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Abstract. Using Kirchberg–Phillips’ classification of purely infinite C∗-algebras by K-
theory, we prove that the isomorphism types of crossed product C∗-algebras associated to
certain hyperbolic 3-manifold groups acting on their Gromov boundary only depend on the
manifold’s homology. As a result, we obtain infinitely many pairwise nonisomorphic hyper-
bolic groups, all of whose associated crossed products are isomorphic. These isomorphisms
are not of dynamical nature in the sense that they are not induced by isomorphisms of the
underlying groupoids.

1. Introduction

The Kirchberg–Phillips classification theorem [11, 19] classifies so-called
UCT Kirchberg C∗-algebras up to isomorphism by topological K-theory. As
a consequence, this theorem produces many “surprising” isomorphisms of C∗-
algebras that cannot be constructed by hand, such as Kirchberg’s isomorphism
O2 ⊗ O2

∼= O2. The class of UCT Kirchberg C∗-algebras contains many ex-
amples such as the (reduced) crossed product C∗-algebra C(∂G) ⋊r G asso-
ciated to the action of a non-elementary torsion-free hyperbolic group G on
its Gromov-boundary [1, 23]. In fact, crossed products of arbitrary minimal
amenable topologically free actions GyX of acylindrically hyperbolic groups
belong to this class [9]. Although this large class of C∗-algebras is in princi-
ple classifiable by K-theory, explicit K-theory computations remain difficult
in general. For the specific example of the action of a torsion-free hyper-
bolic group G on its boundary, Emerson and Meyer [7] relate the K-theory of
C(∂G)⋊r G to the K-theory and K-homology of the classifying space BG. In
this short note, we use their result to obtain explicit computations for funda-
mental groups of hyperbolic 3-manifolds. Our techniques are identical to an
analog result for noncompact manifolds [17, Prop. 1.6].
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Theorem A. Let d ≥ 0 be a fixed integer and let G be the fundamental group
of a closed connected orientable hyperbolic 3-manifold M with H1(M) ∼= Zd.
Then there are isomorphisms

K0(C(∂G) ⋊r G) ∼= K1(C(∂G)⋊r G) ∼= Z2d+2

that identify the class of the unit [1] ∈K0(C(∂G)⋊r G) with (1,0)∈ Z⊕Z2d+1.

Brock–Dunfield’s work [2] shows that there exists a rich supply of groups
that satisfy the assumptions in Theorem A.1 We therefore obtain examples of
isomorphisms of crossed product C∗-algebras.

Corollary B. There are infinitely many pairwise nonisomorphic hyperbolic
groups Gi, i ∈ N, with pairwise isomorphic crossed products C(∂Gi) ⋊r Gi,
i ∈ N.

These isomorphisms are “surprising” in the sense that they cannot be ob-
tained from an isomorphism of the underlying groupoids.

Proposition C. Let Gi and Gj be two nonisomorphic groups as in Theorem A.
Then there is no isomorphism C(∂Gi) ⋊r Gi

∼= C(∂Gj) ⋊r Gj that restricts
to an isomorphism C(∂Gi) ∼= C(∂Gj). In particular, C(∂Gi) ⋊r Gi contains
infinitely many pairwise non-conjugate Cartan subalgebras with spectrum S2.

2. Isomorphism types of crossed products

Let M be a closed connected orientable hyperbolic 3-manifold. Then the
universal cover M̃ of M is isometric to the 3-dimensional hyperbolic space
H3 by the Killing–Hopf theorem [14, Cor. 12.5]. Let G = π1(M) be the fun-

damental group of M . Considering the natural (free) action G y M̃ by Deck

transformations, and the fact that M̃ is contractible, the orbit space M̃/G∼=M
is a finite model for the classifying space BG. It follows that G is finitely gen-
erated and torsion-free [5, §VIII, Ex. 4.1 and Cor. 2.5]. Moreover, since the

action G y M̃ is proper and co-compact, G is quasi-isometric to H3 by the
Milnor–Švarc lemma [3, §I.8, Prop. 8.9]. In particular, G is a Gromov-hyper-
bolic group with Gromov boundary ∂G ∼= ∂H3 ∼= S2 (see [3, §III H, Thm. 1.9
and Thm. 3.9]).

We refer the reader to [6] for the definition of crossed product C∗-algebras,
topological K-theory for C∗-algebras, and the Baum–Connes conjecture. For
a unital C∗-algebra A, we denote by [1A] ∈ K0(A) the class of its unit (or
equivalently the class of the rank-one A-module [A]).

For a connected space X and a choice of base point x0 ∈ X , we denote by
[x0] ∈H0(X) the image of the canonical generator 1 ∈ Z=H0({x0}) under the
natural map H0({x0})→H0(X) and by [1X ] ∈K0(X) the image of the canon-
ical generator 1 ∈ Z = K0({x0}) under the natural map K0({x0}) → K0(X).

1Concrete examples are given by the mapping torus Mf of a closed surface of genus g ≥ 2,
where f is a pseudo-Anosov diffeomorphism [22]. If moreover f acts trivially on homology
(see [15, p. 84] for existence), then H1(Mf ) ∼= Z2g+1.
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C∗-algebras associated to boundary actions of 3-manifold groups 193

The following computations of K-theory and K-homology of 3-manifolds
using their cohomology and homology groups is an application of the Atiyah–
Hirzebruch spectral sequence. The proof is given in [16, Prop. 2.1], but we
include a brief introduction to spectral sequences and more detailed computa-
tions for non-experts in Appendix A. Note that a similar result was obtained
in [17, Sec. 1].

Lemma 2.1. Let M be a closed connected orientable 3-manifold. Then there
are isomorphisms

K0(M) ∼= H0(M)⊕H2(M),(1)

K1(M) ∼= H1(M)⊕H3(M),(2)

K0(M) ∼= H0(M)⊕H2(M),(3)

K1(M) ∼= H1(M)⊕H3(M)(4)

that identify [1M ] ∈ K0(M) with [x0] ∈ H0(M).

Proof. The isomorphisms (1) and (2) identifying [1M ] with [x0] are obtained
in [16, Prop. 2.1]. By Poincaré duality, we have H∗(M) ∼= H3−∗(M). More-
over, by Kasparov’s K-theoretic Poincaré duality [10, Thm. 4.10]2, we have an
isomorphism K∗(M) ∼= K3−∗(M). Together with Bott periodicity, this proves
(3) and (4). �

Proof of Theorem A (cp. [17, Prop. 1.6]).Using Poincaré duality together with
H1(M)=HomZ(H1(M),Z), the assumptions in Theorem A imply the following
isomorphisms:

H0(M) ∼= H3(M) ∼= H0(M) ∼= H3(M) ∼= Z,

H1(M) ∼= H2(M) ∼= H1(M) ∼= H2(M) ∼= Zd.

Combining with Lemma 2.1, these allow to compute

(5) K0(M) ∼= K1(M) ∼= K0(M) ∼= K1(M) ∼= Zd+1

and identify

(6) K0(M) ∋ [1M ] 7→ (1, 0) ∈ Z⊕ Zd.

Note that M has zero Euler characteristic by Poincaré duality. Moreover, G
satisfies the Baum–Connes conjecture with coefficients by [13]. Thus, we have

that [7, Thm. 1] applied to the action G y M̃ produces short exact sequences

(7)
0 −→ K0(C

∗

r (G))
u∗−→ K0(C(∂G)⋊r G) −→ K1(M) −→ 0,

0 −→ K1(C
∗

r (G))
u∗−→ K1(C(∂G)⋊r G) −→ K0(M) −→ 0,

2In order to apply [10, Thm. 4.10], recall that as a closed oriented 3-manifold, M ad-
mits a spinc-structure and that any spinc-structure induces a Z/2-graded Morita-equivalence
Cτ (M) ∼ C(M)⊗̂Cl3, where Cτ (M) denotes the section algebra of the Clifford bundle of
T ∗M and Cl3 the third complex Clifford algebra.
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where the map u∗ is induced by the canonical inclusion

u : C∗

r (G) → C(∂G)⋊r G.

Recall that M is a model for BG. Thus, the Baum–Connes assembly map

(8) µG
∗
: K∗(M)

∼=
−→ K∗(C

∗

r (G))

is an isomorphism. By applying functoriality of the assembly map to the group
homomorphism {e} → G, we moreover conclude that

(9) µG
0 ([1M ]) = [1C∗

r (G)] ∈ K0(C
∗

r (G)).

Indeed, this follows by applying commutativity of the diagram

K0(pt) K0(C)

K0(M) K0(C
∗

r (G))

µ
{e}
0

µG
0

to the element [1pt] ∈ K0(pt).
Since K∗(M) ∼= Zd+1, the short exact sequences in (7) split. Using (8) at

the second step and (5) at the third step, we get

K0(C(∂G) ⋊r G) ∼= K0(C
∗

r (G)) ⊕K1(M) ∼= K0(M)⊕K1(M) ∼= Z2d+2.

By (6) and (9), this isomorphism identifies the class of the unit

[1C(∂G)⋊rG] = u∗([1C∗
r (G)]) ∈ K0(C(∂G) ⋊r G)

with (1, 0) ∈ Z⊕ Z2d+1. Analogously, we obtain an isomorphism

K1(C(∂G)⋊r G) ∼= K1(C
∗

r (G))⊕K0(M) ∼= K1(M)⊕K0(M) ∼= Z2d+2. �

Proof of Corollary B. By [2, Thm. 2.1], there are infinitely many pairwise non-
isometric closed connected orientable3 hyperbolic 3-manifolds Mi, i ∈ N, satis-
fying H1(Mi)∼= Zd. In particular, the fundamental groups Gi := π1(Mi), i ∈N,
are pairwise nonisomorphic by Mostow’s rigidity theorem [18].

The crossed products Ai := C(∂Gi) ⋊r Gi are unital simple separable nu-
clear purely infinite C∗-algebras by [1, Prop. 3.2] that satisfy the UCT by [23,
Prop. 10.7]. Fix i, j ∈ N. Theorem A implies that there are isomorphisms
K0(Ai) ∼= K0(Aj) and K1(Ai) ∼= K1(Aj) that identify [1Ai

] with [1Aj
]. Thus,

the Kirchberg–Phillips classification theorem [11, 19] implies that Ai and Aj

are isomorphic. �

Remark 2.2. We do not know, whether the group C∗-algebras C∗

r (Gi), i ∈ N,
are pairwise isomorphic, although K-theory does not distinguish them. To the
best of our knowledge, it is an open problem whether the reduced group C∗-
algebra of a general torsion-free discrete group G recovers the group. However,
results of this type do exist for certain classes of groups (see [8] for instance).

3Note that, although not stated in the theorem, the proof of [2, Thm. 2.1] indeed produces
orientable manifolds.
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As a preparation for the proof of Proposition C, recall that the transforma-
tion groupoid X ⋊ G associated to a group action G y X is the topological
groupoid whose object space is given by (X ⋊G)(0) :=X and whose morphism
space is given by X ⋊G := X ×G, with range, source, and composition maps
r, s, · determined by the formulas

r(x, g) = x, s(x, g) = g−1x, (x, g) · (g−1x, h) = (x, gh), x ∈ X, g, h ∈ G.

The following lemma is immediate.

Lemma 2.3. Let X be a connected space and G y X an action of a discrete
group. Then the natural map

G → π0(X ⋊G), g 7→ X × {g}

is a group isomorphism where π0(X ⋊ G) is endowed with the (semi)group
structure given by U · V := {x · y | x ∈ U, y ∈ V }. �

Proof of Proposition C. Assume by contradiction that there is an isomorphism

C(∂Gi)⋊r Gi
∼= C(∂Gj)⋊r Gj

that restricts to an isomorphism C(∂Gi)∼=C(∂Gj). Note that the action Gi y

∂Gi is topologically free since Gi is torsion-free. Thus, C(∂Gi)⊆C(∂Gi)⋊r Gi

is a Cartan subalgebra (see [20, §6.1]). By Renault’s reconstruction theorem
[20, Thm. 5.9], the isomorphism C(∂Gi) ⋊r Gi

∼= C(∂Gj) ⋊r Gj is induced
by an isomorphism ∂Gi ⋊ Gi

∼= ∂Gj ⋊ Gj of the underlying transformation
groupoids. In particular, their (semi-)groups of connected components are
isomorphic. By Lemma 2.3, this implies Gi

∼=Gj , which is a contradiction. �

3. K-theory with coefficients

We end this note with a variant of Theorem A and Corollary B for 3-mani-
folds with torsion in their first homology. Recall that, for an abelian group A
and a C∗-algebra B, the K-theory of B with coefficients in A is defined as
K∗(B;A) := K∗(B ⊗A), where A is any C∗-algebra satisfying the UCT such
that K0(A) ∼= A and K1(A) = 0. We refer to [21] for the UCT and Künneth
theorem for C∗-algebras.

Theorem 3.1. Let G be the fundamental group of a closed connected orientable
hyperbolic 3-manifold. Let F be a field. Then there are isomorphisms

K0(C(∂G) ⋊r G;F) ∼= K1(C(∂G) ⋊r G;F) ∼= F2 ⊕H1(M ;F)⊕H1(M ;F)

which identify the class [1] ∈ K0(C(∂G) ⋊r G;F) with

(1, 0) ∈ F⊕ (F⊕H1(M ;F)⊕H1(M ;F)).

Proof. Since the proof follows the same strategy as the proof of Theorem A,
we only explain the necessary modifications. Let A be a C∗-algebra satisfying
the UCT such that K0(A) ∼= F and K1(A) ∼= 0.
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The K-homology of M can be computed using a version of [16, Prop. 2.1]
with coefficients in F, which in turn can be proven in exactly the same way
as the integral version (using the Atiyah–Hirzebruch spectral sequence for K-
homology with coefficients in F). Note that the exact sequences (7) are ob-
tained in [7] as long exact sequences in K-theory associated to the short exact
sequence

0 → C0(X)⋊r G → C(X)⋊r G → C(∂G)⋊r G → 0,

where X = M̃ is the universal cover of M and X is its natural compactifica-
tion. Tensoring this sequence with A and applying K-theory yields a new six-
term exact sequence which again splits into two short exact sequences by the
Künneth theorem (note that A satisfies the Künneth theorem since it satisfies
the UCT). In this way, we obtain the appropriate analogs of the Emerson–
Meyer exact sequences with coefficients in F,

0 −→ K0(C
∗

r (G);F)
u∗−→ K0(C(∂G)⋊r G;F) −→ K1(M ;F) −→ 0,

0 −→ K1(C
∗

r (G);F)
u∗−→ K1(C(∂G)⋊r G;F) −→ K0(M ;F) −→ 0,

which split since F is a field. The left and right-hand terms of these sequences
are now computed in the same way as before, where Kasparov’s Poincaré du-
ality theorem [10, Thm. 4.9] and the Baum–Connes isomorphism [13] have to
be taken with coefficients in A. �

Corollary 3.2. Let F be a field and let A be a unital simple separable nuclear
C∗-algebra satisfying the UCT such that K0(A) ∼= F and K1(A) ∼= 0. For in-
stance, let A be the universal UHF algebra Q for F = Q, or let A be the Cuntz
algebra Op+1 for F = Fp. Let M be a finitely generated abelian group. Then
there are infinitely many pairwise nonisomorphic hyperbolic groups Gi, i ∈ N,
with H1(Gi) ∼= M such that the stabilized crossed products

A⊗ (C(∂Gi)⋊r Gi), i ∈ N,

are all isomorphic.

Proof. Note that the assumptions on A guarantee that the stabilized crossed
products in the statement are UCT Kirchberg algebras; see [12, Prop. 4.5]
and [4, Prop. 10.1.7]. Thus, the corollary can be proven in the same way as
Corollary B, using [2] and using Theorem 3.1 instead of Theorem A. �

Appendix A. Spectral sequences

In this appendix, we give more details on the computation K-theory and K-
homology (with integer coefficients) of a closed, connected, orientable, 3-dimen-
sional, hyperbolic manifold in terms of homology and cohomology; see [16,
Prop. 2.1] and Lemma 2.1. This is done using the Atiyah–Hirzebruch spectral
sequence.

We recall that a cohomological spectral sequence (in the category of abelian
groups) is given by a collection {Ei, di}i∈N, where, for each i, the page Ei
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consists of a grid of abelian groups, denoted (Ep,q
i )p,q∈Z, equipped with maps

dp,qi : Ep,q
i → Ep+i,q−i+1

i ,

called differentials, which satisfy dp,qi ◦ dp−i,q+i−1
i = 0, or, in other words,

Im(dp−i,q+i−1
i ) ⊆ Ker(dp,qi ).

Moreover, the “next page” Ei+1 is given by the homology of the page Ei. That
is,

Ep,q
i+1

∼=
Ker(dp,qi )

Im(dp−i,q+i−1
i )

.

The spectral sequence {Ei, di}i∈N is called degenerate at i0 if the differentials
(dp,qi )p,q∈Z vanish for all i ≥ i0. In this case, the limiting term can be defined
as Ep,q

∞
= Ep,q

i for p, q ∈ Z and some i ≥ i0. We will only deal with degenerate
spectral sequences, although the limiting term can be defined more generally.

Assume that (An)n∈Z is a collection of abelian groups, so that each An

admits a Hausdorff grading, which we write as

An := G0An ⊇ G1An ⊇ G2An ⊇ · · ·

with
⋂

∞

p=0 G
pAn = 0. A (degenerate) spectral sequence {Ei, di}i∈N is said to

converge to (An)n∈Z if, for every p ≥ 0 and q ∈ Z, we have

Ep,q
∞

∼=
GpAp+q

Gp+1Ap+q
.

We will use the notation Ep,q
r ⇒ Ap+q for convergence.

Lemma. Let M be a closed connected orientable 3-manifold. We have

K0(M) ∼= H0(M)⊕H2(M) and K1(M) ∼= H1(M)⊕H3(M).

Proof. The second page of the Atiyah–Hirzebruch spectral sequence for K-
theory (which applies more generally in the setting of finite CW-complexes) is
given by

Ep,q
2 = Hp(M,Kq(pt)).

We claim that the differentials dp,q2 vanish. Indeed, the K-theory of a point is

Kq(pt) =

{

Z if q is even,

0 otherwise.

Moreover, under our assumptions on M , Hn(M) = 0 for all n /∈ {0, 1, 2, 3}
(this follows, for example, from Poincaré duality and the fact that cohomology
groups are defined to be zero for negative degrees).
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Putting these facts together, we can visualize the second page of the Atiyah–
Hirzebruch spectral sequence as follows:

...
...

...
...

...
...

· · · 0 0 0 0 0 0 · · ·

· · · 0 H0(M) H1(M) H2(M) H3(M) 0 · · ·

· · · 0 0 0 0 0 0 · · ·

· · · 0 H0(M) H1(M) H2(M) H3(M) 0 · · ·

...
...

...
...

...
...

d2

d2

It is immediately visible that the differentials d2 either have vanishing range
or vanishing domain, thus must all be the zero map. The third page in
the Atiyah–Hirzebruch spectral sequence is now concluded to be identical (as
a grid) to the second page (since E3 is defined to be the homology of E2). We
will check that the differentials d3 vanish as well. In the following figure, we
draw the only (recurring) differentials which could potentially be nonzero:

...
...

...
...

...
...

· · · 0 0 0 0 0 0 · · ·

· · · 0 H0(M) H1(M) H2(M) H3(M) 0 · · ·

· · · 0 0 0 0 0 0 · · ·

· · · 0 H0(M) H1(M) H2(M) H3(M) 0 · · ·

...
...

...
...

...
...

d3

Applying the Atiyah–Hirzebruch spectral sequence to a one-point space,
we obtain exactly the same second and third page as obtained above for the
manifold M , except Hn(pt) = 0 for all n 6= 0.

Consider the natural maps pt → M → pt. Since the Atiyah–Hirzebruch
spectral sequence is functorial, we have a retract E3(pt) → E3(M) → E3(pt),
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which is interpreted as the following commutative diagram:

H0(pt) H0(M) H0(pt)

H3(pt) H3(M) H3(pt).

d3 d3 d3

As H3(pt) = 0, we have that the differential maps on the left-hand side and
right-hand side must vanish. The composition H0(pt) → H0(M) → H0(pt) is
the identity map. By our assumptions on M (and Poincaré duality), we have
H0(M) ∼=H3(M) ∼=H0(pt) ∼= Z, which forces the maps H0(pt)→H0(M) and
H0(M) → H0(pt) to be isomorphisms. Rewriting the diagram above, we have

Z Z Z

0 Z 0,

d3

∼=

d3

∼=

d3

which now clearly forces the map d3 : H0(M) → H3(M) to be the zero map,
as we wanted to show.

Observe that, for n ≥ 3, En is identical to E2 as a grid, and it is easy to
see that the differentials dn vanish as well for all n ≥ 4. We conclude that the
Atiyah–Hirzebruch spectral sequence is degenerate at i0 =2, and so Ep,q

∞
=Ep,q

2

for all p, q ∈ Z.
Set An := Kn(M) for n ∈ Z. By Atiyah–Hirzebruch, there exists a Haus-

dorff grading An = G0An ⊇ G1An ⊇ G3An ⊇ · · · for every n ∈ Z (the concrete
description of the grading will follow from the computations below) such that
Ep,q

2 ⇒ Kp+q(M).
For p, q ∈ Z with p+ q = 0, we get the following short exact sequences:

0 → G1A0 → G0A0 → E0,0
∞

→ 0,

0 → G2A0 → G1A0 → E1,−1
∞

→ 0,

0 → G3A0 → G2A0 → E2,−2
∞

→ 0,

0 → G4A0 → G3A0 → E3,−3
∞

→ 0,
...

The first short exact sequence reduces to

0 → G1A0 → K0(M) → H0(M) → 0.

Since H0(M) ∼= Z is torsion-free, we conclude that K0(M) ∼= H0(M)⊕G1A0.
If n is odd, we have En,−n

∞
= 0, so G1A0

∼= G2A0 and G3A0 ∼= G4A0. Note
that En,−n

∞
= 0 whenever n ≥ 4. Thus, GnA0 ∼= G3A0 for all n ≥ 4. Since

the grading is Hausdorff, it follows that GnA0 = 0 for all n ≥ 3. Finally,
E2,−2

∞
∼= H2(M). Working inductively with the short exact sequences above,

we conclude that

K0(M) ∼= H0(M)⊕G1A0 ∼= H0(M)⊕G2A0 ∼= H0(M)⊕H2(M).
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Next, we compute K1(M) using

Ep,q
2 ⇒ Kp+q(M).

For p, q ∈ Z with p+ q = 1, we get the following short exact sequences:

0 → G1A1 → G0A1 → E0,1
∞

→ 0,

0 → G2A1 → G1A1 → E1,0
∞

→ 0,

0 → G3A1 → G2A1 → E2,−1
∞

→ 0,

0 → G4A1 → G3A1 → E3,−2
∞

→ 0,
...

As E0,1
∞

∼= E2,−1
∞

∼= 0, the first short exact sequence implies K1(M)∼=G1A1,
and the third short exact sequence implies G2A1 ∼= G3A1. Since

E1,0
∞

∼= H1(M) ∼= Hom(M,Z)

is torsion-free and finitely generated, we have that the second short exact
sequence splits, and

G1A1 ∼= H1(M)⊕G2A1 ∼= H1(M)⊕G3A1.

Finally, E3,−2
∞

∼= H3(M) ∼= H0(M) ∼= Z by Poincaré duality. Thus, the last
short exact sequence splits as well, and we have G3A1 ∼= H3(M) ⊕ G4A1.
However, noticing that En,m

∞
= 0 for all n ≥ 4 and all m ∈ Z, we see that

GnA1 ∼= G4A1 for all n ≥ 4. Since the grading is Hausdorff, it follows that
G4A1 = 0, and so G3A1 ∼= H3(M). Combining the above,

K1(M) ∼= G1A1 ∼= H1(M)⊕G2A1 ∼= H1(M)⊕G3A1

∼= H1(M)⊕H3(M). �

In a similar manner, one can apply the homological version of the Atiyah–
Hirzebruch spectral sequence in order to compute the K-homology of M ,
K∗(M). Alternatively, one can use Kasparov’s K-theoretic Poincaré dual-
ity and Bott periodicity (as explained in the proof of Lemma 2.1) to conclude
that K0(M) ∼= H0(M)⊕H2(M) and K1(M) ∼= H1(M)⊕H3(M).
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