G*.
Therefore, £,, f — £, f uniformly on the compact set (U ! - supp(f)) N G*. The
dominated convergence theorem implies that A(f)(w;) — A(f)(w). O
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For a space X, the simply connected covering spaces II;(X)* are homeo-
morphic for all x € X. The last discussion shows that the Haar system on
IT; (X) depends on the covering space IT; (X)* and m (X, z)-invariant measure
on it. Compare this with Takesaki’s remark in the second last paragraph in
[24, p.19].

6.13.1. Haar system in terms of the measure on the space of units. Let G
be a locally compact, locally trivial, transitive groupoid and let v be a fully
supported measure on G(9). Fix z € G(©). Recall from the proof of (iii) = (ii)
in Theorem 6.7 that the GZ-invariant measure A that v induces on G* is v o p,
where p is the continuous family of measures along the local homeomorphism
s|gs : G* — GO, consisting of atomic measures. Thus, for g € C.(G?),

/ GENGES /G @( S o) dvlw)

v€Es|ga (w)

For this measure ), the Haar system \ := {A*},,cg© on G in Proposition 6.13

is
[roav@=[ sfuron@=[ (3 sn)dw),
G Ge GO -
'YGS‘G:C (w)
The existence of a Haar system on a fundamental groupoid allows us to talk
about its C*-algebra. Following are some observations regarding this.

Remark 6.14. Let X be a path connected, locally path connected, semilocally
simply connected, locally compact, Hausdorff and second countable space.
Then II;(X) carries a Haar system, and as consequence of the equivalence
of groupoids m (X, z) and II;(X), we have C*(II; (X)) ~ C*(m (X, x)) @ K,
where K is the C*-algebra of compact operators on a separable Hilbert space.
Compare this remark with [24, Thm. 3.1].

Remark 6.15. Let X be a locally compact, path connected, locally path
connected and semilocally simply connected group. Let p: H — X be its
universal cover. Then Theorems 4.3 and 6.6 together imply that C*(II; (X))
is isomorphic to the crossed product H x, Co(X).

The last two remarks together imply the following: assume p: H — X as
in Remark 6.15, plus that X is second countable. Let K be the kernel of p.
Then K ~ 71 (X,e), where e € X is the unit; see the remark after Theorem 4.3.
Then the crossed product H x,, Co(X) ~ C*(K) @ K.

Remark 6.16. Suppose G is a locally compact, locally trivial groupoid that
is not necessarily transitive. For z € G(9), the orbit of x, for the obvious right
G action on G| is the set s(G*). As G is locally trivial, s(G®) is an open
subset of G(*). Since each orbit s(G?®) is open in G(¥)_ it is also closed in G(©).

Thus
¢O= ] (@)
$(G=YeG® /G
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where 5(G*) C G(©) is closed as well as open. Let G | ) ) be the closed and open
subgroupoid of G consisting of those arrows in G whose ranges and sources lie

in s(G*). Now
_ 5(G")
G= || GG
(Gz)eG<0>/G

where each subgroupoid G |S GL) is open as well as closed in G} plus it is locally
compact, transitive and locally trivial. Thus each subgroupoid has a Haar
system. The disjoint union of these Haar systems is a Haar system on G.

7. AN ACTION CATEGORY OF A FUNDAMENTAL GROUPOID
AND FREE ACTIONS

Definition 7.1. Let X and Y be spaces, and f: Y — X a continuous surjec-

tion. We say that f has

(i) the path lifting property (or the unique path lifting property) if, for any
path v : T — X and a point y € f~1(v(0)), there is a path (respectively,
a unique path) f: I — Y starting at y and f o f =;

(ii) the homotopy lifting property (or the unique homotopy lifting property) if
f has path lifting property (respectively, the unique path lifting property)
and for two given paths v, : T — X with v(0) = «(0) and (1) = «(1),
an endpoint fixing homotopy I' : I x I — X of v with « and a point y €
£ 1(7(0)), there is a function (respectively, a unique function) I:1x I —Y
with the properties that f|{0}x]1 is a lift (respectively, the unique lift) 4 of
~ starting at y € Y7 f‘|{1}x]1 is a lift (respectively, the unique lift) & of «
starting at y € Y, and fol =T.

It is a standard fact that covering maps have the unique path lifting and
unique homotopy lifting properties. Proposition 3 of [9, Chap. 5-6A] says that
a local homeomorphism having the unique path lifting property also has unique
homotopy lifting property.

Remark 7 2 (Functoriality of the unique path lifting property). Suppose
Y, 25 X £2 Y, are two mappings which have unique path lifting properties.
Assume that f:Y; — Y3 is a continuous map such that p; = ps o f. For a given
path v in X, choose y1 € Y1 with p1(y1) = v(0). Let yo = f(y1). If 7y, is the
unique lift of v in Y; starting at y;, then f o, is the unique lift of v in Y5
starting at yo as p1 = p2o f.

7.3. Covering spaces as II1 (X)-spaces. Let X be a locally path connected
and semilocally simply connected space, and ¢ : Y — X a covering map. For
a path v € PX and y € ¢~ (7(0)), by 7,, we shall denote the unique lift of ~
starting at y. As ¢ has the unique homotopy lifting property, each pair ([7],),
where v is a path in X and y € ¢ !(7(0)), determines the unique element
[7y] € I11(Y). Using this observation, we define a (left) action of IT; (X) on ¥
as follows.

(i) cis the momentum map for the action.
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(ii) For each pair ([y],y) in the fiber product II1(X) X, x Y, the action

My =y (1).
For the sake of clarity, the fiber product is

L (X) xs.x.c Y ={(h],y) € Th(X) x Y [7(0) = c(y)}-

We shall refer to this action of the fundamental groupoid IT; (X) on Y as
the (left) action of the groupoid on the covering space. A right action can be
defined similarly.

Notice that the last action can be defined, in general, for any mapping
having the unique path and homotopy lifting properties.

For a covering map ¢ : Y — X, an evenly covered neighborhood of a point has
the standard meaning as in Hatcher [18]. Consider an evenly covered open set
U C X; write ¢~ (U) =, Ua, where each U, is homeomorphic to U via c. We
call each U, a slice over U. Since evenly covered neighborhoods form a basis
for the topology of X, the slices also form a basis for the topology of Y.

Proposition 7.4. Let X be a locally path connected and semilocally simply

connected space and ¢ : Y — X a covering map.

(i) The action of 1I1(X) on Y is continuous.

(ii) The stabilizer of y € Y s the subgroup c.(m1(Y,y)) ~ w1 (Y,y) of the fun-
damental group m (X, c(y)); here c. is the homomorphism of fundamental
group(oid)s that ¢ induces.

(iii) Assume Y is also path connected. Then the action of 11(X) onY is free
if and only if Y is simply connected.

Proof. (i): The momentum map c is continuous. So we only need to show that
the map

o :I(X) XsxcY =Y, o:(vy)— Ny:=7,01)

is continuous. Let W C Y be a given open set. To prove the continuity of o,
for a given point ([4],y) € o~1(W), we construct a basic open neighborhood
Q of ([7],y) such that Q C o= 1(W).

Let y" denote 4,(1). Thus 7, starts at y and ends at y' € W. Choose path
connected relatively inessential slices V' and U over some evenly covered neigh-
borhoods of ¢(y’) and c(y), respectively. Additionally, as slices form a basis
for the topology of Y, we can choose V' C W. Then

Q = (N([7],c(V),c(U)) x U) N (IL(X) X5 x.cY)

is a nonempty basic open neighborhood of ([v],y) in II1(X) X4 x.c Y, and
clearly, o(Q) =V C W.

(ii): Here we basically want to describe the homotopy classes of paths in X
starting at c(y) which lift to homotopy classes of loops at y. It is a standard
result [18, Prop. 1.31] that such homotopy classes of paths starting at c(y) are
exactly the subgroup c.(m1(Y,y)) C m (X, c(y)).

(iii): The action is free if and only if the stabilizer at each point of Y is trivial.
Due to (ii) above, this means the action is free if and only if c. (71 (Y,y)) is the
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trivial subgroup of 71 (X, c(y)) for each y € Y. This happens if and only if YV’
is the universal covering space. O

Remark 7.5. In Proposition 7.4, let a.: 111 (X) X x . Y — Y denote the action
of II1 (X) on Y. For z € X, let ar; be the restriction of this action to m (X, z) C
IT;(X). Then note that the proof of (ii) in the proposition also implies that
the isotropy of o and « is the same.

Proposition 7.4 describes covering spaces as II; (X )-spaces (in which the
covering maps are serving as the momentum maps for the actions). But not
every IT; (X)-space can be a covering space as we can easily construct IT; (X)-
spaces in which the momentum maps are not local homeomorphisms; see Ex-
ample 7.10. However, adding the extra hypothesis that the momentum map of
the action is a local homeomorphism produces the converse of Proposition 7.4,
which is our next main result, Theorem 7.9. By an étale map, we mean a local
homeomorphism. Next we discuss some lemmas required to prove Theorem 7.9.

Lemma 7.6. Let X be a locally path connected and semilocally simply con-
nected space. Let p:Y — X be an open surjection; assume that p has the
unique homotopy lifting property. Then p is a covering map.

Proof. Let x € X, and let U be a path connected and relatively inessential
neighborhood of x. Let PU, be the set of all paths in U starting at x. For
given & € p~'(z), define the set Uz := {§z(1) | v € PU,}. Since p has the unique
path lifting property, a standard argument shows that, for two preimages  # ¢
of z, Ujmﬁg = .
We show that ~
p i) = || U
zep—1(w)
By definition of U, it is clear that Uz C p~'(U) for each & € p~!(z). Therefore,

|| Uzcp ' (U).
zep~1(w)

Conversely, suppose that y € p~1(U). Let v be a path in U connecting x
to p(y); let v~ be the path obtained by traversing -y in the opposite direction.
Let 4, be the unique lift of v~ starting at y. Put 2 =7, (1). Then Z € p~1()
and y € U;.

We now show that, for any Z € p~(x), p|g, : Us — U is a homeomorphism.
Firstly, note that the restricted map p|g, is surjective as U is path connected.
The map is injective because U is relatively inessential and p has the unique
homotopy lifting property. Finally, we prove that p|g, is open. As p was an
open map, to prove that p|g, is open, it is sufficient to show U; is an open set.
This can be proved as follows: let (1) € Us; be a point. Using the continuity
of p, choose an open set V' C Y containing 7z (1) and with p(V) C U. Then
V is, in fact, contained in Uz. To see this, let v € V, and choose a path
¢ € PU from « to p(v). By the uniqueness of the path lifting property, we have
v = éj(l) S Ui O
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Lemma 7.7. Let p: Y — X be a local homeomorphism having the path lifting
property. Then

(i) p has unique path lifting property;

(il) p has unique homotopy lifting property.

Proof. (i): Let v :1— X be a path with two lifts 7,7 starting at y € p~1(7(0)).
Let A={sel|4(t)=n(t) for all t < s}. Then A is a nonempty closed subset
of the unit interval: A # @ for 0 € A, and the closedness of A follows from the
continuity of the maps 4 and n and Hausdorffness of Y.

Now our claim is that sup(A) := sp = 1. On the contrary, suppose that
so < 1. Since A C T is closed, sp € A, that is, ¥(so) = n(s0) = yo. Choose a
neighborhood U of yp such that p|y is homeomorphism onto its image and
p(U) € X is open. Note that v =pod =pon. The continuity of v at sg
gives us € > 0 such that y((so —¢,50 +¢)) CpU). Asply : U = p(U) is a
homeomorphism, ¥(sg + £/2) = n(sp + €/2), which contradicts so = sup(A).

(ii): p is a local homeomorphism with unique path lifting property (see (i)).
The current claim follows from [9, Chap. 5-6A, Prop. 3]. |

Lemma 7.8. Let Y be a left 11 (X)-space, where X is locally path connected
and semilocally simply connected. Suppose the momentum map ry : Y — X is
a local homeomorphism. Then the momentum map ry has unique path lifting
property and unique homotopy lifting property.

Proof. Given a path vin X and y € r;l(’y(O)), define the path 4 in Y starting
at y as follows:
() = Dpyly for0<t<1.

The continuity of 4 follows from the continuity of the action. Furthermore,

ry o 3(t) = ry ([Vlj0,9]v) = r([V]j0,q]) = 7(t),

where r is the range map of II1(X). Thus 4 is a lift of v at y in Y. This
shows that ry has path lifting property. Now Lemma 7.7 implies the required
claim. U

Theorem 7.9. Let X be a locally path connected and semilocally simply con-
nected space. Suppose p:Y — X is a (surjective) local homeomorphism. Then
the following statements are equivalent:

(i) Y is a I (X)-space;

(il) p has unique path lifting property;

(iii) p is a covering map;

(iv) p has unique homotopy lifting property.

Proof. (i) = (ii) or (iv): This follows from Lemma 7.8.

(ii) = (iii): Since p is a local homeomorphism with unique path lifting
property, Lemma 7.8 (ii) says that p has unique homotopy lifting property.
Now Lemma 7.6 shows that p is a covering map.

(iii) = (i): This follows from the first part of Proposition 7.4.

Finally, (iv) = (ii) is clear. O

Miinster Journal of Mathematics VoL. 17 (2024), 203-240



THE TOPOLOGICAL FUNDAMENTAL GROUPOID 233

The next example describes a II; (X)-space in which the momentum map is
not a local homeomorphism.

Example 7.10. Consider the map p: R x R — St given by p(z,y) = e2™;
this map is not a local homeomorphism. Equip R x R with the translation (in
both variables) action of R; equip the unit circle S! with another R-action:
t-e2mie — o2mi(t47) where t, 2 € R. Then p is an R-equivariant map. Now
Lemma 2.9 implies that R x R carries an action of R x S with p as the
momentum map. We identify IT;(S!) ~ R x S! using Theorem 4.3. Thus
R x R is a IT; (S')-space, but p is not a covering map.

From now on, we shall restrict our study to the category of II; (X)-spaces
having the momentum maps local homeomorphisms. Our next quests are to
characterize free and proper II; (X)-actions on such spaces. The next result
gives us a necessary and sufficient condition for freeness of such actions.

Proposition 7.11. Suppose X is a locally path connected and semilocally
simply connected space and Y a path connected I1;(X)-space. Suppose the
momentum map ry Y — X is a local homeomorphism. Then the action of
I, (X) on Y s free if and only if Y is simply connected.

Proof. Recall from Theorem 7.9 that ry is a covering map. The given action
is free if and only if the stabilizer of any point y € Y is trivial. Recall from
Proposition 7.4 (i) that the stabilizer of y is the subgroup ry,(m (Y, y)) C
IT;(X). This subgroup is trivial if and only if ry : ¥ — X is the universal
covering space. U

Consider a path connected, locally path connected and semilocally simply
connected space X. Let A, (x) denote the category of II;(X)-spaces—the
objects of this category are IT; (X )-spaces, and II;(X)-equivariant maps are
arrows between objects. Consider the subcategory &, (x) of Am, (x) consist-
ing of path connected IT; (X )-spaces whose momentum maps are local homeo-
morphisms. On the other hand, let COVx denote the category of covering
maps® of X that Spanier defines [32, Chap. 2, §5]the objects in this cate-
gory are covering maps and arrows are the continuous maps of covering spaces
which preserve those covering maps. Then Theorem 7.9 establishes an isomor-
phism of categories COVx ~ &, (x): (i) and (iii) of this theorem clearly estab-
lish the isomorphism of objects. To show that arrows are also well behaved,
firstly, take two covering spaces Y7 2% X 42 Y, and consider a morphism
f Y1 — Ys. Then, as a consequence of Remark 7.2, f is II;(X)-equivariant
map. Conversely, given a II; (X )-equivariant map ¢ : Y7 — Ya, by definition of
equivariant map, y, o g = ry,. That means ¢ is a morphism of covering spaces
(Y1,p1) = (Ya,p2). This discussion is summarized in the next theorem.

Theorem 7.12. Let X be a path connected, locally path connected and semi-
locally simply connected space. Then the categories &m,(x) and COVx are
isomorphic.

2We assume that the corresponding covering spaces are path connected.
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Furthermore, Proposition 7.11 identifies the universal covering space with
a free II; (X)-space in &, (x). Therefore, up to equivariant homeomorphism,
there is a wunique path connected free II;(X)-space having the momentum
map a local homeomorphism. In fact, other II;(X)-spaces are quotients of
this free space; using this observation, proposing a universal property for the
free II; (X)-space which makes the universal covering space as the universal
IT; (X)-space should be a good exercise.

Since other IT; (X)) spaces are quotients of the universal covering spaces, the
universal covering space seems the initial object of &, (x), unlike the classify-
ing space of proper G-actions in [1, Def. 1.6] which is the terminal object in
appropriate sense.

Rephrasing the standard results about covering spaces using the identifi-
cation &1, (x) ~ COVx can be an interesting exercise; next are two instances
of it.

Proposition 7.13 (Consequence of [25, Lem. 80.2] and Theorem 7.12). Let

Y and Z be 111 (X)-spaces and w:Y — Z a map of spaces. The next two

statements are equivalent.

(i) w is a II1(X)-equivariant map.

(il) worz =ry.

Moreover, if any one of the above holds, then the following hold.

(iii) w is a covering map.

(iv) Y is a 111 (Z)-space with w as the momentum map (and the action is given
by evaluation of lifted path homotopies at 1).

Proposition 7.14 ([25, Thm. 80.1] stated using Theorem 7.12). Let Y be
a Iy (X)-space and yo € Y. Let H CI11(X) be the stabilizer at yo. Then the
group of 11 (X)-equivariant homeomorphisms of Y is isomorphic to N(H)/H,
where N (H) is the normalizer of H in m (X, p(yo)).

The last proposition can be proved using Proposition 7.4 (ii).

8. PROPER ACTIONS

8.1. The kinetics of action. Let A Lx&n be maps of spaces. For P C A
and @ C B, we denote the subset (P x Q) N (A x s x,4 B) of the fiber product
AXyxqBby Pxyxg@. Theset P Xy x (@ can be empty.

Recall the definition of kinetics of a groupoid action from Section 2.8. Before
moving to the proper actions of I3 (X'), we discuss a technical property of the
kinetics of the IT; (X )-action, namely, Lemma 8.2 (iii) and Proposition 8.4. Fix
a path connected covering space p : Y — X, equivalently, a path connected
IT; (X)-space in which the momentum map is a local homeomorphism. Recall
from equation (1) that the map of kinetics of the action is given by

a:IL(X)Xex, Y =Y XY, a([y],y) = (7(1),y),
where ([7],y) € II1 (X) X5 x, Y, and 7, is the unique lift of v in ¥ starting
at y. In other words, a([7],y) = (75(1),7y(0)).
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Since the action of IT; (X ) on Y is continuous, a is continuous. As Y is path
connected, a is surjective. Lemma 2.10 and Proposition 7.11 imply that the
kinetics a is one-to-one if and only if Y is the simply connected covering space
of X. In what follows, we show that a is a covering map, and we shall describe
slices of a in Proposition 8.4. This technical observation shall be useful to
describe proper actions of IT; (X).

Consider the following collection £ of open subsets of II; (X) X x,, Y: an
element in £ is of the form N([v],p(U),p(V)) X5 xp V, where
o [y] € IL(X);

e U,V CY are path connected and relatively inessential slices of p such that

7(1) € p(U) and 7(0) € p(V).

Since path connected and relatively inessential slices of p form a basis of Y, £
is a basis of I} (X) X4 x, Y. Moreover, if U and V' are nonempty, then so is
N(1,p(U), p(V) Xexp V-

Lemma 8.2. Let U,V CY be nonempty path connected relatively inessential

open slices.

(i) The map of kinetics a maps the basic open set N([v],p(U),p(V)) Xs.xp V
bijectively onto the basic open set U X V of Y x Y.

(ii) a is an open map.

(iii) a is a local homeomorphism. In particular, restriction of a to the basic
open set N([v],p(U),p(V)) Xsx,p V is a homeomorphism onto the basic
open set U x V.

Proof. (i): Write B := N([7],p(U),p(V)) xs,x,p V. Since U and V are path
connected and relatively inessential slices, a|g : B — U x V is a continuous
bijection.

(ii): The last argument shows that ¢ maps a basic open set in Iy (X) X5 x p
Y to a basic open set in Y x Y. Therefore, a is an open mapping.

(iil): This follows from (i) and (ii) above. O

Fix two path connected relatively inessential slices U,V C Y. We next want
to describe a=1(U x V). For that, fix points y € U and 2z € V. Denote the
transformation groupoid ITI; (X) x Y by A. Consider the set AY of arrows in
A which take the unit z in A to y for the obvious action of A on A® ~ Y.
To be precise, AY := {([7],y) € A|¥-(1) = y}. In other words, AY consists of
arrows in IT;(X) which take z € Y to y under the action of the fundamental
groupoid. Therefore, we may also write

(6) AL ={[y] e Ii(X) [7=(1) =y}
this identification is more comfortable to use than the earlier one.

Lemma 8.3. Let [v1],[v2] € AY; define B; = N([vi],p(U),p(V)) xs,x,p V for

i=1,2. Then
_Jo if In] # el
B = {Bl if ] =Dl
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Proof. Assume By N By # &, and let [n] be in the intersection. Then we have
[n] = [02 072 001] = [e2 Oy Oeq] for paths dz, €2 laying in p(U) starting at
p(y), and paths 1,1 laying in p(V) ending at p(z). Therefore,

[v2] = [6; Dex] O[] O 067,
where ¢, is the reverse of ¢; for i = 1,2. Now, since p(U) is relatively inessential,
the loop 65, Oey at y is null homotopic. So is ey O0d; . Therefore, the last

equation implies that [y1] = [y2]. Thus [y1] # [12] gives B1 N By = @. The
other case is clear. O

As a consequence of the last lemma, using equation (6), we can see that

o (Ux V)= || (N([].p(0),p(V)) X5, V).

[y]eA?

Moreover, Lemma 8.2 shows that restriction of the kinetics to each
N(["/],p(U),p(V)) ><S7X,p V

above is a homeomorphism onto U x V. Thus we have proved the following
results.

Proposition 8.4. Let X be path connected, locally path connected and semi-
locally simply connected space. Let Y be a path connected I1; (X )-space having
étale momentum map ry. Then the map a : 111 (X) Xs xry ¥ =Y XY of the
kinetics of the action is a covering map. In fact, for path connected relatively
inessential slices U,V C Y,

o (Ux V)= || (N([].p(U),p(V) 5,50 V),

[v]eA?
where each N([v],p(U),p(V)) xs.x,p V is a slice over U x V under a.

The reader may compare Proposition 8.4 and Observation 3.11; in the latter
one, one should consider the action of II;(X) on X. The last proposition
generalizes [29, Prop. 2.37].

Using Proposition 8.4, we can describe small compact sets in the transfor-
mation groupoid A as follows. Assume Y is locally compact, and consider
the same open sets U and V as in last proposition. Let U’,V’' CY be path
connected relatively inessential slices whose closures are compact and U’ C U
and V/ C V. Then, for [y] € AY, the closure

N([vpU"),p(V")) Xsxp V'
is homeomorphic to the compact subset U’ x V/ = U’ x V/ CU x V. Then the
proposition implies that

(7) o TV = || (NG p@),p(V) % V).
[v]e AY

As a closing remark, we note that the collection £’ consisting of path con-
nected, relatively inessential open sets U’ such that the closure of U’ is com-
pact and the closure is contained in a path connected, relatively inessential slice
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forms a basis for the topology on Y when Y is locally compact, Hausdorff, path
connected, locally path connected and semilocally simply connected. More-
over, £ is a refinement of L.

8.5. Proper actions of the fundamental groupoid. In this section, we
study proper actions of the locally compact groupoid II; (X). We prove Theo-
rem 8.6 which characterizes proper actions using isotropy at a point. Indeed,
we focus on the II; (X)-spaces in the category Ex.

Suppose a path connected, locally path connected and semilocally simply
connected space X is given. Let p:Y — X be a path connected covering
space. If X islocally compact and Hausdorff, then the transformation groupoid
A:=T1I;(X) x Y is locally compact and Hausdorff. This can be seen as follows:
Section 5.5 implies that the simply connected covering space X is Hausdorff
and locally compact. In this case, the deck transformation action on X is
proper; see [22, Chap. 21, § Covering manifold]. As a consequence, Y, which
is quotient of X by a subgroup of the deck transformation, is also locally
compact and Hausdorff. Next, IT; (X) is locally compact and Hausdorfl if X is
so. Therefore, the transformation groupoid I1; (X) x Y is locally compact and
Hausdorft.

Theorem 8.6. Let X be a locally compact, Hausdorff, path connected, locally
path connected and semilocally simply connected space. Suppose Y is a path
connected 111 (X)-space with momentum map p: Y — X a surjective local ho-
meomorphism. Then the following are equivalent.

(i) The action of I1I1(X) on'Y is proper.

(ii) The fundamental group of Y is finite.

(iil) pu(m1(Y)) is a finite subgroup of m1(X).

(iv) The restricted action of the fundamental group 7 (X) on'Y is proper.

Proof. (ii) < (iii): Theorem 7.9 implies that Y is a covering space of X with
p the covering map. Therefore, (ii) and (iii) are clearly equivalent as the group
homomorphism p, : 1 (Y) — 71 (X) is injective.

(i) = (ii): Observation 2.12 says that, for proper action, the isotropy is
a compact set. Proposition 7.4 (ii) says that the isotropy in the current case is
the fundamental group 7 (Y") which is compact if and only if it is finite.

(iii) = (i): This is the longest part of the proof and will be done in the end.

(i) = (iv): For any z € X, m (X, z) C II;(X) is a closed subgroup. There-
fore, if the action of IT; (X) is proper, the restriction of the action to m (X, x)
is also proper.

(iv) = (ii): Remark 7.5 identifies the isotropy of the restricted action 7 (X)
with 71 (Y") ~ p.(m1(Y)). Therefore, the restricted action being proper implies
the isotropy is finite.

Finally, we prove only the unjustified claim (iii) = (i), which shall complete
the proof. Let K CY x Y be compact. We need to show that

a HK) C(X) xex, Y
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is compact, where a is the kinetics of the action. The current claim is proved
in three steps:

(i) firstly, when K CY x Y is singleton,

(ii) then, when K is a small compact set as in equation (7),

(iii) finally, for a general compact set K.

Before we start, let A denote the transformation groupoid IT;(X) x Y. And
note that the isotropy at z € Y for the action of IT; (X) is the stabilizer subgroup
AZ C A which is assumed to be finite. Recall equation (6), and write an
enumeration of A% = {[y1],...,[yn]} for some n € N.

Then, in the first case, when K = {(y,2)}, a=*({(y,2)}) = AY. Observa-
tion 2.2 implies that AY is in bijection with AZ%; hence it is compact.

Now consider the basis £’ for the topology of X discussed just after equa-
tion (7). This basis consists of relatively compact open sets U’ whose closures
are contained in a path connected relatively inessential slice over p: Y — X.
Then the sets of the form U’ x V', where U’, V' € L', form a basis of relatively
compact sets for the topology of Y x Y. For U', V' € L', equation (7) and
case (i) above imply that

HO7 V) = (N0l @), p(V) s x0 V),

=1

where each

N([vi],p(U"),p(V")) x5 x V'

is a homeomorphic copy of U” x V' (see Proposition 8.4). Thus a=*(U” x V)
is a compact set, being a union of finitely many compact sets.

Finally, let K CY X Y be any compact set. Cover K by finitely many
relatively compact sets Uy X Vi,...,Up X Vi, where U;,V; € L'. Then

o (K) C G a” (U x V;),

i=1

where each a=!(U; x V;) is compact by the last argument. Thus a = (K) C A
is compact. O

Following are some immediate consequences of Theorem 8.6 (ii).

Corollaries 8.7. Let X be a path connected, locally path connected, semilocally

simply connected, Hausdorff and locally compact space. Then the following

hold.

(i) The action of 1I1(X) on the simply connected covering space is proper.

(ii) The action of 1I1(X) on X is proper if and only if the fundamental group
of X 1is finite.

(iii) For each finite subgroup G of w1(X), the associated covering space X — X
is a proper 111 (X)-space, and these are the only proper 11 (X)-spaces in
the action category &m, (x)-
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