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Abstract. Let G be a quasi-split reductive group and let K be a Henselian field equipped
with a valuation w : KX — A, where A is a nonzero totally ordered abelian group. In 1972
and 1984, Bruhat and Tits constructed a building on which the group G(K) acts provided
that A is a subgroup of R. In this paper, we deal with the general case where there are no

assumptions on A and we construct a set on which G(K) acts. We then prove that
a A-building, in the sense of Bennett.
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1. INTRODUCTION

Reductive groups over non-Archimedean local fields have been extensively
studied for the past sixty years. To study such a group G and the group of
its rational points G, Bruhat and Tits associated in [10, 11] a space Z, called
a Bruhat-Tits building, on which G acts. The space Z encapsulates significant
information about the group G.

In the 1970s, Kato [19] and Parshin [27] introduced higher-dimensional local
fields, a natural generalization of the usual local fields. A 0-local field is by def-
inition a finite field, and for d > 1, a d-dimensional field is a complete discrete
valuation field whose residue field is a (d — 1)-local field. For instance, 1-local
fields coincide with usual non-Archimedean local fields. The equicharacteristic
2-local fields are the fields of the form k((t)) with &k a 1-local field, but there are
other 2-local fields that have mixed characteristic. Higher-dimensional local
fields play an important role, both in algebraic geometry and in number theory.
On the one hand, just as p-adic fields encode local information on arithmetic
schemes with relative dimension 0 such as Spec(Z), 2-local fields encode local
information on arithmetic curves such as A}, and d-local fields encode local
information on arithmetic schemes with relative dimension d — 1 over Z. On
the other hand, by Kato’s work, higher-dimensional local fields also provide the
good framework to generalize local class field theory, which is a crucial step in
the understanding of p-adic fields. Taking into account that class field theory
is the most basic example of Langlands correspondence, one may ask whether
Langlands’ ideas can be studied in a higher-dimensional setting, and then it
seems natural to study reductive groups over higher-dimensional local fields.

In this article, we will work over a field K that is endowed with a valuation
w : K* — A, where A is any nonzero totally ordered abelian group. This covers
the case of d-local fields for d > 0 since they are endowed with a Z4-valuation,
where Z% is equipped with the lexicographical order. It also allows us to work
with a field of the form C((¢1)) - - (t¢+1)), which is the geometric counterpart
of higher-dimensional local fields, since it encodes local information in higher-
dimensional complex varieties. Note that A does not need to be discrete and
could for instance be the group R x R with the lexicographical order. It could
also have infinite rank.

In the case where K is a higher-dimensional local field, Parshin constructed
in [25, 26] a “higher Bruhat—Tits building” on which PGL,, (K) acts, for n € N*.
Independently of this work, Bennett defined in [2] a notion of A-building for
A a nonzero totally ordered abelian group and, for any field K equipped with
a valuation w : K — A U {+o0}, he constructed such a A-building on which
SL, (K) acts. As sets (when we forget the topological structures), the buildings
of Bennett and Parshin are very close.

Given any nonzero totally ordered abelian group A, any A-valued field K
and any quasi-split reductive group G over K, the goal of this article is to
construct a A-building Z(K, w, G) endowed with a suitable G(K)-action. This
partially answers [25, Prob. 2, p. 187].
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1.1. Bennett’s A-buildings. When K is a field equipped with a nontrivial
valuation w : K — R and G is a reductive K-group, Bruhat and Tits associated
to G(K) its Bruhat-Tits building Z(K,w, G) on which G(K) acts. When G =
SL, and w is discrete for example, this space is a simplicial tree.

The Bruhat—Tits building Z(K,w, G) is covered by subsets called apart-
ments, which are Euclidean spaces equipped with an arrangement of hyper-
planes called walls. These apartments are all obtained by translation by an
element of G(K) from a standard apartment A(G,K,w). The hyperplane ar-
rangement of A(G,K,w) depends on the root system of G and on the set of
values of w. It naturally defines the notion of a face on A(G,K,w) and, by
translation, on Z(K,w, G). Then we have the following important properties:
(I1) for every two faces, there exists an apartment containing them;

(I2) for every two apartments A and B, there exists an isomorphism of affine
spaces from A to B fixing A N B and preserving the hyperplane arrange-
ment.

These properties motivate the definition of an abstract building: as a first

approximation (see Definition 3.26 for a precise definition), it is a set covered

with subspaces called apartments, which satisfy (I1) and (I2) and which are
isomorphic to a standard apartment A depending on a root system.

Let now A be any nonzero totally ordered abelian group. Since every totally
ordered abelian group can be embedded in an ordered real vector space, let
us assume for simplicity that A itself is a real vector space. Bennett then
defined in [2] the notion of a A-building: it is a set covered by subsets called
apartments, all isomorphic to a standard apartment A ®g A, and satisfying
axioms similar to those of a Bruhat-Tits building.

Examples of A-buildings. When A C R and K is a field equipped with a valu-
ation w : K — AU {oo}, the Bruhat-Tits building of (G, K, w) is a A-building.
In the case that A cannot be embedded as an ordered abelian group in R, there
are four main previously known classes of examples of A-buildings.

(i) Let K be a field that is equipped with a valuation w : K — AU {o0}. In
[23], inspired by Serre’s construction of the tree of SLo(K) when A = Z,
Morgan and Shalen define the notion of a A-tree and construct a A-tree
on which SL(K) acts. Generalizing these works, Bennett defines in [2,
Ex. 3.2] a A-building on which SL,,(K) acts, for n € Z>3. Independently,
in [25, 26], Parshin also introduces some higher buildings associated to
SL,,(K) but does not relate them to the structure of A-buildings.

(ii) Let A, A’ be nonzero totally ordered abelian groups and let e : A — A’
be a morphism of ordered groups. Then Schwer and Struyve construct
a functor from the category of A-buildings to the category of A’-buildings,
compatible with e (see [30]). Using this and using ultraproducts, they con-
struct nontrivial examples of A-buildings, for A ¢ R. They in particular
construct ultracones and asymptotic cones of buildings (see [30, Sec. 6]).

(iii) Let G be a semisimple Lie group. Let K,ca be a real closed nonArchimed-
ean field and let Qyea; C Kieal be an o-convex valuation ring. Then Kramer
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and Tent equip G(Kyea1)/G(Orea) with the structure of a A,en-building,
where Aveat = K ,/OF 15 see [20, Thm. 4.3] and [21]. They deduce
that the asymptotic cone of G(Kiea) and the ultracone of G(K,eal) are
A-buildings, for some A (see [20, Cor. 4.4]). Using these results, they give
a new proof of Margulis’s conjecture (see [20, §5]).

(iv) Let K be a field equipped with a surjective valuation w : K — A’ U {00},
where A’ is an infinite subgroup of R. Let G° be a semisimple group over
K and let G = G°(K[t,t71])) be the untwisted affine Kac-Moody group
associated. In [28, 4.1], Rousseau associates a (Z x A’)-building to G on
which it acts.

Our result yields a new class of examples of A-buildings.

1.2. The building Z(K, w, G). In differential geometry, when one works with
some real Lie group G, it is often useful to study the action of G on a symmetric
space. For instance, if G = SL,,(R), then one may consider the action of SL,,(R)
on X = SL,(R)/SO,,(R). The manifold X is then the quotient of a real Lie
group by a maximal compact subgroup. According to Goldman—Iwahori [16],
the space X can be identified with the space of norms on R™ up to homothety.

Now, when one works over the p-adic field Q, instead of R, by analogy with
Goldman-Iwahori’s result, one can associate to the group SL,(Q,) the space
Z(SLy, Qp) of ultrametric norms over Q) up to homothety. This is a particular
case of a more general construction given by Bruhat-Tits in [10, 10.2]. In order
to generalize the previous constructions and study in this context other classical
groups of Lie type over Henselian valued fields, Tits introduced the definition
of buildings in the 1960s.

When K is a field endowed with a valuation w : K* — Z, several approaches
have been developed to construct a Bruhat—Tits building Z(K, w, G) associated
to a reductive K-group G. The most elementary construction relies on lattices.
For instance, when G is split and has type 4,, (e.g. G = GL,,, SL,, or PGL,,),
one may define Z(K,w, G) as the set of O-lattices contained in K™ up to ho-
mothety, where O stands for the ring of integers of K. The action of G(K) on
Z(K,w, G) is then induced by the action of G(K) on the O-lattices of K™ (see
[31, Chap. II] for the case where n = 2). Note that this construction depends
substantially on the Lie type of the group G and a case-by-case definition has
to be settled.!

Parshin [25] and Bennett [2] both use this approach with lattices to construct
a space analog to Z(K, w, SL,,) when the valuation w takes values in a totally
ordered abelian group that might be different from Z.

A more general approach due to Bruhat and Tits [10, 11] mainly consists
in generalizing the construction as a quotient of G(K) by a maximal compact
subgroup. Unfortunately, maximal compact subgroups need not be pairwise
conjugate in general. That is why, for an arbitrary reductive group G over
a A-valued field with A C R, Bruhat and Tits’ construction relies on the use

INote that, in the remarkable case of type Ay, there are other similar approaches such
as using maximal orders (see [34, 31] for n = 2).
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of parahoric subgroups. More precisely, they start by defining the standard
apartment A of their building as an affine space endowed with an action by
affine transformations of the group IV of rational points of the normalizer N
of a maximal K-split torus of G. The root system ® of G can be regarded as
a set of affine maps on A. Then, for each element z of A, Bruhat and Tits
define a parahoric subgroup P, C G, which depends on the values a(z), for
a € ®. They finally define Z = Z(K,w, G) as the set G(K) x A/~, where ~ is
an equivalence relation on G(K) x A whose definition involves the parahoric
subgroups P,, for z € A. The group G(K) acts on Z by ¢ - [¢',z] = [g¢', 2],
for g,¢' € G(K) and = € A, so that P, is the stabilizer of z in G for each z.
This is the approach we follow in this paper to deal with the case when A is
not necessarily contained in R.

For that purpose, when G is assumed to be a quasi-split group, we can con-
sider a Chevalley—Steinberg system (i.e. a parametrization of the root groups
U, of G taking into account the Galois extension K/K that splits G). To
such a pinning, we associate a space Z. We then need to prove that it is
a A-building. A part of the proof consists in proving that G satisfies certain
decompositions, namely the Iwasawa decomposition and the Bruhat decom-
position. To prove them, we generalize the proof by Bruhat and Tits to our
framework. After proving these decompositions, the main issue is to prove that
certain retractions are 1-Lipschitz continuous. When A C R, a standard proof
of this property uses the fact that the line segments of R are compacts. This
is no longer true in our framework and we thus need some additional work to
prove this property.

1.3. Affine structure of the standard apartment. An important step in
our construction consists in understanding the geometry of the apartments of
our building. Roughly speaking, the apartment will be a tensor product Y ®zR,
where Y is the finitely generated free Z-module of cocharacters of a maximal
torus of G and R is some ordered ring that contains the valuation groups of all
finite extensions of K. For instance, in the classical case of a Henselian valued
field K with a discrete valuation w : K* — A = Z, one usually takes R = R.

Now, assume that A = Z? equipped with the lexicographical order and let
Y = Z" = @], Ze;. A natural way to proceed in this case is to consider
the ring R = R[t]/(t?) equipped with the lexicographical order induced by the
degree of monomials. On this example, the apartment A = Y ®z R will be
a dn-dimensional R-vector space and a free R-module of rank n. Thus there
are two viewpoints for an element z € A: one can write either z = Y| \je;
with \; € R (structure of R-module) or z = Z;i;é xst® with g3 € Y @ R.
The first viewpoint allows to endow the apartment A with a geometric and
combinatorial structure (it is an R-affine space together with combinatorial
data such as chambers, faces, sectors,...). The second viewpoint allows to
endow the apartment with a fibration A — Y ®g R[t]/(t?) that we will extend
to the whole building for each d’ < d.
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In the situation of a general nonzero totally ordered abelian group A, there
seems not to be a natural way to endow R with a totally ordered ring structure.
The apartment A will then be defined by replacing R by a totally ordered real
vector space R together with an increasing embedding A — 9.

1.4. Main results. We now briefly describe the main results of this paper;
see Theorem 3.30 for a more precise statement.

Let A be a nonzero totally ordered abelian group. Define the rank S :=
rk(A) of A as the (totally ordered) set of Archimedean equivalence classes
of A. For instance, if A = Z" for some n > 1, then S = {1,2,...,n}. By
Hahn’s embedding theorem, A can then be regarded as a subgroup of

MY = {(25)ses € R | the support of (z4)ses is a well-ordered subset of S}.

Let now K be a field with a valuation w : K — A U {oo}, fix a quasi-split
(connected) reductive K-group G and let S be a maximal split torus in G with
cocharacter module X, (S). If G is not split, assume that K is Henselian. Our
results can then be summarized as follows.

(i) We construct a set ZT = Z(K, w, G), a A-distance

d:IxT—Aso:={AeA|X>0}

and we equip (Z, d) with the structure of an %°-building whose apartments
are modeled on some quotient of X, (S) ® R, The group G = G(K) acts
isometrically on Z and the induced action on the set of apartments is
transitive.

(ii) Let s € S, let S<s = {t € S |t < s} and let ;s <5 : RS — K< be
the natural projection. Consider the valuation w<y = m™rs <s ow. We
construct an (explicit) surjective map

m<s LK w, G) = I(K, w<s, G)

compatible with the G(K)-action such that, for each X € Z(K, w<s, G),
the fiber 7-1(X) is a product Zy x V, where V is a ker(mgs <)-module
and Ty is a ker(mos <)-building.
In the particular case when G splits over K, one can even replace ’R° by A
and construct a A-building associated to G (see Section 10).

1.5. Structure of the paper. In Section 2, we describe the building of
SL¢41(K), where £ € Z>1 and where K is a field equipped with a valuation. The
aim of this elementary section is to give an intuition on the building associated
to a more general reductive group. We use the lattice approach.

In Section 3, we provide all useful definitions concerning the construction
of A-buildings. In Section 3.1, we introduce all preliminary definitions that
are necessary to define A-buildings. These definitions are used all along the
article. In Section 3.25, we provide the definition of A-buildings themselves.
This allows us to state the main theorem in Section 3.29.
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In Sections 4 and 5, we follow the strategy of Bruhat and Tits in order to
provide a generalization of the Iwasawa decomposition and the Bruhat decom-
position. Doing this, we introduce some abstract subgroups that generalize
parahoric subgroups and get a better understanding of the action of G on the
A-building.

In Section 6, we glue up the apartments via an equivalence relation similar to
the one introduced by Bruhat and Tits in order to provide a space Z(K,w, G)
which will be the A-building associated to G. We then prove that it satisfies
all the A-building axioms except axiom (CO).

In Section 7, we use the classical reductive group theory over a field (Cheval-
ley—Steinberg systems, Borel-Tits theory) in order to construct data that sat-
isfy the axioms of Sections 4 and 5.

In Section 8, inspired by work of Parshin [25, 26], we prove that a surjective
morphism of totally ordered abelian groups f : A — A’ induces a projection
map from Z(K,w,G) — Z(K, f o w, G) which is surjective and compatible
with the action of G. We then give a detailed description of the fibers of this
projection.

Section 9 is dedicated to the proof of axiom (CO) and completes the proof
of the main theorem.

In Section 10, we see how one can replace the totally ordered abelian group
M5 by a smaller ordered abelian group I' and get a I'-building instead of an 93°-
building. In particular, we prove that one can always associate a A-building
with a split reductive group over a A-valued field.

In Section 11, we relate the building of SLyy; constructed by using lattices
to the building that we construct by using parahoric subgroups.

2. THE GROUP SLyy4

In this section, we briefly explain how to construct the building associated
to the special linear group over a valued field by using lattices and we describe
its structure. We invite the reader to keep this particular case in mind, since
it will be helpful to get a better understanding of the rest of the article, which
is dedicated to the more general case of quasi-split reductive groups.

Let K be a field equipped with a surjective valuation w : K — A U {400},
where A is a totally ordered abelian group. Let O := w™1(A>0) be the ring of
integers in K.

Given a positive integer £, fix an £+ 1-dimensional K-vector space V. An Q-
lattice in V is an @-submodule of V' of the form Qby®- - -®Ob, for some K-basis
(bo,...,b¢) of V. If Ly and Lo are two O-lattices in V', we say that they are
homothetic if there exists a € K* such that L, = aL;. In that case, we set
Ly ~ Ly. Let Z®(SL(V),w) be the set of O-lattices in V modulo the homothety
relation. We say that Z¢ (SL(V),w) is the lattice A-building of (SL(V'),w). The
class of an Q-lattice V in Z¢(SL(V),w) is denoted by [L].

Given two O-lattices Ly and Lo such that Ly C L1, we can always find
ag,...,ag € Q@ such that Ly/Ly ~ 0/agO & --- & Q/a0. We write Ly < L4
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when at least one of the a;’s is a unit in @. In other words, Ly < Ly if and
only if Ly C Ly and L1/Ly ~ 0/a10 & --- ® O/a,0 for some aq,...,a; € O.
In that case, the ¢-tuple (w(ay),...,w(ar)) is determined up to permutation;
thus d(L1, L2) := max{w(ay),...,w(ag)} € A is well-defined. Since ay,...,ar
are in O, we have d(Lq, L) > 0.

Now, given x1,79 € Z*(SL(V),w), one can easily check that there exist
L1 € 1 and Loy € x5 such that Ly < L. Then d@(xl,xg) = d(Ll,LQ) S AZO
does not depend on the choices of L1 and Ly, and the map d : Z%(SL(V),w) —
A is a distance on Z¢(SL(V),w).

2.1. The projection w. Fix a convex subgroup Ag of A, and set A; := A/Ay.
The group A; is naturally endowed with the structure of a totally ordered
abelian group.

Let wy : K — A; U{oo} be the composite of the valuation w followed by the
projection A — A7, and set

M = wil(A>0),

O :=wi ((A)>0), M :=wi((A1)>0),

’Cl = O/M, 01 = @/M, Ml = M/M,
K = @/M = Ol/Ml.

Example 2.2. Suppose that K = F,((w))((t) is equipped with v : K —
7% U {oo} defined by v(t*u®) = (a,b) for all a,b € Z. Let Ag = {0} x Z.
Then v; : K — Z U {oc} maps t*u’ to a for all a,b € Z. One has O =
Fylu] © tFo(u)[t], M = uFg[u] ® tF, (w)[i], O = Fq(u)[t], M = tFq(w)[¢]-

Lemma 2.3. The ring O1 is a valuation ring in K1 with valuation group
K /07 = A.

Proof. Let x € K{* and consider two liftings Z and &’ in O of x. Observe that
Z and 7’ lie in O*, so that w(Z) and w(Z’) are both in Ag. Moreover, since
w1 (' — %) > 0 and wy (%) = 0, we have w(¥’' — ) > w(Z) and w(Z) = w(Z'). We
can therefore define a map wp : £ = Ag by wo(z) := w(Z) € Ag. It is then
easy to check that wq is a surjective valuation on Ky and that the associated
valuation ring is O;. O

Recall that Z%(SL(V),w) (resp. Z*(SL(V),w1)) stands for the set of O-
lattices of V' (resp. the set of O-lattices of V') up to homothety, and consider
the map 7 : Z¢(SL(V),w) — Z*(SL(V),w: ) defined by =([L]) = [O.L].

Theorem 2.4.

(i) The map © is surjective and SL(V')-equivariant.

(ii) For any O-lattice L of V, the stabilizer of the fiber m=Y([L]) is SL(L).
Moreover, the action of SL(L) on w—*([L)]) factors through SL(L/ML).

(i) Let wo be the valuation of K given by Lemma 2.3. For any O-lattice L
of V, there is an SL(L/ML)-equivariant bijection Resy, between w~1([L])
and the lattice Ao-building T (SL(L/ML),wo) of (SL(L/ML),wy).
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Proof. (i) This is straight-forward.

(i) Since 7 is SL(V)-equivariant, the stabilizer of m#=*([L]) coincides with
the fixator Fix([L]) of [L] € Z*(SL(V),w1). The inclusion SL(L) C Fix([L]) is
obvious. Conversely, if g € Fix([L]), then gL = aL for some a € K*. Hence
a~lg € GL(L), and det(a"'g) = a=*~! € O*. This implies that a € O* and
that g € SL(L). The stabilizer of 7~1([L]) is therefore SL(L).

Now let g € ker(SL(L) — SL(L/ML)). We can write g = Idy + u for
some u € Endp(L, ML) (i.e. u(L) € ML). Let L be an O-lattice such that
7([L]) = [L]. Hence g(L) C L + ML = L. Since g has determinant 1, we
deduce that g(L) = L. Hence the action of SL(L) on 7~ '([L]) factors through
SL(L/ML).

(iii) Let Mp, 1 be the set of O1-submodules of the Ki-vector space L/ ML
quotiented by the homothety relation. We are first going to define a residue
map

Resy, : 7 Y([L]) = Mo, L.
To do so, let L be any Q-lattice in V such that [L] € 7~1([L]). Since [OL] = [L],
we can find a € K* such that aOL = L. The element a is uniquely determined
by L up to multiplication by a unit in O and we have ML = aML C al.
Hence the O;-module aL/ML can be seen as a submodule of the K;-vector
space L/ ML and its class in Mp, 1 only depends on the class [I~/] of L in
T*(SL(V),w). We can therefore define the residue map Resy, by setting

Resy ([L]) := [aL/ML] € T*(SL(L/ML), wp).
Moreover, for any g € SL(L), we have ag(OL) = g(L) = L, and hence
g-Resy([L]) = g~ [aL/ML] = [g(aL)/ ML) = [ag(L)/ML] = Resr([g - L]).
The residue map is therefore SL(L/M L)-equivariant.

Let us now prove that the image of the residue map is T*(SL(L/ML),wp).
To do so, fix an O-basis (b, . co be) of L and set Lo := Qby @ - - - @ Oby. Given
an O-lattice L in V' such that [L] € 7~ 1([L]), we can find an Q-basis (co, . . ., c¢)
of Lo and elements a, zg, ..., 2z, in K* such that

aOL =L and L =0xyco® - & Qxsc.

Since

a(Oxzocy B - -+ ® Oxpey) = aOL=L=0Ly=0c® & Ocy,
the elements axg,...,axy all lie in O*. Hence, if ¢,...,¢ denote the pro-
jections of cg,...,c¢ in L/ML and if yo,...,y, stand for the projections of
azo,...,ax, in Ky, the family (¢, ...,¢) is a basis in L/ ML and

Res([L ]) [O1y0C0 @ - - - B O1yeCe).
We deduce that Resy,([L]) € IE(SL(L/ML),wO) and that the image of the
residue map is contained in Z*(SL(L/ ML), wo). ) )
Conversely, given an O;-lattice Lin L/ ML, we can find g € GL(Lo/MLy)
such that g(Lo/ML) = L. Since the projection GL(Lg) — GL(Lo/ ML) is
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1 .
1 1
1 1
e. ®
3 ~ e
~ 4 ~ s
~ - ~ -

B
1
1 ™ 1
1 _— 1
L 1
I(SL(L/ML), Ky, wp) (Ibm
e e
1 |
1 |
Z(SL(V),K,w) T(SL(V), K, w;)

FIGURE 1. The building of SL(V) when V is a 2-dimensional vec-
tor space over a field K endowed with a valuation w : K* — Z2.

surjective, we may lift g into an element g € GL(Lo) C GL(L). We then have
OG- Lo)=§-OLo=§-L=L and

Res ([§(Lo)]) = [3(Lo)/ML] = [g(Lo/ML)] = [L].

This proves that the image of the residue map is Z¢(SL(L/ML),wo).

We finish the proof of the theorem by establishing the injectivity of Resy.
Consider two Q-lattices L and L’ such that [L] and [L'] are in 7~ *([L]) and
Resy ([L L]) = Resy([L']). We can then find a and o’ in K* such that aOL =
d/OL' = L and [(aL)/ ML) = [('L’)/ML] € B(SL(L/ML),w). Hence there
exists b € O such that (aL)/ML = (ba'L')/ML C L/ML. Therefore, we
have aL = ba’L’ and [L] = [L']. O

Figures? 1 and 2 represent the projection 7 for SLy and SLs.

2.5. The Z2-tree of SL,. From now on, we assume that £ = 1 and that
A = Z? with the lexicographic order. The field K is therefore endowed with
a Z2-valuation, and we fix two elements ¢ and u of K with respective valuations
(1,0) and (0,1). We are interested in the lattice Z2-tree of SLy over K. The
ordered group A has Ay := {0} x Z as a convex subgroup. We can hence
introduce the quotient Ay := A/A( and adopt all the notation of the previous
section. In particular, we have a valuation wy, as well as a projection

7 IT5(SLa(V),w) — T5(SLo(V),wy).

By Theorem 2.4, all the fibers of 7 are isomorphic to the usual tree of SLo over
the Z-valued field K.

2Colored figures are available at https://arxiv.org/pdf/2001.01542.pdf
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T(SL(V). K, w1)

FIGURE 2. The building of SL(V) when V is a 3-dimensional vec-
tor space over a field K endowed with a valuation w : KX — Z2.

Remark 2.6. The results presented in this section were first observed by
Parshin in [25]. We will not include the proofs: all of them can be done using
elementary linear algebra or, alternatively, by applying to SLo the general
results that will be proved in the sequel of the article (see Section 11).

A lattice apartment in T (SLa(V),w) is a set of the form
{Oe1 ® Ozypes] | A € A}

for some basis (e1, e3) of V' and some family (x))xea in K such that w(zy) =
A for each A\. The action of G on Z*(SLy(V),w) obviously preserves this
apartment system.
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In order to get a better understanding of Z(SLa(V),w) and its apartment
system, we are going to glue the different fibers of 7. For P € T¢(SLo(V),w1),
the fiber 7~ (P) will be called the infinitesimal subtree of T*(SLy(V),w) above
P and will be denoted Tp.

Let 0,77 (SL(V),w) be the set of O-submodules of V' of the form Qb; & Ob,,
where (b1, b2) is a K-basis of V', quotiented by the homothety relation.

Definition 2.7.
(i) Let P € T*(SL(V),w1). A (group-theoretic) ray of Tp is a sequence of
the form
([@bl &) @uan])nEZzo S T}%ZO
for some basis (b1, b2) of V. We say that two rays (Pn)nez., and (Qn)nez,
satisfy (P,) ~ (@) if there exists k € Z such that P,+x = @, for all

n > 0. A class of rays for this relation is called an end of Tp. We denote
by £(Tp) the set of ends of Tp and we set

E(TF(SL(V),w)) = U E(Tp).
PEZL(SL(V),w)

(ii) Let e € {—,+} and set n(—) = 1 and n(+) = 0. Let P be an element in
O01T%(SL(V),w) and take E € (T~ (SL(V),w)). We say that E converges
towards P¢ if there exists a K-basis (b1, b2) of V such that the ray ([Ob; &
Qu~"by)) represents £ and P = [Qb; @ Ot"9)by]. This definition is
inspired by the fact that u"0 = tO and | u "0 =0.

nEZzD ’I’LEZzo

Remark 2.8. One has

[Oe; @ Ou™eq) —+> [Qey @ Otes] ™,

m—r+00
[Oe; @ Ou™ez] = [Ou™"e; @ Oeg) —+> [Oer @ Oea] ™.

m—r+00

The following proposition shows that limits are uniquely defined.

Proposition 2.9. Let € € {+,—} and let E be an element in E(T*(SL(V),w).
Then there exists a unique element P € 01Z(SL(V),w) such that E — P*.

This allows us to introduce two maps
lim* : £(T%(SL(V),w)) — 01T (SL(V),w),
lim™ : £(Z5(SL(V),w)) = 01T (SL(V),w)

that send each E € £(Z*(SL(V),w) to the unique element P € 0;Z%(SL(V),w)
such that £ — P+ and E — P~ respectively. One can then prove the following
theorem.

Theorem 2.10. Let P € T°(SL(V),w1) and set
S(P,1) :={Q € T*(SL(V),w1) | d(P, Q) = 1}.
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FIGURE 3. Three apartments in the Z*-building of SLs over a Z>-
valued field.

Consider the map

m 1 1T (SL(V),w) — I*(SLa(V), wi),
[L] — [OL].

the map im™ : £(Tp) — m; *(P) is a bijection,

(i) the map molim™ : E(Tp) — S(P,1) is a bijection,

(iii) for all E € S(Tp) there exists a unique E € E(IE(SL( ),
lim~ E =lim™ E. Moreover, lim* E =lim™ E and E € E(T, 7 (lim— E))

One can then decide to glue eachend E € £ (IL(SL( ),
w)) such that lim~ E = lim" E. Once this glueing is
done, apartments are then maximal paths in Z¢(SL(V),w), as illustrated in
Figure® 3.

By construction, any apartment of Z*(SL(V),K) is isomorphic to A. If we
fix a basis (e1,e2) of V and we denote by A the apartment associated to this

3Colored figures are available at https://arxiv.org/pdf/2001.01642.pdf
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FIGURE 4. The action of the extended affine Weyl group on the
standard apartment of the building of SL(V) when V is a 2-dimen-
sional vector space over a field K with a valuation w : K* — Z2.

basis, the stabilizer of A in G is the group N of elements of SL(V) whose
matrices in the basis (e, e2) are of the form

(%) = ()

The group N acts on A through the quotient N/T}, where T} is the group of
elements of SL(V) whose matrices in the basis (e, e2) are of the form

G2

with @ € O%. The quotient W := N, /Ty is called the extended affine Weyl
group and it is spanned by the elements

(01 (0w (0t
Wo=l-1 0) T w0 2T\t o)

One can then check that }
e the set {0,1}? is a fundamental domain for the action of W on A,
e theset [0,1]2U(1,2)x (0,1] = ([0,2) x [0, 1])\ ((1,2) x {0}) is a fundamental

domain for the action of W on A ®@z R.
The action of W on A and A ®z R is represented in Figure®* 4.

4Colored figures are available at https://arxiv.org/pdf/2001.01542. pdf
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3. ABSTRACT DEFINITION OF R°-BUILDINGS AND
STATEMENT OF THE MAIN THEOREM

This section is dedicated to recalling the definition A-buildings as defined
by Bennett in [2]. By doing so, we also introduce a certain number of new
constructions that turn out to be useful to describe the linear algebra, the
affine geometry and the combinatorics of the apartments of those buildings.
At the end of the section, we state our main theorem.

3.1. Definition of the standard apartment.

(A) Root system, vectorial apartment over R and Weyl group. Let Vi
be a finite-dimensional vector space over R. Let & C (Vg)* be a root system
as in the definition of [8, 6.1.1]. Let ®¥ C Vg be the dual root system of ®.
In particular, ® (resp. ) is a finite subset of (Vi) \ {0} (resp. V& \ {0}) and
there is a bijection ¥ : & — ®V such that a(a") = 2 for each o € ®.

In order to deal with non-reduced root systems, let us recall some definitions
and facts from [8, VI §1.3 & §1.4]. A root a € @ is said to be multipliable
if 2a € ®; otherwise, it is said to be non-multipliable. A root o € ® is said
to be divisible if %a € ®: otherwise, it is said to be non-divisible. The set of
non-divisible roots, denoted by ®,4, is a root system.

Notation 3.2. Given two roots a, 8 € ® with respective coroots oV, 3Y € ®V,
we denote

®(a,B) ={ra+s3e®|(rs)cZ?};
(avﬁ) = {ra—i— sBed | (T‘,S) € (Z>O) };
ro(B8) = B8 — BlaY)e;

ro(8Y) = BY = a(BY)a

Note that ®(«, 8) is a root system of rank 1 or 2 depending on the fact that
a and § are, or not, collinear. The subset (a, ) is a positively closed subset
of ®(a, ) when 8 ¢ —Rspa.

The map ro : ® — @ (resp. rq : @V — ®V) extends linearly to a reflec-
tion 7o € GL(VF) (resp. ro € GL(VR)). It satisfies 72 = id and raq = 74
when 2o € . We denote by W(®) (resp. W(®")) the subgroup of GL(Vg)
(resp. GL(VR)) generated by all the r,. The groups W (®) and W (®") are both
finite and they are called the Weyl groups associated to ® and ®V respectively.
Moreover, for any basis A of ®, the Weyl group W (®) of ® is generated by the
ro for a € A. There is a natural isomorphism of finite groups W (®) — W(®V)
sending r,, € W(®) to ro, € W(®V) for any @ € ®. By abuse of notation, we
denote by w~! the image of an element w € W (®) through this isomorphism.
The group W? defined up to this isomorphism is called the wvectorial Weyl
group. Note that, for any o € ® and any w € W (®), one has w(a) = aow™?.

A vector chamber Cf is a connected component of Ve \U,ce @~ ({0}). If C}
stands for the closure of Cf in V& for the usual topology, the associated basis
Acy of @ is the set of roots o € @ such that a(Cy) > 0 and a1 ({0}) N C}
spans a hyperplane of Vg. Let ®cy = {a € ® | a(Cg) > 0} be the set of
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positive roots for Cg. Then

& =doy U—Poy and boy C P Zsoo

aEACﬁ

For every vector chamber Cg of Vg, (W",{rs | @ € Acy}) is a Coxeter system.
We now fix a vector chamber C}’R of Vg, that we call the fundamental
chamber, and we set Ay = AC?,R' We denote by ¢ the length map on W"Y
associated to the generating set {ro [ € Acy_}.
Let A be a basis of ®. For a € A, we denote by @) the fundamental
coweight in Vg associated with «, i.e. the unique element of Vx such that, for
all 3 € A, one has B(@)) = 04,3

(B) R-aff spaces. Let G be a quasi-split reductive group defined over a field
K endowed with a valuation w : K — AU{oo} for some totally ordered abelian
group A. In the classical Bruhat—Tits theory, when A = Z, the apartments of
the building associated to G are all modeled on a real affine space. The choice
to work over the real numbers in this context comes from the observation that
the valuation group A can be seen as an ordered subgroup of R.

If now A = Z™ with the lexicographical order, one cannot embed A into the
real numbers as an ordered subgroup anymore. To tackle this difficulty, we
will replace the ring R by the ring R[¢]/(¢t") endowed with the lexicographical
order associated to the basis (1,¢,¢2,...,¢t"~1). Each apartment of the “higher”
building we will associate to G will then be an R[t]/(¢")-affine space, that is,
a set E endowed with a free and transitive action of an R[t]/(t")-module E.

In the general case, where A is any nonzero totally ordered abelian group,
one would like to model the apartments of the “higher” building associated
to G on an R-affine space for some totally ordered commutative ring R con-
taining A. This is morally what we will do in the sequel and one should keep
this idea in mind to understand the upcoming constructions. However, this
point of view is not completely correct since, in some cases, the base R we will
consider will not be endowed with a ring structure. In general, R will only be
a totally ordered nonzero real vector space, that is, a real vector space endowed
with a total order < satisfying the following two properties:

(i) z+y >0 forany x,y € R such that x > 0 and y > 0;

(ii) Az >0 for any z € R and A € R such that > 0 and X > 0.

In this setting, we cannot model the apartments of the “higher” building asso-

ciated to G on an R-affine space since this notion makes no sense. In order to

still do affine geometry over the base R just as if R had a ring structure, the

trick will consist in replacing the category of R-affine spaces by the category

Aff ; defined as follows:

e objects: pairs (V, A), where V is a free Z-module of finite type and A is
a real affine space with underlying vector space Vi :=V ®z R;

e morphisms: if (V, A) and (W, B) are two objects, a morphism from (V, A)
to (W, B) is an affine map f : A — B whose linear part f is induced by
tensorization from a Z-linear map ﬁore : V. — W. Equivalently, the map
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f:A— B is of the form

f('):(fzore(gldR)(‘ _a)+b

for some a € A and b € B.
The objects of Aff g will be called R-aff spaces and the morphisms R-aff maps.
The apartments of the “higher” building associated to G will then be modeled
on R-aff spaces, and all the maps we will define on those apartments will be
R-aff maps. By doing so, we will be able to carry out all the arguments and
all the proofs in exactly the same way as if R had a ring structure.

Remark 3.3. Many of the constructions we will do in the sequel can be done
in the more general situation where R is not a real vector space but just an
ordered abelian group or an ordered Q-vector space. The notions of R-aff
spaces and R-aff maps still make sense in those cases.

(C) Affine apartments over a totally ordered abelian group R. Moti-
vated by the previous paragraph, we fix a totally ordered abelian group R that
will often be chosen later on to be a real vector space and we aim at giving
a precise definition of an affine apartment over R.

Notation 3.4. We introduce a symbol co and we extend the total ordering
on R to a total ordering of the set R U {oco} by setting A < oo for any A € R.
If A € R and T is a binary relation on R (typically <, <, >,>), we let

RTAZ{,UERLUT)\}.

For any A < pin RU {0}, we define the intervals

(M) ={veRU{oo} | A<v<pp;

A ul ={v e RU{oo} | A <v < pu};

Mp[={veR[A<v<pu}

Mpl[={veR|X<v<pu}
We equip R with the order topology for which a base is given by the sets R~ )
and R.y for A € R. Thus R is a completely normal Hausdorff space.

(a) The vectorial apartment Vi and its combinatorial structure. Let us now
come back to the setting described in Section 3.1 (A) and consider a basis AY
of ®Y,. Denote by V7 the free Z-submodule of Vi spanned by the fundamental
coweights, that is, the lattice of coweights, which contains ®V. Since W acts
transitively on the set of basis of ®Y, (see [8, VI.1.5]), this does not depend on
the choice of AY. We then set Vi := V7 @z R, and for v € Vz and A € R, we
set \v:=vQ® A€ Vpi.

Fix a root @ € ®. By definition of root systems, we have a(®") C Z. Thus
« induces a Z-linear map V7 — Z, and by tensorization, one gets an R-linear
map a®Idgr : Vg — R. By abuse of notation, this last linear map will still be
denoted by a.

For A € R, set

Hpox=a '({=A}) CVa, Dgax:=a (Rs_)),
Draxi=0a "(R>_x) = HraxUDganx.
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In the case A = 0, we also denote those sets by Hg o, ﬁRa and DRa
respectively. When there is no ambiguity, we might sometimes use Hq,x, Da A
and D mbtead of HR o x, DRQ x and Dg oz, and Hg, D and D, instead
of Hg q, D R,a and Dpg . We equip Vr with the topology generated by the
sets D,z for a € ® and A € R. The linear maps a : Vg — R are then
automatically continuous.

If A is a basis of ®, we denote by ®X (resp. @) the set ® N @D, p Z>ocx
(resp. —®X). We then have & = & U ®.

For any basis A of ® and any subset Ap C A, we set

Fi(AAp)= () HraN () Dra={veVr|a) =0ifac Ap,
a€Ap a€EA\Ap a(v) >0ifa ¢ Ap,
for all @ € A},
(AAP ﬂHRaﬂ ﬂ DRQ—{UEVR|(1()—OifOéEAP,
a€Ap a€A\Ap a(v) >0if a & Ap,
for all @ € A}.
If A is any basis of ® and Ap = &, we set
Cha=Fp(A @) and Cha=Fi(A,2).

Note that those definition make sense even for R = Z. As before, if R is clear
in the context, we may omit to mention it in the notation.

If we fix a basis Ay of ®, then we use Fj(Ap) instead of Fj(Ay, Ap) for
Ap C Ay. The fundamental chamber is the set C} p = Fp(9). A vector face
(resp. vector chamber) is a set of the form w- F(Ap) (vesp. w-C} ) for some
w € WY and Ap C Ay. Vector faces form a partition of Vg, and in Corol-
lary 3.11, we get that the closure of the fundamental chamber is a fundamental
domain for the action of W" on Vkg.

Lemma 3.5. For any basis A of ®, we have
CR ={veVr|a) >0 foral a € ®L},
Ch ={veVg|a) >0 for al o € DL}
If A" is another basis of ®, we have CX NCR, # @ < A=A,
Proof. Let a € ®f and v € C¥ (resp. C4). By [8, VL.1.6], there exist non-
negative integers ng, which are not all zero, such that o = » 5. A ngB. Since

B(v) > 0 (resp. > 0) for any 8 € A, we get that > 5\ ngB(v) > 0 (resp. > 0).
The converse is immediate since A C <I>Jr Hence

CR ={veVr|aw) >0 foral a € ®L},
“={veVr|al)>0foralacdf}

Suppose A’ # A, then ®f, # ®} and let o € ®f, \ ®L. Hence —a € ®X.
For any v € C}, we have —a(v) > 0 so that v ¢ CX,. O
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Definition 3.6. For any v € Vz, let §, = {\v | A € R>¢}. This is called the
“open” half-line in Vz with direction v € V7.

Lemma 3.7. For any basis A of ® and any Ap C A, the Z-vector face
FY (A, Ap) is nonempty.

Proof. The element z = 3 A\, w, is in the lattice of coweights V7. For
a € A, we have that a(z) = 0 1f &« € Ap and a(x) = 1 otherwise. Hence it
follows that © € FJ(A, Ap) by definition. O

Lemma 3.8. For any v € F/(A,Ap), we have 6, C F{(A,Ap).

Proof. For any o € A, any v € Cj 5 and any A € R~o, we have a(\v) = a(v)A.
If @« € Ap, then a(v)) = 0. If @ ¢ Ap, then a(v) € Zso by assumption on
v, and since A > 0, we deduce that a(v)A > 0. Thus a(Av) > 0 for any
a € A\ Ap. Therefore, \v € Fj(A,Ap) for any A € Rsyp. O

Remark 3.9. Note that the set {\z | A € Rx¢} for z € C} 4 is not contained
in C}’%’ A in general, even in the case when R is a ring and z is R-torsion-free.
For instance, take R = R[[t]/(t?) with the lexicographical order

a1 +thy < ag +thy < a1 < ag or a; = as and by < bs.

Take ® = {+a, 0, £(a+8)} of type Aa. Take z = 2a¥ + (1+¢)8Y. Then we
have a(x) =4 — (1+¢)=3—t>0and B(z) =2(1+¢) —2 =2t > 0, so that
z € C} (4,py- Thus, for any A € R\{0}, we have a(\z) = (3—¢t)\ # 0 since 3—¢
is invertible in R so that, in particular, x is torsion-free. But S(tx) = t(2t) =0
so that tx ¢ Cf, 1, 5 with ¢ > 0.

The following proposition generalizes [10, 7.3.5]. Since the topology of the
R-module Vg is not easy to manipulate (for instance, it is not necessarily
a connected space so that vector chambers cannot be defined as some connected
components), we prove it in a combinatorial way instead of a topological way.

Proposition 3.10. Set Rg := R ® Q and assume that R = Rg. Let © € Vr
and let A and A" be two bases of ®. There exists a unique w € W(®) such
that x € C&(A) and Cfu(A) N (CE + CZ/) 75 .

Proof. Since any basis of a root system is contained in ®,4, we can assume
that ® is reduced (i.e. ® = ®pq).

For the uniqueness, consider w, w’ € W (®) such that x € 6&@)(76;’”,@) and
the intersections Cy o) N (z+ CR/) and Cy,a) N (24 CR,) are both nonempty.
Let y € Cya) N (z+CR/) and 2 € Cpyp) N (2 + CR)). Let a € F (). Then
we have a(y) > 0 and a(z) > 0 by Lemma 3.5. By contradiction, assume that
a & ®Fa). Then a(z) < 0 and a(x) < 0. Thus a(z) = 0 so that a(y —z) >0
and a(z — z) < 0 by linearity of . Hence the sign of « is non-constant on
CR/, which is a contradiction. We deduce that ® ) C ®}/(s). The other
inclusion can be proved in the same way, and hence @A) = @}/ (a). Thus
w(A) = w'(A), so that w = w’ according to [8, VI.1.5, Thm. 2].
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For existence, we proceed as follows: let v € C7 o, so that §, C C}% A/
according to Lemma 3.8 and a(v) € Z \ {0} for any a € ®. We denote by ¥
the set of roots o € ® such that a(x) < 0 or, for all n € R~g, there exists
e €]0,n[ such that a(z+ev) < 0. We denote by n(A) the cardinality of UN®}.
We prove by induction on n that, for any basis A of ® such that n(A) < n,
there exists w € W(®) such that z € C, o) and CYa) N (x + CR/) # 2.

Base case. Suppose that ANV = &. For any a € A, we have a(z) > 0 and
there exists 7, > 0 such that a(z +ev) > 0 for all € € ]0,7,][.

Let = min{n, | @ € A} > 0. Since any 3 € ® is a linear combination with
nonnegative integer coefficients of the simple roots a € A, we have §(z) > 0
and B(z + ev) > 0 for any € ]0,n[. Hence ¥ N ®L = &, so that n(A) = 0,
and z € C%. Moreover, if we set y = x + ev for some £ € 0,7, we have
y € CX N(x+d,) C CX N(x+ C¥,) according to Lemma 3.8. In particular, if
A is any basis of ® such that n(A) = 0, we have AN ¥ = & and we have seen
that the element w = id provides the basis of the induction.

Induction step. Assume now that n(A) =n > 0. In this case, AN # &, and
hence we can choose @ € A N W¥. By definition of ¥, we have

a(x) <0 or there exists € € ]0,n[ such that a(z + ev) <0 for all 5 > 0.

Let us first prove that —a ¢ 0.

First case. Suppose that a(x) < 0. Then —a(z) > 0.

o If a(v) € Z<o, let n be any element in R~g. Then, for any ¢ € ]0,7n[, we
have —a(z + ev) > —a(v)e > 0.

o Ifa(v) €Zso,let n= —ﬁa(x) > 0. Then, for any € € ]0, 7], we have

—a(r +ev) = —a(z) — a(v)e > —a(r) — a(v)n = 0.

Hence, in both cases, we get —a ¢ W.

Second case. Suppose that, for any n > 0, there exists p € ]0,n[ such that

a(z + pv) <O0.

o If a(v) € Z>o, then —a(z) > a(v)p > 0. Moreover, for any € € ]0, p[, we
have —a(x + ev) > a(v)(p —€) > 0. Hence —a ¢ 0.

o If a(v) € Z«o, suppose by contradiction that —a(z) < 0. Then we have
—a(z) > a(v)p > a(v)n. Thus, for
1

2a(v)

n= a(r) >0,

we get —a(z) > —ia(z), which is a contradiction. Hence —a(z) > 0.

Now, for any ¢ € 10, p[, we have —a(z + ev) > —a(v)e > 0. Thus —«a ¢ V.
As a consequence, in all cases, we get —a ¢ W. According to [8, VI.1.6, Cor. 1
of Prop. 17], we know that r, stabilizes ®X \ {a} = ®F (a) \{—a}. Thus

of AN¥= (2L \{a})N VY,
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so that n(ro(A)) = n(A) — 1. By induction, since r,(A) is a basis of @, we

know that there exists w € W(®) such that
xECwor ay and  Cy,. A)ﬂ(x—i—CZ,);é@. O

Corollary 3.11. Let A be a basis of ®. For any Ap C A and any w € W(®),
we have w-Fi (A, Ap) = Fr(w(A), w(Ap)). Moreover, Vg =, ew @) wCA-
Proof. For any o € A and any z € Vg, we have
(w-a)(w-z) =a(w w-z) = alx)
since w - o = cow~t. Thus
x € FR(A,Ap) <= w(z) e w- Fr(A,Ap) <= w(x) € Fr(w(A),w(Ap)).
By Proposition 3.10, for any x € Vg, there exists w € W" such that
x € 6}’%@@) =w-CY%.
Hence we get the second equality. O

Lemma 3.12. Let f € ® and let FV be a vector face of Vr. Then ei-
ther B(F?) C Rsqo or S(F¥)={0} or B(F") C R<o.

Proof. Write FV = w - F§(Ap), where Ap C Ay, w € WY, Let f/ = w3
Then fB'(Fi(Ap)) = B(FY). Let ®T be the set of positive roots defined
from Ay. Up to replacing 8’ by —f’, we may assume 3 € . Write g/ =
ZaeAf N, with ng € Zsg for all @ € Ay. Then, if {o € Ay | ng # 0} C Ap,
B'(F?) = {0} and else §/(F") C R>¢. The lemma follows. O

Lemma 3.13. Let x € Vg. Let €, be the set of vector chambers containing x
in their closures. Then Ucem C contains a neighborhood of x.

Proof. Let €' be the set of vector chambers of Vg which do not belong to Gy
If C € €', we have x € Vg \ C and Vi \ C is open. By Corollary 3.11, we have

U{g/o—( U c)\ U o= U (C\ U%IC’)

CeC,UE’ IS CeCL,UE’
“(Uopue
CECr C'ee’

Therefore, Uz, C D Vi \ Upegr C; which is an open set containing z. [
Given a vector face F', we set
Cp.={B € ®|B(F") C Rxo},
O, ={fe®|B(F’) C R},
Opo = {B € @ | BF") = {0}}.

(b) The affine apartment as an R-aff space. Let us now move on to affine
geometry and to R-aff spaces. In Section 3.1 (B), R-aff spaces were defined
when R was a totally ordered real vector space. In order to be able to argue
over other rings than the real numbers, we are going to consider here the
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slightly more general situation where R is just a totally ordered abelian group.

One can define in this setting a category Affgr of R-aff spaces in exactly the

same way as in Section 3.1 (B):

e objects: an R-aff space is a pair (V, A), where V is a free Z-module of finite
type and A is an affine space with underlying Z-module A=Vp:=VezR;

e morphisms: if (V, A) and (V/, A") are two R-aff spaces, an R-aff map from
(V,A) to (V',A) is an affine map f : A — A’ whose linear part f is
induced by tensorization from a Z-linear map f_éore V=V

By abuse of notation, we will sometimes say that A is an R-aff space with

underlying Z-module Vi to mean that the pair (V, A) is an R-aff space.

Given an R-aff space (V, A), we define the aff-group of A by

Affr(A) := Autag,(V, A).
By introducing the action of GL(V') on Vg induced by the embedding
GL(V) — GL(Vgr),
g+ g®Idgr

and by fixing an origin o of A, we can explicitly describe the aff-group as
a semi-direct product

Its action on A is then given by the formula

(v,9) - x=0+g(x—o)+v forall (v,g9) € Vg x GL(V) and all z € A.

The image of an element f € Affr(A) in GL(V) is none other than feore. By
abuse of notation, we will denote it by f in the sequel.

Notation 3.14. Let Ar be an R-aff space with some origin o and underlying
Z-module Vg defined as in Section 3.1 (C). Note that Vg = 0 and Ar = {o}
when ® = & so that any action of any group on Apg is trivial. In the rest of
this section, we assume that ® # &, but any result can obviously be extended
to the case of an empty root system.

Any root a € ® induces canonically a continuous map Vg — R so that, for
any o € ® and any A € R, one can define
o an R-aff map 0, 5 : Ar — R by 0,1 (2) = alx —0) + A,
e an “aff hyperplane” H, x = 6;5({0});
e an “open aff half-space” D, ) = 0;’&(R>0) (resp. “closed aff half-space”

Doy = 055\ (R>0)).

By abuse of notation, for any root & € ® and any point z € Ag, we will often
use a(x) instead of a(x — o).

We denote, by convention, D, o = Bam = Apg for any a € ® so that
2 € Dy,00 & 00 > —a(x) extends the definition of the

Dyr={z€Ar| > —a(z)}
to any A € RU {oo}.
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For (o, \) € ® x R, the element 6, x(x)a" belongs to the Z-module Vg for
any = € Ar. Thus we define a map ro » : Agp — Ap by

Tax(T) = — O x(z).

It is an R-aff map.
Fact 3.15. For any o € ® and any A € R, the element ro ) € Affg(AR) is
identified with the pair (—AaV,ry) € Vg x GL(Vz). In particular, we have
T'_:L)\ =7Tq € GL(Vz).
Proof. For x € Ar, we have
(XY, 1) (x) = 0+ ro(x — 0) — A
=0+ (z—0) —a(z —o)a’ — A"
=z — Oy r(z)
= ra(x).
We get the identification by faithfulness of the action of Affr(Ag) on Ag. O
Definition 3.16. The R-aff map 7, ) is called an “aff-reflection” with respect
to the aff-hyperplane H, \ because it satisfies
2 g .
® ToN= idag;
o rox(x) =2 x € Hyy;
L4 Toz,)\(Doz,)\) = D—oz,—)\-

Proof. The second statement is immediate from the formula since Aa¥ = 0 <
A =0 for any A € R.
Let y = ro () = 2 — O 2 (z)aY. Then
fax(y) = aly) + A
= a(z) — a(a”)0s () + A
= (a(x) + A) — 20 2 (x)
= —GQ’A(QS).
Thus we get the first statement
rax(y) =y —ban(y)a’ =y +bax(z)a’ ==
Finally, the third statement is given by Fact 3.17. O
Fact 3.17. For any (a, A), (B, u) € & X R, we have
Tax(Dpu) = Dy,p  and 1o x(Hpu) = Hyp
for (v,p) € ® x R such that
v=ra(B) =B—Ba")a, p=p—pBa’)\

Proof. These are exactly the same results as in [8, VI, §2]. We recall that W
is generated by the ro : ® — ® for a € @ given by r,(8) = 8 — B(a")a so that
r2 =id.
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We firstly prove that ra)\(ﬁg u) C ﬁvp when v = 7,(8) and p = p —
B(a¥)A. Note that y(a¥) = B(a’) — B(a¥)a(a’) = —B(a"). Hence, if we
take z € DB » and we set y := 7o (), then we have

Y(y) = v(z) = y(a”)fax(2)

= (B(z) — Bla V)Of(ﬂ?)) +B(a”)0an(x)

= B(z) — Bla”)a(z) + Bl V)(Oé(x) +2)

= B(z) + Ba”)A

> —p+BlaV)A =
Thus y € DnY o

Conversely, choose y € Dv p and set x 1= 74 (y). Then y = 1, () since

2\ =id. Thus z € rq A(D%p) C DTQ(,Y),p v(a¥)r- Since rq(y) = r2(B) =8
and p — y(@)X = p+ B(a¥)\ = p, we get that ro x(D,,) C Dg,. Thus it

follows that E%p =7rax(Dg,u)-
The same equality holds for affine hyperplanes. |

Definition 3.18. An affine apartment over R is a 5-tuple

& = (ARﬂ Vr, @, (Fa)aeqh W)

such that

(i) Vg is a finite-dimensional R-vector space;

(ii) ® is a root system over (Vg)*;

(iii) if Vz denotes the lattice of coweights of ® in Vg, the pair (Vz,Ag) is an
R-aff space;

(iv) (Ta)aco is a family of unbounded subsets of R containing 0, satisfying
the following property. Let s = {Hox | @ € ®, A € T'w}. For H =
H, \ € S, denote by rg the aff reflection 74\ of Ag fixing H and whose
vectorial part is r. Then rpg stabilizes 52 for every H € J7.

(v) W isasubgroup of W¥x Ag containing r for H € J#, and stabilizing J# .

When we will associate an apartment to a reductive group G, W will be
taken to be the extended affine Weyl group, which is the group of the auto-
morphisms of Ag induced by an element of G stabilizing Ag.

A sector-face @ (resp. a sector Q) is a set of the form x4+ F (resp. . + C?)
for some € Ar and some vector face F'V (resp. vector chamber C?) of Vi.
The direction of Q is F' (resp. C") and its base point is x.

A set of the form D » (resp. Dax, resp. Hqz) for A € Ty and a € @ is
called a half-apartment (resp. an open half-apartment, resp. a wall) of Ag.

A set of the form D, » (resp. Dq x, resp. Hy 2) for A € R and a € @ is called
a phantom half-apartment (resp. a phantom open half-apartment, resp. a phan-
tom wall) of Ag. This phantom part terminology is there to indicate that the
objects are carried by the directions induced by the roots but not by the values
prescribed by the sets I',. When in Section 7 we make a use of algebraic groups
over a valued field, these phantom parts may appear after some extension of
the base field.

Miinster Journal of Mathematics VOL. 16 (2023), 323-487



A-BUILDINGS ASSOCIATED TO QUASI-SPLIT GROUPS OVER A-VALUED FIELDS 347

The affine Weyl group W of Ap is the subgroup of Affr(ARr) generated by
the ry for H € 2. By Fact 3.15, it is a subgroup of Vg xW?. By condition (iv)
and Fact 3.17, if « € ® and A € Ty, then ro(Hax) = H_ax = Hq —», and
thus —I', = I'y. Since W7 is generated by the r,, applying Fact 3.17, we get
that, for any o € ®, w € W" and A € Iy, we have w - Ho x = Hy.q,n. Thus
o =Tya-

(D) Local combinatorial structure of the affine apartment. In the clas-
sical Bruhat—Tits theory, when one studies a (quasi-split) reductive group G
over a field K endowed with a valuation w : K — Z U {00}, the local combi-
natorial structure of the apartments of the building associated to G is usually
encoded thanks to the notion of a chamber. Things become more complicated
when one works over a field K that is endowed with a non-discrete valuation,
for instance with a surjective valuation w : K — QU{cc}. In that case, the no-
tion of a chamber makes no sense as a set anymore and the local combinatorial
structure is usually encoded thanks to filters.

In this paragraph, we would like to define such local combinatorial structures
on the affine apartment that has been introduced in the previous section. For
that purpose, we fix a totally ordered abelian group R as well as an affine
apartment Agr = (AR,VR,CI),(I‘Q)QG¢,W) over R. Let V7 be the lattice of
coweights in Vg of ® and set Vi := Vz ®z R.

(a) Filters. A filter on a set £ is a nonempty set # of nonempty subsets of £
such that, for all subsets E, E’ of £, one has

e E F €. implies ENFE € %,

e FE' CFEandE' €.% implies E € %.

If £ is a set and .%,.%' are filters on &, we define .% U.%#' to be the filter

{EUE'|(E,E") e F x F'}.
Let £,& be sets, f: £ — & amap and ¥ a filter on £. Then
f(F):={E C & |there exists F € .# such that E' D f(FE)}

is a filter on £’. We say that a map fixes a filter if it fixes at least one element
of this filter.

If .7 is a filter on a set &£, and F is a subset of £, one says that .%# contains
E if every element of .% contains E. We denote it .% 3 E. If E is nonempty,
the principal filter on £ associated with E is the filter .#g ¢ of subsets of £
containing F.

A filter % is said to be contained in another filter %’ (resp. in a subset
Z in &) if every set in F#' is in F (resp. if Z € F). We then set & € F'
(resp. F € Z).

These definitions of containment are inspired by the following facts. Let £
be a set, let .% be a filter on £ and E, E’ C £. Then
e ECFE ifandonlyif Fpe € Fp g,
e FeZifandonlyif Fpes e 7,
o E> Zifandonlyif Fgpe> ..
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(b) The enclosure of a filter. We now define the enclosure of a filter on Ag.
The main motivation to introduce this object is the fact that, in a building,
the intersection of two apartments A and B is a finite intersection of half-
apartments of A; see Axiom (A2) in Definition 3.26.

Definition 3.19. Let Agp = (Ag, Vi, ®, (I'a)acs, W) be an apartment. Let V
be a filter on Ar. Then we define the enclosure cl(V) of V as

(V) = {X C Ag ‘ there exists (o) € [ (T U {oo})
acd
such that X D ﬂ Doy, V}.
acd
If Q is a subset of Ar, we set cl(2) = cl(Fq,a,). A subset 2 of Ap is said to
be enclosed if it is an element of cl(€2), that is, if it is a finite intersection of
half-apartments.

Our definition of the enclosure is inspired by [15, 2.2.2], but it differs from
the enclosure clgr defined in [10, 7.1.2]. Indeed:

o If Q C Ap, then cl(f2) is a filter, whereas clgT(2) is a set. But even if we
identify a set with the associated principal filter, the notions differ. Indeed,
suppose for example that A =R and T, = Q for all « € ®. Let x € R\ Q.
Then cl({z}) is the set of subsets of R containing a neighborhood of z,
whereas clr({z}) = {2} and F4y 4, # cl({z}).

e In fact, one has cl(©2) o clpr(£2) for every subset Q2 of Ar: our enclosure
is therefore bigger.

Example 3.20. Suppose that Ag is associated with a split reductive group
over a field K equipped with a valuation w : K — A U {oo0}. Then one has
', = A for all @« € ®. Suppose that w is discrete, that is, A = Z (up to
renormalization), and set R = R. Then, if  is a subset of Ag, cl(Q) is the
principal filter on Agr associated to clgr(§2), and thus we can avoid the use of
filters. When A is not contained in R, however, the enclosure of a set is not
necessarily a principal filter, even if A is discrete. Indeed, set A = Z2, Vg = R,
R =R? and Ar = R® Vg = R?, where R is equipped with the lexicographical
order. Consider 2 = {0} x R C Ag. Then

cl(Q) = {X C R? | there exist a,b € R such that X D [(—1,a), (1,b)]r:},
and this filter is not principal.

(¢) Germs, faces and local faces. Let x be an element in Ar and let F¥ be
a vector face in V. Consider the sector-face Q = z+ F¥. The germ of @ at x
is the filter

germ_(Q) = {QNQ | 2 C Ag is a neighborhood of z}.

A local face (resp. a local chamber) is a filter of the form germ,(Q) for some
sector-face @ (resp. sector @) based at x. If wp is the longest element of ¥
and Q1 = z+ F} and Q2 = x+ FY are two sector-faces, we say that ()1 and Q2
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have opposite directions or that the local chambers germ, (Q1) and germ,,(Q2)
are opposite if F2 = wg - F}.

This will be a useful notation for Bruhat decomposition of Theorem 5.43.
Note that germ,(Q) is denoted by F*(x, Fv) in [29].

The face Fz pv associated to x and F" is the filter on Ar generated by the

sets of the form
X = ﬂ ba,ka N ﬂ Doz,)\a;
acVv a€EP\V

where ¥ C ® and (\,) € (Ty U {00})? such that X 3 (z + F¥) N Q for some
neighborhood (2 of x in Ag.

If F* = {0} and a(z) € T, for any o € @, then F, pv is called a vertex. It
is the principal filter associated to {z}.

The germ of @ at infinity is the filter

germ, (Q) = {2 C A | there exists £ € F such that Q@ Dz + &£ + F"}.
If @ is a sector, then a subset X' of A is in germ__(Q) if and only if X’ contains

a subsector of Q).

Lemma 3.21. Let Q be a sector of Ar with base point x and let y € Q.
Write Q = x + C?, where CV is a vector chamber of Agr. Then

cl{z,y}) D Fucv D germ, (Q) and cl(germ, (Q)) = cl(Fy,cv).

Proof. By definition, we have F, cv 3 germ,(Q).

Let C" be the vector chamber of Ar such that Q = z 4+ C”. Let A be the
basis of ® associated to CV. Let Q € cl({z,y}). Let (Aa)ace € (I'q U {cc})?
be such that Q@ 5, cp Da,xo O {2, y}. Then, for all a € O,

a(z) > a(y) = —Aa,

and for all a € ®f,
a(z) > —Aa.
Set Xgr = ﬂaeq); ZO)Q,AQ. Then Xr > x and ﬂaecbz ZO)Q,AQ D Q. Thus

) ﬂ Doy, D ﬂ Dgy, N ﬂ ﬁa,Aa DXrNQ
agd Q€D a€d}
and thus Q € germ,(Q), which proves that cl({z,y})  Fy cv.
As germ, (Q) € Fy cv, we have cl(germ (Q)) D cl(Fy,cv) (as sets of subset
of Ag). Let now Q € cl(germ,(Q)). Then there exists an open subset ' of
Ap containing z and (\y) € (I'y, U {c0})? such that

Q> () Dax. 2 NQ.

acd
Then
() Dar. € A(Fucv)
acd
and thus Q € cl(F; ¢v). Therefore, cl(germ,(Q)) C cl(Fz cv), and the lemma
follows. O
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(E) R-distances on affine apartments. As before, fix a totally ordered
abelian group R and consider an affine apartment

& = (ARﬂ Vr, @, (Fa)aeqh W)

over R. Let V7 be the lattice of coweights in Vg of ® and set Vi := V; ®z R.
The goal of this section consists in endowing A g with a Waf-invariant distance.
First of all, for A € R, we define the absolute value of A as

|)\|_ -\ if A€ Ry,
B A otherwise.

We have |\ + p| < |A| + |u| and [nA| = |n||A| for any A, u € R and n € Z.

Let now ®T be any choice of a subset of positive roots and set ||z]|g =
Y acar|la(x)] for x € Vg. Then 2||z||r = ) cpla(r)]. Since R is a torsion-
free Z-module, by definition of root systems, this defines a W (®V)-invariant
map | -||r : V& = R>o that does not depend on the choice of ®* and that
satisfies

v+ wlr <|[vlr+ wlr, Mg = lv]zlAl

for any v,w € Vz and any A € R.

Therefore, the map ditd : Ap x Ag — R>q defined by d3t4(z,y) = ||y — z||r
defines an R-distance on A, that is, a map d : A x Agr — R such that, for
all z,y,z € Ap, one has
(i) d(z,y) >0, and d(x,y) =0 if and only if x = y;

(ii) d(z,y) = d(y, x);

(iii) d(z,y) < d(z,z) + d(z,y).

The map dii¢ is W-invariant and coincides with the standard R-distance con-
sidered by Bennett in [2].

For z € Ag and € € R, we denote by Br(w,¢) the set {y € Ag | d(z,y) <
e}. The topology of Ag defined in Section 3.1 (C) thanks to the sets D,
coincides with the topology that has the Br(z,¢) as a base.

(F) The real vector space R = 9R°. In the previous sections, we have stud-
ied the notion of an affine apartment over a totally ordered abelian group R.
In the classical Bruhat—Tits theory, when one is interested in reductive groups
over a field K endowed with a valuation w : K* — Z, one chooses R = R, so
that the valuation group Z is an ordered subgroup of R.

In the present article, we will work over a field K that is endowed with
a valuation w : K* — A for some nonzero totally ordered abelian group A.
Let rk(A) be the rank of A, that is, the (totally ordered) set of Archimedean
equivalence classes of A. Hahn’s embedding theorem (see for instance [17]) then
states that A can always be embedded as an ordered subgroup into the lexico-
graphically ordered real vector subspace of R™*(1) given by families (Ts)serk(n)
with well-ordered support. It is therefore natural to introduce the following
definition.
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Definition 3.22. Given S, a totally ordered set, S&° is the real vector subspace
of R® whose elements are given by families (z4)ses € R® with well-ordered
support. It is endowed with the lexicographical order.

The totally ordered abelian group R will hence be chosen to be the totally
ordered real vector space R4,

Example 3.23. In the case A = Z" for some n > 1, then tk(A) = {1,2,...,n},
and hence R will be chosen to be R™. As we have already explained, in this situ-
ation, R can be endowed with an R-algebra structure by setting R = RJ[t]/(t"),
but this cannot be done in general.

We finish this section by giving some properties of affine apartments over
R for some fixed totally ordered set S. In order to simplify the notation, we
use Vg, Ag, F§(Ap), etc. instead of Virs, Ams, Fgis(Ap), etc.

If s € S and T is a binary relation on S (for example <, <, >,...), we denote
by At the space Afics)iT5) and we introduce the projection 775 : Ag — At
defined by mr4((2¢)ies) = (x¢)eTs for (xs) € Ag. We fix an origin o of Ag and
an origin og of Ag.

Lemma 3.24. The distance dfgtd : Ag x Ag — RS satisfies the following

properties.

(i) For all e € RS, for all s € S, there exist t € [s,+oo[ and an open
neighborhood Xr of or in Ar such that m<¢(Bs(o,€)) D {m<:(0)} x Ar.

(ii) For all s € S, for every open subset Xgx of Agr containing {or}, there
exists € € M3, such that Bs(o,e) C {m<s(0)} x X x Ass.

(iii) It is invariant under translation, that is, for all z,y,z € Ag,

d¥d(z,y) = d¥(z + 2,y + 2).
(iv) It is Weyl-compatible in the definition of [3, Def. 3.1].

Proof. Point (iii) is clearly satisfied and point (iv) is [3, Lem. 10.1]. Let us
prove (i). Let € € RS, and s € S. Let sp = min{s’ € supp(e) | es > 0}.
Suppose s < s9. Let Xz = {z € Ar | di¥(og,z) < 1€s,}. Then

T<so (Bs(0,€)) D {mesy(0)} X A
Suppose now s > sg. Then Bg(o,€) D {m<s(0)} X A yoc[, and thus
7<s(Bs(0,€)) D {m<s(0)} x Ag,
which proves (i).
Let us prove (ii). Let s € S and let Ag be an open neighborhood of og
in Ag. Let eg € Ryg be such that {z € Ag | d(or,z) < er} C Ar. Let

€ = (301 ser)ies € RY. Then Bg(o,€) C {mes(0)} X Xr X Ay oo, Which
proves (ii). O
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3.25. Definition of 9°-buildings.

(A) Bennett’s definition of Y35-buildings. Let S be a totally ordered set
and let Ag = (Ag, Vg, @, (Ta)acw, W) be an affine apartment over R (see
Definition 3.18). An apartment of type Ag is a set A equipped with a nonempty
set Isom(Ag, A) of bijections f : Ag — A such that if fi € Isom(Ag, A), then
Isom(Ag, A) = {foow | w € W}. An isomorphism between two apartments
A, A’ is a bijection ¢ : A — A’ such that there exists fo € Isom(Ag, A) such
that ¢ o fo € Isom(Ag, A").

Each apartment A of type Ags can be equipped with the structure of an
R-aff space by choosing a bijection f: Ag — A in Isom(Ag, A).

We extend all the notions that are preserved by W to each apartment. In
particular, half-apartments, walls, enclosure, sector-faces, local germs, germs
at infinity, ... are well-defined in each apartment of type Ag.

We say that an apartment contains a filter if it contains at least one element
of this filter. Recall that we say that a map fixes a filter if it fixes at least one
element of this filter.

Definition 3.26. An %5-building is a set Z equipped with a covering ./ by

subsets called apartments such that

(A1) Each A € &/ is equipped with the structure of an apartment of type Ag.

(A2) If A, A’ are two apartments, then AN A’ is enclosed in A and there exists
an isomorphism ¢ : A — A’ fixing AN A’.

(A3) For any pair of points in Z, there is an apartment containing both.

Given a W-invariant R°-distance d on the model space Ag, axioms (A1)~ (A3)

imply the existence of a function d : T x T — RS satisfying all conditions

of the definition of an 93°-distance except possibly the triangle inequality.

The distance is defined as follows. Let z,y € Z and let A be an apartment

containing both of them. Then, if we choose an element f € Isom(Ag, A), the

distance between z and y is the distance between f~!(x) and f~!(y). This

turns out not to depend on any choices.

(A4) For any pair of sector-germs in Z, there is an apartment containing both.

(A5) For any apartment A and all z € A, there exists a retraction pg , : Z — A
such that p4 , does not increase distances and pz’lr({a:}) = {z}.

(A6) Let Ay, Ag, A3 be apartments such that A; N As, As N As and A3 N A
are half-apartments. Then A; N A N A3 is nonempty.

Remark 3.27. Suppose that S is reduced to a single element (thus 8% ~ R).
Axioms (A1) to (A4) correspond to axioms (Al) to (A4) of [24, 1.2]. Ax-
iom (A5) corresponds to axiom (A5’) of [24] and axiom (A6) corresponds to
axiom (Ab5) of [24, 1.4]. Note that, under this assumption, (A6) is a conse-
quence of axioms (Al) to (A5).

(B) Equivalent definition of P35-buildings. In [3], Bennett and Schwer
introduce several other equivalent definitions of %8°-buildings. We now briefly
recall one of them, that will be useful in the sequel.
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Let Z be a set satisfying axioms (A1), (A2) and (A3), and consider the
following two extra axioms.

(GG) Any two local chambers based at the same vertex are contained in a com-
mon apartment.

(CO) Say that two sectors @, Q' based at the same point x are opposite at x if
there exists an apartment A containing germ_(Q), germ, (Q’) and such
that germ,(Q) and germ,(Q’) are opposite in A. If @ and Q' are two
such sectors, then there exists a unique apartment containing Q and @Q’.

As a particular case of [3, Thm. 3.3], we have the following result.

Theorem 3.28. Let (Z,d) be a set satisfying (Al), (A2) and (A3), where d
is a Weyl-compatible RS -distance on Ag. Then T is a A-building if and only
if T satisfies (GG) and (CO).

3.29. Main theorem.

Theorem 3.30. Let A be a nonzero totally ordered abelian group with rank S,
s0 that A can be seen as a totally ordered subgroup of RS. Let K be a field with
a valuation w: K — AU {oc}, let G be a quasi-split (connected) reductive K-

group and let S be a mazimal split torus in G with cocharacter module X, (S).

If G is not split, we assume that K is Henselian.

(i) The set Z(G) = Z(K,w, G) defined in Section 7.32 and endowed with the
distance introduced in Section 3.1 (E) is an R°-building whose apartments
have type )

& = (AS7 V]Ra q)7 (Pa)OtGCI’a W)a

where Vi is the quotient of the real vector space X, (S) ®z R by the or-
thogonal of the roots of G, Ag is an R -aff space whose underlying vec-
tor space is Ve ®r R, ® is the root system associated to G in V& and,
for a € ®, Ty, is a subset of RS that generates a subgroup in which A
has finite index. The group W is the extended affine Weyl group, obtained
by restriction to Ag of the action of the stabilizer of Ag in G(K). The
group G(K) acts on Z(G) by isometries whose restrictions to apartments
are all real R -aff maps. The induced action on the set of apartments is
transitive.

(ii) Let s € S, let Scs = {t € S |t < s} and let s <5 : R — RI<s be
the natural projection. Consider the valuation w<s = xS <s o w. There
exists an (explicit) surjective map

<s LK w, G) = I(K, w<s, G)
compatible with the G(K)-action such that, for each X € I(K, w<s, G),
the fiber W;i(X) is a product

Ix x ({Bx)" Ok ker(mns <)),

where ®x is a root system contained in ®, (®x )+ is the orthogonal of ®x
in Vr, and Ix is a ker(mms <s)-building. The apartments of Ix have type

A_X = (Ax, VR/<(I)X>J_7(I)X7 (PX,a)aeqh WX);
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where Ax is a ker(mms <s)-aff space whose underlying vector space is the
ker(mors <)-module (Vi/(®x)") @ ker(mos <s), the group Wx is some
subgroup of Affyer(rys o.)(Ax), and for a € ®x, I'x o is some subset
Of kel‘(ﬂ'%s’gs).

We now briefly explain the strategy of proof. In Sections 4 and 5, we
introduce an abstract notion of :%-valued root group data, generalizing the
more classical notion of R-valued root group data introduced by Bruhat and
Tits, and in Section 6, we prove that one can always associate an S°-building
to such an M%-valued root group data. This tool then allows us to deal in
a unified way with the two parts of the theorem: each time we have to prove
that some construction is an 93°-building, we check that it is the S°-building
associated to some :}5-valued root group data.

Let us more precisely describe how the construction of the building 7 :=
I(K,w, G) goes through.

We start from the datum of a quasi-split reductive K-group G and a maximal
K-split torus S of G. We let T and N be respectively the centralizer and the
normalizer of S in G. The standard apartment Ag is defined as an S°-aff space
whose underlying vector space is the scalar extension to 2:8° of the abelian
group of K-cocharacters of T. We construct an action of N = N(K) on Ag.
If ® stands for the K-root system of (G,S), we use a Chevalley—Steinberg
system (z4)aco of G (i.e. a parametrization of root groups U, compatible
with the Galois action of the splitting extension K/K of G) in order to define
the parahoric subgroups Py of G = G(K), for every filter V on Ag. Inspired by
the classical constructions of Bruhat and Tits, we then define Z as G x Ag/~,
where ~ is an equivalence relation defined in Section 6.

We then need to prove that Z satisfies axioms (Al) to (A6). For this, we
use Theorem 3.28 and we prove that 7 satisfies axioms (A1), (A2), (A3), (GG)
and (CO). The fact that Z satisfies (A1) follows immediately from the def-
initions. Axiom (A2) is obtained similarly to [10]. In order to prove (GG)
and (A3), we generalize the Bruhat decomposition in our setting (see Theo-
rem 5.43). This requires to first prove that G satisfies an Iwasawa decompo-
sition (see Theorem 5.41). Restated in terms of buildings, this decomposition
asserts that if F' is a face of Z and C is a sector-germ at infinity of Z, then
there exists an apartment containing F' and C.

Section 8 is dedicated to the projection map m<, that has been introduced
in part (ii) of Theorem 3.30. We first construct the map m<; itself, and we
give an explicit description of its fibers. We then prove that those fibers are
associated to an S%-valued root group datum. By the general theory developed
in Sections 4, 5 and 6, we deduce the decomposition of Theorem 3.30:

T (X) = Ix x ((Px)" ®r R°)

for some Zx that satisfies axioms (Al), (A2), (A3), (A4) and (GG).
In Section 9, we finish the proof of Theorem 3.30 by establishing axiom (CO).
This axiom is more geometric in nature. In order to prove it, we first give
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a sufficient condition for an “R-building” to satisfy (CO) (see Lemma 9.3).
Using this criterion and the projection maps defined in Section 8, we prove
that our building satisfies (CO).

4. R-VALUED ROOT GROUP DATUM

In this section, if G is a group and X, Y are subsets of G, we denote by
1 the identity element of G;
XY ={zy|x € X, y € Y} the subset of G obtained as image of the map
X xY — G given by multiplication in G;
(X,Y) the subgroup of G generated by X UY;
[X,Y] the subgroup of G generated by the set of commutators [z,y] for
reXandyeY.

4.1. Abstract groups and axioms of a root group datum. We recall the
following definition from [10, 6.1.1].

Definition 4.2. Let G be a group and ® a root system. A root group datum

of G of type @ is a system (T, (Un, My )aca) satisfying the following axioms:

(RGD1) T is asubgroup of G and, for any root o € ®, the set U, is a nontrivial
subgroup of G, called the root group of G associated to «;

(RGD2) for any roots «, 8 € ® such that 8 ¢ R.ga, the commutator subgroup
[Uy,Ug| is contained in the subgroup generated by the root groups
U, for 7 € (a, B);

(RGD3) if « is a multipliable root, we have Us, C U, and Uy # Uy;

(RGD4) for any root a € ®, the set M, is a right coset of T in G and we have
U_o \ {1} CUM,Uy,;

(RGD5) for any roots «, 8 € ® and any m € M,, we have mUgm ™" = U, _(3);

(RGD6) for any choice of positive roots ®* on ®, we have TUT NU~ = {1},
where U™ (resp. U™) denotes the subgroup generated by the U, for
a € Pt (resp.a € P~ = —PT).

A root group datum is said generating if G is generated by the subgroups T

and the U, for a € ®. As in [10, 6.1.2 (10)], we denote by N the subgroup of

G generated by the M, for a € ® if & # & and by N =T otherwise.

We recall that, according to [10, 6.1.2(10)], axiom (RGD5) defines an epi-
morphism v : N — W(®) such that "v(m) = r, for any m € M,, any a € ®.
Thus, for any o € ® and any n € N, we have nU,n"! = Uoy(a)-

Example 4.3. Let K be any field and G a reductive K-group, S a max-
imal K-split torus of G and Z = Zg(S). According to [11, 4.1.19], there
exist right cosets M, such that G(K) admits a generating root group datum
(Z(K), (Uy(K), My)aca) of type ® which is the K-root system of G with re-
spect to S. In particular, for such a root group datum, one can apply any
result of [10, Sec. 6.1]. Moreover, N = Ng(S)(K) in this example.

In Bruhat-Tits theory, it appears to be useful to consider some groups
7 generated by some well-chosen subgroups X, of the root groups U,. A
first result is given by [10, Prop. 6.1.6], for a group generated by nontrivial
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subsets X, indexed over a positively closed subset ¥ C &7 of roots, assuming
a “condition (i)”. A second result is given by [10, Prop. 6.4.9], for a group
generated by nontrivial subsets X, indexed over the whole root system, under
some specific conditions on the X, that are denoted by U, ¢ in [10, §6]. In fact,
we observe that the proof of this proposition only relies on two axioms of “quasi-
concavity” (QC1) and (QC2) (see [10, 6.4.7]) that are satisfied by a quasi-
concave map f, and that we can translate those conditions onto conditions over
the groups X,. Nevertheless, according to addendum [11, E2], condition (QC2)
is a bit too weak for some general results, so that it is useful to assume that
the X, also satisfy a condition (QCO0). In our definition, condition (QC2)
takes into account simultaneously both conditions (QCO0) and (QC2) of [11].
Moreover, it appears to be useful to consider an additional subgroup Y that
normalizes the X,. Thus we will use the following definition.

Definition 4.4. Let (T, (U,, My)aca) be a generating root group datum of
a group G and let N be the subgroup of G generated by T and the M, for
a € ®. Let (X4)acae be a family of subgroups X, C U, for « € ® and let YV
be a subgroup of T'.

For a € ®,4, denote by
e Xy, the trivial subgroup if « € ® and 2a ¢ P;
e [, the subgroup generated by X, Xon, X_a, X_24 and Y;
e andlet N, =L,NN.
We say that the family (X, )aca, Y) is quasi-concave if it satisfies the following
axioms:
(QCl) Lo = XoX2aX 0X 2aNo =X oX 24X0X2aNa for any o € (I)nd;
(QC2) for every o, 8 € ® with 8 ¢ —R>¢«, the commutator group [Xa, Xg]

is contained in the group X, gy generated by the X, for v € (a, 3);

(QC3) Y normalizes X, for every o € ®.
If YV is trivial, by abuse of language, the family of groups (X, )acao is said to
be quasi-concave.

Note that condition (QC2) implies that X,, normalizes X5, so that one can
also write Ly = X900 XaX_aX 24N, in (QC1) for instance.

Because axiom (QC2) does not depend on Y, we will say by abuse of lan-
guage that the family (X, )qco satisfies (QC2) when this condition is satisfied.

With this definition, we get the following proposition analog to [10, 6.4.9)].

Proposition 4.5. Let ((Xa)aes,Y) be a quasi-concave family of groups. De-
note by X the subgroup of G generated by Y and by the X, for a € ©.
Suppose that ® is nonempty. Then, for any choice of a subset of positive
roots ®T of ®,

(i) UaNX =X, X, for any a € Ppq;

(ii) the product map

H (XoX20) > XNUT (resp. H (X_aX 24) = XN U_)

aedly aedly
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induced by multiplication in G is a bijection for any ordering on the prod-
uct;
(iii) we have X = (X NUTY (X NUT)X N N) for any choice of ®T in ®;
(iv) the group X NN is generated by the N, for a € ®pq.

Note that, by definition of N,, even if Y = 1, it may happen that X, =
X_o =1Dbut N, # 1 for a multipliable root «. Moreover, since Nog C Ny,
for any multipliable root «, the group X N N is also generated by the N, for
a €.

Lemma 4.6 (see [11, E2]). If ((Xa)acs,Y) is a quasi-concave family of
groups, then so is ((XoX20)acs,Y).

Proof. Let X = ((Xo)aca,Y) and X' = ((XoX24)aes,Y). Axiom (QC3) is
immediate for X’. Since X4, is trivial and X5, C Us, normalizes X, C U, by
axiom (RGD2) (indeed, [Uy,Us2q] = 1), we deduce axiom (QC1) for X’ from
axiom (QC1) for X.

Now, let a,8 € ® with 8 ¢ —Rspa. Let Z = (X,),c(a,p)- For any
v € (o, ), the subgroup X, normalizes Z by axiom (QC2) for X since

(o, B) = (Zsoa + Z=0B) N ®.

Let z € Xo, y € Xaa, u € Xz and v € Xog. It suffices to prove that [ry, uv]
belongs to Z. Using the usual formula [ab, ] = a[b, c][c,a!]a™?, valid for any
elements a, b, ¢ of any group, and the fact that Z is normalized by z, y, u, v, we
have that [zy,uv] € Z. Thus we deduce axiom (QC2) for X’. O

Proof of Proposition 4.5. According to Lemma 4.6, we may assume that X, =
XX, for any a € .
Consider an arbitrary ordering on @ (resp. ®,,). Let

f+ H Uy — G (resp. f- H Ua—>G)
acdty acdy

be the map induced by multiplication.

Let
X*:f+< I1 Xa) and X*:f_( 11 Xa).

acd, acdy
According to axiom (QC2) and [10, 6.1.6], we know that the restriction of the

map fi (resp. f_) to
H Xa (resp. H Xa)

acdiy acdy

induces a bijection onto X T (resp. X ) and that X* (resp. X ) is a subgroup
of G. In fact, XT CUTNX and X~ C U~ N X. To prove (ii), it suffices to
prove that these inclusions are equalities.

Let L, and N, be as in Definition 4.4. Denote by Z the group generated by
the N, for a € ®. Note that Y C N, for every a € ®,4, and therefore Y C Z
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since ®,q is nonempty. By definition, X ~X "7 is a subset of X as product of
subgroups.

We will prove that this subset X~ X+Z does not depend on the basis (or
Weyl chamber) A defining the choice of positive roots ® in the root system .
More precisely, we prove that it is the same set if we replace A by r,(A) for
a € A asimple root and we are done since the r, for a € A generate the Weyl
group of ®. Let a € A C ®,4 and denote by X, (resp. X_a) the product of
the X3 (resp. X_p) for 8 € &, \ {a}. According to axiom (QC2), one can
apply [10, 6.1.6] to the family of groups X, and Xz for 8 € @, \ {a} to get
that X, is a subgroup of G normalized by X,. Similarly, using the fact that
Fo(e) = —a and ro (¥, \ {a}) = &, \ {a}, we have that X_, normalizes X,.

By the same way, X,a is normalized by X, and X_,. Moreover, Xa and
X_, are normalized by Y since Y normalizes the X, by (QC3). Therefore,
as by assumption, X5, C X, we deduce that L, normalizes Xa and X,a,
and so does N,. Moreover, L, = X0 X_oNy = X_ o XoN, by (QC1). Hence
we have

y
:( I1 XB)( I1 XB)Z.

Bera(®ry) Bera(®ty)

As a consequence, the set X~ X7 does not depend on the choice of A and,
therefore, is stable by left multiplication by elements in X, for any a € ®,4.
Moreover, it is stable by left multiplication by elements in Y since Y normalizes
X" and X*. Thus X" XVZ = X.

Now, let g€ X NU™ and writeit as g=a 27z witha~ e X, 2t € X*
and z € Z. Then 272 = (z7)"'g € U~. Using a Bruhat decomposition [10,
6.1.15 (c)], we have z = 1 since N — UT\G/U "~ is a bijection. Hence we have
xt e Ut NU~ = {1} by axiom (RGD6). Thus we get X NU~ = X . This
proves the surjectivity of the map X~ — X N U~ which is also injective by
restriction of a bijection. By symmetry, the same holds for the map X+ —
X NU* and we get (ii). We deduce (i) from (ii) by intersection with U, for
a € Dyg.

If n € XN N, write it as n = 727z with 2= € U, 27 € Ut and
z € Z. Then n = z using the Bruhat decomposition [10, 6.1.15(c)]. This
proves Z = X N N, which is (iv) and, therefore, we deduce (iii). O
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Using a valuation of a root group datum, we will apply the proposition above
to various examples of quasi-concave families of groups; see Example 4.63 or
Proposition 4.78.

4.7. R-valuation of a root group datum. In the following, we will assume
that R is a nonzero totally ordered abelian group.

When R # R, there is no reason for R to satisfy the least-upper-bound
property. In particular, in this work, we avoid to introduce a notion of infi-
mum and supremum in R. We could maybe do this by considering the totally
ordered monoid of the convex subsets of R containing oo, but it is not easy to
manipulate. Obviously, for R = R, such a monoid has been introduced in [10,
6.4.1]. This difference firstly appears in the definition of the subsets of values
I, (see Notation 4.11).

The definition of a valuation of a root group datum, given by [10, 6.2.1],
can be naturally extended as follows.

Definition 4.8. Let ® be a root system and (7', (Ua, Ma)aca) & root group
datum. An R-valuation of the root group datum is a family (¢s)aece of maps
Yo : Uy = RU {00} satisfying the following axioms:

(VO) for any a € @, the set o (U, ) contains at least 3 elements;

(V1) for any a € ® and A € RU{oo}, the set U, x = @5 ([A, 00]) is a subgroup
of Uy and Uy,oo = {1};

(V2) for any @ € ® and m € M,, the map U_, \ {1} — R defined by u
©_a(t) — po(mum™1) is constant;

(V3) for any «, 8 € ® such that 8 ¢ R<pa and any A, 4 € R, the commutator
group [Uq,x,Up,,] is contained in the group generated by Upa+sg,ratsu
for r, s € Z~q such that ra + s € ;

(V4) for any multipliable root a@ € ®, the map pa, is the restriction of the
map 2¢, to Usy;

(V5) for any o € ® and u € U, for any v/, u” € U_, such that v'uu’ € M,,
we have ¢_o(u') = —@q(u).

It is convenient to introduce notation of the trivial subgroup Usq,n = {1}
for any « € ® such that 2o ¢ ® and A € RU {c0}.

As in Bruhat-Tits theory, in Section 7, we will use Chevalley—Steinberg
systems in order to provide such a valuation. Namely, R will be the abelian
group R° so that A = w(K*) will be canonically identified to a subset of R.
For instance, if G is split, then the root groups U,, are isomorphic to G,. Thus
the pinnings of these groups give isomorphisms z, : K — U, (K) and one can
define ¢, : Uy (K) = A C RS by 04 024 = w.

Lemma 4.9. Aziom (V1) is equivalent to the following axiom:
(V1bis) for any a € ® and any u,v € Uy, we have

a(uv™!) > min(pa(u), pa(v)) and ¢! ({oo}) = {1}.
In particular, for any o € P,
(i) for any u € Uy, we have oo (u™t) = o (u);

Miinster Journal of Mathematics VoL. 16 (2023), 323-487



360 AUGUSTE HEBERT, DIEGO IZQUIERDO, AND BENOIT LOISEL

(ii) for any u,v € Uy such that ¢,(v) > o (u), we have

Pa(uv) = pa(u) = pa(vu).
Proof. Consider o € ®. By definition, we have that Uy oo = {1} is equivalent
to ¢t ({oo}) = {1}.

Suppose axiom (V1). Consider u,v € U, and let A = m
Hence U, is a subgroup containing u,v since pq(u) > X and ¢q(v) > A
Therefore, uv=1 € U, ) gives us pq(uv™1) > A

Conversely, suppose axiom (V1bis). Consider A € R and pick u,v € Uq, .
Then ¢4 (uv™1) > min(pa (u), pa(v)) > A. Hence uv™! € U, and this proves
that Uy, is a subgroup of U,.

(i) Hence, for any v € U,, if we take u = 1, then

pa(v™!) = a(uww™h) 2 min(pa(1), a(v)) = palv),
and this inequality is also true for v~! instead of v.
(ii) We have

¢a(u) = pa((uwv)o™") > min(pa (uv), pa(v))
> min(cpa(u), Pa(v), ‘Pa(vil)) = pa(u)
whenever o, (v71) = @a (V) > @q(u). |

>

Lemma 4.10. Under the assumption of aziom (V1bis), axiom (V5) is equiv-

alent to the following axiom:

(V5bis) for any a € ® and u € U, for any v, u”’ € U_, such that v'uu” €
M, we have p_o(u") = —pa(u).

Proof. Let uw € U, and u',u’ € U_, such that v'uu” € M,. Then, by
[10, 6.1.2 (4)], we know that (u”)"lu=!(u’)~' € M,. Hence, by axiom (V5),
we have ¢_,((u”)71) = pa(u™!). By Lemma 4.9, we have ¢_,((u”)71) =
©_o(”) and oo ((u)™!) = @a(u). Hence p_o(u”) = pq(u), which gives us
axiom (V5bis). We get the converse by symmetry. a

In all the following, we assume that a root group datum (T, (Uy, My)acs)
and an R-valuation (¢4 )ace are given. When a € ® is such that 2a ¢ @, we
define Uy, = {1}.

The valuation enables us to introduce the following sets of values.

Notation 4.11. For any root a € ® U 2®, we define the following subsets,

called sets of values associated to a, of R:

o I'y= (pa(Ua\{l})v

o I ={pa(u)|ueUa\{1} and Us,p.(w) = Nvetvy, Varpa(un)} C Ta-

Remarks 4.12.

(i) From axiom (V5) and [10, 6.1.2(2)], we deduce I'_, = —T',.

(ii) By definition, if 2ac ¢ @, we have I'/, =T,

(iii) As in Bruhat—Tits theory, when « is multipliable, it may happen that I/,
is empty (dense valuation); it may happen that the intersection 2, NT'y,,
is nonempty (discrete valuation with unramified splitting extension K/ K).
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Fact 4.13. From azioms (V1) and (V4), we deduce 2T, = 2I",, UTy,.

Proof. By definition, 2T/, C 2T, and, by axiom (V4), we have T's, C 2T,,.
Conversely, let A € 2T, \ T'a,. Let u € U, such that 2¢p,(u) = A. Then, for

any v € Uss, we have A #£ a4 (v) by definition. Thus 2@, (u)= A# 2. (v) by

axiom (V4), and therefore ¢, (u) # @ (v) since R is Z-torsion-free.

o If po(v) > pa(u), we have o (uv) = @4 (u) by Lemma 4.9 (ii). Thus it
follows that Ua, e, (u) = Ua,pa (uv)-

o If pa(v) < wo(u), we have o (uv) = pa(v) < @q(u) by Lemma 4.9 (i)
and (ii). Thus Ua,p, (v) C Ua,pa(uv)-

Hence we have U, o, (u) C ﬂveUm Ua,p.(wv) and this is, in fact, an equality by

considering v = 1 € Us,. Thus ¢, (u) € I,. Therefore, A = 2¢,(u) € 2T7,. O

Notation 4.14. For a € ® and A € R, we denote
Moy =MyNU_ao ' ({ANU-q.
We provide some details of [10, 6.2.2].

Proposition 4.15. Let « € ® and )\ € R.

(i) Ma A is nonempty if and only if X € 0o (Uy \ {1}) =

(11) ({)\}) C U,a M, )\U,o“ A

(iii) Moy C¢Zo({=ADea ((ANe=a({-A}) C U—a,—AUa\U-q,-»;
(1V) M—a A= Ma As

(V M2a 2x C Ma A-

Proof. (i) is a consequence of [10, 6.1.2 (2)] since A # occ.

(i) For any u € ¢, ({\}), axioms (RGD1) and (RGD4) provide elements
' v € U_, such that m := w'uu” € M, x. By axioms (V1bis), (V5), (V5bis),
we have ¢_o((w) ") = —pa(u) = p_a((u") ") = -\

(iii) For any m € M, x, by definition, there exist u',u"” € U_, and u € U,
such that m = vwuu” and p,(u) = X\. By axioms (V5) and (V5bis), we have
P—a(U) = —pa(u) = p_a(u”) = —A.

(iv) For any a € ® and A € R, consider m € M_, _x. By (iii) and ax-
iom (V1bis), there exist v’,u” € U, and u € U_, such that

V_a(u) = =A=—pa(t) = —pa(u") and m = v'uu”.

Consider v = mu”~'m~! so that ' = vmu~!. By [10, 6.2.1(2)], v € U_,, and
by [10, 6.2.1(4)], m € M,. Hence
m=v " tu'ut € My NU_ap ' ({IANU_o = Mg ».

Hence M_q,_x C M, and we get the converse inclusion by exchanging (o, )
with (—a, —A).

(v) If o is multipliable, then Us, C U, and U_3, C U_, by axiom (RGD3)
and My, = M, by [10, 6.1.2 (4)]. For u € o5, ({2)\}), by axiom (V4), we have
2\ = @an (1) = 24 (u). Since R is Z-torsion- free this gives u € p;t({\}). O

Here, we follow a different strategy than in [11, 6.2] and we do not work
with the notion of “valuations équipollentes”.
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We introduce the following useful lemma from [22, 7.5] with a different proof
since we do not define integral models here.

Lemma 4.16. Let a € ®pq, A€y, B € P and p € R. For any m € M, »,
we have
mUpum ™" = Ur,(8),u—B(a")2-

In particular, we have mU%)\m*1 =U_q -

Proof. Tt suffices to prove that mUg ,m™" C U, (8),u-p(a")r. Indeed, if we
know this inclusion for all « € @4, A € I'y, € ® and p € R, we can apply
it to 8’ := ro(B) and p' := p — B(aV)A instead of 8 and pu, and we get the
reverse inclusion.

We distinguish three cases on f.

First case: B € ®pq\Ra. Definet : ®(a, 5) - RU{o0} by t(ra+s8) = rA+su
if s >0 and t(y) = 00 if s <0, for 7, s € Z such that ra+ s € &(a, 5).

Let X, = U, 4(y). Then the family of groups (X,)yca(a,s) is quasi-concave.
Indeed, for every v € ®(a, ), we have either Xy, = X, = 1 or X_o, =
X_~ =1 so that axiom (QC1) is satisfied. Let r1,s1,72,52 € Z be such that
v1 = rma+ $16 and yo = rea + s are in ®(«, 8) with vo ¢ Regyr. If
s1 < 0 or s < 0, then we have [X,,,X,,] = 1. Suppose si,s2 > 0. Let
(r,5) € (Z0)?\ {0} be such that ry; + 572 € ®(c, B). Then rt(y1) + st(y2) =
t(ry1 + $7v2) so that axiom (QC2) is satisfied according to axiom (V3).

Let Z be the group generated by the X for v € ®(«, 8). For any v € ®(a, ),
we have X, =1if v € Ra and [Uq,x, X4] C Z by axiom (V3) otherwise. Thus
Uq,\ normalizes Z. By the same way, U_,,_ normalizes Z so that M, x nor-
malizes Z by Proposition 4.15 (iii). Moreover, for every m € M, x, we have
mUam™ = U, () by [10, 6.1.2(10)]. Thus

mUp um ™" C Ury(8) N Z = Ury(8).(ra(8) Uzra (9).26(ra(8))
by Proposition 4.5 (i). Finally, Uz, (8),t2r.(8)) € Ura(8),t(ro(8)) by definition
of ¢ since t(2r,(8)) = 2t(ro(5)).
Second case: B € RaN ®yq = {£a}. Since My = M_4,—», Ta = 7—q and
(—a)Y = —aY, it suffices to do it for 3 = —a. Let m € M, » and write it as
m = v'uu” with v, u" € =L ({=A}) and u € ¢, ({\}), which is possible by
Proposition 4.15 (iii). Then u’ = m(u”)"'m = mu~! with m(u”)"tm~! € U,.
Thus axiom (V5) applied to (mu”m=1)u'u = m € M_,, gives us p, (mu"m=1) =
—p_a(u') =X Let v e U_, , \ {1}. Then axiom (V2) gives us

p—a(v) = pa(mum™) = p_a(u”) = pa(mum™") = —2X.
Hence
Ya(mum™) = pa(v) + 20 > p 42X = u — Bla)A.
Hence mUg,,m™" C Uy, (8),u—B(a")Ar-

Third case: B € ®\ ®pq. By [10, 6.1.2(10)] and the two previous cases, we
have mUg ,;m™" C mU1p 1,m " O Uy, (8) C Ur o (8)u—B(a")A- O
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Proposition 4.17 (see [10, 6.2.7]). Let o € ®pq and § € . For any A € Ty,
any m € My x and any u € Ug, we have

Pra(e) (mum™) = pg(u) = Bla)A.
In particular, we have

T8 =Tp — Ba)Ta.
1

Proof. Set v = r4(B), p = ¢p(u) and v = mum~'. By Lemma 4.16, we
have v € Uy u—ga¥)r- Thus ¢, (v) > ps(u) — B(a¥)A. Since m™' € Mz,
exchanging the roles of u and v in this inequality, we get

Pro () (M~ om) = pp(u) > @y (v) — (")

Since y(a¥) = rqo(B)(a¥) = —B(a"), we get the equality.
The equality T, (5) = I's — B(a")I'y becomes clear since X, p = pg(u), v =
or.(g)(mum™") run through all the values of T'y, '3, (g) respectively. [

Notation 4.18. For any a € ®, we denote by T’y = (I'y —T',) the subgroup of

R spanned by {z — y | z,y € T',}. Obviously, we have I'y, C 'y, when 0 € T',,.

Corollary 4.19. Let a € ®yq and B € ®. Then I'g =T'5 — 5(av)f‘a,
If 'y, CcTly, then Fra(ﬁ) = Fﬁ.

Proof. Applying Proposition 4.17 twice, we get that
Fra('ra(,é’)) = FTQ(B) —Ta (6)(av)ra = Fﬁ - ﬁ(av)ra + B(av)ra

so that I'g =T'g — B(a")(T'y — T'n). We conclude by iterating this equality.
If Fa C Fa, then Fra(ﬁ) = Fﬁ — ﬁ(aV)I‘a C Fg — ﬁ(aV)I‘a = Fg and we
conclude exchanging the roles of 8 = r,(r«(8)) and r(5). O

Corollary 4.20 (see [10, 6.2.16]). For any o € ®, we have T'y = —T'_,, and,
if T'o CTy, then Ty =1T_, =—-T,.

Proof. If « is divisible, set § = %a; otherwise, set § = « so that § is non-

divisible. Then rg(a) = —a and «(8Y)I's D 2T, according to Fact 4.13.
Hence, applying Proposition 4.17, we get that
(1) T o =Tyy(a)=Ta—a(8)T5DTq - 2Ty D T

Thus —T', C I'_, and we deduce an eq~uality~fr0m this inclusion by exchanging
the roles of & and —a. In particular, I'y = I'_,. Applying (1) twice, we get

P2l -2y D (T —2T_,) -2, =T_, —2(C_, +T,)
=T_,—-2T_o—-T_,).
We deduce that I'_, =Ty + 20 _,. If [, C fa, then
IoC-Ta+2lqCT_q+20_4=T_,.
We deduce the equality by exchanging the roles of o and —a. O
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Definition 4.21. Let (¢4)ace be an R-valuation of a root group datum. It
is called special if 0 € T', for every « €~<I>nd. One says that it is semi-special
if, for any root o € @4, we have [', C T',.

Note that, in this definition, there are no conditions for divisible roots. The
definition of special valuation is due to [10, 6.2.13]. As we will see later, there
are some natural valuations that are not special but only semi-special, as shown
in Example 7.43. A special valuation is semi-special, but the converse is not
true in general.

Example 4.22. If ', = 1 4+ 2Z, then f‘a = 27 does not contain I',. Hence
1 + 2Z cannot be the set of values of « for a semi-special valuation.

IfT, = (3 +2) x Z) U(Z x (1 + 2Z)), then 'y, = 1Z x Z O T, while
0 ¢ I',. Hence if there exists a valuation for which T, is a set of values for a,
then this valuation is necessarily semi-special but non-special. The existence
of such a valuation is provided by Example 7.38 applied to the group SU(h)
described in Section 7.4 (C) (see Example 7.43).

Remark 4.23 (see [10, 6.2.17]). Let I be a torsion-free abelian group and
consider the quotient 7 : I — f‘/2f‘ —: X. Then X is a Fo-vector space. Let
X be a nonempty generating set of X and define I' = 771 (X). Then we have
I = I' + 2. Moreover, (I' = I') = 2T if X contains at most on point and
(' —=T) =T otherwise.

Conversely, let I' be any nonzero subset of a torsion-free abelian group
such that I' = T' 4 2I" with I' = (I' = I'). Then I is built in this way with
X =xn() c X =(T)/2T.

By this way, we have described all the possible sets of a semi-special valua-
tion and we observe that discrete semi-special valuations with values in R are
always special.

Proposition 4.24 (see [10, 6.2.14]). Let w € W(®) and o € ®. If the
valuation (Pa)ace s semi-special, then Ty o) = L. If the valuation is special,
then T, o = T4
Proof. Since W(®) is generated by the r, for o € A for a basis A C ®, it
suffices to prove it for w = r, with o € A.

Applying Corollary 4.19, we have I's = I';(g) for any o € A C ®,q4 and
any 8 € ®. Thus I'yg) = I'g for any w € W(®) and any € .

For a multipliable root f3, it remains to compare I'; and F/ra(,é’)' If the
valuation is special, there exists m € M, 9. For any u € Ug and any v’ € Uag,
we have

paut’) = pr. (o) (mum ™ )(mu'm™)) and ps(u) = pr, (5)(mum )
by Proposition 4.17. Thus we have mUg, g, (uu')y " = Ur, (8),0r.. (1 (v0'), Where
v=mum™ ! € U,y and v' = mu'm™! € Uz, (). Thus

—1 —1
U o) = [ |Usipstuu) <= MUppuym ™" = [ \mUs s (uuym
’LLIEUQB UIGUQB
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= Ura(0)0ra® = [ Ura(8)pragn (w0
V'€V (8)
Hence I'; =T (5) and we deduce that I',5) = I'; for any w € W*. O

Corollary 4.25. Let A C ® be any basis. A valuation is special (resp. semi-
special) if and only if, for all « € A, 0 € T, (resp. Ty, C Ty ).

Proof. Assume that, for any o € A, we have that ', C [,. Let B € ®. We
know that there are & € A and w € W(®) such that w(a) = 8 by [8, VI.1.5,
Prop. 15]. According to [8, VI.1.5, Thm. 2 (vii)], we can write w = rq,0- - -0rq,
with a; € A. For 0 < i </, let 8; = ry, 0+ 071y, () so that 5y = a and
Be = B. Applying Corollary 4.19, we deduce by induction that I'g, = I, for
any 0 < i <n. Hence I'g =T, C I‘a = FB Hence a valuation is semi-special
if and only if, for all « € A, Ty C T

By applying Proposition 4.24, we deduce the case for special valuations. [

4.26. Action of N on an R-aff space. We use the notation introduced in
Section 3.1 (C). In the rest of this section, we assume that ® # &, but any
result can obviously be extended to the case of an empty root system. We
consider an R-aff space Agr = (V, A) and we fix an origin o € Ag.

For a € ® and u € Uy, \ {1}, we denote by m(u) the unique element in M,
given by [10, 6.1.2(2)].

Definition 4.27. Let v : N — Affp(Ag) be an action of N onto A by R-aff

endomorphisms. We say that the action of N onto Ag is compatible with the

valuation (¢a)ace if

(CA1) the linear part of this action is equal to “v : N — W(®) defined in [10
6.1.2(10)];

(CA2) for any a € ® and any u € U, \ {1}, we have

20a(u) + a(u(m(u))(o) — o) =0;
(CA3) for any a € ® and m € M,, the element v(m) has order 2.

In the rest of this section, we assume that an action v : N — Affp(Ag)
satisfying (CA1), (CA2) and (CA3) is given.

Lemma 4.28. For any a € ® and any u € U, \ {1}, we have
v(m(u)) = T g (u)-
In particular, for any m € Mq x, we have v(m) = rq .

Proof. Since m(u) € My, we have "v(m(u)) = ro by axiom (CAl). Let v € Vg
be such that v(m(u)) = (rq,v) € GL(Vz) X Vz. By axiom (CA3), we have that
v(m(u))? = (id,0) = (id,v + 74 (v)). Hence it follows that 2v — a(v)a” = 0.
We have a(r(m(u))(o) — o) = a(v) = —2p.(u) by axiom (CA2). Hence 2v +
204 (u)a¥ = 0. Since R is torsion-free, we deduce that v = —p, (u)a¥. Whence
v(m(u)) = (ra, —pa(U)a) = Ta g (u)-
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Let m € Mg x. By definition (see Notation 4.14), there exist
u€ ot ({\}) CUsn, v, u" €U,
such that m = vwwu”. Thus m = m(u) and v(m) = v(m(u)) = ra,x. O
We want to understand how N acts by conjugation on the set of groups

Ua,x for oo € ® and A € R. To do this, we introduce a set of affine maps ©
containing the 6, and an action of N onto this set.

Notation 4.29. Consider © = {6, | @ € ®, A € R}. We endow O with the
natural partial ordering given by

0>0 < 0(z)>0(x) for all x € Ap.
Lemma 4.30. The following formula defines an action of N on ©:

n- Ha,A = oa,)\ o V(n_l) = H’L’V(n)(a),A—i—a(u(n*l)(o)—o)
for alla € ® and all A € R.

In particular, for any o, € ® and any A\, u € R, we have

Oax07p,u = Ors()2—a(BV )
Proof. Let 0,,x € ©. It suffices to prove that the map 0, o y(n_l) belongs
to ©. Since N is generated by the Mg for 8 € @, it suffices to prove it for any
B € ® and any m € Mg. By Lemma 4.28, there is a constant p depending
on m such that v(m) =rg . Then

Oan(rp,u(@)) = (@ —a(BY)B)(z) + X — a(BY)u = rg(a)(x) + A — a(B")p.
Thus fov(m) € ©. Hence the formulan-0 = §ov(n~") defines an action of N
on O.

Let n € N. Since the map v : N — GL(V*) induces an action of N
on @, for any a« € ® and any A € R, there is a value p € R such that
o x 0 v(n™1) = Ouy(n)(a),u- Evaluating this map in the origin o, we get

1= O (n)(@),u(0) = Bax 0 v(n™)(0) = a(v(n™!)(0) — 0) + A. O
Notation 4.31. For § =6, € O, define Up = {u € U, | o v(m(u)) < —6}.
We recall the following result from [22, 7.3].
Lemma 4.32. For any 0 € ©, any n € N, we have nUpn=1 =U,.g.
Proof. Let u € Uy C U, for some a € ¢. Consider n € N and denote
B ="v(n)(a) €.

Suppose u # 1 and consider the element m(u) = vw'uu” € U_oUsU_o N M,,
with v/, u” € U_, uniquely determined by u. For any n € N, we have

nm(u)n~' = (nu/n™ ) (nun=") (nu"n=1).

By [10, 6.1.2(10)], (nu/n™1), (nu"n™') € U_g and nun=' € Ug. Thus, by
uniqueness in [10, 6.1.2 (2)], we have m(nun=1!) = nm(u)n=! € Mpg.
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For any x € AR, we have

fov(nt) (V(m(nlmil))(x)) =

Thus it follows that § o v(n™!) o v(m(nun=1)) < —f o v(n~!), which means
that nun=! € Ugol,(n—l) =Up.g.

Hence nUgn~! C U,,.¢ for any n € N and any # € ©. Thus, by applying it to
(n=1,n-0), we get n= U,,.gn C Uy, which gives the equality nUgn =t = Uy,.q. [

We get the following consequence as in [22, 7.7].
Proposition 4.33. For any o € ® and any A € R, we have Uy x = Uy, .

Proof. Let v € Uy and 1 = @ (u). By Lemma 4.28, we have v(m(u)) = ra,u.
For any = € AR, we have

Oar (v(m(uw))(2)) = Oax(z — (a(z — 0) + p)aV)

=—a(zx—0)—2u+ A\

— Oar(@) + 200~ 1)
Thus v € Uy, , < Oarov(m(u)) < —Oun < p> X uc Uy O
Corollary 4.34. For any a € ®, any X\ € R and any n € N, we have

-1
nUa,An = U”y(n)(oz),)\+a(l/(n*1)(0)—0)'

In particular, ker v normalizes Uy, .

Proof. This is a consequence of Proposition 4.33 and Lemma 4.30. (]

Corollary 4.35 (see [10, 6.2.10]). The subset ¥ := {0 x €O |a € ®, AT}
is invariant under the action of N.

Proof. Consider o« € ®, A € I',, and n € N. By definition, there exists u € Uy »
such that A = @q(u) and Ua,x = (yep,, Uapa(un). Set = "v(n)(a). We
prove that

(2) Wo o = Up pu(nun-1)-

Indeed, let ;1 € R be such that 63, = n-0,.x. Then = A+a(v(n=1)(0)—o0)
and XA = u+ B(v(n)(0) — o) by Lemma 4.30. Let v/ = nun=! and p/ = ¢z (u).
Then u' € nUsn~' = Ug,, by Corollary 4.34, so that u' > u. Applying
Corollary 4.34 again, we have u = n~'u'n € Uy ;4 8(v(n)(0)—0)- Thus

A=a(u) = ' +Bv(n)(0) —o) =p' — p+A

Hence p = p/ and we have shown equality (2).
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Using the equality Uy = ﬂv€U2a Ua,po(uv); We have

) Useswry = [ Uspptnuon— =1 ] Vaspuatunn”*

v’ €Uszp vEU24 vEU24
— -1 _
=nUa,p,(uyn” = UBM&(U')'

Hence p' = pg(u') € I';. This proves that 5, =n 04\ € X for any n € N
and any 0, 5 € 2. O

In Section 6, we will see that the datum of the valuation of a root group
datum, together with a compatible action allows us to define a geometric space
that automatically satisfies most of axioms of A-buildings. Because it may be
simpler to provide an explicit affine action of N onto Agxs, we will make the
following assumption.

Assumption 4.36. It is given a group G and a nonempty root system &. It
is given a generated root group datum (7', (U,, My)acs) of G. It is given an
R-valuation (@4 )aca of the root group datum. Let N be the group generated
by the M, for a € ®. It is given an action v : N — Aff g(AR) compatible with
the valuation.

Notation 4.37. Under the above assumption, we let T} := ker v. According
to [10, 6.1.11 (ii)], T} is a subgroup of T since T' = ker “v.

We set W := v(N) C Affg(Ag) and we call it the extended affine Weyl
group. We set W? := "w(N) and we call it the spherical Weyl group and
denote by W the subgroup, isomorphic to W, of Affr(AR) generated by the
Ta,0 for o € @.

We denote by W4 the subgroup of Affgr(AR) generated by the r,  for
a € ® and A € TV, and we call it the affine Weyl group.

Remark 4.38. The group 7} is denoted by H in [10, 6.2.11]. This nota-
tion emphasizes the fact that, when T = T(K) denotes the rational points
of a maximal torus of a (quasi) split semisimple group, then T} denotes the
bounded elements of this torus. In that case, it can be called a “maximal
bounded torus”. Be careful that T} may neither be commutative, nor bounded
in general.

By definition, W ~ N/T}, and W" ~ N/T.

Let A be a basis of ®. For o € A, we recall that w,, denotes the fundamental

coweight in Vg associated with «, i.e. the unique element of V& such that, for
all 3 € A, one has B(w@)) = 043

Proposition 4.39 (see [10, 6.2.20]). The group W% is a normal subgroup
of W, and for any a € ®pq, the group of translations Lo is a subgroup
of W Assume that the valuation (9o )aca is semi-special. Let A be a basis
of ®. Then

(i) W is a subgroup of W, In particular,

Wl = (Ve n W) x WY and W = (VRNW) x W,
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(ii) Van W =@, a LoV for any basis A C ®.
(i) Va N W C @ pen Lawy.

Proof. We fix a basis A of ®. For o € ® and A € ', we have either A\ € T, or
2\ € T, by Fact 4.13 and Remark 4.12. Moreover, if 2a € ® and 2A € T,
then r4,x = r2q,2x. Thus rq \ belongs to Waff - Hence W2 ig also the group
generated by the r, » for a € ® and A € I',,.

From Proposition 4.15 (i) and Lemma 4.28, we deduce that W# is a sub-
group of W. Using Corollary 4.35, we know that, for any n € N, a € ® and
A €T, there are 8 € ® and p € T'; such that v(n)rav(n™") = rs . Hence
Wt is a normal subgroup of W.

Let p,v € I'y. There exist m,n € N such that m € M, , and n € M, , so
that ro,, = v(m) and ro,, = v(n). Then v(mn) =rq 0716, = (Vv —p)a’ €
WA Hence Tya¥ = (Dy — To)a¥ € W As a consequence, the group

= @ Tua’
aEA
is a subgroup of Vz N W,

From now on, we assume that the valuation is semi-special.

(i) Let a € ® and A € T',. By Corollary 4.20, —Aa¥ € Toa¥ € W2, Thus
Tax© (—=AaY) =rqp € Wa and thus W is a subgroup of W,

(ii) Recall that, according to [8, VI.1.1, Lem. 2], for any o € ® and any
w € WY, we have that w(a") = (w(a))V.

We firstly prove that V is W¥-invariant. It suffices to show that it is invari-
ant by applying 7, for @ € A. Let a,3 € A; then ro(TsB8Y) = Ta(ra(B))Y.
Since the valuation is semi-special, we deduce from Corollary 4.19 that we have
[s =T, (). Hence ro(I'38Y) C V. Thus V is ro-invariant for any o € A and
therefore W'-invariant.

We have shown that W2 5 V x W?. Conversely, consider any 3 € ® and
any p € I';. Assume firstly that 3 is non-divisible. By [8, VL.1.5, Prop. 15],
there exists w € W* and a € A such that o = w(8). Hence

w(=pB") = —p(w(B))" € Tpa" =Ty-1(ga” =Taa’

according to Proposition 4.24. Hence —u8Y € w™'(V) =V, because V is W"-
invariant. Assume that 8 is divisible and write 8 = 2 with v non-divisible.
Then T's3Y = Iyy37Y C I'yyY since Iy = I U %Fév by Fact 4.13. Hence
—uBY €V for any 8 € ® and any p € I‘b. Therefore,

(—pBY,rg) =715, €V x WY,

Since these elements generate W2 we deduce that Waff = V x WY and it
follows that Vg N Waff = v/,

(iif) Let v € WN Vg and @ € A. Then [v,74,0] € W NVz = V since W2
is normalized by W. But [v,74.0] = v — 74(v) = a(v)a”. Hence a(v) € T, for
every a € A, and therefore v € @A f‘awg by definition of the fundamental
weights. O
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4.40. Rank-one Levi subgroups. In this section, we work under data and
notation of Assumption 4.36.

Notation 4.41. For any o € ®, any A € R and any € € R>(, we define the

subgroups

. o = @ (A, +o0]) = UM>>\ Ua,u;

. ° \ (resp. L'a,A) the subgroup generated by Uy, and U_q, _ x4 (resp. Uq,x
and Ulo -2

° E,A:NQLZ,A and N(;’A:NDL;’A;

o TS =TnNL,,and T, ,=TnNL;,.

If e = 0, we will use Lo x, Na,, T, instead of LY, \, NQ 5, T3 5.

Remark 4.42. We have U, » 2 U(;)\ with equality if and only if A ¢ T',,.
Indeed, if there exists u € Uq x\U, 5, then oq (u) € [\, +00]\]A, +00] = {A}.
Thus A\ = ¢, (u) € T'y. Conversely, if A € 'y, there exists u € U, such that
¢a(u) = X and then u € Ua x \ Uy, 5.
Note that Lo x = L_q,—x by definition, but L” , _y may differ from Lj, ,
since the groups Uy, and U, , are distinct for A € I'y,.

Remark 4.43. Since L\ = (Uaxs U—g,—rte), taking 8 = —aand p = —A+e,
we have Lg, \ = (Ug u, U-p,—pte). Hence Ly \ = L, ... By intersection
with 7', we deduce that Tj; , =T<, ..

For ¢ > 0, we have Uaaie' C Uax and U_o, —xye = U_q —(rpe')+(ete)-
Hence we have

Shie CLE, andthus TSRS C 1%,
By the same way, L5 C Lg, , and TS5 € 7% .
The following lemma can be proven exactly as in [10, 6.3.1].

Lemma 4.44. Let o € D.

(i) For any u € U, and v € U_, such that po(u) + p_o(v) > 0, there is
a unique triple (u/,t,v") € Uy X T x U_,, such that vu = u'tv’.

(ii) Moreover, we have t € Ty, vo(t') = @o(u) and p_o (V") = p_a(v).

(i) Let Xo, X_o and H be subsets of Uy, U_, and T, respectively. Set
X=X,HX ,. Then XNN=XNT=XN1T,=H.

Proof. (i) Denote by L_,, the subgroup of G generated by Uy, U_, and T'. By
[10, 6.1.2(4) & (7)], we know that L_, = M,U_, UU,TU_,. Suppose that
vu € M,U_, and choose v” € U_, such that vuu” € M,. By axiom (V5),
we have ¢_,(v) = —pq(u), which contradicts the assumption. Hence we have
vu € U,TU_, and we get the existence. The uniqueness is an immediate
consequence of [10, 6.1.2 (3)] and axiom (RGD6).

(ii) By uniqueness, this is obvious if u = 1 or v = 1. Assume that u # 1 and
v # 1. Then, applying axiom (RGD6), we have v’ # 1. By axiom (RGD4),
there exist w,w’ € U_, and m € M_, = M, such that v = w'mw”.
Moreover, u = v /tv' = (v tw')(mt)(t"1w"tv’), where (v71w') € U_,,
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(mt) € M, and (t~'w’tv’) € U_,. Hence, by axioms (V5), (V5bis) and
Lemma 4.9 (i), we have

3) p-a(w') = —pa(u') = p_a(w”),

(4) Pa(v'w') = —pa(u) = p ot w"t0).
The assumption on « and v and equation (4) give us

(5) P_a(v) > —pa(u) = p_a(v™'w").

Hence equations (3), (4), inequality (5) and Lemma 4.9 (ii) give
~pa(U) = p_a(@) = p_a(vvT'0) = p_a(vT W) = —pa(u).
Since (vu)™! = u=tv™t = (/)77 (u')7t, we can apply the result we just
proved with —a, v=! and (v')~! instead of a, u and v~! in order to have
0—a(v™t) = p_a((v/)71). Applying Lemma 4.9 (i), we get ©—o(v) = p_o(v').
Let A = @q(u) = @q(u’). We know that

m= (w) " (W)t e Mo NU_aor ' ({ANU_o = Mo .
In the same way, we have tm € M, . Hence, by Lemma 4.28,
v(t) = v(tm)v(m)™ =ro gl =1

(iii) We have H ¢ X NT, C X NT C X N N by definition. Using a Bruhat
decomposition [10, 6.1.15 (¢)] with U, C UT and U_, C U™, we deduce that
XNNCH. (]

The following proposition is similar to [10, 6.3.2, 6.3.3] and [22, 8.1-8.6],
including considerations on the groups Lf, , we have introduced.

Proposition 4.45. Consider any o € @, any A € R and any € € R~q. Under

Notation 4.41, we have

(1) Loy =UanU, _\T, x and L, \ = Ua \U_q 115 5 for any ordering
on the factors.

(ii) Moreover, N;, \ =Ty, \ and N§ , =T§ -

(iii) If A € Ty, then for any m € M, x, we have

Loy = (Ua’)\Ta’)\U/ a,—A) ] (Ua’)\mTa’)\Ua,A) and Ny = Ta’)\{l,m}.

(iv) If A ¢ T, we have Lo x = Us \Ta \U-a,—x and Nox =Tox =T, ).
(v) The groups T x, Ty, and T \ are subgroups of Ty.

Proof. (i) Consider € € R and He = Lf, ;NTy. Then H. normalizes U, x and
U_a,—x+¢ since so does T3, by Corollary 4.34. Consider X, = Uy \U_q, x4 He.
Then X, is a subset of L,  stable by multiplication on the left by elements in
H, and U, .

Moreover, U_q,~x+cUa,x C Ua \(ToNLE, 3 )U—a,~r+e by Lemma 4.44. Hence
X, is stable by multiplication on the left by elements in U_, _x4. since H,
normalizes the subgroup U_, —xte. Hence X. = LF \. By Lemma 4.44 (iii),
we get T, y = H., and therefore T \ C Tj.
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Since U, _x = U.o¢U-a,—r+c is an increasing union, Lf, y = U, L&.x

as increasing union so that the equality

;’)\ = U Ua,ATé,AU—a,—)\+5 = Q’ATO/L,AU/—Q,—)\
e>0
holds.

Finally, since Uqy, » and U_, _x4¢ (resp. U’,a’,x) are subgroups normalized
by Tg , (resp. Té’ y), we get the equality for any ordering by applying the
inverse map.

(ii) If n € N§ , then n € UTTU~, and using a spherical Bruhat decom-
position [10, 6.1.15(c)], we get n € T. Thus N , C 75 5. The same holds in
L,,CcU'TU".

(iii) We know that

1] 7& Ma,)\ C Ua,)\Ufogf)\Ua,)\ C La)\

by Proposition 4.15 (i) and (iii) and definitions. Consider H = Ly xNTp C Ty 5
and m € M, . Define

X = (UQ,AHU/_OL,_A) U (Ua,)\mHUa,)\) C La’)\.

By Lemma 4.28, we know that v/(m) = r4,x. Hence we have v(m?) = r2 , = id.
Thus m? € TyNLy = H and m~1 € Hm = mH. Since U_oq—x= m’an)\m
by Lemma 4.16, we deduce that L, » is generated by U,,x and m. Thus it
suffices to prove that X is stable by right multiplication by m and elements
in the group U, . It is convenient to firstly prove that X is stable by right
multiplication by elements in the group H.

Since H C T, normalizes U’ , , and Usx and T, , = L, ,NT, C H,
we deduce from (i) that L, \H = Ua \HU’ _, is a group. Hence XH =
XUq ) =X.

On the one hand, we have

Ua HU”, _ym C Ua xHmUq .
On the other hand, we have
UaxHmUg xm C Ua \HU_o —xm? = Ua \HU' , _,\ UUa xHeZ}({-A}).
Let u € ¢~ ({=A}). By Proposition 4.15 (i) and (iv), there exist

u,u" €Uyx and m' € M_n _y = My

such that m/ = w'uu”, so that m’ € Lq . But v(mm’) = v(m)v(m') =17 \ =

id by Lemma 4.28 since m,m’ € My x. Thus mm’ € T, N L, » = H. Hence
u € Ug xHmU,, ». As a consequence, Ua,,\an:}l({—)\}) C Uq xHmU,» since
H C Ty, normalizes U, ». This proves that Xm C X, and therefore L,y = X.
Moreover,
(Ua,AHU/_a,_A) n (Ua’)\mHUa’)\) =J.

Indeed, by contradiction, we would have m € Uy \HU’ , _\HUqyx = HL;, )
since H C Ty normalizes U’ , _y and Uy x. Thusm € NNHL, ,= HN/, , C T
by (i), which is a contradiction with m € Mgy .
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It remains to show that H = T, x. Let t € Ty » = T N L, . By contra-
diction, suppose that ¢ € Uy xmHUqy x. Write m = wou’ with u, v’ € Uy z
and v € p~L ({—A}). This is possible by Proposition 4.15 (iv) and (iii). Then
we have v € TU, NU_, = {1} by axiom (RGDG), which is a contradiction
with ¢ _o(v) = —=A. Thus ¢t € Uy \HU’ , _,. By Lemma 4.44 (iii), we deduce
H=T,,CT,

Let n € Noa. If n € UsnaTanU', _, C U TUY, then n € T using
a Bruhat decomposition [10, 6.1.15 (c)]. Hence we have n € TN Ly x = Ty 2.
Otherwise, n € Uy xmTa \Uax. Hence nm € Uy \To AU—q,— because m? €
H C T, and by Lemma 4.16. Thus nm € T, and therefore n € T, xym. Hence
it follows that Ny x = Toa{1,m}.

(iv) If X ¢ T, we know that —\ ¢ —I'y, = I'_, by Remark 4.12. Hence
we have U_, —» = UL, _\ by Remark 4.42, and therefore L;, \ = La,x by
definition. Hence Ny = N/ y = T, . Since Li, y = Ua\T} \U—a,—, We
deduce that T, x = T}, , by Lemma 4.44 (iii).

(v) has been shown among the proof. O

Corollary 4.46. For any € > 0, any a € ® and any A € R, we have
LZ,A = Ua:AU7a77)\+€NOEL,A = U*a,*AJrEUa)\Nz,A'

Proof. If € > 0, this is a consequence of (i), (ii) and (v) since T, normalizes
Ua’)\ and U—oz,—)\-i-s-

If ¢ = 0, the first equality is a consequence of (iii), (iv) and (v) since T}
normalizes U_q, 3, U/,a,,A and U,,» and since we have mUa)\m*1 =U_q,-x
by Lemma 4.16. The last equality is obtained in the same way by exchanging
(v, A) with (—a, =) since Ly x = L_q,—x by definition and, therefore, Ny x =
N_a_». O

Technical lemmas of computation of some commutators. We want to estimate
some commutators in terms of the valuation of root groups.
The following lemma is [10, 6.3.5] with ¢ denoting the r + s of Bruhat—Tits.

Lemma 4.47. Let o € ®. Let A € R and € > 0. For any u € Usq 2y and
any v € U_q _xte, we have [u,v] € Uy areTpU—o,—rt2e-

Proof. We can assume that u # 1 and v # 1.
Let

1 1
w=pa(u) = §<p2a(u) € §F2a CTy and p=p_n) eT_,.

Consider m € Maq 2, and n € M_, , which is possible by Proposition 4.15 (i).

Let v',v"” € U_24,—2, be such that u = v'mv”, which is possible by Proposi-
tion 4.15 (ii). Let v’,u” € Uq,—, be such that v = u'nu”.
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On the one hand, one can write
[u,v] = u(u'nuYu™* (u'nu’) ™
_ (uu/)nu//u—l(u//)—luu—ln—l(u/)—l
(6) = (uu')(n[u", w ™) (nu” ) (W) T
By axiom (RGD2), we have [u”,u~!] = 1. By Lemma 4.16, we have

nu"tn"te nU%,ﬂf1 =U_a,u+2p-

As p+p > e > 0, by Lemma 4.44, we have U_q, ;14-2)Ua,—p C Ua,—pyToU_q ;g 2p-
Moreover, p+ 2p > —A + 2¢, whence [u,v] € UyTpU_q,—rt2¢-
On the other hand, an analog writing gives

(7) [u,v] = ' (m[v", v]m ™) (mom ™) (o) to L.

By axiom (RGD2), we have [v"/,v] = 1.

By Lemma 4.16, we have mvm ™! € mU,a”Dm’1 = Uq,p+2u- By Lemma 4.44,
we have U_o,—,Ua,pr2u C Ua,pr2uT5U—a,— . Moreover, p+2u > A+¢, whence
[u,v] C UgateTbU—_q.

By uniqueness of the writing in UTTU~ (axiom (RGD6)), equations (6)
and (7) give

[, v] € UsTyU—_q,—ry2:e N UanyeToU—a C UareTpU—a,—rt2e- g
The following lemma is [10, 6.3.6] with ¢ denoting the k + ¢ of Bruhat—Tits.
Lemma 4.48. Let o« € ®. Let A € R and € > 0. Then the product

UQa,Q)\—sUa,ATbU—a,—)\+5
1S @ group.

Proof. By Lemma 4.44, this subset is stable by right multiplication by elements
in Ug,x, Ty and U_q,—rte. If u € Uzgax—c. Then, for any v € U_, _xye, We
have
vu = ufu~t,vv € wWUa \ToU—a,~2+8c0

by Lemma 4.47. Thus

UQa,Q)\—onz,)\Tbvu - U2a,2A—5Ua,ATbU2a,2)\—sUa,ATbU—oz,—)\+%sU—a,—A+s-

Since [Uza,Uas] = {1} by axiom (RGD2), the group Usa,2x—- normalizes
Ua,x and Tp. Since U_q, —x+ 8¢ is a subgroup of U_,, —x1e, we are done. g

The following lemma is [10, 6.3.7] with ¢ denoting the k + ¢ and A denoting
the k of Bruhat-Tits.

Lemma 4.49. Leta € ®, A€ Rand e > 0. Forany u € Uy, v € U_q —r1e,
we have

(8) [u,v] € Usa,2x+eUarte ToU—a,—a42:U—20,—2x+3¢-
If, moreover, u € Uaq, that is, u € Uz 2, then

9) [u,v] € Usa,2x+eUarte ToU—a,—243:U—20,—2x+4c-
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Note that Usa,2r4+2eUaa4+e = Ua ate-

Proof. We can assume that u # 1 and v # 1. We keep the same notation as
in the proof of Lemma 4.47: A < y = ¢q(u) €Ty and —A+e < p=p_,(v) €
' o; m € My, and n € M_q ,; v',0" € U_q,—, such that u = v'mv”;
uw',u" € Uq,—, such that v = u'nu”.

By axiom (V3), we have [u”,u™'] € Uss,—,. Hence, by Lemma 4.16, we
have

nUzapu—pn ™" C U g0 NUqg pzen™ = U_a NU_a,222 155 = U_20,u43p-

1

Moreover, nu~'n~1 € nUowm’1 = U_q,ut2p by Lemma 4.16. Thus for-

mula (6) gives
[u,v] € UaU-20,ut3pU—a pt2pUa,~p-
By Lemma 4.48 applied to (—a, u+2p, u+p) in the role of («, A, €), the product
U_2a,y+3pU-a,u+2poT5Uaq,—p is a group which is equal to
Ua,—pToU-a,u+20U—20,u+3p

by applying inverse map. Since pu+ 2p > —A + 2¢ and p + 3p > —2\ + 3¢, we
get
[u,v] € UaToU_o,~ry2:U—20,—2243¢-

By axiom (V3), we have [v",v] € U_24,p—u. Hence, by Lemma 4.16, we
have

-1 —1
mU,ga,p,Nm C Usa N mU,O“prum =Usa N Ua7‘)77“+2u = U2a73N+p.

Moreover, mvm™! € mU,o[,pm_1 C Uq,pt2,u by Lemma 4.16. Thus formula
(7) gives
[u,v] € U—a,—pUa,3p4 pUapt2uU-a-

Applying Lemma 4.48 to (a, p+2u, p+ ) in the role of (a, A, €), since p+2u >
A+eand p+3u > 2\ + €, we get

[uv U] S U2a,2A+sUa,A+sTbU—o¢-

Uniqueness of the writing in UTTU ™~ (axiom (RGD6)) gives (8). If, moreover,
u € Usaq, then we have [u”,u~!] = 1 by axiom (RGD2).
Moreover, nu='n™' € U_9o NU_q j+2p = U—24,2,+4p. Thus

[u,v] € UU—2q,2+4pUa,— p-
Applying Lemma 4.48 to (—a, 21+ 3p,2(u + p)), we get
[u,v] € UsTpU—a 2u+3pU—2a,2u+4p-
Since 2+ 3p > —A + 3¢ and 2 + 4p > —2X + 4¢, we obtain
[w,v] € UsTyU—_q,—r+3:U—20,—2244c-
Hence, by Lemma 4.47 and uniqueness of the writing in UTTU~ (axiom

(RGD6)), we get (9). O
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Notation 4.50. Let A € R, ¢ > 0 and o« € ®. Consider u € Uy », v €
U_a,—>te. Then, by Lemma 4.44 and axiom (RGDG6), there is a unique
t(u,v) € Ty such that [u,v] € Ugat(u,v)U_q,—rte. The element t(u,v) is
then called the T-component of [u, v].

The following proposition details [10, 6.3.9]. This proposition is really im-
portant to prove that the fibers of the ®°-building for the projection maps
also are buildings; see Proposition 8.8.

Proposition 4.51. Let A € R, ¢ > 0 and a € ®. Then T  is the group
generated by the T-components t(u,v) of the commutators [u,v] for u € Uy z
and v € U_q —xye. In particular, T, 5 is the group generated by the T-com-
ponents t(u,v) of commutators [u,v] for u € Uy x and v € U’ _,.

Proof. Denote by X the subgroup of T} generated by
{t(u,v) | u € Ugyx, v € U_qg,—rte}-

Since [u,v] € L, 5, we have X C L, \NT,. We prove that Y = Ua xXU_q,—x+e
is a group. It is stable by left multiplication by elements in U, and X since
the subgroup X C T3 normalizes U, y. For v € U_o,_x4c and uzw € Y, we
have vurw = ufu~!,vjvzw. Let v’ € U, and v/ € U_, _x4c be such that
[u=t 0] = w't(u™t, v)v'. Then vuzw = (un')(t(u™t, v)z)(x~v'vz)w. We have
uu’ € Uy, x and t(u™!,v)z € X. Moreover, since z € X normalizes U_, e,
we have (z7'0'vz)w € U_4,_xqe. This proves that Y is a subgroup of L,
containing Uq,x and U_q,—x+c. Hence Y = Lg . By Proposition 4.45 (i) and
uniqueness in axiom (RGD6), we get X =T .

Since U’ , _, is the union J,. g U—a,—xte, we get that T/, = .o T35 by
intersection of L, x = U.vqUaAU—a,~r+<T5 \ with T'. This gives the second
assertion of the proposition. a

We obtain the following corollary, corresponding to [10, 6.4.25 (ii) and (iii)],
which does not use infimum and supremum.

Corollary 4.52. Let A€ R, ¢ > 0 and o € ®. Then the commutator sub-
groups satisfy

(10) (T35 Uan] € UarteUza201e,

(11) [T5 2 UaiA] CU—a,—areU—2a,—201e-
Moreover,

(12) (T2 Uan] C U A

(13) [ &,Aana,fA] C U/—oz,—A

Proof. If ¢ = 0, the inclusions are immediate since T, x C T3 normalizes Uq, »
and Uzq2x C Ug,x. Assume that € > 0 and consider the product

Z = Usqo2x+eUa rteToU—,~x+eU—20,—224¢-
To prove that Z is a group, it suffices to prove that Z is stable by right
multiplication by elements in the subgroups Usq 2x+e; Uaates Tb, U—o,—rte
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and U_gq,—2x+¢. It is obvious for the three last ones. Let uw € Uaq 2x+eUa,r+te
and v € U_q,—24eU_24,—224e. Set p = A + % Then v € U, and v €
U_qa,—pu+te. Thus, applying (8) of Lemma 4.49,

-1
[U ,U] € UQa,2y+sUa,;t+5TbU—a,—;L+25U—2a,—2,u+35

— UV2a,22+2eVa,A\+5¢ —a,—At+5eV—2a,—2\+2¢-
= Uza,2a+2eUan+ 2 ThU—a,— a4+ 2:U A
Hence [u=1,v] € Z, and therefore

vu = ufu"t v € uZv = Z.

Hence ZUszq 204U, x+e = Z, and therefore Z is a group.
We prove (10) by showing that the set of generators satisfies

{[t(uvv)vx] | 2,u € Ua, v E U—a,—A—i—s} C Uaa+eU2a2x+4e-

Let u,z € Ug,x and v € U_4 _xye. We will show that [t(u,v),z] € Z. By
Lemma 4.49, we have [u,v] € Z and we can write it as [u, v] = uguit(u, v)v1vs.
By Lemma 4.49 and axiom (V3), all the commutators [v=!, zu], [v=1, 2], [z, u1],
[z, u2], [z,v1] and [z, vs] are in Z. We have that z[u,v]z~! € Z. Indeed, zuv =
v[v™h zulzu € Zru and xvu = vjv~! z]lzu € Zru since v € Z. Moreover,
ruir™! = [, u5lu; € Z and zv;z~t = [w,v;]v; € Z for i € {1,2} since u;,v; €
Z. Hence xt(u,v)z~t € Z and we get [t(u,v),z] € Z since t(u,v) € Ty C Z.
Since T, normalizes U, y, we have [t(u,v), z] € U,. Thus
[t(u,v),z] € ZN Uy = Usa2r+eUa,rte-

We prove inclusion (11) on the set of generators [¢(u, v),z] for € U_q 2,
u€Uprandv € U_q rie. Let p=p_o(z) e T_y. i pp > —A+e, thenz € Z,
and therefore [t(u,v),z] € Z. Otherwise, let ¢ = A+ p so that 0 < &’ < e.

By Lemma 4.48 applied to the root —a and the parameters —\ + ¢ € R and
e —¢e" >0, the set

Z' = Ua,—(—)\+5)+(5—s’)TbUfa,karaU—2a,2(—A+s)—(5—s’)
= UogfuTbUfogf)\JraU72a,72)\+a+a’
is a group. Using Proposition 4.15 (ii), we write = ymz, with m € M_, , =
My, and y,z € Ug,—p.
Let t = t(u,v). Then

-1 1 -1

[t, 2] = tymzt~ 2" m T y T = [t ylylt, mmlt, 2lm Ty

We have [t,m] € T, C Z' since v([t,m]) = [1,7_q,,] = id.
As in Remark 4.43, we have

ar = (Uan U—a,—ate)
’
= (Ua,—pre's U—apre—e) C Ua,—p, U—aypye—er) = foiu

By inclusion (10), we have [t,y|, [t, 2] € Ua,—pte—e'Uza,—2p4c—e’ C Ua,—p C Z'.
By Lemma 4.16, we have

—1
mUa,7u+aU2a772u+am = Ufa,fp,+€+2p,U72a772p,+€+4p, = Ufa,u+aU72a72u+a'
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Since pp+¢& > —A+eand 2u+¢e > -2\ + e+ €', we have
m[t,z]m_l € U_q,~xt+eU—20,—2xrteter C AR

Since y € Z', we get that [t,z] € Z’ as a product of such elements. Moreover,
[t,z] € U_, since T normalizes U_,. Hence we have either [t,z] € ZNU_, or
[t,z] € Z' NU_,. By uniqueness in axiom (RGD6), we get

U—a,—A+sU—2a,—2)\+5+5’ =7 N U—a czn U—a = U—a,—A+sU—2a,—2)\+57

and we are done.
Since L, , is the increasing union

/ _ €
a,N T U La)\?

e>0

and so is T}, y = .5 T4.x, We get that the commutator subgroup [T, 5, Ua,x]
(vesp. [T, x,U—a,—1]) is the increasing union of the commutator subgroups

U [T;)\, Ua)\] C U Ua,A+aU2a,2>\+a-
e>0 e>0

The latter union is equal to U, 5. Indeed, it contains Uy, , by definition. If
e > 0 satisfies 2\ 4 ¢ € 'y, then by Fact 4.13, there exists u € I',, such that
2 =2 +e¢e. Let ¢’ = p— X. Then ¢’ > 0 since 2¢’ = ¢ > 0. Thus Uazp 2x4= C
Uarte' C U&,A' Otherwise, for any u € Uszq 2x+e, We have @oq(u) > 2X + €.
Hence there is &’ > 0 such that u € Usa2xnteter C Unaqmin(e,er) C Up -
Thus we get Usqoate C U(’I,A for every € > 0 so that we get the desired
equality. As a consequence, we get inclusion (12). By symmetry, we obtain
inclusion (13). O

4.53. Subgroups generated by unipotent elements. In this section, we
work under data and notation of Assumption 4.36. Moreover, we fix a non-
empty subset {2 C Agr. For simplicity, we will forget the chosen origin o of Ag
in this section, i.e. we will denote by «a(z) the quantity a(xz — o) by abuse of
notation.

Remark 4.54. In Bruhat-Tits theory, some results on groups are expressed
in terms of concave functions f (see [10, §6.4]) associated to abstract groups
endowed with the structure of a valued root group datum. In fact, only some
well-chosen concave functions are considered for reductive groups over local
fields. For instance, the optimized function f’ associated to a concave func-
tion f is defined in [11, 4.5.2] as

(o) = inf{)\ €T, | A > f(a) or, when % € 9, % > f(%)}

In Bruhat-Tits theory, since the valuation group A is contained in R, f(«a)
is well-defined and is an element of I", so that it is relevant to work with the
group Uq, f'(a). More specifically, for a subset {2 € Ag, some concave functions
fa can be considered in order to define parahoric subgroups P, C G. Once
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the building Z has been constructed, this subgroup P turns out to be the
pointwise stabilizer of €.
Recall that the quasi-concave maps were defined by

fa(e) =inf{A e R | alz) + A >0 for all z € Q}
1nfﬂ ), +oo[ = sup{—a(z) | x € Q}.

x€Q
Here, we do not use infimum and supremum, so that we replace this definition
by some intersections or unions of groups.
Note that, in the Bruhat—Tits theory, such a function fq satisfies fo(2a) =
2 fa(a), which is the case of equality of the concave inequality 2 f(«) > f(2a).
This equality induces an equality of groups Uq,f = Uq, fUsq, ¢ in [10, §6.4].
Notation 4.55. We let
0= UVa-aw), Uba=[)Ub-aw
reN TEQN
We denote by Uq (resp. U,) the subgroup of G generated by the union of
subgroups Uy q (resp. U, ) for a € ®.
It is convenient to introduce the notation Uz, o (resp. Uéayﬂ) as being the
trivial group when o € ® and 2« ¢ ®.
If a choice of positive roots @ is given, we let UT and U~ be as in (RGD6).
We let

Us =UanUT, UL =U0,nUT,
Uy =UanU-, Uy =U,LNU",
To=UqNT, Th=U,LNT,
No=UqNN, NH=U,NN.

If Q = {z}, we use Uqo, Uy, etc. instead of Uy {2}, Ufay, etc.

Note that the notation Ng was not introduced in [10]. In the context of al-
gebraic groups, under favorable assumptions (typically a simple-connectedness
assumption), the rational points of a group are generated by the unipotent
elements. That is why we denote by Nq the N -component of the group Ug
generated by some unipotent elements.

Fact 4.56. By definition, we have the following equalities:

Uaﬂ = ﬂ Ua,w = 90;1 ( ﬂ [—a(x), OO])?

zeQ z€Q
o = ﬂ = (ﬂ]—a(m),oo]).
zeQ z€Q

Note that the intersections (), .q[—a(z), o0] and (), cq]—a(z), 0] are con-
vex subsets of R that may not be intervals of R when R # R.

Fact 4.57. The group T, normalizes Uy o and U;’Q for any o € .
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Proof. For any = € Q and any ¢ > 0, we know by Corollary 4.34 that Tj
normalizes Uy, —a(s)+e- This remains true by taking increasing unions and
intersections of these groups. g

Lemma 4.58. For any o € ®,q, we have Usn,0 C Uy .

Proof. By axiom (V4), we have Usq2x C Uq,z for any A € R. Hence
U2a7Q = m U2o¢7a: = ﬂ UQa,—Qa(z) C m Ua,fa(a:) = ﬂ Ua,w = Ua,Q~ O

e e e e

Notation 4.59. Let a € ®. We denote by Lo (resp. Ly, o) the subgroup of
G generated by U,,q and U_q o (resp. Uy o and U’_a’Q). We denote

Too=LaoNT, T,q=L,qNT,
Nag=LaaoNN, N(;,Q =L,oNN.

Note that, since {2 is not empty, there exists some point x € () so that
we have Lo, D Lo since Uy z D Uy and U_q; DO U_q . Therefore,
T and T},  are subgroups of T}, according to Proposition 4.45 (v) applied
to Loz = La,—a(x)- Note that, Loo = L_qq by definition, but L’ , o may
differ from L, .

The following lemma corresponds to [10, 6.4.7 (QC1)] with a different proof
since we do not use concave maps.

Lemma 4.60. For any a € ¢, we have
(QCl) La7Q = Ufa,QUa7QNa,Q = Ua,QU7a7QNa,Q
(QCY) N, o=T,oCTy and L, g="UsaTioU 0o=U"0oThoUsse-

Note that the group U, may not be commutative, when « is multipliable
for instance.

Proof. Obviously, the set Ua7QU,a,Q]\7a7Q is contained in L, and the set
Ua’QUI_a’QN&7Q is contained in L}, o by definition. Let g € Lo, (resp. L, o)
and write it as a product g = [[\~, h; with h; € Uaq UU_q,0 (tesp. h; €
UaoUUL, q). For 1 <4 <m, denote

N — {gpa(hl) if h; € Ua’Q, ‘ {OO if h; € Ua’Q,

~ ifhi €U, ' \@—alhi) ifhi € U_gq.
Hence, for any = € 2, we have
Ai > —afx) and p; > —(—a)(z) = afx) (resp. pu; > a(z)).

Let A = minj<;<m A; and g = minj<;<y, ft;. Then A = \; for some 7 so that
Uar = Uq )z, CUqy and g = py; for some j so that U_n , = U_apu; CU_a-
Moreover, h; € Uax UU_q,, for any 1 < ¢ < m by definition of A and p.
Let e = A+ p > —a(z) + a(z) = 0 (resp. € > 0). Thus g is in the group
generated by Uy x and U_q,,, = U_q,— x4 Which is EA = Ua)\U,a,,)\JFENj’A

[e3
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by Corollary 4.46. Since Uqy,y C U, , for every z € Q, we have Uy x C Uy 0.
By the same way, U_qo,—x+e C U_4 q. Hence LfL,\ C Lqa,o. Thus

Oaz,A = NQLZ’)\ C NmLa7Q = NOt7Q'

Moreover, we have N§ = T3 y C T, o when € > 0 by Proposition 4.45 (ii).
This gives g € Ua,QU_—a,0Naq for any g € Lo o (vesp. g € Ua U’ , oT;, o for
any g € Ll o).

Moreover, using a Bruhat decomposition [10, 6.1.15 (¢)], this gives
LLgNN=N,,CT,

which gives the first part of (QC1’). Since ]\7(;9 =T},.q C Ty normalizes U, q,

we get the first equality of the second part of (QC1').
We get the second equality by applying inverse map. O

Lemma 4.61. Let o € ®. The following commutator subgroups satisfy
[Ua,0; Ué,ﬂ] - Uéoma Va0, ULOQQ] C Uz;,QULmQTz;,Q'

Proof. We check it on a set of generators. Consider u € Uq,q and u’ € Uy, q.
Pick any z € Q and set A = —a(z) € R. Let
p=vo(u)=A+e and p =ps(u)=X+¢& withe>0ande >0.

Then, by axiom (V3), we have [u,u'] € Uza 2xteter C Us, 9y = Us, - Hence
[u7ul] € mer Uéa,z = éa,Q'

Consider u € Uy, and v € U’ o. Forany x € Q, let A = —a(z) € R. Then
u € Uy, and there exists € > 0 such that v € U_4,—x4.. By Lemma 4.49, we
have [u, v] € Usa2xr+eUar+et(U, V)U_q,—r12:U—2q,—22+3¢, Where t(u, v) is the
T-component of [u,v]. Hence, by Lemma 4.44, there are v’ € U,, v' € U_,
uniquely determined such that [u,v] = w't(u,v)v’. Moreover,

200(u") > 20+ e > —2a(xz) and 2¢p_,(v') > —2X+ 3 > 2a(z).

Hence v’ € U}, ,,v' € U, , forany x € Q. Hence v’ € U;, g andv' € U’ , .

—a,T

Thus, by Lemma 4.44 (ii), t(u,v) € L, o N T = T}, o. Hence
[u,v] € U¢;7QTz;,QULa7Q = Uz;,QULmQTz;,Q
since T/, o C T, normalizes U’ , . O

The following lemma corresponds to [10, 6.4.7 (QC2)]. It is an immediate
consequence of axiom (V3) and of the definitions.

Lemma 4.62. Let o, 8 € ® be such that B ¢ —Rsoc, and let Ui, gy 0 (resp.
U(/a”é’),ﬂ) be the subgroup of G generated by the Uy q (resp. U ) for v € (o, B)
(see Notation 3.2). Then the commutator subgroups satisfy

(QC2) [Ua.2,Up.a] C Uta,p).0

(QC2) Va0, U/Isﬂ] - U(Ia,ﬁ),fz-
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Proof. Let u € Ug,0, v € Ug,g and v' € Uj o. Let A = po(u), p = ¢p(v) and
= @g(v'). Let r,s € Zso be such that v = ra + sf € ®. Then, for any
x € Q, we have A > —a(x), p > —f(x) and p/ > —5(z). Hence

rA+ sp > —ra(z) — sf(x) = —v(x),

A+ sy > —ra(z) — sp(z) = —y(z).
Thus Uy patsy C Uy and Uy patsy C Ul . Because this inclusion holds
for any = € Q, we deduce that Uy ;x5 C Uy, and Uy prqs C U a By

axiom (V3), the commutator [u,v] (resp. [u,v’]) is contained in the group
generated by the UraJrsBm)\Jrsu - UTQ+SB7Q (l"eSP~ UraJrsBm)\Jrsu’ C U;a+537g)'
g

Example 4.63. According to Lemmas 4.60 (QC1) and 4.62 (QC2), the family
((Ua,0)aca,Y) is quasi-concave for every subgroup Y of T}, since T}, normalizes
each Uy q for @ € ® and U, 0 = Us,qU2a,0 by Lemma 4.58. In particular, for
Y =1, from Proposition 4.5, we get

(i) UoNUq = Uy, and Uz NUq = Uz NUq 0 = Usa 0 for any o € ®pq.
(ii) The product map

[I Ven =0 =Uanv* (resp. [[ Uan—Ug=UanU")
acdty, acdly

is a bijection for any ordering on the product.
(i) We have U = Ug U No = Ug U Na.
(iv) The group Ng is generated by the N%Q for a € ®pq.
Since, for every a € ®, the group Ty, o C T}, normalizes U}, o and UL, , we
deduce from Lemmas 4.61 and 4.60 (QC1") that U], oU’ , o(T'NUY,) is a group
for any ordering of the product. Since U}, q, is a subgroup of Uy o, we deduce
from Lemma 4.62 (QC2') that the family (U] )ace,Y) is quasi-concave for

a?
any subgroup Y of T} since Tj normalizes the U&Q for o € ®.

We have, as in [10, 6.4.25 (i)], the following.

Proposition 4.64. Let a, 8 € ® be two roots such that § ¢ Ra. Let \,u € R
and € > 0. Then the commutator subgroup satisfies

[TE,N7 Ua)\] C Ua,)\+5U2a,2)\+€'
Moreover,
[Té‘u,Ua_A] C U& A

Proof. There is nothing to prove for € = 0, since Tg C T, (Proposition 4.45 (v))
normalizes Uy x = Uq aUz2q,2x (Corollary 4.34). Assume € > 0 and consider
the group X generated by the subsets Ug ,, U—_g,— 4+ and U_zg _2;4.. Then
X contains T by definition.

For s € Z, let
0 if 0
s)=q_ T
e if s <0.
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Consider the group Y generated by the U,q4s8,rr+spte(s) for (r,5) € Zso X Z
such that ra + sg € ®.
By axiom (V3), we observe that the commutator [z, y] for

(S UB,# U U—B,—,LH—E U U—Qﬁ,—Q,LH-E and Y€ U U’I‘O(+SB7T>\+SM+E(S)
(r,8)EZ>oXZ

belongs to Y. Thus X normalizes Y and [X, U, ] C Y. Hence it follows that
[Tg,w Uaa] CY NU, since 15, C X NT normalizes U,.

Consider the root system ®(«, 8) = ®N(Za+ZF) and the family of groups
defined by Xratsp = Uratspratsute(s) for 7 > 0 and ra + s8 € @ and
by X;aysp = 1 otherwise. Then the family of groups (X,),ecao(a,5) is quasi-
concave (axiom (QC1) is obvious for this set since either X_o, = X_, =1 or
X2y = X, =1 and axiom (QC2) is a consequence of axiom (V3)). Thus, by
Proposition 4.5, we get that Y NU, = X0 X0 = Uy r+cU20,204¢-

Since Té’ P Ueso 1§ ,, we get that any element in the commutator sub-
group [T ,,Ua,x] belongs to the commutator subgroup [T§ ,, Ua,»] for some
e > 0. Thus [TA’N,UQ’)\] C UE>O[T,§’N,UQ,A] = U5>O Ua,A+5U2a,2)\+5 = U(;’)\.

O

4.65. Local root systems. In this section, we work under data and nota-
tion of Assumption 4.36. Moreover, we fix a nonempty subset 0 C Ag. For
simplicity, we will forget the chosen origin o of Ag in this section, i.e. we will
denote by a(z) the quantity a(z — o) by abuse of notation. The goal of this
section is to define a root system ®¢, depending on the local geometry of Q
inside Ar with respect to some hyperplanes H, » for a € ® and A € I/, that
will be the walls of Ag.

Notation 4.66. We define the following subsets of roots:

O, = {a € D | there exists A, € R such that —a(x) = A, for all z € Q},
D = {a € D | there exists A\, € ', such that —a(x) = )\, for all z € Q}.

Note that, by definition, we have &q C ®§ C ®. We will observe (see Proposi-
tion 4.70) that ®gq is a root system. We call it the local root system associated
to €.

Lemma 4.67. Let o € ®. The following are equivalent:

(i) a € bg;

(i) there exists u € Uy such that oo (u) = —a(zx) for all x € Q and @ (u) >
Yal(uv) for all v € Usy;

(iii) o € @ and there exists u € Uy q such that uv ¢ U], o for all v € Usq.

Proof. (i) = (ii): If a € ®gq, let Ay € I',, be such that —a(z) = A, for all
x € Q. By definition, there is u € U, such that —a(x) = ¢, (u) and

Ua7gaa(u): ﬂ Ua#’a(uv)'

veU24
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Thus, for all v € Us,, we have ¢ ! ([pa(u), +o0]) C 05 ([pa(uv), +00]), and
therefore o (u) > @q (uv).

(il) = (iii): Let u € U, be such that p,(u) = —a(z) for all x € Q and
Vo) > pq(uv) for all v € Us,. For any x,y € Q, we have —a(z) = po(u) =
—a(y) so that u € (,cq Ua,e = Ua,0. Suppose by contradiction that there is
a v € Uzo such that uv € U}, o. Then, for any x € Q, we have uv € U/, ., and
therefore o (uv) > —a(x) = @4 (u), which contradicts the assumption.

(iii) = (i): Assume that there exists a u € U, such that uwv ¢ U, q
for all v € Uz. Let Ay = @o(u). For z € Q, since u € Uy,q C Uye, We
have Ao = @a(u) > —a(x). Let v € Usa. Then uv ¢ U] o and there is
z, € Q such that wv ¢ U], . Thus ¢,(uwv) < —a(zy) < @a(u). Hence
Ua,po(u) C Ua,pn (uv) for every v € Us, and we get Un, o, (u) = ﬂveUza Ua,pu (uv)
by taking v = 1, so that Ao, = @ (u) € T, If, moreover, o € ®¢,, then for all
y € Q, we have —a(y) = —a(z) = A, O

Without infimum and supremum, we provide a different proof and a slightly
different statement of [10, 6.4.11].

Lemma 4.68. For any a € ®nq, we have "v(Ny o) C {1,r,} with equality if
and only if either a or 2a belongs to ®q.

Proof. According to [10, 6.1.2(7) & (10)] and [10, 6.1.15 (c)], since

Nog CNN (U, U_g, T) =T U M,,

we have "v(Ny ) C {1,74}.

Suppose that a € ®g. Let v € U, be given by Lemma 4.67 (ii) and A =
va(u) €T, CT,. Then, by Lemma 4.28, we have "v(M,, ) = {ro}. Moreover,
by Proposition 4.15 (iii), the set M, » is contained in L, x. Moreover, for any
x € Q, we have —a(x) = A, which gives Uy = Uy,0 and U_q 5 = U_q 0, and
therefore M, » C Na’g. Thus r, € ”V(Na@).

Suppose that 2a € ®q; then r, € ”u(Nth) since ]\Nfga@ C ]\7&,9 by defini-
tion. Conversely, suppose that 7, € “v(N,.q). Consider any n € v~ ({re}) N
Na.o. Note that n ¢ T since *v(T) = id by [10, 6.1.11 (ii)]. Since Un.qUU_a.q
is a generating set of the group L, o, we can write n as a product n = [[,_, u;,
where r € Z~o and u; € Uy qUU_4 o with u; # 1.

For any i € [1,r], let

N — Yalu;) ifu; € Ug, Je—alw) ifu; € U—g,
" )0 if u; € U_g, Hi= 00 if u; € Uy,

and consider A = min{); | ¢ € [1,7]} € RU{oo}, p = min{y, | i € [1,r]} €
RU{oo}. For any i € [1,7], we have either \; = oo or u; € Us,0 =(\,cq Ua,z)
which gives o (ui) = A > —a(x) for every & € Q. Thus Uz, C Uag.
By the same way, U_, ,;, C U_q . Thus Uy C Usn and U_,,,, C U_4 0.
Hence, for z € Q, we have A > —a(z) and g > a(zr). Let e = A+ p > 0.
Then n € L y, and thus n € Nj o \ T, which gives ¢ = 0 and A\ € T'y, by
Proposition 4.45. Hence, for all x € Q, A > —a(x) and g = —X > a(z). Thus,
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forall x € Q, —a(z) = X € Ty. If X € T, then we have o € $g. Otherwise,
by Fact 4.13, 2\ € T}, and thus, for all z € Q, —(2a)(x) = 2X € T, which

2a 2a00
means 2a € ©g. O

Proposition 4.69. The group Nq normalizes U,

Proof. Let o € ®pq and n € NQ,Q. Let e ®andu € U,éyﬂ. If “v(n) = id, then
n € T by [10, 6.1.11 (ii)], and therefore n € T o C Tp. Thus nun~! € U,é’Q.
Otherwise, « or 2a € & by Lemma 4.68, so that, for any = € Q, we have
—a(r) =X eTl,. Let v="v(n)(B). Then n € L, , since Ury,n C Utq, z, and
therefore n € Tym for any m € M, » by Proposition 4.45.

Let z € Q and € = pg(u) + B(z) > 0. Then

mum™" € Uy, _p(a)tetfov)r = Uy, —v(@)+e

with v = 74(8) = B — B(a")a according to Lemma 4.16. Thus nun~" € U/ ,
for every z € Q, and therefore nun~" € U{,. Hence n normalizes U{, since it is
generated by the Uj .

Thus N normalizes U, since it is generated by those elements n according
to Example 4.63 (iv). O

In the following proposition, we detail the proof of [10, 6.4.10] with some
changes since we do not use infimum here.

Proposition 4.70. The subset g is a sub-root system of ®, i.e. a root system
in the R-subspace V{5 generated by ®q. Moreover, the group homomorphism
Y N — GL(V*) induces a group homomorphism Nq — GL(V3) sending n
onto the restriction of “v(n) to Vi with image the Weyl group of ®q and
kernel Tq.

Proof. Let Wq = “v(Ng), which is a subgroup of the Weyl group of ®.

Firstly we prove that ®g is stable by Wg. Let n € Ng and w = “v(n) €
Wq C W(®). Consider any a € ®q and let 5 = w(a). Consider an element
u € U, such that pq(u) = —a(z) for all € Q and pq(u) > @q(uv) for
all v € Usq, given by Lemma 4.67 (ii). Let @ = nun~!. By [10, 6.1.2(10)],
we have @ € Ug. Since n € No C Ugq, we have @ € Us NUq = Usq by
Example 4.63 (i). Let © € Usg and set v = n~'on € Uy—1(28) = Uza. Suppose
that wv € U[g’ﬂ. Since N normalizes Ui, by Proposition 4.69, we have uv =
n~'aon € UyNU, = U}, o by Proposition 4.5 (i) applied to U, (this is possible
according to Example 4.63). This contradicts the assumption on u since, for
any x € §, we have pq (uv) > —a(z) = pa(u). Thus @0 ¢ U q.

Finally, for = € ), we have

Up,=U,NUsg=n(U,NUs)n"" =nU, ,n""

since n € Ng C N, normalizes U! by Proposition 4.69. Thus, for z,y € 2, we
have

! _ / -1 _ ! -1 _ /
Usgy=nU,,n " =nU,,n"" =Us,.
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Thus, for © = 1, we have @ ¢ Up o = U , for any x € 2. Hence, for any x € €,
we get pg(i) < —f(z). But we also have pg(a) > —fB(z) since & € Ug 5. Hence
B € ®f,. Thus, by characterization (iii) in Lemma 4.67, we have 8 € ®q.

Secondly, since Ng is generated by the N, o according to Example 4.63 (iv),
we get from Lemma 4.68 that W, is the group generated by the reflections r
for « € ®q. Hence ®q is a root system inside V{ by definition and the
restriction of elements in Wq to V{J is the Weyl group of ®q.

Finally, write V* = V3 & (®g)1. Since any 7, pointwise stabilizes (@)
for o € &g and these r, generate Wq, we know that Wq pointwise stabilizes
(®¥)*+. Hence an element w € W pointwise stabilizes V* if and only if it
pointwise stabilizes V. Thus the kernel of No — GL(Vg) is ker v N Ng =
TN (NNUq) =Tq by definition. O

We say that a point « € A is a special vertex if W(®,) = W(®).

Example 4.71. Consider G = SL2(K), let T be the subgroup of diagonal
matrices and U, (resp. U_,) the subgroup of upper (resp. lower) unitriangular
matrices. We get a generating root group datum of G if we take m = (_9§)
and M, = M_, = mT. There are parametrizations & : K* — T, u, : K — U,

and u_q : K — U_, of these groups given by

a@):(% S) ua(x):((l) 91”) and ua(y):<_1y (1))

We define a valuation of the root group datum by setting @1, (utq(x)) = w(x).
For z,y € K with w(z) > 0 and w(y) > 0, define u = uy(z) € Uyp and
v="u_o(y) €U’ Then

0] = 1 z\(1 0\(/1 —z\(1 0\ [1-=zy+2®y* 2%
AN 1/ \—y 1)\O0 1 )\y 1) xy? 1+azy)’

We set z = 1+ xy € K* since w(zy) > 0. Let
2

2
t=a(z) €T, W =ua(7) and v=ua(-T5).
z z

One can easily check that [u,v] = v/tv’ so that t = &(1 + zy) = t(u,v) € T,
for every z,y. /

Assume, for instance, that w : K — ZU{oo} is a discrete valuation of rank 1.
Thus 77, o = {d(z) | w(z—1) > 1}. By the same way, we get 7", o = T, o and
Ty =T N (U0 U., 0> TN Ua1,U_a1) = {&(2) | w(z —1) > 2}. In this
case, we have Ty & (T}, 0, T o 0) = Tho-

This example and the second inclusion of Lemma 4.61 suggest to introduce
the following subgroup of T' (which is denoted by Hy ¢+ in [10, 6.4]).

Notation 4.72. Let T be the subgroup of Ty (see Proposition 4.45 (v) and
Notation 4.59) generated by the T}, ¢ for a € ®.

Lemma 4.73. We have T, C To C Ty and all these groups are normal in T.
In particular, all those inclusions are inclusions of normal subgroups.
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Remark 4.74. The second assertion of this lemma becomes obvious when
T = Z¢(S)(K) is the group of rational points of the centralizer of a maximal
split torus S of a quasi-split reductive group G. Indeed, in this case, Zg(S)
is a maximal torus of G by definition, and thus 7" is commutative. But note
that Zg(S)(K) may not be commutative if G is not quasi-split.

Proof. Since Tj normalizes the U, and the Uéh , for any A € R and any
a € @, it normalizes Uy 0 and U, o as intersection of such groups. Therefore,
T, normalizes Ug, U, and L, ¢, for any a € ®. Since Tj, is a subgroup of T', it
normalizes the intersections To =T NUq, T, =TNUH and T, g = L, o NT
for any @ € ®. In particular, T, normalizes T being generated by the T2 o,
for « € ®. Thus it remains to prove the inclusions. /

For oo € ®, we have T, o = L, o N T C UgNT. Hence a generating set of
T¢ is contained in Tq, and therefore T¢5 C To.

If z € Q, then Uy, C Uy, for any o € ®. Hence we have Ug C U,, and
thus To =T NUq C Ta,e = Ta,—a(z) C Ty, by Proposition 4.45 (v). O

We have the analog to [10, 6.4.27].
Lemma 4.75. For any « € ®, the commutator subgroup satisfies
76, Una] € Uq a0

Proof. Since Ty C Tj, normalizes Uy, o, and, by Lemma 4.61, U, o normalizes

4.0 it suffices to prove that, for a generating set X of Ty, for every u € Uy o
and every x € X, we have [z,u] C U, . We consider X = (Jzcg T o Thus
let € ®, ucUyqandte T/’g’Q. Consider any x € €.

Firstly we assume that « is non-divisible. Then u € Uy,e = Ua,—a(s) and
teT;, =T; (z)- We have the following three possibilities.

Case 1: B ¢ Ra. Then, by Proposition 4.64, we get [t,u] € Uy, _ ) = Up o
Case 2: B € Rypa. Then B € {a,2a} since a is non-divisible and ¢t € T, ,
since Ty, , C T, . Thus, by Corollary 4.52(12), we get [t,u] € Up _o(z) =
Ul oz

Case 8: B € Repa. Then 8 € {—a, —2a} since v is non-divisibleand t € T, .
since T',, , C T, .. Thus, by Corollary 4.52(13) applied to —a, we get
[t7u’] € U(;gfa(w) - Uz/)z,w'

Finally, if o is divisible, we have that u € Usg , and we have already shown
that [t,u] € Us .. But since T' normalizes Uy, we have [t,u] € Uy NU% , =
Ul .

Since the inclusion [t,u] € U/, , holds for every = € (2, we get

tou] € () Ube=Ulg 0
e

Notation 4.76. For a € ®, we let

. _fUaq ifag®g,
ol Lo ifae®p.
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We denote by U, the subgroup generated by T¢; and the Uy (, for a € 9.

Remark 4.77. If o € @5, then RaN® C &,

Indeed, let 8 € Ra and write 8 = ra with 2r € {£1, £2, +4}. By definition,
there is Ay € R such that —a(x) = A, for all © € Q. Thus, with 2X\g = 2r),
(that belongs to R since it is a Z-module), we have —25(x) = —2ra(z) = 2Ag
for all z € Q2 so that 8 € ®§ since R is Z-torsion-free and —f(z) € R for any
T € Ag.

The difference between ®q and @, is that ®q takes the group structure into
account, whereas the set ®, only considers the structure of 2. For instance,
any point x € Ap satisfies % = @, whereas we will have W(®,) = W(®) if
and only if x is a special vertex.

We recall that, in Bruhat—Tits theory, there exist situations in which we
never have &, = ® (for instance, a dense valuation with I, = & for a mul-
tipliable root o € @, or a discrete valuation with a totally ramified extension
K/K splitting G).

The following proposition corresponds to the beginning of the statement
[10, 6.4.23] with a different proof since we do not define quasi-concave maps.

Proposition 4.78. The family of groups (U

a0)acd, 1) is quasi-concave and
the group Ug is a normal subgroup of Ug.

Proof. Since U}, o, C Ugq for any o € ® and, by Lemma 4.73, T C Tq, we know
that Ug is a subgroup of Ug. Moreover, T normalizes the Uy q for a € @
since T¢; is a subgroup of T, by Lemma 4.73, which gives (QC3). Let a € ® be
a non-divisible root. By Lemma 4.75, we have [Uq,0,T3] C Uy q C Us o In
particular, 7¢, normalizes Uy . By Example 4.63, since the families (U, 0)aca
and (U o)ace are quasi-concave and since @ = —®f, we deduce that the
family (U} q)ace,T3) satisfies axiom (QC1).

Now, we distinguish cases in order to prove axiom (QC2) on the one hand,
and that [Uq,0,Uj o] C UG for any «, 8 € ® on the other hand. Consider any
a, €.

Case 8 € ®. If B € —R5 o, by Lemma 4.61, we get that
[Ua,0,Uj ol = [Ua0, U,é,ﬂ] - Uz;,QULmQTz;,Q C Uy

(since [Un,0,U’y, ol C [Ua,n,U’, o] and a is non-divisible). Otherwise, by
Lemma 4.62(QC2), we get that
Ua,Ujol = U, Usol € [ Uac [ Uio
v€(a,h) v€(@,p)

In particular, we get axiom (QC2) for any a € ® and any S € ®§, satisfying
B¢ —Rsoa.

Case € @\ ®f. Suppose that 3 ¢ —Rsoa. Let uq € Us g C Usq and
let ug € Uiq = Usq. By Proposition 4.5 (ii), since (Ua,0)aco is quasi-
concave (see Example 4.63), there is a unique family of elements u., € U, o for
7 € (a, B) such that [ua, us] = [, ) uy (up to the choice of an ordering on
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the factors). Let v € (a, §) and write v = ra + s with r,s € Zso. If v ¢ ®§,
then u,y € Uy,o = Uj o. Otherwise, we have v € ®5,. Let A, be such that
Ay = —(z) for every x € Q. Since § ¢ @, there are points y, z € § such that

TB(y) < —B(z). Thus g(ug) > —B(z) > —B(y) and pa(ue) > —aly). Since
Oy (Uy) > oo (ua) + sps(ug) by axiom (V3), we get that

Oy (uy) > —rafy) —sply) = —v(y) = A,

Thus uy € U, = U, for every x € Q since A\, = —7(x). Hence we have
uy € Ul o =UJ g for every v € (o, 3). This ends the proof of axiom (QC2).
Now, consider any 8 ¢ ®5. If a ¢ g, then [Ua,,Uj o] = [Us 0,Uj o] C

U by definition. Otherwise, o € ®f,. By Remark 4.77, we know that § ¢
Ra. Since Uj g = Ugqa, we have the inclusion [Ua,0,Uj o] C U,p) o by
Lemma 4.62. Let v = ra + s8 € (o, ) with r,s € Zs¢. By definition, the
linear form « is constant on €2, but § is not. Therefore, - is non-constant so
that v ¢ ®¢,. Thus, for every v € (o, 8), we have U, o = Us a

Thus we have shown that, for any a € ®, we have [Uq0,T5] C Ug and
[Ua,0,Uj ol C UG for every 8 € ®. Hence U, o normalizes Uy since Uy is
generated by T, and the Uj (, for 8 € ®.

So does Usq,q since it is a subgroup of U, q. Since U, o normalizes Ug for
every o € ®, the group Uq generated by the U, o also normalizes Ug,. O

Notation 4.79. We denote by Gq the quotient group Uq/Ug. For o € @,
we denote by U, q the canonical image of U, o in Gq. We denote by Tq the
canonical image of Tq in Ggq. For a € &, we denote by m the canonical
image of My », with A\, = —a(z) for any = € Q (it does not depend on the

choice of z € Q by definition of ®g,).

The following lemma corresponds to part of [10, 6.4.23] with a completely
different proof.

Lemma 4.80. For any o € ®, we have Uy,q C Usp0 & o ¢ Pq.

Proof. Assume m ¢ Usq,0. Suppose by contradiction that Uy o C Usq Uclx,ﬂ'
Let u € Uy, 0 and write u = vw with v € U&,Q, w € Usy. Then w = v 1y €
Ua,0 NUzo = Usqaq. Since v € Uy, o C Uy, this contradicts the assumption.
Hence there exists u € U0 \ UzaU(;ﬂ. Let A\, = pq(u) € T,. We prove that
Ao € T, Indeed, let v € Usy. If, by contradiction, @q(uv) > @q(u), then
uv € Up, ¢, and therefore u € Uy, qUsq, which contradicts the definition of w.
Thus we have ¢, (uv) < o (u) for every v € Usq, and therefore Uy o, (v) =
ﬂveUm Ua,p.(uv), Which means ¢, (u) = Ao € I',. Now, for any = € Q, we
have u € Uy 4, and therefore — ( ) < @a(u). But if —a(x) < @q(u) for every
r € Q, then we have u € (), cq U/, » = U, o, which contradicts the definition
of u. Thus there exists an element y € Q such that —a(y) = @a(u) = Ay € T,
Finally, a € ®§ since Uy o is not trivial. Thus, for every x € 1, we have
—a(z) = —a(y) = Aq € I, which proves a € ®@q.

Conversely, let a € &g C &f,. Then Uj o = U], o by definition. Let u € U,
be such that ¢, (u) = —a(x) for all z € Q and o (uv) < pq(u) for all v € Uz,
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(the existence of such a u is provided by Lemma 4.67 (ii)). By contradiction,
suppose that u € U(;QUQQ,Q. Then we would have some v € Us, o such that
w € Uy g = Uy q = U,, for any x € Q. Thus ¢, (uv) > —a(z) = ¢a(u),
which contradicts the assumption on u. Hence Uy o ¢ U;QUQ%Q. This gives
Uao ¢ Usaq because if we had Uy o0 C Usq 0, then we would have Uy o C
Uza,oUs N Uy But Uy NU, = U o according to Proposition 4.5 (i) since the

family (U} q)aca,Tq) is quasi-concave. O

The following theorem summarizes the work of this section and of the previ-
ous one. It corresponds to the last statement of [10, 6.4.23], applied to X = Tq
and X* =T§.

Theorem 4.81. The system (Tq, (Ua,0, Mo0)aca,) is a generating root group
datum of type ®q in Gq.

Proof. Axiom (RGD1) is satisfied because ifm =1,then Uy o CU5NU, =
U/,.o would contradict the assumption A, € I}, in the definition of a € ®q,.

Axiom (RGD2) is satisfied because the family (Uy,0)acs is quasi-concave
by Example 4.63.

Axiom (RGD3) is a consequence of Lemma 4.80.

Axiom (RGD4) is a consequence of Proposition 4.15.

Axiom (RGDS5) is a consequence of Proposition 4.70.

For axiom (RGD6), denote by 7 : Ug — Ggq the projection homomorphism.
Let

Uy = (Ua, 0 € ®F) = n(Ug).

Let § € ToUgd NUg and let tuy € ToUg C Ugq be a lifting of g with ¢t € Ty
and uy € UJ. There exist u_ € U, and v € Uy, such that tuy = u_v. If we
write (using Proposition 4.78) v = v_vyn for vy € U5 NUT and n € N N U,
we have v~ 'u"tv, = n(n~'vyn). By Proposition 4.5 applied to the quasi-
concave family of groups ( ;Q), the group N := U3 N N is generated by the
subgroups Ny o = N N(U; qUUX, ).

Claim. N; q is a subgroup of Ty.

Indeed, if o € ®f,, then so is —a and the result follows from Lemma 4.60
since U*, o = U’ , o. If a ¢ ®g, consider z,y € Q such that —a(y) < —a(x)
and let A = —a(z) and g = —a(y). Then Uf o = Un.g C Use = Uq.x and
U CU_ay=U_n_, Since A — p = ¢ > 0, we have by Proposition 4.45
that N o C Ng , C Tp.

Hence N¢, is a subgroup of T, whence it normalizes UT. Thus n~tvin €
Ut. Hence t = n and v_'u""' = 1 by [10, 6.1.15(c)]. Therefore, u_ € U,
whence § = m(u_) = 1. It is a generating root group datum since the U, o
generate Ug by definition. O
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5. PARAHORIC SUBGROUPS AND BRUHAT DECOMPOSITION

In this section, we work under data and notation of Assumption 4.36. Note
that all statements can be trivially generalized for the empty root system
(G=N=T and Ar = {0} when ® is empty).

5.1. Parahoric subgroups. In this section, we will consider various subsets
Q of the apartment Ag.

Notation 5.2. For a nonempty subset 2 C Ag, we let Ng be the subgroup of
G generated by N and T, (as defined in [10, 7.1.3]) and we let Py (resp. FP)
be the subgroup of G generated by T, and Uq (resp. Ty, and Up).

Notation 5.3. For any basis A of ®, we denote by UJ (resp. U ) the subgroup
of G generated by the U, (resp. U_,) for a € ®}.

Lemma 5.4. For any nonempty subset Q0 C Agr and any basis A of ®, we
have

e PoNN = Ng :TbNQ :NQTb,'

o PoNUL =UaNUL;

. PQQUKZUQQUK;

° PQ:(PQQUZ)(PQQUK)(PQQN):TbUQ.

Proof. Since T, C N normalizes Uq, it normalizes ]\79 = N N Ugq, so that
Nq = TyNq = NoT, and P = UqTy, = (Ug N UL)(Uq NUX ) NaTy, according
to Example 4.63 (iii).

Take p € Py and write p as p = uvn with n € NQTb C N,u € Ugn UX
and v € UpNUL. If p € N, then pn~' = wv gives p = n by spherical
Bruhat decomposition [10, 6.1.15(c)]. Thus N N Py = Ng. If p € UX, then
n=v"Y(u"lp) € UyUL. Thus n =1 by [10, 6.1.15(c)] again and u='p=v €
Ux NUX = {1} by (RGD6). Thus p = u, and therefore Po N UL = Ug NUZ.
By an analog method, we get that Po NU, = Uq NU,. (]

Notation 5.5. We denote by
No ={ne N |v(n)(z) =z for all z € Q}

the pointwise stabilizer of Q in N and by Pq (resp. }55')) the subgroup of G
generated by Uq (resp. Uf;) and Ng. The group P is called the parahoric
subgroup of  in G. We will see later in Lemma 6.5 that Py is prescribed to
be the pointwise stabilizer of 2 in G.

Fact 5.6. If Q' C Q C Ag are two nonempty subsets, then Uq is a subgroup
Of UQ/.

Proof. For a € @, we have Us,0 = (,cqUaz C Nyeqy Uaz = Ua,ar. Since
Uq and Ugq: are respectively generated by the U, o and the U, o for a € @,
we deduce that U C Ugqy. [l
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Remark 5.7. As a consequence, the same inclusions hold for the groups Na,
T, Po, N, No being the pointwise stabilizer of €2 in N, and finally, we get
Pqo = NqUq.

5.8. Action of N on parahoric subgroups. The action of N on A can
be compared with the action of N on V* as follows.

Lemma 5.9. For any a € ®, any n € N and any x € 2, we have
“v(n)(a)(z —0) = a(v(n™")(z) — v(n"')(0)).

Proof. We know that v(INV) is contained in the subgroup of Aff p(AR) generated
by the rg , for f € ® and p € R and that "v(Mpg) = {rg} by (CAl) and [10,
6.1.2 (10)]. Moreover, N is generated by the Mg for 8 € ®. Thus it suffices to
prove that, for any x € Ag, any 8 € ® and any p € R, we have

rg(a)(z —o) = a(rg’}t(x) — rg}t (0)).
Note that r3}, = rg,,. For any x € Ag, we have
rau(@) = 16,u,(0) = (z — (B(z = 0) + p)BY) — (0= (Blo — 0) + p)BY)
=z —o0—B(xr—0)p".

Hence

a(rpu(z) = 15,u(0)) = alz —0) = a(B")B(x — 0) =rs(a)(x —0). O
Lemma 5.10. For any n € N and any o € @, we have

nUa0n" = Uy wmy@  and nU¢on™" = Ul )(a) vy @)

Proof. Let z € 2. We have nUa@n_l = Uul,(a)7_a(r_o)+a(l,(n—1)(o)_o) accord-
ing to Corollary 4.34. But

—a(z — o) +a(v(n ) (0) — o) = a(v(n~")(0) — v(n ") ov(n)(z)))
= —"v(n)(a) (v(n)(x) — o)

by Lemma 5.9. Thus nUa,wn_1 = Uvy(n)(a),v(n)(x) by definition. Hence

-1 -1
nUason™ = (| tUaen™" = () Uiy win) () = Usnm) (@)w(n)(©)-
e e

We proceed in the same way for U/, o = (\,cq Urs0 U, —a(a)+e- O
Proposition 5.11. For any n € N, we have
nUon™" = Uymyy  and nUgn™" = Ul -

Proof. By Lemma 5.10, we have nU, on™! = Uvp(n)(a),v(n)(@)- Since Uy, n)(q)
is generated by the Ug ,(n) () for f € ® and "v(®) = ® by definition of root
systems, we are done. We proceed in the same way for Uj,. g

Corollary 5.12. The group Na normalizes Ug and Uj,.
Proof. Since v(n)(Q2) = Q for any n € Ng, we are done by Proposition 5.11. [
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Corollary 5.13. For any n € N, we have

nPon~? Zpy(n)(g) and n]%nil = Al’,(n)( Q)-
Proof. By definition, Ng is the pointwise stabilizer of £ in NN, and hence
nNQn L= v(n)(Q)- We have PQ = NQUQ since NQ normalizes Ugq by Corol-
lary 5.12. Thus, by applying Proposition 5.11, we get that

nPon™" = Ny )@ Unm) @)
The same holds for Py. O

Corollary 5.14. For any nonempty subset Q0 C Ar and any basis A of P,
we have

. PQ NN = NQ;

o PonUL=UqgnUL;

° pQﬁUKZUQmUE;

. PQ:(PQQUZ)(?QQU&)(PQQN):UQNQ.

Proof. By Corollary 5.12, we have P = UgNg. Thus one can conclude as in
Lemma 5.4 using [10, 6.1.15 (c)]. O

Corollary 5.15. We have ]\79 C Nq C NQ In particular, the groups ]\79
and Nq fix Q.

Proof. By definition, we have Ug C Po C 139 Thus, by 1nterbect1ng w1th N
and by using Lemma 5.4 and Corollary 5.14, we deduce No C Nog C Ng. O

Lemma 5.16. The group No normalizes T5.

Proof. For any a € ® and any n € NQ, we get that nUa,Qn_1 = Uvy(n)(a),2
and nU’ , gn~' = U’ “u(n)(a),o thanks to Lemma 5.10 and the observation
that v(n)(Q) = Q. Thus nL, on~' = Lty (n)(a),0- Since N normalizes T', by
intersecting the previous equality with 7', we get nT(;’Qn’l = Téu(n) (a),0- Thus
n normalizes T¢, since T¢; is generated by the T, , for a € ® and "v(n)(®) = @.
Hence Ngq normalizes 1. g

Proposition 5.17. The subset ULTY is a normal subgroup of Pg.

Proof. Let us recall that T5 C Tq C T, by Lemma 4.73. Thus 7§ normalizes
U{, so that ULTS is a subgroup of Ug = UgTq and hence of Pa.

Let o € ® and u € Uy, 0. By Lemma 4.75, we have [Ua 0, T3] C U/, o Thus
uTgu™! C UyTg. By Lemmas 4.61 and 4.62 (QC2'), we get that [Ua,, Uj o] C
ULTE. Thus uUj qu™' C UGTE. Hence Ua,q normalizes U, T for any o € ®.
Therefore, Un normalizes U{,T¢.

Moreover, according to Lemma 5.16 and Corollary 5.12, we deduce that Na,
and thus PQ normalizes U,T¢. O

Proposition 5.18. The group Nq normalizes Ug
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Proof. We firstly prove that the action of Nq on @ via v stabilizes ®f,. Let
a € 5 and n € Nq. By definition, there is a constant A\, € R such that
—a(x) = A, for all x € Q. For any © € Ag, we have

‘v(n)(@)(z —0) = a(v(n™")(x) — v(n"")(0)

by Lemma 5.9. If x € Q, then v(n~1)(z) = z so that

—v(n)(a)(z — o) — a(z —v(n"")(0)) = —a(z — 0) + a(v(n~")(0) — o)

= Ao +a(v(n ") (o) — o).

Hence “v(n)(a) € ®f, and therefore N stabilizes ®%.

Let n € Ng and o € ®. If a € &f, we have U o = Uy, o by definition.
Thus, by Lemma 5.10, we have nU; on™" = Ul () (0.0 = Uy (m)(a),0 since
v(n)(a) € &5 and v(n)(Q) = Q. If a ¢ @, then we have U] o = Uaq

by definition. Thus, by Lemma 5.10, we have nUj on™" = Urymya)0 =
() (a),0 Since “v(n)(a) ¢ ©F, and v(n)(2) = Q.

v(n
Since U, is generated by the U} ¢ for a € ®, we get that n normalizes U
for any n € Nq. g

Corollary 5.19. The group U is a normal subgroup of Pq.

Proof. This is an immediate consequence of Propositions 5.18 and 4.78 since
Pq is generated by Ng and Ug. O

5.20. Parahoric subgroups as intersections over their fixed points. We
get statements analog to those of [10, 7.1.4] as follows.

Lemma 5.21. Let A be a basis of ® with order ®% in ®. Let Ch A be the
vector chamber over A. Then, for any x € Ag, we have Ustcop 4 C UK. In
particular, Nyycy, , = {1} and Nyycy , =Tp.

Proof. Let Q1 =z + Cp A. Let v € CF A so that x4+ 6, C z + Cj A according
to Lemma 3.8. Let a € ®X. Thus a(v) € Zs¢ by definition of v.

Let ¢ € Rso. Then y € x +ev € z + J, C Q. Moreover, we have a(y) =
a(z) +aev) = az) +a(v)e. Hence U_y0 C U_qy = ¢~ L ([a(2) +a(v)e, 00]).
Since this is true for any € > 0 and

[a(z) + a(v)e, 0] = ()[a(x) + &, 00] = {oc}
e>0 e>0

(because a(v) € Zso and R is Z-torsion-free), we get U_q0 = U—_q,00 = {1}.
Thus Ug is generated by U, o for o € <I>z, and is therefore a subgroup of UX.
We conclude by applying Lemma 5.4. g

Lemma 5.22. For any basis A of ®, any positive root o € ®L and any
nonempty subset 2 C Ar, we have

Ua, 040y 5 = Uaovcy o, = Uaso.
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Proof. Let v € CF A so that a(v) € Zso. Since Q+C% A D Q+Ch A D Q+0y,
we have Ua79+6% A C Ua’QJrC}%A C Uq,0+5,- Thus it suffices to prove that
Ua, 045, CUa,0 C Ua,04Cy 4-

Let u € Uy 46,- Then, for any y € Q and any € € a(v) - Rso, if A € R is
such that a(v)A = €, then we have y + Av € Q + §,, and hence

va(u) > —aly + Av) = —a(x) —e.

Since this inequality holds for every e € a(v)-Rxo, we get that ¢q(u) > —a(y).
Thus u € Uy, by definition. For any z € Q+C% A, write z = y+2 withy € Q
and z € Ulé,a- Then —a(z) < 0 by definition so that —a(z) < —a(y) < pq(u).
Thus UQ’Q C UQ’Q_;.E;%YA. O
Proposition 5.23. For any nonempty subset Q) C Agr, and any basis A of ®,
we have

PonUf = Uavcy o = Uayey, ., PanNUpy =Ua-oy , =Ua-cy
Proof. On the one hand, we have Q 4+ C}, o C Q + C¥, 5 so that Uiy , C
UQJFC}%YA - UZ by Lemma 5.21. Hence UQJrﬁ%YA and UQ+C'1‘Z{"A are generated by
the same subgroups Ua 0+c3, , = Ua,0+cy . = Ua,a for a € (®X)na according
to Example 4.63 and Lemma 5.22. Thus UQ+611’,{’A = UQJFC;-’%YA c Pan UZ.

On the other hand, we have Py N UK =UqnN UK by Lemma 5.4 and this
group is generated by the U, q for o € (@Z)nd according to Example 4.63.
Hence we get the first equalities.

Since U, = UfA and —Uyw = 6}’%’_& we get the second equalities by
applying the first ones with —A instead of A. (I

Corollary 5.24. For any nonempty subset @ C Ag and any basis A of @,
we have PQ = NQUQ.F@}’{YAUQ_GEYA = NQUQJ,_C'IU%YAUQ_C;JEYA.

Proof. This is a combination of Proposition 5.23 with Lemma 5.4. (]
Thus we get, as in [10, 7.1.8], the following.

Corollary 5.25. For any nonempty subset Q0 C Ar and any basis A of P,
we have Pg = NQUQ.F@}’{YAUQ_GEYA = NQUm_c'Iv%AUQ_clu3 K Moreover,

ﬁQﬂN:NQ, PQQUZZUQ.;.@}%A :UQ+C)U~2,A’
Paon U& = UQ,ERA = UQ*CE,A'
Moreover, P and Uq are normal subgroups of Po.

Proof. This is a combination of Proposition 5.23, Corollary 5.12 and spherical
Bruhat decomposition [10, 7.1.15 (¢)]. O

The previous Proposition 5.23 and Corollary 5.25 enable us to state the
following proposition (see [10, 7.1.5]).

Proposition 5.26. Let Q and ' be two subsets of Agr. Let A be any basis
of ®.
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(i) If @ CQ+Cp . then PoPor C NoUxUgviy, , Nor.
(i) If Q' CQ+Cx A and QC Q' — Cy A, then
PoPo = NQUﬂfﬁ’;z,AUQurakANg/.
Proof. According to Corollary 5.24, one can write
PoPo = NQUﬂfa’jz’AUQJra’jz’AUQ’JraEAUQ’fﬁgANQ“

Assume that ' C Q+ C% 5. Thus we have ' +C% o C Q+ C¥ 4 so that
Uascy, , C Uasgy . Hence it follows that PoPo = NoUg—ey, , Por. Now,
write PQ/ = UQ/_G%’AUQ/_FE%YANQ/. Then

PoPqr = NQUﬂfégyAUQ’fé’;z’AUQ’+6’1’3YANQ’
and, since Ug_cv, ,Uar—cy, . C U, according to Proposition 5.23, we get (i).

Assume, furthermore, that Q@ C Q' — C% o. Then Q@ —C% o C Q' — Ch A
so that UQ/,@z A C UQ,E’I%A. Thus

PoPg = NQUQ—E}’{AUQ%E%’ANQ/ O
Thus we deduce from Proposition 3.10, as in [10, 7.1.6 & 7.1.7], the following.

Corollary 5.27. Suppose that R = Rg. For any nonempty subset Q C Ap
and any point x € AR, there is a basis A of ® such that
PoP, C NoUx Uiy,  No.

Proof. Let y € €2 be any point. By Proposition 3.10, there exists a basis A
of ® such that z —y € C A. Thus z € y + Cp o C @+ Cj A. Thus, by
Proposition 5.26 (i) applied to Q' = {x}, we have the desired inclusion. O

Corollary 5.28. Suppose that R = Rg. Let x,y € Ar. There exists a basis A
of ® such that

PyP, = NyU, cy, Usiy, N

Proof. By Proposition 3.10, there exists a basis A of ® such that z—y € C% A.
Then z € y+611)%,A C Q—|—6}’%A and y € x —U;’M C Q—!—U}’%}A. Thus, by
Proposition 5.26 (ii) applied to Q' = {z} and Q = {y}, we have the desired
equality. O

Finally, we deduce that Pq can be written as an intersection, as in [10,
7.1.11].

Proposition 5.29. Suppose that R = Rg. Let Q C A, Q # &. Then
Po=() B
reN
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Proof. The inclusion
decreasing.

Let us prove that ﬂzeﬂ P, C Pg. Let Qy C Ar. We begin by proving that if
r € AR, one has PQO np, = PQOU{QC} Let y € 2y and C" be a vector chamber
such that y —z € CV. Then Ug,+cv C Uytcv C Uzycv. Let g € PQO np,.
Write g = nvu, with n € NQO, v € Ug,—cv» and u € Ug,+cw, which is possible
by Corollary 5.25. By Lemmas 5.36 and 5.31, that will be proved in the next
section, one has UerC” C P Therefore, u € P and g lu € P Thus
nv = n'u'v', with n/ € Ngc7 u € Uprcv and v’ € U,_cv. Therefore,

eea e D Pqis a consequence of the fact € — Py is

n'~ln =4/ (o) e UL UL,

(where A¢v denotes the basis of @ associated to CV). By [10, 6.1.15(c)],
n' =n, and by axiom (RGD6), v = v'. Therefore, n € N, N No, C No,u{a}s

v € Ugy—cv NUz—cv» and u € Ug,+cv» N Py. Moreover, by Corollary 5.25 and
by Proposition 4.5, one has

Uqy—cv NPy C Ugy_cv N (Ua., N P,) =Ugy—cv NUy—cv C Uou{z})-C
and, symmetrically,
Uag+cv N P, C U@ou{a))+cv-

Therefore, ]590 np, = Pﬂou{m} (by Corollary 5.25). By induction, we deduce
that, for each finite subset €’ of §2, one has
o = ) B
e

Let zp € Q. Let Fin(£2, zo) be the set of finite subsets of containing Zo.
Let g € N, GQP Then, for all " € Fin(, z¢), one has g € [, cor P, = Py,
and thus g € ﬂQ/GFm(Q 70) Pos. Let us prove that ﬂQ/GFm(Q 20) Py C Py.

Let 9 € Noyerin(©,20) Pqs. Since N, is, by definition, the stabilizer of g
and Ty, is the kernel of the action v : N — Aff(Ag), the quotient group N, /T
can be identified with a subgroup of W* which is finite. We write the cosets
Ty, ..., niTy, with k € Z>g and n; € ]\A]rg for all ¢ € [1,k]. Choose a vector
chamber C? (for example, C* = C%). For ' € Fin(Q, o), one can write
g = nougvgr, with ng, € NQ/ uq € Ug4cv and vy € Ug—cv. Let J be
the set of elements j € [1, k] such that there exists Q' € Fin(Q, ) satisfying
the following property:

ng ¢ n;Ty, for all Q € Fin(Q,20) such that Q O Q.

For j € J, we pick Q; € Fin(Q2,zg) such that, for every Q' € Fin(Q, zo)
satisfying Q' D €;, the element ng: is not in n;T,. Let Q = UjeJ Q; and
¢ € [1,k] be such that ng € ngTy. Then £ € [1,k]\ J.

Let

F =A{Q € Fin(Q, zo) | nor € neTp}.
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Then, for every ' € Fin(£, z¢), there exists Q” € F such that Q' C Q" and,
in particular, Q = (Jg €.

Let ' € Fin(9, zg). Let Q" € Fin(Q,z0) be such that Q" € 7. As T}, C
NQ// we deduce that ny € No» C Ny Consequently, ng € ﬂﬂ/eFm(Q zo) Ng C
NQ.

For Q' € F, write nos = nghq/, with hgr € H. Let Q1,9 € F. Then
ho, ug,va, = ha,uq,vq,, and by axiom (RGD6), we deduce that

hq, = hq, :=h, wuq, =uq, :=u and wvq, =vq, ="v.

Then g = nghuv. Moreover,

u e ﬂ UQ/+cu C UQ+cv and v € ﬂ Uqg—cv CUq_cv.
QeF QeF

Therefore, g = nehuv € NQUQ+C'U Ug_cv = Py (by Corollary 5.24), and hence
g € Po. Consequently,

NEc N Puchoc()E.

€N Q' eFin(Q,z0) €N

which proves the proposition. O

5.30. Subgroups associated to a filter. If £ is a set, we denote by (&)
the set of subsets of £. Let

X : P(Ar) = 2(Q),
Q— Xa

be a decreasing map (for example, X = U, N, P,.. ). If Vis a filter on Ag, we
set Xy = Uqgey Xa. If Xq is a subgroup of G for every subset Q of Ag, then
Xy is a subgroup of G.

Lemma 5.31. Let V be a filter on Ag. Then Uy = Uawy, NV = Nd(y)
and Ty, = Teyyy. Moreover, Ny = Ny, Pv = Pawyy and Usy = Uy iy for
every a € P.

Proof. As 'V € cl(V), one has Ugyy C Uy. Let us prove the reverse inclusion.
We first assume that V = Q is a set. Let u € Ug. Then, by definition of Ug,
there exist k € Zxg, roots aq,...,a; € ® and elements u; € U,, o such that
u = Hle u;. For a € @, set Ay = min{pq,(u;) | ¢ € [1,k] and o; = o} (one
may have Ao = 00). Set @ =, cq Da,n,. Fori € [1,k] and x € Dq, z, .,
we have @q, (u;) > Ao, > —oi(z) so that u; € Uai.Da; xa, C Ua; - Hence
u € Uy and ' € cl(Q2). Thus u € Ugy(q), and therefore Ug = Ug(q).

We no longer assume that V is a set. Let u € Uy,. Then there exists 2 € V
such that u € Uqg. Therefore, u € Ugq), and thus there exists Q' € cl(Q)
such that u € Ug. As @ € cl(Q), ' € cl(V), and thus u € Ugyy). Hence
Uy C Uq(y), which proves that Uy = Ugy).
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For any filter V, by definition, we have
NVZ U NQ: U NNUqg=NnNUy.

Qev Qev
Thus Nv = NNUy = NNUyy) = Nd(v). By the same way, we have
Ty = Taw) and Ua,y = Uqy ci(v) for any a € @, since UnNU, = Uy o according

to Example 4.63.
For any filter V, by definition and Lemma 5.4, we have Py = Jocy, ThUa =
TyUy. Thus Py = Py(y) and, by intersecting with IV, we have Ny = Ngjyy. 0O

Remark 5.32. AsV € cl(V), one has NCI(V) C Ny, but this inclusion is strict
in general. For instance, if G = PGL(2) and K is a local field, if x is the center
of an edge of the Bruhat-Tits tree, there is an element of N C G = G(K)
permuting the two vertices of the edge and, therefore, fixing x. The enclosure
cl(V) of {z} is the edge and the pointwise stabilizer of cl(V) cannot exchange
the vertices of the edge so that NCI(V) # Ny. Thus ﬁcl(v) # Py in general.
Remark 5.33. Using Example 4.63 (iii) and Lemma 5.4, we deduce the fol-
lowing decompositions, when V is a filter on Ap:

Uy = (Uy NUL)(Uy NUR)(Uy NN)  with Uy N N = Ny,
PVZ(PVQUZ)(PVQUK)(PVQN) with Py N N = Ny.
Indeed, let u € Uy. Let Q € V be such that ©u € Ugy. Then one can write
u = u"utn, with ut € UgNUXL, u= € UgNUL and n € Uy N N, and thus
uwe (UyNUL)(UyNUR)(Uy NN). Thus
Uy C (UyN UZ)(U\; NUA)UyNN)CUy
and we get similarly the statement with P.

Recall that, given a vector face F¥ and a point x € Ag, we denote by F; pv
the face of direction F at z (see the definition in Section 3.1 (D)).

Proposition 5.34. Let CV be a vector chamber of Vi and x € Ag. Denote
by F = Fy.cv the face of direction CV at x. Then, for any basis A of ®, we
have

e PrnU, = o, F for any root o € ®;

PfﬂN:Nf:Tb;

PrnUL =UrnUL;

PrnU;y =UrnUy;

Pr = (PrNUL)(PrNU)(PFNON).

Proof. Let a € <I>Z and Q € F. According to Corollary 5.14 and Example 4.63,
we have PoNU, = UqNU, = Uq,q since U,, is a subgroup of UX by definition.
Thus

PrUa= (U Po) NUa= {J PenUs = | Vs = Var
QeF QeF QeF

and we proceed in the same way for o € ®.
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According to Corollary 5.14, we have

PrnUf = | PanUf = | UanUL =UrNUL
QeF QeF
and the same holds for U,. Let € € F. There exists ¢ > 0 such that £ D
B(0,¢)N (x4 C"). Since Nq is the pointwise stabilizer of  and, for any o € ®,
the affine map o is non-constant on €2, there exists no A € R such that r, »
fixes Q pointwise. Thus 1/(]\79) is trivial and, therefore, Ng = T,. Hence

P]:QNZ U pQﬂN: U NQ:Tb:N}'.
QeF QeF

Finally, if p € Pr, there exists Q € F such that p € Pq. By Corollary 5.14,
p€ (PonUL)(PonUX)(PoNN) C (PrnUL)(PrNUX)(PFNN).
Hence Pr = (PrNUXL)(PrNUX)(Pr N N). O

Corollary 5.35. Let x € Ar and let CV be a vector chamber of Vg. Con-
sider the sector Q@ = x + CV and let the filler F = F, cv be the chamber of
direction OV at x. Then Py = Py and Pr = Pr.

The following three statements are intended to prove analog results to [10,
7.2.6].

Lemma 5.36. Suppose that R = Rg. Let © € Ar and F¥ C Vi be a vector
face. Then {a} € cl(Fy pv). More generally, write FV = F{(A, Ap), where
A is a basis of ® and Ap C A. Let Ap be a set such that A D> Ap D Ap.
Set F* = FU(A,Ap). Then cl(Fy o) = cl(germ, (z + F¥)) D cl(Fp.iv).

Proof. The same proof as in the proof of Lemma 3.21, with F¥ instead of C",
shows that cl(Fy pv) = cl(germ, (z + FV)).

Let Q € cl(Fy pv). By definition, there exist € > 0 and values A\, € I',U{0c0}
such that Q D (N, cp Dar, D B(z,€) N (x+ F?).

Let v € FY(A,Ap). Let A € R>o. Then Av € §,. We write | -|| instead
of ||-]|]z. Then ||Av]| = Aljv]] < e for all A € ]0,¢/||v||[ (with e/|v| = oo if
|lvl| = 0). Thus if € = €/||v||, we have = + Av € Q for every A € ]0,€'[ (by

Lemma 3.8).
Let @« € ® and A € ]0,€¢/[. Then we have D, », 3 x + Av. Therefore,
(14) Ao +a(z) > —Xa(v) for all X €]0,€[.

Let o € ®. If « is such that a(v) < 0, then (14) implies Ay + a(z) > 0 and,
in particular,

o

(15) D, x, >z forall @ € ® such that a(v) < 0.

Let « € @ and assume that a(v) > 0. Suppose ps = Ay + a(z) < 0.
By setting A = min(e’,—%a’%), we have Ay + a(x) = po > —Aa(v) > &,
a contradiction. Therefore,

(16) Ao +a(z) >0 for all & € ® such that a(v) > 0.
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Let o € ®. If a(v) < 0, then by (15), we have Dy », D ﬁa)\a > z, and thus
Do x, D Fu,iv. Assume now a(v) > 0. Let n € {—,+} be such that o € ®}.
Write av = 3~ 5.2 g3, where (ng) € (nZ>0)”. If av) = 0, then ng = 0 for all
BeA\Ap. As A D Ap, we deduce a(y) = 0 for all y € F?; thus, by (16), we
get Do, D+ FY and Dg., D cl(F, fv). Assume now a(v) > 0. Then we
have 7 = + and a(y) > 0 for all y € F*. Therefore, by (16), Dy.x, D x + FV
and Dg » D cl(Fy #v). Thus we proved

Daa, D cl(Fp pv) forall o € P,
which proves that cl(Fy pv) D cl(Fy #v). O

Proposition 5.37. Suppose that R = Rg. Let « € ®, x € Ar and let F* be
a vector face in V. Then

; + 0
Unr. . C Ua,z z.foc € <I’_u Uz,
’ Use ifac®p,.
Proof. By Lemma 5.36, {z} € cl(F,pv), and thus
Ua,cl(]:zypv) = UO(,]:.T’F‘U C Ua,z
according to Lemma 5.31.

By definition, there exist a basis A of ® and a subset Ap of A such that
FU = FR(A,Ap). If Ap = A, then F¥ = 0 and we have ®,, = @: there
is nothing to prove. Suppose now that Ap # A and consider o € ®7F.,. Let
u € U_a 7, po- Let Q € Fg re be such that v € U_,,0. Then there exists
€ € Ry such that Q D B(x,e) N (z + F¥). Let v € FJ(A,Ap). Then
lvllz € Zs¢ since 0 ¢ F¥(A, Ap) by assumption on Ap.

Let A = 2I|€v|\ and y = x + Av. Then

y € B(z,e) N(x +0,) C Blx,e)N(z+FY) CQ

by Lemma 3.8, and thus ¢_,(u) > —(—a)(y). Moreover, we have a(\v) > 0,
and thus ¢_q(u) > —(—a)(z), so that u € U’ This proves the lemma since

—o,xt

oL, = —0L,. O
Corollary 5.38. Suppose that R = Rg. Let o € ®, x € Ag and let C” be

a vector chamber in Vg. Then

I Uno ifac®f.,
Fao,cv — . —
e U, ifae®g,.

Proof. Let a € ®. If a € CI%U, then we have Uy, = Uszrcv = Us ci(z+ov)
according to Lemmas 5.22 and 5.31. As cl(z + C?)  F, cv, we have
Ua,cl(r—i—C”) c Ua,]:z,cv and Ua,]‘_zch c Ua,w

by Proposition 5.37. Thus Uy o = Uazt+cv = Ua,F, co-

If a € ®p., let u € U, . Then pq(u) + a(z) > 0, and thus lo)a,%(u) S z.
Consequently, Dy o, (v) 2 Fr,cv and u € Ua b, .. ) C Ua,F, cv- Therefore,
Ulx CUa,F, oo and the converse inclusion holds by Proposition 5.37. O
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Corollary 5.39. Suppose that R = Rg. Let © € Ar and let C be a vector
chamber in Vg. Let A = A¢. For any ordering of (@X)nd and of (Px)nd;

we have
pf.r,c = ( Ua,m)( H Uc/x,r)Tb

a€(®X)na a€(P)nd
= ( H U(;@) ( H Ua@)Tb'
€(®X)na a€(®X )na

Proof. This immediately follows from Proposition 5.34 and Corollary 5.38. O

5.40. Iwasawa decomposition. Thus we obtain the Iwasawa decomposition
whose proof can be conducted in the same way as in [10, 7.3.1].

Theorem 5.41 (Iwasawa decomposition). Suppose that the totally ordered
abelian group R is equipped with a Q-module structure. Let C, C' be two
vector chambers of Vg and let x € Ar. Let F = F, ¢ be the face of C at x.

Then G = UCINP]: and there is a natural one-to-one correspondence
W = N/Ty, — Uc/\G/ Pr.

Proof. In this proof, we let UT = Ugr, B= Pr and Z = UTNB. Set A = A¢
and A’ = Acv, and let @£ and @£, be the associated subsets of positive roots.

First step: rank-one Levi subgroups are contained in Z. Let o« € ® be any
root. Let Lo, = (U_4, Uy, T) and my = m(u) for some u € U, \ {1}. By [10,
6.1.2(5)], we recall that M/ = T - {1,m4} is a group. By [10, 6.1.2(7)], we
know that

Lo, =U,TUU,TmU,.

Let By = (Ua,7,U—_q,7,Tp). Consider the set Z, = U, M/ B,. We want to
prove that L, C Z,. The inclusion U, T C Z, is obvious. Hence it suffices
to prove that mau € Z, for any u € U, since U,T is a group (indeed, the
subgroup T" normalizes U, by definition of U,).

Suppose that a € ®X (resp. a € ). If po(u) > —a(x) (resp. pa(u) >
—a(z)), then u € Ua,—a(z) = Ua,r (vesp. u € U, _(,) = Ua,7) by Corol-
lary 5.38. Thus v € By C Z,. Otherwise, pq(u) < —a(x) (resp. @qo(u) <
—a(x)). Write u = v'mv” for some m € M, and v',v" € U_,. Write m = tm,,
for t € T. By axiom (V5bis), we know that ¢_,(v") = —@q(u) so that
p—a(v") > —(—a(z)) (resp. ¢ (v") > —(~a(z))). Thusv” € U”, , =U_o F
(resp. v € U_nx = U_q7) by Corollary 5.38 since —a € —®f = &5
(resp. —a € ®{ = —®). Hence

"

Matt = mav'tm 0" = (mav'mY) (matmy)v" € Z,.

€Uq €T

Second step: Z is stable by left multiplication by root groups of simple roots with
respect to —C". Let o € A’ and V,, = (Ug | B € &%, \ {a}). We recall that V,
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is normalized by U, and U_,, by axiom (RGD2) and that UX, =V, U, =U,V,
by [10, 6.1.6]. Hence

U_oZ =U_ VoU,NB=V,U_,UNB CV,L,NB.
But since L, C Z,, we have
U_oZ C Vo U T{1,mo} Bo N B.
On the one hand, since B, C U,U_,N by Remark 5.33, we get
VoUoT{1}B,NB Cc UTTU,U_,NB=U"TU_,NB.
On the other hand, since B, C U_,U,N by Remark 5.33, we get
VoaUoT{ma}BoNB C UTTmoU_,UysNB
= U+TmaU_am;1maUam;1NB
=U"TU,U_,NB
=U'TU_.NB.

Hence U_,Z C UTTU_,NB.

To conclude, we want to show that U_,N C Z. Consider any u € U_,, and
any n € N. Let v = n~tun. Then v € Ug with 8 = “v(n™!)(—«). From the
first step applied to 3, we get that, since v € L_g,

un =nv € nU_gT{1,mg}B_g CnU_gn 'nNB=U,NB C Z.

Hence U_oZ CcUYTZB =UTTUYNBB=U'*NB = Z.

Third step: Z contains a generating subset of G. The set Z is stable by left
multiplication by U_, for a € A¢v, by U, for a € <I>Z, and by T'. Since these
groups generate G, we deduce that G = Z. Indeed, let H the group generated
by the U, for o € ®%,, by U_, for a € A’ and by T. For any a € A/, the
element m,, belongs to L, and since W" is a Coxeter group generated by the
“u(mgy) for @ € A’, the group N is contained in H. Thus, for any 8 € &4/,
there exist a root a € ®%, and an element n € N such that the root group
Us = nUan™! is contained in H. Since the root group datum is generating,
we deduce that H = G.

Fourth step: determination of double cosets. From G = Z = UX/N.P]—', we
deduce a natural surjective map

¢ : N = UL\G/Pr,
n — UX,nZAD]:.

Let n,n’ € N such that n' € U{,nPr. Denote by C" = n~'-C’ another vector
chamber. Then

by [10, 6.1.2 (10)]

Miinster Journal of Mathematics VoL. 16 (2023), 323-487



404 AUGUSTE HEBERT, DIEGO IZQUIERDO, AND BENOIT LOISEL

=T,(Ux, N Pr)UL, by Proposition 5.34
= (U&// N P]-')TbUX//.

Hence, by [10, 6.1.15(c)], the element (n’)~'n corresponds to a double coset
in U5, \G/UX, arising from some element in T}, and therefore (n')~'n € Tj.
Hence ¢ induces a bijection N/T, — UL \G/Px. O

5.42. Bruhat decomposition. In the following theorem, we generalize the
affine Bruhat decomposition [10, 7.3.4]. In the particular case where G = G(K)
for a split reductive group G over a 2-local field K, we recover a result of
Kapranov (see [18, Prop. (1.2.3)]).

Theorem 5.43. Suppose that the totally ordered abelian group R is equipped
with a Q-module structure. Let C,C" be two wvector chambers of Vg and
let ©,7’ € AR be two points. Then

G = Pr, .NPr_, .,
and there is a natural one-to-one correspondence
N/T, — Pr, \G/Pr, ..

Notation 5.44. Let C,C’ be two vector chambers of Vi and let z,2’ € Ag
be two points. We denote by Q = z + C and Q' = 2’/ + C’ the corresponding
sectors in Ag. Denote by A = A¢ and A’ = Ag: respectively the bases of ®
defining C' = Cp o and C" = C} A-

According to Proposition 3.10, there is a unique w € W(®) such that

' —xeChny and ChayN(d —z+C')# 0.

We denote it by w(z,C,z',C") = w. We also denote by £(z,C,x’,C’) the
length of w in the Coxeter system (W (®), (rq)aca)-

We let A" = w(A), C" = Cya) and Q" = x + C” so that 2’ € Q" and
QNQ” +@.

Note that the uniqueness of w € W(®) and the simple transitivity of the
action of W(®) imply that A”, and therefore C”, is uniquely determined by
x,2’',C’". We denote it by C(z,z',C") = C".

Lemma 5.45. Let x,2' € Ag and let C,C’ be two vector chambers of Ag.
Let C" = C(x,2',C"). Then there exists a neighborhood Q of x’ in Agr such
that QN (2’ +C') C x+ C”. In other words, x + C" € germ,, (' + C’).

Proof. Let €,/ be the set of vector chamber dominating 2’ —z (i.e. containing
' — x in their closures). Let C € %,/_,. Let us prove that there exists
a neighborhood Q¢ of 2’ — z in Vi such that

CNQen((@ —2)+C') =0,
unless C' = C”. -
Set A” = Acr and set A, ={a € A" | a(z’ —x) = 0}. Let A = Ag

z'—x

and Ay _, = {a e A | a(a’ —x) =0}. If A,/_, is nonempty, take 8 € Ay _,.
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We can write f = ) an o, Where (nq) € (eZ30)2" for some e € {—1,1}.
Then

Bz’ —x) = Z nea(r' —x) =0

a€A\AY,
and thus n, = 0 for all « € A”\ A”,__ . Consequently,
(17) Ar/—z C @ 622006.
acA”,

If A”,__ is nonempty, take o € A, . By definition of C”, there exists
z€ (x+C")N (2" +C"). Then a(z) > a(z) = a(x’), and as the sign of « is
constant on C’ (by Lemma 3.12), we have a(C”) > 0. Therefore,

a(C’) >0 forall a e A

For a € A\ A, _,, we have a(z’ — x) > 0. Let
Qe ={y€Ar|aly)>0forallac A\ Ay _,}.

This is an open subset of Ar containing 2’ — x. Assume the existence of
ye(@+Qe)N@ +C)N(xz+C). Theny—z € Qan(z' —z+C)NC. Let
ae A Ifa¢ Ay, wehave a(y — x) > 0, by choice of QF. Assume now
o € Ay, Then, by (17), there exists € € {—1,1} and (ng) € (Zsg)>+ =
such that o=} 5. r»  ngB. We thus have

ay-w)=aly—a)= Y nphly—1') € oo
BeA

a/—x

since B(C") > 0 for B € A/, _

Tt

Moreover, a(C) > 0, and thus a(y — z) € Rso. Therefore, we proved
aly—z) >0 forallaeA.

Therefore, y —z € C and y € (' + C") N (z + C). By definition of C”, we
necessarily have C = C”. Consequently,

18) (z+Qa)N@ +C)N(@+C)=o foral C e G, \{C"}
and
(19) (z+Qc)N(@ +C0)N(z+C") Cax+C".
Let now Q" = 2+ Neeq, Qo Let @' =a+Useq, . C. By Lemma 3.13,

Q) is a neighborhood of 2’ in Ag. Set Q = Q' NQ". _
Let y € QN (2’ + ). Let C € €pr—, be such that y € z + C. Then, by

(18) and (19), C = C” and =y € (x + Qc») N (2’ + C") N (x + C"). Therefore,
Qn@+C)ca+C". O

Lemma 5.46. Let x € Ai and let C' be a vector chamber of Vi. Then, for

A P
any n € N, we have nPr, ;n™" = Pr, . v,myc) -
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1

Proof. We have np}-mycnfl = Uqer, o nPon~'. By Corollary 5.13, we have

nPont = Py(n) (Q). Moreover, by definition,

{v(n)(Q) | Q€ Foct = Fumy@),wmn)©)

since v(n)(z + C) = v(n)(z) + "v(n)(C). Thus

. o A
nPr, cn = U Po = PF, @) vumier 0
QEF L (n)(2), v (n)(0)

We follow the proof given by Bruhat and Tits. It relies on the following
technical lemma from [10, 7.3.6]. In our context, the notion of a half-line is
more delicate, but it has been introduced in Definition 3.6 so that, for a well-
chosen v € Vz, given by Lemma 3.7, one can follow word by word the proof
given by Bruhat and Tits.

Lemma 5.47. Suppose that R is equipped with a Q-module structure. Let C
and C' be two vector chambers of Vg and let x,x’ € Ag be two points. Let g €
G and n € N be such that g € szchsz,yc,. Let A = Ac the basis of the
vector chamber C. Let v € C A.
(i) Then we have either
(a) ge ]5;2 onPr,, o forany z € x+ 4, or
(b) there exist a value \ € R~o and an element n' € N such that
1. g€ Pr, Cnsz o for any z = x + pv with p €10, A[,
2. g€ Pfy,cn P}-‘T,’C/ with y = x + Av,
3. é(y,C’,h’-x’,n’ O > l(x,Con -2 ,n-C").
(ii) Moreover, we have g € ]ADJ:ZYCNZAD]:z/YC, forany z € x + 0.

Proof of (i). Recall that A = Ac and A’ = Acr.

Reduction step. If g € P;T’Cnﬁ}-z/ycl, then gn=! € P;T,Cﬁfn_z/yn_c, by Lem-

—1

ma 5.46. Thus, up to replacing g, ' and C’ by gn™', n-z’ and n-C’ respectively,

we can assume that n = 1.

Let C" = C(z,2',C"), A” = A¢r and Q,Q’, Q" as in Notation 5.44. Let
U~ = (Px)na NPy, and ¥+ = (®3)na N ®L,. Let b € Pr, .. By Corol-
lary 5.39, we can write b as a product

= (I (I ) (I w)-

a€(®X)na acl- acv+

where u, € Uqy,, for every a € (@Z)nd and u, € Uc’w for every a € (P4 )nd
and t € Ty.

For a € @X and z € x + J,, write z = x + Mv with A € R~g. Then we have
a(z) = alz + W) = a(z) + Aa(v) > a(z), where the last inequality follows
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from the assumptions on v. Thus
Uq € Ua, 7, o = Ua,z by Corollary 5.38 since a € <I>Z
= o3 ([~ala), +o3)) € o3 ([—alz),+00])  since —a(z) < —a(z)
=Ua,: =Uq, 7, . by Corollary 5.38 since a € <I>JAr
c p}_z,c'

On the other side, we have uq € Uq, 7, o C Ua,z since Uy, F, . is either equal
to Ua,. or Uy, , by Corollary 5.38 and U, , C U, By definition of C”, we
know that 2’ € z + C” = Q" and there is some element y € Q' N Q”. Write
y=2a'+v €x+C" withv' € C’". For any a € ®X,,, we have a(z') —a(z) > 0
since 2’ —z € C” and a(y—x) = a(2')+a(v')—a(x) > 0since (2/—z)+v’' € C”.
Hence, if a € @X,, then

Ug € Unz = 03 ([—a(2), +0]) C o3t ([~a(2), +00]) = Upor = Ua,Fur ot

because Uy, 7,/ o+ = Uy, for a € @X, by Corollary 5.38. Otherwise, o € @},
and a(z’) — ax) > —a(v') > 0. Hence
!

Ug € Unz = 90;1([_04(55)7"‘00]) - 30;1(]—04@/),4—00]) =UVaz = Ua,7ur o

for a € ®,, by Corollary 5.38. Thus u, € szncl
for every a € @Z,, and, in particular, for every o € UF. Therefore, we have

u+:( H ua) € ﬂ ]5].-2’0 and (H ua)teﬁ}-z/yc,.

@€(®)na 2ET+0y acU+

_ !
because Uy, 7, o = U,

a,z’

Hence, up to replacing g by u;l g, we can assume that g € UP]-‘I/’ o for some
u =[] cq- Ua With uq € Us 7, o = U&,z forae .
Decomposition step. If uw = 1, then condition (a) is satisfied. In particular, if
C" = —C, then {(z,C,2’,C") is maximal by definition of the length in W (®)
with respect to Ap and, in this case, u = 1 since

U™ = (@ )na NPx) = (P1)na NPL = 2.

Suppose that u # 1 (and therefore C” # —C'). By assumption on v and R,
for a € ¥~ we can define
A — —Pa(ua) — a(x)

“ a(v)
since a(v) € Z<o. Because uq € Ul , = ¢ '(]—a(z),+o0]), we have that
—pa(ta) —a(x) < 0. Hence Ay € R is positive. By finiteness of ¥~, we can
find f € U~ such that A := A\g € R is maximal. If we set y = 2+ v € 2+6,,
we have that, for any o € U™,
a(y) = a() + 2a(v) = a(@) + Aaa(v) = —pa(ua)

with equality at least for o = .
We firstly prove (b)2. We have shown that ug € Ug, \ Uj, and that
Uq € Uqy for any a € ¥~. Thus we have u € Uy,. Since Uy NUs = Up,
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according to Example 4.63, we have u € Uy \ U,. Since Ug,, # Up ,, we know
by Lemma 4.80 that either 3 € ®, or 23 € ®, so that, in particular, the image
g of ug in G, is nontrivial. Let C"” = C(y,2’,C") and A" = Acw. Thus, by
Theorem 4.81 and by the spherlcal Bruhat decomposition [10 6.1.15], we know
that there are v’ € [J,cn Ua, v € [[ enm Ua and n’ € N, such that u =
u/n'u’. According to Proposition 5.23, one can lift those elementb in elements
u' € Uyro = [loen Unyy, v € Uyrom = HaeA,,, Ua,y and n' € N, such that
there exists an element v € Uy = U, (indeed, y is a point so that <I>* ® by
deﬁmtlon) satisfying v = Uu’n’u” Slnce vel, C P]—'y o, u € Uy+C C P}-y -
and v’ € Uyyom C Pr, o since Fyr or N (y —|— C"") # @ by construction of
C" =C(y,o',C"), we get that u € Pfyycn’me,,C/

We secondly prove (b) 1. Consider any value p € 10, A[ and let z = = + po.
For any a € ¥, since a(v) € Z«o, we have that

a(2) = a(@) + palv) > al) + Aa(v) > —pa(ua).

Hence uq € U, , C Ur, .. Hence g € P}_ZYC.P}_E/YC/.
It remains to prove (b) 3 with the n’ € N, and the A € R introduced in the
proof of (b)2. We will prove successively the inequalities

Ly, Con -2’ n' - C") > (y,C,2’,C") > U(z,C,2',C)

and we will check that one of them is strict, depending on whether n’ € T}, or
not.

We firstly prove that ¢(y,C,2',C") > {(x,C,2’',C"). Let H be the set of
hyperplanes in Vi that are kernels of elements in ®. We know that the length
£(w) of an element w € W (®) is equal to the number of hyperplanes in H
separating Cg o and C , x) (see [8, Chap. VI, §1, no.6]) and that two vec-
tor chambers of Vg intersect if and only if the corresponding vector chamber
in Vi intersect, according to Lemma 3.5. Hence, for z € Apg, the number
£(z,C,2',C") is the cardinality of the set H. of elements H € H such that
z + H separates z + C' and a neighborhood of x in « + C’. But for H € H,
the set of elements z € Ag such that H € H, is either the open half-space
x' + H + C or the closed half-space 2/ + H + C. Its intersection with the
open half-line  + J,, contains an open half-line. Hence H, D H, so that
Ly, C, 2", C") > U(x,C,2',C"). More precisely, w' = w(y,C,a’,C") is longer
than w = w(x, C,2’,C’) in the sense that there exists w” € W(®) such that
w = ww” with £(w') = {(w) 4+ L(w").

We now prove that {(y,C,n' - 2/,n' - C'") = {(y,C,a',C") > £(z,C,a’,C")
whenever n’ € T,. Indeed, suppose by contradiction that it is an equality.
Then w' = w, and therefore C"" = C”. But since the image u € G, of u is in
the subgroup U, DUA,, enerated by the root groups U, fora € ®,N®, NP,
whereas the image v/ € G, (resp. u” € Gy) of v/ (resp. u”) is contained in
the group UA (resp. UA,,,) generated by the root groups U, for a € o, N <I>Jr
(resp. ®, N ®L,,). If n’ € T, and A” = A", then we have

ueUxNUN, NUL-T UL,
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In particular, @ = 1 because of axiom (RGDG6) of spherical root groups data and
(10, 6.1.6]. In particular, u € Uy, which is a contradiction. As a consequence,
when n' € Ty, we have {(y,C,n' -2/, n' - C") > {(z,C,2', C").

We prove that £(y, C,n'-2’,n'-C") > £(y, C, 2’ C’) with equality if and only if
n’ € Tp. Since n’ € N, wegetthatw(y,C n-x,n-C") =v'(n ) (y,C a', ).
Indeed, ' —y € w(y,C’,x ,C")-CX and n' -2’ —y € w(y,C,n’-2’,n’-C")-C} by
definition. But n’- (' —y) =n'- x' —yev'(n)w(y,C,a',C") - CX. Moreover,
we have w(y,C,z’,C") - CX N (' —y + C') # &, whence

n - (w(y, C,x',C")-Cin(z —y+ C”))
= (V' w(y,C,a',C")-CR)N(n' -2’ —y+n'-C") £ o

Hence the equality is a consequence of the uniqueness in W(®) of the el-
ement w(y,C,n’ - 2/,n' - C") satisfying this property. Set t = v”(n’) and
w' =w(y,C,z’,C"). Then we want to prove that £(tw’) > ¢(w’) with equality
if and only if t = 1. Let W, = W(®,) be the Weyl group of the root system
®, and identify it with a subgroup of W := W(®). Any vector chamber of ®,,
which is a simplicial cone in some quotient of Vg, can be identified with its
inverse image in Vg. Let C be the vector chamber of ®, containing C. Let
R (resp. Ry,) be the generating system of W (resp. W, ) of reflections with
respect to the walls of C' (resp. C). Let wy (resp. wj) be the longest element
with respect to R (resp. R,) of W (resp. of Wy). We have w,(C) = —C and
wh(C) = —C so that wO(C) D wp(C).

In the quotient group Gu, consider the minimal parabolic subgroup B asso-
ciated to the vector chamber C'. Write

B-T- [ T

+
acd, NP,

Since w’(C) = C", we have U, o C w'Bw'~". Since u € U,_¢, we have
7 € wyBw'y'. Since u € U Uy cn'Uyycrm, we have @ € Btw'Buw'~'. Let
(rg,...,r1) be a reduced decomposition of w' " twy € W with respect to R.
Then wy = w'rg - - r; and we know that £(w’) = (wp) — k (see [8, Chap. VI,
§1, no.6, Cor. 3 of Prop. 17]). For 1 < i < k — 1, write w; = w'rg -+ ri41
and w, = w'. Then w; = w;y174+1 so that the vector chambers w;(C) and
w;i+1(C) have a wall H; in common and the reflection s; with respect to H; is
S; — wiﬂw;l = wiriﬂw;l

On the other hand, let w} be the unique element in W, such that the chamber
wi(C) of ®, contains the chamber w;(C) of ®. Note that, for i = 0, the
element wy is equal to the wj previously defined. We have w}, = wy = w’ since
w' € W,. Finally, the two chambers w}(C) and w! ;(C) are adjoining (i.e.
the babeb Ayycy and Ay, (¢ differ by at most one root) or equal according
to the fact that Si belongs or not to W,. When s; € W, we also have that
s; = wgﬂw’i_l. By [10, 6.1.15(a)], for any 0 < ¢ < k, there exists a unique
w! € W, such that Buw,B = Bw|B. Since T € wjBuw'y ", we have w}, = wj,.
Since T € Btw'Bw' ™! and wy, = w', we have w_;c = tw'.
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Let I = [0,k —1] and let I, = {i € I | wj,, = wj}. For i € I, we have
£+1 = w; and wj_; = wj. Moreover, we have seen that if i gé I, then we have

-1 1 -1 -1
w1+1w =wipiw; = s;. If i ¢ I, we observe that r; = v’ le =w'; s;w)
is a reflection with respect to a wall of C: in other words we have r} € R,.
From [10, 6.1.15] and axiom (T3) of Tits systems, we therefore deduce that,
fori ¢ I,

Bw!, | B = Buw,, B = Buw,r,B C Bw,Br,B C Bw,B U Buw[r|B.

i+1

Hence we get a partition of I\ I; in two (possibly empty) subsets
L={iel\L|w, =w} and I={iel\L |w, , =wr]}

so that I = I U I, U I3. Finally, we set w; = wgw’; w,; for 0 < ¢ < k. Note

-1

that we have Wy = wo and Wy, = tw'w’' ™ w' = tw'.

For i € I, define
o1 =1 7 7 —1—7 =1
d; =wiy1 w; = Wi Wi Wiy wiw';  w;.
o Ific Iy, since wj ; = wj and wj ; = wj, we have
-1, 7 —1—7 /=1 -1
di = W Hwiw;” wiw'; Wi = W Wi = Tip-
o Ific I, since wi,, = s;w; and w41 = s;w;, we have
d = -1, 7 =1 —1“//*1‘_1
P =W Wi W w = w; o sisiwiw’; wy = 1.
e Ifie I3, then
=1 T =17 =1 -1 B Ak S S
di = Wi Wi Wiy T W Wi = W Wi T Wi = Wi Wi = T
As a consequence, we have

wo =Wg = We(Wr " We—1) -+ (W1 'W6) = Wdk—1---do =tw [ risa.
i€l U3
Hence £(tw') > (wg) — Card(l; U I3) > £(wo) — k = £(w') and, if this is an
equality, then we necessarily have that Is = @. In that case, wg = twp, and
therefore t = 1.
To conclude, if we have £(y,C,n’ - 2',n’ - C") > £(y,C,z’,C"), then

Uy, Con' -2’ \n" - C") > l(x,C 2", C")
since £(y, C,2’,C") > l(x,C,x’,C"). Otherwise, we have
Uy, Con -2’ \n" - C") = U(y,C, ", C")

and n’ € Tp. We have seen that, in this case, {(y,C,2',C") > £(z,C,a’,C"),
and therefore we also have that £(y,C,n' - 2’,n' - C") > ¥(z,C,2',C"). a

Proof of (ii). If g satisfies condition (a), there is nothing to prove. Otherwise,
we define a strictly increasing sequence (\;); of values in R and, by induction,
a sequence of elements (n;); in N as follows:

e )y =0andnyg=n;
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e fori>1, we apply step (i) to x + \j_1v, C, 2/, ¢ and n =n;_; € N. If
we are in case (a), we are done. Otherwise, case (b) provides A € R~ and
n’ € N. Weset \; = \;_1+Xand n; :=n’.

At some point k € N, the element g will be in case (a) for yr = x + A\pv and ny

since the length in the spherical (hence finite) Weyl group is bounded so that

this process stops. Thus

g < P]: anp}' 1o C P]: cNsz/,c’
for any z € yj + d,. For any i € [0,k — 1], we have
e gePr Canf 1o C Pr. CNP; 1 o forany z = x4 pv with g € JA;, Aig1[;

i +1,CNPA)}-:C/,C' for Yi+1 = T + /\i+1v-
We deduce the result from the decomposition

e gc P]:y 1 C?’LH_lP]:T/ o C P]:

Ry = ([H)\z'a/\iﬂ['—' {>\¢+1}> LAk, 0o. 0

=0

Since the topology of Ap is less usual than the topology of Ag, we detail
how to generalize the proof of the affine Bruhat decomposition.

Proof of Theorem 5.43. Let g € G. By the Iwasawa decomposition of Theo-
rem 5.41 applied to —C and F,/ ¢, there exist u € Uy, n € N and v’ € Pr,/ ./
such that g = unu’. Write

u = H Uup

ﬂe(q)z)nd
with ug € U_g for § € ((I)z)nd-
Let v € Cf 5 so that B(v) € Zsg for any f € ®X. For § € ®X, define
Ag =0if p_g(ug) = oo and

ﬁ(lv) (B(x) — p_p(up))

otherwise. Let A € Rso be such that A > max{\g | 8 € ®L} and con81der
y=x— M €x—46, Forany 8 € ®L such that ug # 1, we have B(v)A
Bw)Ag = B(z) — p_p(ug). Thus —5(;16 — M) + ¢_g(ug) > 0. Hence we get
that ug € U’ 5 for any 8 € ®3%.

By Proposition 5.34 and Corollary 5.38, we know that U, 5y C P]-‘ ¢ for any
B € ®. Therefore, u € P]-‘ - Hence

Ag =

g=unu' € ]3; CNP].-I, c

Sincex =y+wey+d, Cy+0C accordlng to Lemma 3.8, Lemma 5.47 (ii)
gives that g € Pr, CNP}-L o Hence G = P}-L CNP}-L o

Now, let n,n’ € N be such that n’ € P}-mycnsz ror- Let 2 =v(n')(2") and
C" ="v(n')(C"), so that

' NnN—1 _ D
n PJ::’,C’ (n ) - P]:m”,C”
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according to Lemma 5.46. Let n” = n(n’)~!. Then 1 € szycn”pfz/,yc,,,
which gives n” € Pr, . Pr,, ... By Corollary 5.35, we have

P-F.r,c = P]:,q;,c a’nd p]:z//’c// = P]'-Z//,C// .
Since cl(Fyr o) = cl(germ,, (" + C")) by Lemma 3.21, we have

Pz, on = Pgerm (a7 +07)
by Lemma 5.31.
Let C®) = C(z,2",C") (see Notation 5.44), so (z + C®) N (2" +C") # @
and 2" € x + CG).
Let
X ={Q" e germ,, (2" +C") | Q" c x4+ CO}.

Since X C germ,, (" + C") (as sets of subsets of Ar), we have that

Pgermzu(z”+c”) D) U Pqr.
Q//GX
Conversely, let Q' € germ,, (" + C"). Then Q" = QN (x+C®) e X by
Lemma 5.45. Thus

Pgerrnmu(r”+0”) = U PQ,, C U PQN.

Q”Ggermmu(x”—i-c”) 0ex

Consequently,

P]:z”,c“ = Pgermzu(z”+0”) = U Pan.
Q'ex

Let Q € cl(F, ) and Q7 € X. Set @' = QN (Q” — C®)). By Lemma 5.36,
reQ, 2" €Q” and thus z € ' (since 2" € z + C®)). Therefore,

A cQ —C® and V' cax+0® cQ +0O.

Using Proposition 5.26 (i), we get that Po/ Por C NovUg, _aaU, v o Nar.
By Proposition 5.34, we have N/ = Nq» = T},. By Proposition 5.23, we have

Ug _c@m CUL

A and UQ”-FC(?’) C [J+

A®B)?
where A®) is the basis associated to C®). Thus

PQP n C PQ/PQN C U;(3)TbUZ(3)

for every 2 € F, ¢ and every Q7 € X. Hence
n” E P]:’L,C'P}_z”,C” = PCI(]'—;C,C) U PQ” C U;(S)TbUX(S) .
Qrex

By [10, 6.1.15], we get that n” € T;. Hence we have n’ € nT;. This provides
the correspondence between the quotient group NV, /Ty and the double cosets
an,c\G/sz’,c" D
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6. BUILDING ASSOCIATED TO A VALUED ROOT GROUP DATUM

Let Vg be a finite-dimensional R-vector space and let ® C V¢ be a root
system such that Vg = (®)r. Let Vz be the lattice of coweights in Vg of ®.
Let R be a nonzero totally ordered abelian group such that Rg = R. Let A be
an R-aff space with some origin o and underlying R-module Vi := Vz ®z R.
Let G be a group and let (T, (Uy)acd, (Ma)acd, (¢a)acsd) be a generating R-
valued root group datum of G of type ®. Denote by N the subgroup of G that
is generated by the M, for a € ®, and assume that we are given a compatible
action v : N — Affg(A) of N on A. We adopt all the notation that has been
introduced in Sections 4 and 5 and that is associated to the data we are given.

Under these assumptions, we can define the following relation on G x A:

y =v(n)(z),

,x) ~ (h,y) <= there exists n € N such that
(9,2) ~ (h,y) {glhn —

This relation is reflexive and symmetric. Moreover, for any (g1, g2,93) € G
and (z1,z2,23) € A, if we can find n12,n923 € N such that

z2 = v(niz)(z1),

z3 = v(n2s)(22),

g1 ganiz € Uy,

95 ' g3nas € Uy,
then

x3 = v(na3niz) (1),
-1 -1 -1
91 g3nasniz € g7 Go2Ug,n12 C Uz niy Ugynin = Uy,

where the last equality is given by Proposition 5.11. Hence ~ is an equivalence
relation on G x A.

Definition 6.1. The R-building associated to the datum
(G, T, (Ua)acd, (Ma)acw, (Pa)ace, V)
is the quotient
I(G, T, (Ua)aed, (Ma)aca, (Pa)ace, v) = (G x A)/~.

To simplify notation, we will denote it by Z(G) in the rest of this section. We
denote by [g, x] the class in Z(G) of (g,z) € G x A. The group G then acts on

Lemma 6.2. The map
i:A—ZI(Q),
x 1,z
1$ 1njective.
Proof. Let x,y € A such that i(x) = i(y). We can then find n € NNU, = N,
such that y = v(n)(z). By Corollary 5.15, we deduce that z = y. O
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Fact 6.3. For any n € N and any = € A, we have n - [l,z] = [n,z] =
[1,v(n)(z)]. In particular, the subgroup N stabilizes i(A).

In particular, we identify A with the subset i(A) of Z(G). More generally,
we identify any subset © of A with the subset i(2) of Z(G).

Definition 6.4. An apartment of Z(G) is a subset of Z(G) of the form
A=g-A={lg,z] |z €A}

for some g € G, endowed with the set Isom(A, A) of bijections ¢ : A — A given
by ¢ : 2+ [g,v(n)(z)] for some n € N.
A local face (resp. local chamber) of Z(G) is a filter on Z(G) of the form

F=g-germ,(x+F")={g-Q|Q € germ,(z+ F")}
for some g € G, some = € A and some vector face (resp. vector chamber) F"

in VR.

Lemma 6.5 (see [10, 7.4.4]). Let Q be a nonempty subset of A. The group Pq
is the pointwise stabilizer of €2 in G. In particular, for any filter V on A, the
group Py fizes V.

Proof. Tt Q = {z} is a single point and g € G, then
z=v(n"")(x),

[1,z] =g-[1,2] < there exists n € N such that L
gn~ - € U,

<= there exists n € Nw such that g € U,n

since N, is, by definition, the stabilizer of  in N. Thus the stabilizer of z in
Q is Uy N, which is P, by Corollary 5.14. Hence Proposition 5.29 gives that
P, is the pointwise stabilizer of €. O

Proposition 6.6 (see [10, 7.4.8]). The set Z(G) satisfies (A2). More precisely,
let g € G. Then

(i) there exists n € N such that g~ -x =n-x forall z € ANg-A.

(i) ANng-A is enclosed.

Proof. We may assume that Q := AN g.A is nonempty. Let X be the set of
subsets €2 C € such that g.N N Py # @. By definition of Z(G), X contains {x}
for all z € Q. Let Q, € X, x5 € Q and n1,ny € N be such that gn, € }591 and
gno € ]5{12}. Let us prove that Oy U {z2} € X.

By Corollary 5.27, there exists a vector chamber C¥ C Vg such that

nflng € PQl.]ADz2 C NQI.Ugu.UgU.N
(we used the relations Po, = Ng, Po, and Py, = PMNI2 from Lemma 5.4
and Corollary 5.14). Therefore, there exist n), € Ng, and n} € N,, such
that n} 'ny'nany € NNULUL, = {1} by [10, 6.1.15(c)]. Set n = nin} =
nany. Then gn € }591 N PM = PglU{M} (by Proposition 5.29). Consequently,
Oy U{z2} € X, and by induction, every nonempty finite subset of € is in X.
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The group N/T} is finite. Indeed, Nwo is by definition the stabilizer of
xo and T} is the kernel of the action v : N — Affg(A). Thus the quotient
group Nrg /Ty can be identified with a subgroup of W*¥ which is finite. Write
N/Tb = {anb; Ce ,nka}, with k£ € ZZO and ny,...,nk € N. Choose xg € €.
Let Fin(£2, zo) be the set of finite subsets Q of Q such that zo € Q. Let J be
the set of elements of j € [1,k] such that there exists ; € Fin(£2, o) such
that gnj ¢ PQ Let Q = Ujes - Then Q € Fin(Q, xo) Moreover, if j € J,
gn; ¢ Po, D Ps. Let i € [1,k] be such that gn; € Py. Then i ¢ J, and
thus, for all Q" € Fin(Q, zg), gnl € PQ/ In particular, for all z € Q, gn; € P,.
Consequently, gn; € P, = Py (by Proposition 5.29), and thus, for all
reQ, g e =n,u.

It remains to prove that 2 is enclosed. Let § = gn;. Then we have g- AN
A=g-ANnA = Q. Moreover, g € ]59, and thus there exists 7 € N such
that p := ng € Po. By Lemma 5.31, Po = Pyq): there exists Q' € cl(f2)
such that p € Py. Then, for z € €, one has .o = n 'px = A~ l.x € A,
and thus gx € Q for all x € Q. Let y € Q. Then gy € Q, and thus
dg.y = g.y. Consequently, g.y = y, and thus y € Q. Therefore, Q’ C Q, and
thus Q@ = Q' € cl(Q): Q is enclosed, which proves the proposition. O

e

Remark 6.7. Let 2 € Z(G) and let Qo be a sector-germ at infinity. Then, by
Lemma 6.10, there exists an apartment A containing x and Q.. Let Q C A be
a sector whose germ at infinity is Q. Then we denote by z+ Q). the translate
of @ at x. This does not depend on the choice of A by (A2) (Proposition 6.6).

Corollary 6.8 (see [22, 9.7(1)]). Let Q be a nonempty subset of A. The
group Uq acts transitively on the set of apartments of Z(G) containing Q.

Proof. Let A’ an apartment containing 2 and g € G such that A’ = g- A. Let
n€ Nsuchthat g7'-z=n-zforallz € ANg-A D as in Proposition 6.6.
Hence gn € Py by Lemma 6.5. By Corollary 5.14, there exist u € Ug and
n’ € No C N such that gn = un/. Hence A’ = g- A=gn-A=un'-A=u- A.
This proves the transitivity. O

Corollary 6.9 (see [10, 7.4.10]). The group N is the stabilizer of A in G.
The group Ty is the pointwise stabilizer of A in G.

Proof. We firstly prove that Uy = {1}. Let a € ®. Then
UOZ,A = ﬂ Ua,—a(z—o)~
AN
Considering the elements z = o + AaV € A for A € R, we get that
Ua,n C ﬂ Ua,—a(rav) = go;l ( ﬂ [—2), OO])
AER AER

But the last intersection is reduced to oo since, for any € € R~ and any u € R,
we have p ¢ [—2(—u —€),00]. Thus Usa = o5 ({oo}) = {1} for any a € ®.
Hence Uy = {1}.
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Let g € G be such that g- A = A. By Proposition 6.6, there is n € N such
that g='-2 = n-z for all z € A. Hence gn € Py by Lemma 6.5. Since Py = N,
by Corollary 5.14, we have that gn € N. Thus g € N. Moreover, since the

action of N on A is induced by that of v via n-[1, 2] = [1,v(n)(x)], we deduce
the result. O
Lemma 6.10.

(i) Any two local faces are contained in a single apartment of Z(G). In par-
ticular, Z(G) satisfies axioms (A3) and (GG).

(il) Any two sector-germs are contained in a single apartment of Z(G). In
other words, I(G) satisfies axiom (A4).

(iii) If F is alocal face and Qo is the germ at infinity of a sector, there exists
an apartment containing F and Q.

Proof. (i) This follows the proof of [10, Thm. 7.4.18]. By Proposition 6.6, we
know that Z(G) satisfies axiom (A2). Hence it suffices to prove that any two
local chambers C, C’ are contained in a single apartment. Write C' = germ_ (Q)
and C" = germ,, (Q’), where z, 2’ € Z(G) and Q, Q" are sectors of Z(G), based
at z and 2’ respectively. As G acts transitively on the set of apartments,
we may assume that Q@ C A. Let g € G be such that ¢71.Q" C A. By the
Bruhat decomposition of Theorem 5.43, we can write g = bnb’ with b € Pc,
Y € Py1 o and n € N. Then b.C = C C b.A and

C'=g.97".C" =bnb . germ,1 (g7 ".Q") = bn.germ, 1 (g7 ".Q") C b.A.

(ii) Let Qoo and Q% be two sector-germs at infinity in Z(G). Since G acts
transitively on the set of apartments in Z(G), we may assume that Qo € A.
Consider an element g € G such that Q. = g-Qoo. Let @Em be the set of roots
in ® that are positive on Q. By [10, 6.1.15(a)], we can write g = uynvy
with uy,vy € U‘I’sz and n € N. Since uq and vy fix Qo, we then have
Qoo € ugn - A and

(iii) We obtain this similarly to (i), by replacing the Bruhat decomposition
by the Iwasawa decomposition of Theorem 5.41. d

Remark 6.11. Let d : A X A — R be invariant under the action of N. Then d
extends uniquely to a G-invariant map d : Z(G) x Z(G) — R. Indeed, suppose
that such a d exists. Let z,y € Z(G). Then, by Lemma 6.10, there exists g € G
such that z,y € A := g.A. One necessarily has d(z,y) = d(g~ .2, g7 y). It
remains to prove that the last formula is well-defined, that is, it does not depend
on the choice of g € G. Let ¢’ € G be such that z,y € ¢".A. Let A’ = ¢’ A.
Let h € G be such that h.A = A’ and such that h fixes pointwise AN A’. Then
g thg € N = Stab(A) (by Corollary 6.9). Thus one has d(g~t.x,g ty) =
d(g""‘hg.g t.x, g’ thg.g ly) = d(¢'"'.x, ¢’ 1.y), which proves our assertion.
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7. VALUATION FOR QUASI-SPLIT REDUCTIVE GROUPS

In the following, given a separable field extension L/K and an affine L-
scheme X, we denote by Ry x(X) the Weil restriction of X to K. For more
general considerations on Weil restrictions, see [7, 7.6] or [12, A5].

7.1. Notation and recalls for quasi-split reductive groups. Let K be
any field and G any reductive K-group. Recall that G splits over a finite
Galois extension of K and denote by K/K a minimal one [11, 4.1.2]. Denote
by G = Gg the K- group obtained by a base change from K to K.

When K is algebraically closed, the theory of structure of reductive groups
enables us to consider Borel subgroups. In general, over an arbitrary field,
a reductive group does not admit any Borel subgroup defined over the ground
field and we therefore need to consider the minimal parabolic subgroups. The
intermediate situation is that of quasi-split reductive groups.

Definition-Proposition 7.2 ([11, 4.1.1]). One says that a reductive K-group

G is quasi-split if it satisfies the following equivalent conditions:

(i) G contains a Borel subgroup defined over K;

(ii)) G contains a mazimal K-split torus S such that its centralizer Zg(S) is
a torus;

(iii) for any maximal K-split torus S of G, its centralizer Zg(S) is a torus.

We now assume that G is a quasi-split reductive K-group. We provide
a choice of a maximal K-split torus S and a Borel subgroup B such that
T = Z¢(S) is a maximal torus of G contained in B. This is always possible
[5, 20.5, 20.6 (iii)]. Thus T = T is a maximal K-torus of G containing S = Sg.

We denote by ® = ®(G, S) the root system of G with respect to S and we
call it the relative root system. We denote by P = <I>(G, ’i‘) the root system of
the split group G with respect to T and we call it the absolute root system.

Example 7.3. Let L/K be a nontrivial separable field extension. If G
a split reductive LL-group, then the Weil restriction G = Ry x(G) of G is
a quasi-split but non-split reductive K-group. If S is a maximal K-split torus
of G, then Zg(S) = Ry x(SL) is a maximal K-torus of G, isomorphic to
Ry/k(GpmL)" # G, g Thus G is quasi-split but non-split. Typically, in
G = Ry k(GLy L), that is, the general linear group over L seen as a K-group,
one can take S the maximal split torus of diagonal matrices with entries in K
and its centralizer in G is the subgroup of diagonal matrices with entries in L.
There are also quasi-split but non-split groups that do not come from Weil
restriction. For instance, if L/K is a quadratic Galois extension and h is the
standard Hermitian form, then the group SU(h) is a quasi-split but non-split
K-group. We provide an example of such a group in Example 7.43.

7.4. Recalls on root groups and their parametrizations.
(A) Definition of root groups. Given a basis A of ® (resp. A of ®), we
denote by Dyn(A) (resp. Dyn(A)) its Dynkin diagram. The edges represent
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orthogonal defects of the basis which will translate defects of commutativ-
ity between root groups. Multiple edges appear between two simple roots of
different lengths and are oriented from the long root to the short root.

Given a reductive K-group G and a maximal K-split torus S, the choice of
a minimal K-parabolic subgroup of G containing Zg(S) is equivalent to the
choice of a basis A of the relative root system [6, 4.15]. In particular, if G is
quasi-split, the choice of S C T C B as before naturally determines a basis
A = A(G,T,B) of ® = ®(G, T) and a basis A = A(G,S,B) of & = &(G, S).

Recall that the root groups of G over K are defined by the following propo-
sition.

Definition-Proposition 7.5 ([5, 14.5 & 21.9]). For any root o € ®, there
ezists a unique K-subgroup of G, denoted by U, which is closed, connected,
unipotent, normalized by Za(S) and whose Lie algebra is go + g2a- It is called
the root group of G with respect to .

If U is a positively closed subset of ®, then there exists a unique K-subgroup
of G, denoted by Uy, which is closed, connected, unipotent, normalized by
Za(8S) and whose Lie algebra is ),y G-

Note that the definition depends on ® and, therefore, on the choice of the
maximal split torus S defining T = Zg(S).
Moreover, these root groups satisfy the following proposition.

Proposition 7.6 ([5, 21.9]). For any ordering on a positively closed subset U
of ®, the product map Hae\Pnd U, — Uy is an isomorphism of K-varieties.
For any pair of non-collinear roots o, 8 € ®, the subset

(@, 8) = {ra+sp €®|rs € Zso}
is positively closed and [Uq, Ug] C Uy py-

We denote by Ug for & € @ the root groups of G with respect to T.

(B) The Galois action on the absolute root system. Even if we can
define a *x-action on the Dynkin diagram for an arbitrary reductive K-group,
we assume for simplicity that G is a quasi-split reductive K-group.

Consider the canonical action of the absolute Galois group ¥ = Gal(K;/K)
on the abstract group G(K;). Since G is quasi-split, we can choose a maximal
K-split torus S and we get a maximal torus T = Zg(S) of G defined over K.
Thus we define an action of ¥ on X*(Tk,) by

o-x=tr a(x(c™(t))) forallo € X and all x € X*(Tk,).

Notation 7.7 (The Galois action on the absolute root system). This is a sum-
mary of [6, §6] for a quasi-split reductive K-group G. Denote by A a set of
absolute simple roots and by Dyn(A) its associated Dynkin diagram. There
exists an action of the Galois group ¥ = Gal(K/K) on Dyn(A) which pre-
serves the diagram structure. This action can be extended, by linearity, to
an action of ¥ on V* = X*(Tg) ®z R, and on ®. The restriction morphism

j=1v": X*(T) - X*(S), where ¢ : S C T is the inclusion morphism, can
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be extended to an endomorphism p : V* — V* of the Euclidean space V*
This morphism p is the orthogonal projection onto the subspace V* of fixed
points by the action of X on V*. The inclusion of ® in the Euclidean space V*
provides a geometric realization of the absolute roots from which we deduce
a geometric realization of ® = p(®) in V*. The orbits of the action of ¥ on &
are the fibers of the map p: ® — .

Definition 7.8. Let & € ® be an absolute root. Denote by Y4 the stabilizer
of a for the canonical Galois action. The field of definition of the root & is the
subfield of K fixed by ¥4, denoted by L = K*&.

This is determined, up to isomorphism, by the relative root o = a|g. Indeed,
o is an orbit of absolute roots, which means that if f|s = d|s = «, then
B =o0-aand Lz = o(La). For aroot a € ®, we denote by L, the class of Lg
for als = . We call it the splitting field of c.

Remark 7.9. If a € ® is a multipliable root, then there exist a, &’ € p~!(a)
such that & + & € ® (see [11, 4.1.4, Cas II]). Because « is an orbit, we can
write & = o(&), where o € ¥ is of order 2. As a consequence, the extension of
fields Lg/Latar is quadratic. By abuse of notation, we denote this extension,
determined up to isomorphism, by L /Lag.

(C) Parametrization of root groups. In order to valuate the root groups
thanks to the A-valuation of the field, we have to define a parametrization of
each root group. Moreover, these valuations have to be compatible. That is
why we furthermore have to get relations between the parametrizations.

A Chevalley—Steinberg system of (G, K, K) is the datum of morphisms Z :
Gox — U, parametrizing the various root groups of G, and satisfying some
axioms of compatibility, given in [11, 4.1.3]. These axioms take into account
the commutation relations of absolute root groups and the Gal(K/K)-action on
root groups. Note that, despite the fact that the morphisms parametrize the
root groups of G, a Chevalley—Steinberg system also depends on the quasi-split
group G because of the relations between the Z5, where & € P. According to
[11, 4.1.3], a quasi-split reductive K-group always admits a Chevalley—Steinberg
system (Ta)acd-

Notation 7.10. Let us recall that there are elements in N (S)(K) defined by
(see [11, 3.2.1])
mg = i‘&(l)i‘_&(l)jﬁ&(l)
for & € ® such that, for any B € ® and any u € K, we have
maZg(u)m_a € {Zr5(3) (u)}
according to the second axiom defining Chevalley systems. Moreover, one can
observe that m_5 = mg from the matrix realization in SLs.

Let a € ® be a relative root. Let 7 : G* — (U_,,U,) be the universal
covering of the quasi-split semisimple K-subgroup of relative rank 1 generated
by U, and U_,. The group G splits over L,, (this explains the terminology
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of splitting field of a root). A parametrization of the simply connected group
G* is given by [11, 4.1.1 to 4.1.9]. We now recall it to fix the notation.

The non-multipliable case. Let a € ®q be a relative root such that 2o ¢ ®
and choose & € a. By [11, 4.1.4], the rank-1 group G is isomorphic to
Ry, /x(SLg ;). Inside the classical group SLy 1., a maximal Lg-split torus of
SLo 1., can be parametrized by the following homomorphism:

z2:GpmLs, = SLa L.,

t 0
t— <0 t‘1>'

The corresponding root groups can be parametrized by the following homo-
morphisms:

Yy Ga,]L& — SLQ’]L&, Y4t Ga,]L& — SLQ’]L&,

(10 (1
vl ly 1) “=lo 1)

According to [11, 4.1.5], there exists a unique Lgs-group isomorphism &z :
SLap, — G satisfying #1454 = 7 0 &5 o y+, where G? is the simple factor of
# of index a.

Notation 7.11. Thus we define K-homomorphisms
ro =70 Ry x(§aoys), T_a=moRy k(oY)

which are K-group isomorphisms between Ry, /x(Gq,L,) and respectively U,
and U_,.
We also define the following K-group homomorphism:

a=moRy, /k(aoz): R, /k(GmLs) — T,
where T* = TN (U_,,U,).
Fact 7.12. For any & € ®, any t € T(Ls) and any u € Ls, we have
tzg(u)t™ = Za(a(t)u)
by definition of root groups. Thus, for any & € a, we have that
tra(u)t™ = 24 (a(t)u)

by definition of the Weil restriction. Thus, since a matriz calculation gives
a(2)zo(u)a(271) = z4(2%u), we get that, for any & € a, any z € LY, we have

a(a(z)) = 2%
Notation 7.13. We define maps
Mo : G, = Nag(S) and m_q : Gy, = Na(S)
(see [11, 4.1.5]) by

*
&

Ma (1) = Zo(W)T_o (U za(u), m_o(u) =2_g(w)ze(u™)z_q(u)
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whose matrix realizations in SLgoy,, are respectively

0 U d 0 wut
—u o) ™ —u 0 /)

The unique elements m(xq(u)) and m(x_,(v)) defined in [10, 6.1.2 (2)] are
then

ma(w) = m_a@™), m(a_a@®) =ma(v).

We define an element mg, = mq (1) = m_o(1) = m_, € Na(S)(K).

Fact 7.14. We observe that my = mg for any & € a by definition of x4 as

Weil restriction. From the matriz realization in SLa, we can easily check that
for all u € Lo, 2—n(u) = maza(u)myt;

for all w € LY, ma(u) = &(u)my = maa(u™t);

mgz = &(_1)7
mi =id.

The multipliable case. Let a € ®,q be a relative root such that 2a € &.
Let @ € a be an absolute root from which « arises, and let 7 € X be an
element of the Galois group such that & + 7(&) is again an absolute root. To
simplify notation, we let (up to compatible isomorphisms in 3) L. = L4 and
Ly = La4r(a) in this paragraph. For any = € L, we use " instead of 7(z). By
[11, 4.1.4], the K-group G* is isomorphic to Ry, /x(SU(h)), where h denotes
the Hermitian form on IL x I x IL given by the formula

1
h:(x_1,2z0,21) — Z x; T
i=—1
The group Gf!, can be written as
Gp, = H Go(@),0(7(&))
o€Gal(La/K)

where each G?(®)-2(7(3)) denotes a simple factor isomorphic to SU(R), so that
SU(h)]L ~ SLg)]L.

We define a connected unipotent Ls-group scheme by providing the Lo-sub-
variety of Ry, (Af):

Ho(L,Ly) = {(u,v) | v"u=v+ v}
with the following group law:
(u,v), (u',v") = (u+u' ;v + 0" + Tu).
Then we let H(IL,Ly) = Ry, /x (Ho(IL, L2)). For the rational points, we get
H(L,L)(K) = {(u,v) e LXL | uu = v+ "v}.
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We parametrize a maximal torus of SU(h) by the isomorphism

AN R]L/JL2 (Gm,]L) — SU(h),

t 0 0
t— 0 ¢t 0
0 o0 Tt!

We parametrize the corresponding root groups of SU(h) by the homomor-
phisms

Yy Ho(]L, ]LQ) — SU(h), Yyo: H()(L,Lz) — SU(h),
1 0 O 1 —"u —v
(u,v) = | u 1 0], (u,v) = [0 1 u
—v —Tu 1 0 O 1

By [11, 4.1.9], there exists a unique Lo-group isomorphism & : SU(h) —
G 7(@) gatisfying
7(8a(y+ (u,0))) = Ta(u)Zatra(—v)Tra(Tu),
T(&a(y-(u,v))) = T-ra(u)l-a—ra(v)T-a("u).
Notation 7.15. From this, we define K-homomorphisms
To =m0 R, x(€aoys), Toa=moRL,/k(€aoy-),

which are K-group isomorphisms between the K-group H(LL, L) and the root
groups U, and U_, respectively. The group law is given by

Tto (U, 0)Tpo (U, 0") = 2o (u+ 0,0+ 0" + Tund).
We also define the following K-group homomorphism:
& =moRy,k(&aoz): R, k(Gmr.) = T,
where T* =T N (U_,,U,).

Fact 7.16. Let a,7 be as before. For any t € T(Lsz) and any (u,v) €
H(L,Ls), we have

tEa(u)Eaqra(—v)Tra(Tu)t ™" = Z5(a(t)u)Fatra(— (@ + @) (E)v) Tra (Ta(t)Tu)
by definition of the root groups. Thus
tao(u,v)t ™" = 2 (@(t)u, a(t)"a(t)v)

by definition of the Weil restriction. Thus, since a matriz calculation gives
a(2) o (u,v)a(27Y) = 24(72%271u, 2720), we get that, for any z € L%, we have

a(a(2)) = (T2)%27
Notation 7.17. As in [11, 4.1.11], we define maps m,, : H(L,Ls) — Na(S)
and m_, : H(L,Lg) — Ng(S) by
M (u,0) = o (w0, (T0) ") a—a(u, v)aa (u(To) ™1, ()7,

Mm_qa(u,v) = z_q (w0, ("0) " za(u,v)z_ (u(T0) "1, (T0) 7).
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Their matrix realizations in SU(h) are respectlvely

0 0 0 —v
0 —("wwv~ ()=t 0
—v 0 0 0

The unique elements m(z4(u, v)) and m(z_, ( v)) defined in [10, 6.1.2 (2)]
are then

m(ma(ua U)) = m—a(uv U)v m(x—oz(ua U)) = moz(uv U)'
Even if (0,1) ¢ H(LL,L3)(K) in general, one can define an element
Mo = Ma(0,1) =m_(0,1) =m_

that in fact belongs to Ng(S)(K).
By convention, we set mo, = mq,.

Fact 7.18. We observe that T5(1)Z_4(1)Z4(1) = ma (resp. m-) has the
following matriz realization:

10 0\ /1 00 1 00

01 1J10 1 0fJf0 1 1

0 0 1\0 -1 1/\0 0 1
1 00 0 10
=10 0 1 resp. | =1 0 O
0 -1 0 0 01

so that we have
Mo = m&m:;m& = mT&mglmr@.
Moreover,
for all (u,v) € H(L,La), x_q(u,v) = maza(u,v)my?;
for all (u,v) € H(L,La) \ {(0,0)}, ma(u,v) = &("v")my = maa(v);
=id.
for all (u,v) € H(L,L2) \ {(0,0)}, ma(u,v)? = &(Tv~tv).

7.19. MS-valuation of a root groups datum. As before, let G be a quasi-
split reductive K-group with a choice of a maximal split torus S contained in
the maximal K-torus T = Zg(S) contained in a Borel subgroup B, together
with a parametrization of the root groups (x4 )aca deduced from a Chevalley—
Steinberg system, defined in Notations 7.11 and 7.15.

Let G = G(K), T = T(K) and N = N(K). For any relative root a € ®, let
Uy = Uy(K) and M, = T'm,, where the element m,, € G is defined as in No-
tations 7.13 and 7.17. Then, by [11, 4.1.19 (ii)], we know that (T, (U, Ma)aca)
is a generating root group datum of G of type ®.

From now on, considering a valuation w : K — A U {o0}, we assume that
the extension K/K is univalent (generalizing the definition of [11, 1.6.1]). This
means that the A-valued ground field K satisfies the following.

Assumption 7.20. There is a unique surjective valuation w’ : KX — A’ such
that
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A’ is a nonzero totally ordered abelian group;
there is a strictly increasing map w(K*) — A’ that identifies w(K*) with
a finite index subgroup of A’;

e for all z € K*, we have w'(z) = w(z).

Thus A’ identifies with a subgroup of A ®z Q C R°. Note that, for any
sub-extension K/L/K and any o € Autg(L), we have o’ o 0 = «’. We still
denote, by abuse of notation, the valuation w : L* — 91 for any sub-extension
K/L/K.

Example 7.21. According to Corollary 3.2.3 and [14, Sec. 4.1], Assump-
tion 7.20 is satisfied if K is Henselian.

Notation 7.22. For each root a € ®, we use the parametrization x, of the
root group U,, given by the choice of a Chevalley—Steinberg system and the
choice of an absolute root & in the orbit «, to define a map @, : Uy — R¥U{o0}
as follows:
o u(za(y)) = w(y) if @ is a non-multipliable and non-divisible root, and if
y € La;
Ya(2a(y,y')) = $w(y') if a is amultipliable root and if (y, y') € H(Lq, Laq);
020 (26(0,7")) = w(y') if « is a multipliable root and if

y €Ll :={vel,|v+Tv=0}

Note that, by convention, we set w(0) = co = $w(0).
Remark 7.23. Despite the fact that the parametrization z, depends on the
choice of & € ® such that a|s = a, the value ¢, (u) € R¥ U {oo} for u € U,
does not depend on this choice. Indeed, assume for instance that a € Ppq is
non-multipliable. For any ¢ € Gal(K/K), the isomorphism ¢! : Ly(a) — La
induces a K-isomorphism of the Weil restrictions

j : RLU(d)/K(Ga,LU(&)) - RL&/K(GG;L&)'

Thus the parametrization of U, defined by & instead of o would be precisely
Ty 0 RLU(&)/K(GG,LU(&)) — U,. Since w = wo j, we deduce that the value of
o does not depend on o. If a is a multipliable root, we can make a similar
observation.

Proposition 7.24. The datum (0o )acs is an R -valuation of the root group
datum (T, (Ua, Ma)aca), i-e. it satisfies azioms (VO) to (V5).

According to Bruhat-Tits [11, 4.2.11], it is easy to check this. Such a veri-
fication is carried out by Landvogt [22, 7.4].

Proof. Axiom (V0) is immediate since ¢, (U, (K)) contains A U {oo} and the
totally ordered group A is not trivial by assumption. Axiom (V4) is immediate
by definition.

Agzioms (V1), (V2) and (V5) for a non-multipliable. Let A € R and let
g1 = za(u1), g2 = Ta(uz2) be elements in Uy, ) for some parameters uq, us €
L,. Then glgg_1 = 2o (u1)2a(u2) ™t = zo(u1)ra(—u2) = zo(us — ug). Thus
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Yalg195 ") = w(ug —ug) > min(w(u),w(us)) > A. Moreover, 2,(0) is the only
element with valuation oo, which gives (V1).

Let x4 (u) € Uy, with uw € LY, and m = mqat € M, = M_, with t € T. By
formulas in Facts 7.12 and 7.14, we have

—1 1 -1 _

mxq(u)m™ = matra(u)t 7 'myt = maza(a(®)u)myt = _o(a(t)u).

Hence
pa(Ta(w)) = a(mza(w)m™) = wu) — wla(t)u) = —w(a(t)),
which does not depend on w. This proves (V2).
Let 24(u) € Uy and x_q (u'), x_o(u”) € U_, such that

Too(U)zo(u)z_o(u'") € M,.

By the uniqueness in [10, 6.1.2(2)] and the formula defining m_,(u™!) in

Notation 7.13, we get v/ = v’ = u=t. Thus ¢_(7_oW)) = wu™?t) =

—@a(x(u)), which gives (V5).

Agzioms (V1), (V2) and (V5) for o multipliable. Let X € RS and let g1 =

ZTa(u1,v1), g2 = Taluz,v2) € Uqy,x for some parameters
(u1,v1), (u2,v2) € H(La, Laa).

Then u;™u; = v; + "v; gives w(u;) > %w(vi) > ). Thus

9195 " = To(u1,v1)T0 (U2, v2) ! = 24 (U1, v1)Ta (—uz2, Vo)
= 2o (u1 — uz, —"ugug + vy + "v3).

Hence

1 1
Yalgr95 ") = §W(— uiug +v1+"vg) > 3 min (w(u1) +w(uz), w(vy), w(v)) > A

Since, for (u,v) € H(Ly,Lay), we have u = 0 whenever v = 0, we get that
2(0,0) is the only element with valuation co. This gives (V1).
Let x4 (u,v) € Uy with (u,v) € H(Ly,Loo)\{(0,0)} and m = mut € M, =
M_,, with t € T. By formulas in Facts 7.16 and 7.18, we have
mxa (u,v)m ™" = matae (u, )t 'myt = maza (&(t)u, a(t) a(t)v)m, "

=a_o(—a(t)u,a(t) a(t)v).

Hence

Palra(u)) — p-almra(uhm™) = Sw(v) ~ Lo(@(t)a(t)) = —w(a(r),

which does not depend on (u,v). This proves (V2).
Let zq(u,v) € Uy and z_o (v, v"), x_o(u”,v") € U_, be such that

(U, V)20 (u,v)x_o(u”,0") € M,.

By the uniqueness in [10, 6.1.2 (2)] and the formula defining m_, (u, v) in Nota-

tion 7.17, we get (u/,v’) = (uwv™!,7v™1). Thus ¢_s(z_a(u/,v")) = tw(w™!) =
—pa(xao(u,v)), which gives (V5).
Aziom (V3) of commutation. This is a consequence of [11, Annexe A]. O
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7.25. Action of N on an 9R°-aff space. In the sequel, we adopt the follow-
ing notations:
G: a quasi-split reductive group over K,
K: a finite Galois extension of K on which G splits,
S: a maximal K-split torus of G,
T: the centralizer of S in G,
N: the normalizer of S in G,
and for any algebraic K-group H,

H: the scalar extension Hg of H to K,

X« (H): the group of cocharacters of H,

X*(H): the group of characters of H,

X5 (H): the group of rational characters of H over K.
The natural pairing of abelian groups

X.(S)@X*(S) =2
is perfect and therefore induces an isomorphism
X.(S) ®z R~ Homg(X*(S) ®z R, R).

By tensorization by the abelian group %, we obtain an isomorphism of R°-
modules

Vi = X.(S) ® R° = Homg (X*(S) ®z R,R) ® R = Homg (X*(S) @z R, R7).
The Weyl group W := N(K)/T(K) acts R-linearly on X,(S) ® R and hence
R5-linearly on V;. Since Xj(T) is a finite index subgroup of X*(S), we have
X*(S)®zR=Xg(T) @z R.
Moreover, for each ¢ € T(K), the map
p(t) : X5(T) O R %5,
X ® A= —Aw(x(t))

is well-defined and is R-linear.
We can therefore see p(t) as an element in V7 and we get a group homomor-
phism

p: T(K) — V1,
t— p(t).

Let Ty(K) be the kernel of p and let Vj (resp. Vo z) be the subspace of Vy
(resp. X«(S)) given by the vectors v such that a(v) = 0 for every root o € ®.
The quotient V,, := X.(S)/Voz is then a Z-module. By flatness of R over Z,
the quotient V := V1 /Vp = V] ® MRS is then an M¥-module that is endowed
with the following structures:

e a morphism p : T(K)/T(K) — V, induced by p;

e amorphism j: W — GL(V}), induced by the action of W on X,(S).
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Let W’ be the push-out of the morphism 5 : T(K)/T(K) — V and the
inclusion T(K)/T3(K) € N(K)/Ty(K). The group W’ is then an extension of
W by V:

(20) 1=V W W= 1.

If K : W — Autgroup (V) is the induced action by conjugation of W on V, we can
see the previous exact sequence as a class in the cohomology group H2(W, V).
But this group is trivial since W is finite and V' is uniquely divisible. Hence
exact sequence (20) splits and W/ =V x,, W. The action « is computed as
follows:

rk(w)(w) = j(w)(v) for all v € V and all w € W.

Hence j induces a morphism
J W' =V x, W =V x GL(Vy) = Affgs (V).

By composing the projection N(K) — N(K)/T,(K), the natural morphism
N(K)/Ts(K) — W’ and j’, we get a morphism

v N(K) = Affors (V)

such that the following diagram commutes:

1 —— T(K) N(K) W 1
(21) [ |+ }-
1 1% Affprs (V) —— GL(VY) —— 1,

where pg is the composite of the map p : T(K) — V4 and the projection
Vi—=>V= Vl/‘/b

Remark 7.26. Denote by T(K);, the kernel of v. By construction, it is the ker-
nel of the composition of the natural projection T(K) — T(K)/T(K) and p.
Hence ker p = Tj,(K) is a subgroup of ker v = T(K);, but this inclusion is strict
in general (see Example 7.47 for G = GL,,).

If G is semisimple, then V7 = 0 by [32, 8.1.8(ii)], and therefore p is
injective. Thus kerv = T(K), = T,(K) = ker p.

Lemma 7.27 (see [11, 4.2.5, 4.2.6 and 4.2.7]). For any relative root o € @,
any absolute root & € ® such that &ls = a and any t € T(K), we have

a(v(t)) = —w(a(t)).

Proof. For x € Xi(T), we have by definition of the action that

(22) x(v(t)) = x(p(t)) = —w(x())-
Inside the R-module X*(S) ® R = X (T) ® R, we have the identification
1
a®l= o) ® = .
Z (@) K : K]
o€Gal(R/K)

Miinster Journal of Mathematics VoL. 16 (2023), 323-487



428 AUGUSTE HEBERT, DIEGO IZQUIERDO, AND BENOIT LOISEL

Thus, applying formula (22) to x = o(&) for o € Gal(K/K), we get
QW) = ——— Y wlo@) = —w(a). 0

K: ]oeGal(K/K)

Lemma 7.28. The subgroup of N(K) generated by the mg for & € ® is finite.

Proof. As a split group 15 in particular, a quasi-split group with K = K, we
keep the notations zs, &, mg of Section 7.4(C) for @ € ® = ®(G,T). Let
T = T(K) and N = N(K). Let N; be the subgroup of N generated by the
me for & € ®. Let T; be the subgroup of T generated by the o<( 1) e T for
acd. Itisa subgroup of N, since m2 = &(—1) for each & € ®.

The group T} is finite of exponent 2 since it is a subgroup of a commutative
group Jj generated by finitely many elements of order 2. Moreover, for any

a, B € &, we have
&(-1mpa(-1)"" = a(-1)

8
W
—

—_
~—

‘H
™
—

—_
~—

8
™
—

—_
~—

Qv
/—\

p—l
~—

|
—

Thus N; normalizes T} . Moreover, for every d,B S &’ we have
mampma = marz(Dz_g(1)zz(1)my"
= Tra(B)(€1)2, (_j)(€2)Trs(5) (€1)
for two signs e1,e2 € {£1}, according to axioms of Chevalley systems.

By contradiction, suppose that e2 = —&1 and char( ) # 2. Let 4 = ra(ﬁ)
Consider the element n := mgmgmes € N1 Since N1 normalizes Tl, we have
n?Ty = (mdmgmd)gfl = mdmgé(—l)mgmdfl
= maﬁ(—l)maﬁ = 35(—1)71 =T.

Then nT} has order at most 2 in Ny / T, and therefore, since T} has exponent 2,
we deduce that n has order at most 4.

Then the matrix realization of mampma in the universal covering G7 of the
subgroup spanned by U_5(K) and Us(K) given in Notation 7.11 is

1 & 1 0\(1 e\ _ (2 31
0 1 —ey 1J\O 1) \ex 2 )
If char(K) = 7, since
2 5\ (7 12
361 2 o 481 7

does not centralize (39), wh1ch is the matrix realization of 7( ye T in GY,

this contradicts the fact that n? is in the commutative group T3.
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If char(K) # 7, since

2 o\ [ 97 168
3e1 2 ) " \b6ey 97
is not an homothety, we get a contradiction with the order of n that is at
most 4 since 7 : G7 ~ SLy(K) — (U_5(K), U5(K)) is a central isogeny.
As a consequence, in any case, we have that e5 = €1, whence

mampma = Mra(3)ra(B)(e1)-

Let wg be the image of mg in W1 = Nl/Tl for any & € ®. We have seen
that WaWhWa = Wrs(3) for any & B € ®. Denote by A a basis of the root
system ®. Note that the Wa for & € A generate W1 Indeed, let 7 € ® and
write 4 = w(@) for & € A and w € W(<I>) since W(®) - A = ®. Since the
T3 generate W (®), one can write w = T3, 0---org, for some Bi,...,Bn €A
Thus we have wy = wg, - - wg, wWawg, - - W3, -

Claim. Wy is isomorphic to W (®).

It suffices to observe that the relations characterizing the spherical Coxeter
group W(Ci)) are satisfied in W; by the family of generators (wa)ach. Let
& # B € A and n(@, B) € Z>y be the order of r5 o rz € W(®). We claim that
(mgm )"(O‘ B) ¢ Tl. Indeed, (mamgs)™ n(é&,B)— Yma = mamgp- S mpme = My
mod T} for some 4 € ®. Multiplying by mj on the right and applying “v,
we get that “v(msmgz) = "w((mams)™®?)). Whence mszT = mjT. Because
the classes My are pairwise disjoint and we took exactly one mg in each, we
deduce that msy = mgj. Hence

(m&mB)n(&’B)Tl = m%fl = Tl.

Thus W is a quotient of W (®).

Conversely, applying “v to the mg € N1 C N, we obtain a surjective group
homomorphism W; — W (®), whence W = W(<I>) In particular, N; is finite
as an extension of finite groups. O

Lemma 7.29 (see [11, 4.2.9]). Let my for o € ® be defined as in Nota-
tions 7.13 and 7.17. There is a point o € V such that v(my)(0) = o for
every a € P.

Proof. According to Facts 7.14 and 7.18, the subgroup N7 of N(K) generated
by the myq, for a € ® is contained in the subgroup of N(K) generated by the mg
for & € ®. Thus, according to Lemma 7.28, the group N; is a finite subgroup
of N = N(K). Since V is, in particular, an R-vector space on which N acts
by affine transformation, the group N; has to fix a point o € V. In particular,
this point is fixed by the m,, for a € ®. (]

Notation 7.30. We denote by A the SR°-aff space with underlying free Z-mod-
ule of finite type Vz and affine space V' with origin o chosen as in Lemma 7.29.
Thus we have by definition that v(mq) = 74,0 = 0—a(- —o0)a" for any a € P.
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Proposition 7.31. The action v : N(K) — Affxs(A) satisfies (CA1), (CA2)
and (CA3).

Proof. Condition (CA1) is a consequence of the commutation of diagram (21)
since it is well-known in reductive groups that W ~ N/T naturally identifies
with W (®).

We use the notation of Sections 7.4 (C) and 3.1(B). Let « € ®, u € U, \ {1}.
Consider the unique element m(u) € M, given by [10, 6.1.2(2)]. If « is non-
multipliable, we deduce from Fact 7.14 that m(u)? = &(—1) € T(K), C kerv,
whence axiom (CA3) is satisfied. If v is multipliable, we deduce from Fact 7.18
that m(u)? = &("v~1v) € T(K), C kerv for some couple (v/,v) € H(L,Lz) \
{(0,0)}, whence axiom (CA3) is satisfied.

Consider t = mqm(u) € T. Let v € Vg be such that v(m(u)) = (r,v).
We have that v(m(u))(o) — o = v, whence a(v(m(u))(o) —0) = a(v). On the
one hand, v(t) = v(mam(u)) = Ta,0 © (Ta,v) is the translation by ro(v) €
Vr. Hence a(v(t)) = a(rq(v)) = —a(v). On the other hand, according to
Lemma 7.27, we have a(v(t)) = —w(a(t)) for any & € ® such that dls = a.

If we show that w(a(t)) = —2¢4(u), then condition (CA2) will be proven.

If o is non-multipliable and non-divisible, then one can write u = x,(2) with
z € L%, Then m(u) = m_o(2~1) = m_,—a(z) according to Notation 7.13 and
Fact 7.14. Thus mem(u) = ——a(z), and therefore

at) = (=a)(t) ! = (—a)(——a(z)) ' = —= 7%

Thus w(a(t)) = —2w(z2) = —2¢a(u).
If « is multipliable, then one can write u = x4 (y, z) with (y, z) € H(Lq,Laqa)\
{(0,0)}. Then m(u) = m_a(y,2) = m_a—a(z) according to Notation 7.17.

PN

Thus mam(u) = —a(z), and therefore

Thus w(a(t)) = —w(z) = —2¢a(u). )
If o is divisible, then there are 8 € ®, § € ® and 7 € Gal(ILg/Lag) such that
a =24, Bls = and @ = 8+ 7(8). By definition, mg = m,. In particular,

u € Ug and t = mgm(u). Thus we have shown that w(5(t)) = —2¢s(u).
Hence, using (V4), we get
w(@(t)) = w(B(t) +w(rT(B)(t) = —4pp(u) = —2pa(u). O

7.32. The Y3°-building of a quasi-split reductive group. In this section,
we have defined a generating root group datum (7', (Un, My )aca) (in the sense
of Definition 4.2) together with an :®* valuation (4 )acs of this root group
datum (in the sense of Definition 4.8; see Proposition 7.24). Moreover, in
Notation 7.30, we defined an R°-aff space A together with an action v of N
by MS-aff transformations given by commutative diagram (21). According
to Proposition 7.31, this action is compatible with the valuation in the sense
of Definition 4.27. Thus Assumption 4.36 is satisfied and, by construction,
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R = 9%;3. Thus we provided a datum as in assumptions of Section 6 so that
we can define, as in Definition 6.1, the following space.

Definition 7.33. The R°-building associated to the quasi-split reductive K-
group G is

I(G) = I(K, w, G) = I(Gv T, (Ua)aeqh (Ma)ae<1>7 ((pa)aeqh V)~

7.34. Extended affine Weyl group. This section is dedicated to describing
more precisely the extended affine Weyl group W = v(N) ~ N/T5,.

(A) Quadratic Galois extensions. This first part is devoted to the proof
of some useful lemmas on quadratic Galois extensions of valued fields. We
consider a quadratic Galois extension L/K of valued fields, and we assume
that L/K is univalent (see Assumption 7.20). We denote by 7 the nontrivial
element of Gal(L/K), by N : « € L — a7(x) € K the norm map and by
T:ze€L— x+7(x)€ K the trace map.

Notation 7.35. For u € K, we let L = {y € L | T(y) = u} and denote by
Lt ={ye L |w(y) > w(y +2) for all z € L°}

max

the subset, possibly empty, of elements y € L* such that the map z € L
w(y + z) admits a maximum reached at z = 0.

Note that 0 € L < u = 0 and that the L" are 1-dimensional K-affine
spaces forming a partition of L. Indeed, L* # & because the trace map is
surjective when L/K is separable.

Lemma 7.36 (see [11, 4.2.20 ()]). The following are equivalent:
(i) forallue K*, LY. . # ;
(i) Lyax # -

If these conditions are satisfied, then w(LY,.) = w(LL )+ w(u).

max max

Proof. Obviously, (i) implies (ii). Conversely, let v € K* and suppose that
ye Ll #@. Setx=uy¢e L* For any z € L°, we have

w(w) = wly) +wu) > wly+2) +wlu) = w(z +uz).

Since the map L — L° given by z — uz is a bijection, we have proven that
xr € LY, and that w(u) + w(Ll,.) C w(LY,,). Conversely, any z € L an

u . C
max max max max

be written 2 = uy with y = £ € L1, .. Thus w(L%,,) = w(Li,.) +w(u). O

max* max

Lemma 7.37. In any case, w(L') C AL,

e If char(K) =2 or w(L*) = w(K*), then w(L°\ {0}) = w(K*).
o If char(K) # 2 and w(L*) # w(K™*), then

Ten

2 max

and w(L*) = w(LY\ {0}) Uw(K™).

Proof. Let x € L*. By contradiction, suppose that w(z) > 0. Then w(N(z)) =

2w(z) =w(z(l—2)) = w(z)+w(l—2). But w(l—2z) = w(l) = 0since w(z) > 0.
1

Hence w(x) = 2w(z), which is a contradiction. Thus w(L') C Al.
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If char(K) = 2, then L° = ker(1—id) = K. If w(L*) = w(K*) and z¢ € L,
then we have L° = 29K and w(L°\ {0}) = w(xg) + w(K*) = w(K*) since
w(zg) € w(K™).

If char(K) # 2, then there exists * € K such that L ~ K[t]/(t* — z). If,
moreover, w(K*) # w(L*), we have that w(t) = tw(z) ¢ w(K*). We have
that T'(t) = 0 so that L° = ¢tK and L' = 1 +¢K. In particular, we have w(L°\
{0}) = w(t) + w(K™) with w(t) ¢ w(K*) so that w(L*) = (w(t) + w(K*))U
w(K*). Moreover, w(3) € w(K*). Hence w( +ty) = min(w(3),w(t) +w(y))

) >
for any y € K since w(1) # w(ty). Hence 2 € LL .. O

Example 7.38. Consider K = Q((z)) and the rupture field L = K[t]/(t* — f)
for some f € K* \Kx2. Consider the canonical valuation w : K — ZxZU{co}
given by w(2) = (0,1) and w(xz) = (1,0). Assume that w(f) ¢ 2w(K*) and
write w(f) € (a,b) + 2w(K*) with (a,b) € {(0,1),(1,0),(1,1)}. The valuation
uniquely extends to L. Then

LO={y+tz|y,2€ K, T(y+tz) =2y =0} =tK.
Thus w(L®\ {0}) = w(t) + w(K*) = (4, 3) + Z x Z.
1
L'={y+tz|y.2 € K T(y+1z) =2y =1} = 5 + K.

One can check that L 5 €Ll

max-*

In the context of Lemma 7.39 (ii) (b), the set 2T, will then be
1
0 —
= w(Z°\ {0}) U (w 5) +e(N (L)

T v () ane)

u(() w(f) + 20(K))
:((§+Z)x(g+Z))U(2Zx(1+2Z))

U ((a+22Z) x (b —1) + 2Z)).

One can easily check that %w(LX) =T, = (I'y —T) DTy and that 0 € T'y, if

and only if (a,b) = (0, 1).
(B) Sets of values.

Lemma 7.39 (see [11, 4.2.21]). Let a € ®ygq.
(i) Suppose that « is non-multipliable. Then T', =T, = w(LX).
(i1) Suppose that a is multipliable.
(a) If (Lo)l.. =9, thenT! =2 and Iy = 2w((La)?\ {0}).
(b) If x € (La)lax # @, then T, = 3w(z) + sw(N(LX)) and

Lo = 5w(L3\ {0}) U (;u(x) + Zw(N(LE)).
(c) In both cases, T'aq = T, = w((La)? \ {0}).
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Proof. (i) By Fact 4.13, T, = I',, since I'y, = &. From definitions and nota-
tion, we have o, = ¢o (Ua \ {1}) = {w(y) = ¢a(za() | ¥ € La} = w(IL3).
(ii) By definition,

Laa = F/20¢ = {p2a(u) | u € Usa \ {1}}
={w(y) [ (0,y) € H(La, Laa) \ {(0,0)}}
= {w(y) |y € L3\ {0}}.
Thus we get (ii) (c).

By definitions and notation,

F’a:{%(u)’ueU \ {1} and Us gty = (] Uan w)}

v€U24
= {%w(y) ‘ (x,y) S H(La,LZa) \ {(070)} and
(%w(y) > % (y) & %w(y’) > %w(y+ z)

for all

—~

0,2) € H(lLa,Loa))
for all (z/,y') € H(LQ,LM)}

_ {%w(y) \ (2,9) € H(La,La) \ {(0,0)} and
w(y) > w(y +2) for all z € Lg}

1 u
= U 5“((La)max)'
ueN (LX)
Hence, according to Lemma 7.36 and Fact 4.13, we get (ii) (a).

From now on, assume that z € (Ly )L, # @. From Lemma 7.36, we deduce

that ) )
I = 2o(e) + ge(N(LY))
so that
_ 1o / 1 1 x

Do = 5Th0 UT, = (5oL 101)) U (G0(2) + 5N (L),
Hence we get (ii) (b). O
Proposition 7.40. Let o € $q. ~
o If « is non-multipliable, then T, = w(ILX) :NFQ.
e If a is multipliable and (Lo )k, = @, then 'y = 1w(L3,) = T,.
o If a is multipliable and (La)L,. # &, then Ty = 2w(LX) D T,.

Moreover, if 0 ¢ Ty, then a is multipliable, w(2) ¢ {0,00} and w(L}) #
w(lLg,)-

In particular, the valuation (¢4 )acae is semi-special, and this corollary pro-
vides a sufficient condition for the valuation to be special. Example 7.38 shows
that this sufficient condition is not necessary.
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Proof. The non-multipliable case is treated by Lemma 7.39. Assume that « is
multipliable and observe that 'y C 3w(LY) in any case.

If w(LX) = w(lLy,), then w(L2\{0}) = w(L3,) = aqa. If (L
FOt = % (H"Xa)' If( )max
that T'o = 2w(LY). In both cases, I'y = I'y since it is a group.

If w(2) = oo, then LY = Lg,. Hence I'y, = w(Ly,) and 0 € T'y. Thus
I', C T, and we conclude distinguishing the cases on (ILg)L .-

Otherwise, char(LLa, ) # 2 and w(L)) # w(L3,). Hence, by Lemma 7.37, we
have 3 € (Lqo)lax # @. Let ¢,z be as in the proof of Lemma 7.37 such that
Lo ~ Lga[ ]/(t* — z). On the one side, we have 2w(L) € 1w(L%\ {0}) = 3T2q
and 1w(3) € I',. Hence

1 t 1 1 1 ~
So(E) — 20(2) = Zw(t) € T
2“(2) 2‘”(2) pwlt) €
On the other side, for any y € Ly, , we have sw(ty) € 3724 and fw(t) € 3Taq.

Hence 1w(ty) — %w(t) = Llu(y) € Ty. As a consequence, we have the chain of

Phed
inclusions

1 1 1 1 ~ 1
§W(L§) = §W(L2Xa) U 5“(’5) + §W(L2Xa) ClyC(Ty)C gw(ﬂ‘é)

o)k = @, then
# &, then 2w(L2a) = sw(LX) C Tq C 3w(LY) so

that are, in fact, equalities. We deduce that Ty, C Ty = %w(Lé) |

(C) Consequences for the extended affine Weyl group.

Corollary 7.41. We have N(K)/T, ~ W = v(T(K)) x W with

C (@ f‘aw(\;).

acA

Proof. We know that T(K) = ker“v by [10, 6.1.11 (ii)] so that we deduce the
equality. By Proposition 7.40, the valuation is semi-special. Thus we deduce
the inclusion from Proposition 4.39. g

Corollary 7.42. Suppose furthermore that the quasi-split reductive group G
is simply connected semisimple. Let A be a basis of ® and suppose that, for
any o € A multipliable, we have that (Ly)L,.. # 9. Then

et — 1 = (O@W(L:;)&) MW,

where & = ¥ when « is non-multipliable and & = Ja¥ = (2a)¥ when « is
multipliable.

Note that & is the basis of ®¥ canonically associated to A. The assumption
is satisfied for instance when char(K) # 2 and the minimal extension K/K
splitting G is totally ramified.
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Proof. Let A be the basis of ® that restricts in A and denote by & the associ-
ated coroots as in the statement. Then the & form a basis of ®¥ and therefore
of X, (Tg). Hence we have that

Tz = [[ &G,.2) = [[ ][] &G,.2)

acA aEA GEa
since G is simply connected semisimple and split. Consider the Galois group
¥ = Gal(K/K) and its *-action on ® as recalled in Notation 7.7. Let a € A
and fix an absolute root & € a. Denote by X, = ¥ /%5 the quotient where X5
is the stabilizer of & as in Definition 7.8. Then o = ¥, - @. Then we have

1146G,.2) = ][] o &G, ) = &R, x(Cmr.))k

aca oEX

Hence
T = TH%(] = H &(R]LOL/K(Gm,]LQ))a

acA

and therefore
T(K) = [T aws).

acA
et t = &(z) € (LX) For any 8 € A, we have that 8(v(t)) = —wo B(t) =
Y)w(x). Hence v(t) = —w(z)& € w(L})d&. Therefore,

V(T(K)) = P w(L))a.

acA

But for @ € A, we apply Proposition 7.40 under the assumption (L, )L, # @:
e if a is non-multipliable, we have & = o and I'y, = w(Ly);
e if a is multipliable, we have & = $a" and T'q = Jw(LY).

In both cases, we have that Tya" = w(LX)d&. Using Lemma 4.39, we get

WA Vs = P Taa = P wl)d = v(T(K)).
aEA acA

Hence W = Wat, O

Example 7.43. Let K = K = Q((z)) and let K = L = K[t]/(t>— f) be a qua-
dratic Galois extension with f € K* \ K*? (as in Example 7.38). Denote by
A = w(K*) = Z? the totally ordered abelian group, ordered by lexicographic
order and pick, for instance, R = R¥ = R[t]/(t?) ordered by lexicographic
order. Let (a,b) = 2w(f) € Z2\ 2-Z2. Up to a multiplying f by a uniformizer,
one can assume that (a,b) € {(1,0),(0,1),(1,1)}.

Consider the simply connected semisimple quasi-split group G = SU(h)
defined over the extension L/K as before and the natural faithful linear repre-
sentation G = SU(h)(K) — SL3(L). Let T be the maximal torus consisting in
diagonal matrices parametrized by & : Ry /g (Gm,z) — T as in Notation 7.15.
Then T is the centralizer of the maximal split rank-1 torus S = &(Gm,K). The
cocharacter module X,(S) is the rank-1 Z-module spanned by d|g,, x = @a,

Minster Journal of Mathematics VoL. 16 (2023), 323-487



436 AUGUSTE HEBERT, DIEGO IZQUIERDO, AND BENOIT LOISEL

whence A = X, (S) ®z R is the R-module Rw,. The set of walls, that also are
the vertices, of A is given by I',w,. Explicitly, it is the set

roma = (((55)+2) 5 v ((@0+2-2)-F)

Y (((avb)+(0,1)+2.22)_%)

according to Example 7.38.

The root system of SU(h) with respect to S is {a, +2a}; we have that
WY = {1,r,}. Since SU(h) is simply connected, we know by Corollary 7.42
that W = W2 = @ w(L*)w, x WY. Note that w(L*)w, = 2Taws = [aa.
It is the subgroup of translations of W. Explicitly, it is the free Z-module of
rank 2:

LoV = (2,0)Z - @ + (0,2)Z - wy + (a,b)Z - w,.

Thus one can observe that the action of W = W2 on I' @, defines three
orbits that correspond to conjugacy classes of maximal parahoric subgroups
(i.e. maximal compact subgroups here). These orbits are

(G2 (T3} +22)- 3
(G2 G =2)- 3

({(0.1), (@,b+ 1)} +2-22) - ==,
We have T, = T(K) N SL3(0r) = &(0F). The fact that 0 ¢ T'y, when a = 1
means that the subgroup SU(h) N SL3(Op) is not a maximal parahoric sub-

group. In fact, it is contained in the two maximal parahoric subgroups Py,
and P, with 21 = min(I'y N Asp) - @we and z— = max(T', N Acp) - w,.

7.44. The case of a split reductive group. In this paragraph, we focus on
the case of a split reductive group G over a field K equipped with a nontrivial
valuation w. Let A = w(K*) be the nontrivial totally ordered abelian group
of valuation of K.

Since G is split, K = K by definition and we know that the root system ® =
® is reduced [32, 7.4.4]. In fact, by [13, 5.1.5], G can be realized as the scalar
extension to K of a Chevalley—Demazure group scheme over Z, still denoted
by G. One can pick a (split) maximal torus T = S defined over Z together
with root groups U, for a € ®. One can pick a Chevalley system (x4 )aca
parametrizing the root groups over Z (see [13, 5.4.2]), so that 2, : G,z = U,
for any o € .

Recall that, for any sub-ring R of K, there are natural embeddings of groups
T(R) C G(R), U,(R) C G(R), T(R) C T(K), U,(R) C U,(K) and G(R) C
G(K). Here, we will focus on the valuation ring Q := w1 (RS, U {oo}) of K.

Let G = G(K), T = T(K), N = Ng(T)(K) and U, = U,(K) as done
in Section 7.19. Note that the elements mqy = x4 (1)z_o(—1)x(1) defined in
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Notation 7.10 belong to N N G(Q). Denoting M, = T'm,,, the generating root
group datum of G is given by (T, (Us, Ma)aca)-

The parametrization z,, : K — U, identifies U, » with {z € K | w(z) > A}
for any A € RS and o € ®. The valuation maps ¢, : 7o (z) € Uy +— w(z),
defined in Notation 7.22, take values in A U {oco}. As a consequence, we have
the following fact.

Fact 7.45. For any o € ®, we have Ty, = T, = A. In particular, we note
that 0 € A = T for any o € ®, and therefore the RS -valuation (pao)acs
is special. If G is a semisimple simply connected split K-group, then the
associated extended affine Weyl group is W = (Boveav AaY) x W(®), where
AV is a basis of coroots (see Corollary 7.42).

Let us interpret the natural subgroups G(Q), T(0) and U, (Q) in terms of
parahoric subgroups.

Lemma 7.46. We have Uy(0) = Uy for any a € @ and T(0) = T,(K) C
Ty, with equality whenever the split K-group G is semisimple.

Proof. The first equality has been explained. Let us explain the second one.
Recall that Ty(K) = {t € T(K) | w(x(t)) = 0 for all x € Xz(T)}. Since
T is split, it can be parametrized by a basis of cocharacters ()\;). Thus, for
any t € T(0) and any x € X*(T), we have that x(¢) € O, and therefore
w(x(t)) = 0. Hence T(Q) C T(K).

Conversely, let t € Ty(K) and write ¢t = [[; Ai(x;) for some parameters in
K* = G,,(K). Since the dual pairing is perfect, consider the antedual basis
(x:) of (A\;). Then 0 = w(x;(t)) = w(x;), and therefore x; € O™, which means
that t € T(0). Hence Ty(K) C T(O). The comparison between T (K) and
T, = T(K); is given by Remark 7.26. O

Example 7.47. Take G = GL,, and T the split maximal torus of diagonal
matrices. Then the (x; : diag(z1,...,2z,) — ;) form a basis of X*(T) and
roots are given by «; ; = x; — x; for i # j. Here,

kerv = T(K), = 2Z¢(K) - T(0) 2 Ty(K) = T(0).

Let A be the RA°-aff space defined as in Notation 7.30 and pick 0 := 0 € Vigs
as origin of the standard apartment A.

Proposition 7.48. The point o is a special vertex and P, = b,. If the split
group G is semisimple, then G(Q) = P, is a parahoric subgroup.

Proof. For any a € ®, we have a(o) = 0, and therefore Uy, = Uq,o = Uy (0)
by Lemma 7.46. By definition, mq = z4(1)z_o(—1)zq(1) € U, for any a € ®.
Therefore, W, = vl/(No) = W". Hence o is a special vertex and P, =P,
Since P, is generated by T, = T(0) and the U,,, = Uya(0), it is contained
in G(0). Conversely, by [1, 1.6], we know that G(Q) is generated by T(O)
and the U, (0) for a € ® since O is a local ring (being the valuation ring of
a valued field). Hence G(OQ) = P,. O
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8. PROJECTION MAPS

8.1. A remark on Hahn’s embedding theorem. By Hahn’s embedding
theorem (see for instance [17]), there exists an increasing embedding ¢ : A —
KA of the totally ordered abelian group A into the totally ordered real
vector space REN) | Set

S := {min Supp(t(N\)) | A € A\ {0}} C rk(A),

and let /' : A — %% be the composite of ¢ : A — R™N) with the projection
REA) 5 R”S. The map ¢ is a non-decreasing group homomorphism with
trivial kernel. It is therefore an increasing embedding of A into S&°. Moreover,
¢/ induces an increasing bijection ¢/, : rk(A) — S such that, for any z € A\ {0},
if [x] stands for the Archimedean class of  in A,

min Supp(¢' (X)) = ¢l ([A]).

Therefore, up to replacing ¢ by ¢/, we may and do assume that ¢ : A — R
is an increasing embedding such that, for any A € A\ {0}, the minimum of the
support of ¢(A) is the Archimedean class of A.

8.2. Construction and explicit description of the fibers. Let Ay be
a convex subgroup of A such that w(K*) N Ay # 0 and w(K*) is not con-
tained in Ag. Set A; := A/Ag. The group A; is then naturally endowed with
the structure of a totally ordered abelian group. The rank rk(A) is isomorphic
to the set rk(Aq) IIrk(Ag) endowed with the total order such that s; < sg for
any so € rk(Ag) and s; € rk(A;). Hence S%(20) is a convex vector subspace
of /™M) such that

mrk(/\) /mrk(/\g) o mrk(/\l)

as ordered real vector spaces. We denote by m : RN — 94k(A1) the projec-
tion.

Since min Supp(¢(A)) is the Archimedean class of A in A for any A € A\ {0},
we have ((Ag) C R™(10). We deduce that ¢ induces two increasing embeddings
o 1 Ao = RED) and 1 : Ag — M) such that the following diagram with
exact lines commutes:

0 Ao A Ay 0

bbb

0 —— Mrk(ho) 5 gyrk(A) _ ;yrk(A) 0,

Let A be an R*™¥M_aff space with underlying Z-module V and let o be a fixed
origin of A. Similarly, let A; be an SRK(A1)_aff space with underlying Z-module
V and let o; be a fixed origin of A;. The projection 7 : RN — Rri(d)
induces by tensorization a linear map

Tyeet : V @ RED) — v @ k),
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and hence an epimorphism
A — Aq,
r=0+v— m(x) =0 + Tyect (V).

By abuse of notation, we will use 7 instead of myect and 7 in the sequel.

Let now wy : K — A; U {00} be the composite of the valuation w followed
by the projection A — A;. It is a nontrivial valuation on K, and hence all the
work that was done in the previous sections for the quasi-split reductive group
G over the valued field (K,w) can be done over the valued field (K,w;). In
particular, the root group datum

(G, T, (Ua)a€<1>7 (Ma)aeb)

associated to G can be endowed with an R _valuation (¢pa)aco induced by
w and with an /™A1 _valuation (¢),)ace induced by wy. This second valuation
can and will be chosen in a way that ., = o ¢, for a € ®.

Similarly, the aff spaces A and A; can both be naturally endowed with an
action of N. More precisely, the )8™(Y)_aff space A can be endowed with an ac-
tion v of N by R*™(M_aff maps that is compatible with the valuation (¢q)acae,
and the S3"™<(M)_aff space A; can be endowed with an action v; of N by k(A1)
aff maps that is compatible with the valuation (¢! )scs. This second action
can and will be chosen so that vq(n)(7(z)) = n(v(n)(z)) for n € N and x € A.

By gathering all the previous observations, we can then construct the R4
building Z(K, w, G) associated to G over (K, w) and the 93"%(A1)_building Z(K, w1, G)
associated to G over (K,wp). Moreover, the epimorphism 7 = 7 : A — A4
induces a surjective map

7 IKw G) = IK w,G)
which is compatible with the G-action.

Notation 8.3. In the sequel, any symbol X that has been introduced in
the previous sections for Z(K,w,G) will be denoted X; when it refers to
I(K, w1, G). For instance, the notation I', ; will stand for the set that plays
the same role as I',, for the valuation wj.

Take now g; € G and z1 € Ay, and consider the point X7 := [g1,21] in
I(K, w1, G). By setting Ux, := glelgfl, we can define the map

ox, : Ux, x 7 ({z1}) = I(K,w, G),
(u, z) — [ugs, 2.
Proposition 8.4. The image of ¢x, is the fiber 7= 1({X1}).
Proof. For any (u,z) € Ux, x 7 1({z1}), we have
m(px, (u,2)) = [ugr, 7(2)] = [ugr, 1] = u- X1 = X3
Hence Im(px,) C 7 1({X1}). Conversely, choose an element X := [g, z] in the
fiber 771({X1}). We then have [g,7(z)] = [g1,21] € Z(K,w1, G), and hence

Miinster Journal of Mathematics VoL. 16 (2023), 323-487



440 AUGUSTE HEBERT, DIEGO IZQUIERDO, AND BENOIT LOISEL

we can find n 6 N such that V(TL)( 1) = n(x) and gy 'gn € Uy, = 97 'Ux, g1
Set u := gngy ' and z := v(n~")(z). Then u € Ux,, z € 7~ ({z1}) and

m(px, (u, 2)) = [gn,v(n™)(@)] = gnn™" - [L,a] = g - [1,2] = [g,2] = X.
Hence X € Im(¢x,) and Im(pyx,) = 71 ({X1}). O

As a consequence, if Ur~-1(x,) stands for the pointwise stabilizer of 7~ *(X1)
in Ux,, then for any uy € Uz-1(x,), u € Ux, and z € m~*({z1}), we have
[ugi, 2] € 7~ 1(X1) so that

ox, (uou, 2) = [uoug, 2] = uo - [ugn, 2] = [ugy, 2] = ¢x, (u, 2).
Hence ¢x, induces a surjective map
X1t (Uxy [Un-1pxap) X 7 ({an}) = 77 ({X0D).

Consider now two elements (u, z) and (v, 2') in Ux, x 7~ ({z1}) such that
ox, (u,z) = vx, (¢, 2"). Then we have [ug1, 2] = [u’g1, 2], and hence we can
find n € N such that

v(n)(z),
{91 ' gin € U, CU,,.
By setting m := glngfl, we get m € Ux, N glNgf and
2 = (g mg1) (=),
{u_lu’m € q1U.g7 !
In other words, if we introduce the groups
No.x, :=Ux, Ng1Ng; !,
Uo,» = g1U.97 "
and the group homomorphism
vo,x; : Nox, — Aﬁ%1~k(A0)(W_1({xl})),
1= (g7 091 lx1 ({21}

where Affgixag) (m71({z1})) has been defined in Section 3.1, then m € Ny x,
and

(23) Z/ = 1/07X1 (m) (Z),
uwlu'm € Up,,.

Conversely, if We can find m € Ny x, satisfying (23), then we can write

u~u'm = givgyt with v € U, and hence

ox, (U, 2) =[u'g,2] =4 g1[1, 7]
= ugivgy 'mtg1[1, 2] = ugrv([1, vo.x, (M~ H)2'))
= ugro([L, 2]) = ugi[1, 2] = ulg1, 2] = ¥, (u, 2).
We have thus proved the following proposition.
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Proposition 8.5. Consider the group No x, := Nox,/(Ur-1(x,) N g1Ng; ")
and the group homomorphism

Vo, x, - NO,Xl — Aﬁ(ﬁ_l({xl}))
induced by vo x,. For each z € 7= ({z1}), set
UOz = UO z/( X1)ﬂglUZgl )

Endow the set (Ux,/Uz-1({x,})) X 7 *({x1}) with the equivalence relation
defined in the following way: (p,z) ~ (p 2') if and only if there exists n €
No,x, satisfying the equations

7' =70,x,(n)(2),
p lp'n e Uy,
Then the map Px, induces a bijection

(Ux, /Ur=1(1x03)) X 7 ({21}) -

~

"{ X)),

which is compatible with the action of UX1/U7r—1({X1}) and which will still be
denoted Px, .

We set le = 1im(7g, x, )-
8.6. The root group data axioms for the fibers. Recall that
b,y ={ac®| —afx) €T, }.
For a € @, set
Uo.o :=Ux, Ng1Uag; "
Uo,a = Up,a/(Ur-1({x11) N 91Uagy b,
So.x, == Ux, Ng1Sg; ",
So.x1 = S0.x,/Un-1({x,y) N 91597 ),
To.x, :=Ux, N1 Tgy ",
Tox, :=Tox,/(Usr—rx,p N1 T ),
Moo = Ux, ﬁglMagl_1 C No,x,,
Mg o :=Im(Mg o — No x, = No.x,)-

Note that here S does not stand for a subset of rk(A), but for the group of
K-rational points of a maximal split torus of G.

Lemma 8.7. Let L/K be any finite extension of K and consider the extension
of the valuations wy and w to L. For any x € L, if wi(x) > 0, then w(x) > 0.

Proof. We have w(L\{0}) C "W and w; = mow, where 7 : RN 5 9yrk(A1)
is the natural projection. The result then follows from the fact that = is non-
decreasing. O
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Proposition 8.8. Let Q; be a nonempty subset of A(K,wi,G). Let To, 1 be
the subgroup of T defined as in Notation 4.72 and associated to 1. We then
have T¢, 1 C Tp.

Remark 8.9. Note that, in the previous proposition, the group T¢), ; is defined
thanks to the apartment A(K,wy, G), while the group T} is defined thanks to
the apartment A(K,w, G)

Proof. Let x1 € (1. Since T¢, | C T, 4, it suffices to prove the proposition

for @ = {x1}. Let a € ®. Consider any u™ € U, ,, and any u~ € U’z 80
that o (ut) + oL, (u™) > 0. Let t(u™,u~) be the unique element in T given
by Lemma 4.44 (i) so that u~(u™) ! € Uyt(u™,u™)U_,.

We firstly prove that ¢q(u™) + ¢_q(u™) > 0.
Case a non-multipliable root. Write u™ =z, (), u~ = 2_4(y) with z,y € L,.
By definition, ¢! (ut) = wi(z) and ¢L(u~) = wi(y). We have

Pa(u®) + ¢l (u7) = wi(@) +wiy) = wi(ay) > 0.
Hence @, (ut) + p_o(u™) = w(z) + w(y) = w(zy) > 0 by Lemma 8.7.
Case a multipliable root. Write ut = z,(u,z) and u~ = x_,(v,y) with
(’LL, x)? (Ua y) S H(Laa L2a)~
By definition, ¢} (u") = twi(z) and ¢l (u™) = Jwi(y). We have
1 1 1
Phuh) + oL (u7) = ger(e) + gen(y) = gen(ay) >0

Hence ¢q(u™) + ¢_q(u™) = Jw(z) + sw(y) = 3w(zy) > 0 by Lemma 8.7.

Thus, in both cases, we get that ¢, (ut) + ¢_,(u™) > 0, which implies that
t(ut,u") € Tp according to Lemma 4.44 (ii).

According to definition of T} , and Proposition 4.51, we know that the
group T} . ; is generated by the t(u*,u™) for u* € Uy, and u~ € U’

—a,x1"’
But we have shown that the t(u™,4™) all are contained in the group Tj; hence
we get that T;’Ihl C Tp. Since, by definition, the group T} ; is generated by
the T;, .., 1 for a € ®, then it is contained in 7. O

Corollary 8.10. For any nonempty subset 1 C A1, any p € ]591 and any
u € U, , we have pup~' € U, Ty.

Proof. This is an immediate consequence of Propositions 5.17 and 8.8. O

Lemma 8.11. For o € ®, we have

(| UVow=Ul,,.
z€A(K,w,G)
w(z)=z1

Proof. Observe that, for any A\, e Rk,
o) = () o]

xer—1(A1)
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Hence
Uor = (9a) " (=a(a1), +o0]) = ¢t (17 (| —a(@1), +oc]))
el N RAed) = () e )

Aer—1(—a(z1)) Aer—1(—a(z1))

= N Ug a-

Aem—1(—a(z1))
But
mH(—a(z1)) = {~a(z) [z € 7 (1)},

and therefore

U(;7$1 = ﬂ Ua,)\ = ﬂ Ua@' O
Aem—(—a(z1)) zel%(ﬂ)(,w,c,)
w(x)=z1

Corollary 8.12. For a € ®, we have
Ux, Ng1Uagi " = 1002191
Ur1(x,) N91Uag7 " = q1U, 4 97"
Proof. The first equality immediately follows from
Ux, Ng1Uag7 " = g1(Us, NUL) 97" = 01Ua 2,97

The second equality is a bit more delicate. If we choose z € A(K,w, G) such
that 7(x) = z1 and we set X := [g1,2] € 7~ 1(X1), then we have

Ur—1(x) N g1Ua9f1 C Pxn gangfl
- 91(131 N Ua)gfl
g gan7wg;1~
Hence, by Lemma 8.11,
Uﬂ—l(xl) ﬂgangfl C g1< ﬂ Ua@)gfl = glU(;7w1g;1

zeA(K,w,G)
w(z)=z1

Conversely, let us take u € U(;@1 and let us prove that glugfl € Ur—1(x))-
In other words, we have to check that gjug;* fixes 7~1(X;). To do so, take
X = [vg1,7] € 771(X;) with v € Uy, and = € 74 (21). By Corollary 8.10,
we have (g7 'vg1)u(gy 'vg1)~t € UL T,. But the groups U, and T}, both
fix 2. Hence v(giug; )v~" fixes [g1, 2], so that giug; * fixes v - [g1, 7] = X, as
wished. (]

Eemma 213. For a € ®,,, the subset Mo,a of No,xl is a right coset of
TO,Xl mn NO,Xl'
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Proof. For any m,m’ € My, t € Ty x,, we have m~'m’ € T x, and mt €
Mpy,o. It is therefore enough to check that My, is not empty. To do so, we
distinguish two cases.

Assume first that o is non-multipliable. As o € @, , we have —a(x1) € T, 4,
and hence we can find y € L, such that wy(y) = —a(z1). We then have

To(y) € Us—a(zy) = Ua N Uy,
{x o) €U o) =U—a NUs,,
so that
912a(y)g; " € Uoa,

{glx—a(yl)gfl € Uo,—a-

Hence
mo,a(y) = qima(y)9; ' = n17a(y)r—a(y™ )zay)g; ' € Moa-
Assume now that o is multipliable. Since a € ®,,, we have a(x1) € T, 4,
and hence we can find (y,y’) € H(Lq, Loy ) such that
205 (2a(y,y")) = wi(y') = 2a(z1).

We then have
N € Un—a@e) =Ua NUy,,
N1 € Un—a(z) = Ua N Uy,
-a(%:Y) €U aa(@) = U-a NUsy,

za(yy' ™" (Ty
za(y(Ty') ! (

so that
g1za(yy' ™ (y) et € Unas
g1za(y(7y) " (TY) ™ 1) € Uo.a;
917 -a(y, )91 " € Up—a-

Hence

mo,a(y,y) = g1ma(y,y)g7 "
=gza(yy ™ (V) ey, ¥)za (W) (YY) gyt € Moo O

In the sequel, we will keep the notations mg o (y) and mg,(y,y’) that have
been used in the previous proof.

Proposition 8.14. The system (To x,, (Uo,a)aeq>m1 ; (Mo,a)ae%l) is a gen-
erating root group datum in Ux, /Ur=1(x,)-

Proof. Aziom (RGD1). Since a € ®,,, we can find u € U, such that ¢} (u) =
m(pa(u)) = —a(z1). By Lemma 8.12, we have

91U9f1 € gangl N (Ux, \U “N(X1) )-

Hence ona is not trivial.
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Aziom (RGD2). Counsider two roots o, 8 € ®,, such that o ¢ —Ry S and
take an element @ € [Upa,Uop). Fix a lifting u of @ in [Up,a,Upg]. By
Proposition 7.24, it follows that the group [Uo,a, Uo g = 91[Ua .21 Us.er]gy * 18
contained in the subgroup of G spanned by the groups Uy, = g1U 2,97 ! with
v € DN (Zsoa+ ZsoB). Hence we can find v1,...,7m € PN (Zsoa + Zs08)
and u; € Upyyy. .., Um € Upy,, such that u = ui ... up,.

Fix now i € {1,...,m} and let W; be the image of w; in Ux, /Ur—1(x,).

Three cases arise.

(i) v € ®,,. We then have u; € Uo,w and 7v; € Oy, N (Zsoa + Zso ).

(i) vi € @\ P, and u; € Ur—1(x,). We then have w; = 1.

(iii) v € @\ @, and u; € Uy, \ (Ur—1(x1) N 91U~ 97 ") Let us then prove
that 2v; € ®,, and that U; € Upz,,. By Corollary 8.12, we have u; €
91Uz \UJ, 2)g7 ' 50 that m(py, (97 tuigr)) = —vi(1). But v ¢ 4,
and hence, by Lemma 4.67, there exists u] € Us,, such that

(24) —yi(m1) = 7 (v, (97 'wig1)) < 7 (0r, (97 T uigruy)).

In particular,

(25) 3, (uf) = T2y, (47)) = 27 (0, () = 27 (05, (97 " wig1)) = —2i(x1).
We deduce that 2v; € ®,,. Moreover, u; can be factored as
wi = (wigruigr ') - (gruitgr )
and we have
wigiuigy ' = g1(g7 "wigru)gr ' € iU, L 97t = Un—1(x) N1 Uy, 07"

by (24) and by Corollary 8.12, and

-1 —1 -1
g1u; 91 € 1U2y,.0,97 " = U2y,

by (25). We deduce that u; € Ug 2, .
The previous three cases show that w = uy ... u,, is contained in the subgroup
of Ux, /Ux=1(x,) spanned by the groups Up, with v € ®,, N (Zsoa + Zsof).
That is exactly what we wanted to prove.
Aziom (RGD3). If @ and 2« belong to @, then Usq C U, 50 Ug 20 € Ug.a.
Let us check that this inclusion is strict. The condition that a € ®,, implies
that we can find (y,y’) € H(Ly,Lay) such that Trr, /L. (y) = Ni. /00 (Y)
and wi (y') = —2a(x1).

If y # 0, then

9170 (¥, ¥)91 " € (Ux, Ng1Uag7 )\ (Us—1(x1) N 910007 1),
9170 (y,y)91 " & (Ux, N 91029 ).

Hence the class of g1z4(y, y')gl_1 in an is not in onga.
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Now assume that y = 0. Let (z,2) be any element of H(L,,Lay) with
2 #0. Let A € Ly, such that wy(A22") > wi(y’). We then have
(A2, 222" +4) € H(La, Lag),
Az # 0,
w1V +y) = —2a(zy).

Hence the class of g2, (A2, \22' +¢/)g; * in Ug.q is not in Up -
Aziom (RGD4). Take any element @ € Ug,—, \ {1} and fix a lifting

u€ (Ux, Ng1U—agi )\ (Us—1(x) N91U—ag; ")

of w. Assume first that « is non-multipliable. We can then find y € L*, such

that
u=giz_aly g "

By Corollary 8.12, we have w1 (y) = —«(z1). Hence

u= (912a(y) " g1 Ima ) (9120 (y) " gr") € Unama(y)Uo,a C Uo,aMoalo.a-
Now assume that « is multipliable. We can then find (y,y") € H(Lq, Loq)
such that
u=gie_aly,y)or
By Corollary 8.12, we have w1 (y') = 2a(z1). Hence

T,/

u=(grza(yy ™" (W) ) o) ma(y,y) - (grza(y(y) L Cy) ) o)
€ UO,OémOt (yvyl)UO,a - UO,aMO,ozUO,a-

Aziom (RGD5). Take o, 5 € ®,,, ™ € WQa. Let m € My, be a lifting of m.
Since g7 Ymg, € M, Proposition 7.24 implies that

-1

(97 'mg1)Us (g7 'mg1) ™" = U, (5)-

Since m € Ux,, we deduce that mUs gm ™' = Uy, (3), and hence
WUO Bm‘l = UO Ta(B):

Aziom (RGD6). Let U0 x, be the subgroup of Uy, /Uz-1(x,) generated by
the Ug,q for a € F . Take u+ € UOX , U € UOX and t € Ty, x, such that
tu, =u_. By bettlng UO X, (Uo,a, o € ®F ), we can find a lifting uy of Ty
in Uy x,, a lifting u_ of u_ in Uy x , a lifting ¢ of 7 in Ty, x, and an element
u € Ur-1(x,) such that tu; = uu_. Since

Py ann-1(xy) = glNAﬂﬂ-*l(zl)UAmﬂ 1(w1)U1§|"17r 1(w1)g;1
by Corollary 5.14, we can find

EU&%W 1(zy) u_ ¢ UAﬂﬂ' (a1) and n’ GNAﬂﬂ'_l(Il)

such that u = g1n u+ufgl_1. We therefore have
g1 Htupgr = n'ulul (g7 tugu),
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and hence
Utgy tuygiU™ = U0/ U™
But g; 'tg1 €T, 0 € Nanr—1(zy) € T} € T and T normalizes U, Hence
Ut (g7 tg) U~ =UT U™,
We deduce from the spherical Bruhat decomposition [10, 6.1.15 (c)] that
g1 'tgr =1,
uy g ) = ul (g7 ug) €U NU
But Ut N U~ = {1}. Hence, by using Corollary 8.12 and the inclusion of
groups Ugnr—1(z,) € Uy, we get
uy = qrul gyt € 91UAmw—l(w1)gf1 CUr1(x)s

-1 _ _
U— = gluL g1 ! € glUAﬂﬂ'*l(zl)gl ! - Uﬂfl(X1)a

1“11 € Ur1(x1),

t=gn'grt = uu”
sothatu, =u_ =t=1.
The root group datum is generating. Indeed, Ux, is spanned by the g; Uoé,gglgl_1
for « € ®. So it suffices to check that

ganyﬂhgl_l - <U7T*1(X1)7T07X17U07,3 | B e (I)$1>

for each a € ®. To do so, fix a root @ € ® and an element u € gan,mlgfl.
Ifue glU(’lywlgfl, then u € Ur-1(x,) by Corollary 8.12. Otherwise, two cases
arise:

o if o € @, , then Corollary 8.12 implies that Uy o = gan,zlgfl, and hence
u € Uya;

o if o ¢ ®,,, then by proceeding as in the proof of axiom (RGD2), we have
2a0 € @, and u € Ur-1(x,)Up 20 [l

8.15. The valuation axioms for the fibers. Fix o € ®,,. Observe that,
according to Corollary 8.12, given
u € (Ux, \Ur—1(x1)) Ng1Uag; " and ' € Ur—1(x,) N 10407 "
we have 7(pa (97 ugr)) = —a(r1) and 7(pa (g7 *w'g1)) > —a(z1). Hence
Pa(g7 ugt) < ¢algr 'u'gr),
so that

Palgr uu'gr) = a9y ugr).
By choosing an element #; € m~!({z1}), we can therefore define the map

Po U — Rrk(o) {0}

that sends the class in Ug, of an element u € Ux, Ng1Ungy ' to vu (97 'ug1) +
a(Z1) if u ¢ Ur—1(x,) and to oo otherwise.

Proposition 8.16. The system (To, x, , (UO,Q)QG%I , (Mo,o‘)ae%1 ; (Pa)aca,,)
is a valued generating root group datum in Ux, /Uz—1(x,).
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Proof. Observe that axiom (V4) is obviously satisfied. We will therefore use it
freely to prove the other axioms.

Aziom (V0). Assume first that « is non-multipliable. By Corollary 8.12, the
image of @, contains oo as well as {A € 'y +a(Z1) | m(A) = 0}. Since a € Py,
we can find v € I'y, such that —a(z1) = —7m(a(Z1)) = 7(y), and hence

{A€Ta+a(@)|7(N) =0} = {u+y+a(@) | pe o —v) NnREY

We have that v € 'y, whence I', — v =T, = w(ILX) by Proposition 7.40. Thus
the set (T'y — ) NREA) = T, N 9RkA0) contains w(K*) N Ag, and hence it
is infinite by assumption on Ag at the beginning of Section 8.2.

Now, if « is multipliable, then by axiom (V4), the set Im(®,) contains
1 Im(P2q), and is hence also infinite.

Aziom (V1). Fix A € S\kAo) € |MrkN) and take u,v € Ux, N g1U4g; ' such
that

I3
IV

Palgr 'ugr) + aZ1)
Palgy 'vg1) + (i)

3

A
A

Y

Then

Palgr 'uvgr) + (1) > min{ea (g7 'ug1), @algr 'var)} + a(@r) > A,
Palgr 'u " g1) + a(F1) = palgy 'ugr) + a(@1) > .

Hence Ug,a.x := P, ([A, +00]) is a subgroup of Ug,q. Moreover, g, ({oco}) is
the trivial subgroup of Ug o by definition.

Agziom (V2). Let a € ®,,, @ € Mo, and T € Up _o \ {1}. Denote by n
(resp. w) a lifting of @ to My o (resp. of @ to Uy —q). Since T # 1, we have
u ¢ Uﬂ.—l({Xl}) and nun~! ¢ Uﬂ.—l({Xl}). Hence
P-a(@ — Pa(@m ) = p_a(gr 'ugi) — walgy 'nun"g1).
But the function
u € Una = ¢—algy 'ugr) — @algy 'nun”'g1)

is constant by Proposition 7.24.

Aziom (V3). Fix a,8 € ®;, and A\, p € 9Rrk(Ao) such that f ¢ —R,a. By
setting Up o\ 1= gan,A,a(il)gfl and Ug,q,x = @5 ([\, 00]), Corollary 8.12
implies that

Unax = (Unan)/(910agr ' N Uz (x1) = Vo, n/ (91U 0,91 -
By Proposition 7.24, the group [Up a,x, Uo g, is contained in

<U07pa+q,3,p>\+qu | p,q € Z>07 pa+ qﬁ € q)>
Now take p,q € Z~¢ such that v := pa + ¢58 € ® \ ., and fix an element

u € Uoy,prtan \ (glU'ly,rlgl_l) - gl(Uv,m \U'Iy,rl)gl_l'
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Since 7 (¢~ (g7 'ug1)) = —y(z1) and v ¢ ®,,, Lemma 4.67 implies that there
exists v’ € Uz, such that
—y(@1) = 7 (5 (g7 ugr)) < 7 (497 ugru)),
and we necessarily have
2, (') = 20, (u') = 205 (g7 ugr) 2 2(pA + qu — (1)),
(24 (u')) = 27 (04 (97 "ug1)) = —27(21).

We deduce that 2y € ®,, and that

g1 ugr = (g7 'ugru) -

with
—1 —1 —1
ugiu'gy € iU, 97 = Unt(x) N1U49;
g1t g7t € Up oy 2prt2qus

which shows that the image of u in U pxtqu belongs to Uo 2vy,2pa+2q, and
hence the group [Ug,a,x, Uo g, is necessarily contained in

<U0,pa+q37p>\+qu | p,q €< Z>07 yyes + qﬁ S q)w1>
Aziom (V5). Let a € ®,,, U € Up o and @, 0" € Uy _o such that @'wa” €
Mo,o. Let u be a lifting of @ in Uy, _o. Note that w # 1.
Assume first that « is non-multipliable. By proceeding as in the proof of
axiom (RGD4), there exists y € LY such that
wi(y) = —a(z1),
-1 -1\ _
(17a(W)gr u(grza(y)gr ') = mo.a(y)-

Since g124(y)g; " € Up.e and mgo(y) € Mo o, uniqueness in [10, 6.1.2(2)]

implies that gy, (y)g; ! is a lifting of both @ and @”. Hence
P-a(@) = p-algy 'ugr) — a(@1) = —pa(za(y)) — a(@1) = —Pa(@).

Assume now that « is multipliable. By proceeding as in the proof of ax-
iom (RGD4), there exists (y,y’) € H(LLy,La2n) such that

wi(y') = —2a(z1),
(rzalyy ™ (Y) Do) - u- (mzay(y) ™ (y) Dor ) = moa(y,y).
Since g1 (yy' ™, (7y') " Hgr ' and giza(y(y) L (7y') g ! are both in Up o
and mo o(y,y") € Mo,q, uniqueness in [10, 6.1.2(2)] implies that
gnza(yy ™ (W) eyt
is a lifting of w'. Hence
P-a() = p_alg; 'ugr) — a(F1)
= —¢a(zalyy ™", (YY) ) — a(@1) = —Ba(@). O
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8.17. Compatibility axioms for the N-action.

Lemma 8.18. The group No.x, is the subgroup of Ux, /Ux=1(x,) spanned by
the Moo for a € @,,.

Proof. Example 4.63 shows that Ny x, is spanned by the g; (NﬂLa,wl)gfl for
a € ¢. We distinguish three cases.
o If —a(x1) ¢ Ty, then glLWElgf1 C Ur-1(x,). Hence

G (NN Loz gt C Ur=1(x,) N giNgr .

o If —a(z) € Ty \ T, then by Fact 4.13, one has 2o € ®,, and, by [10,
6.1.2],

91(N N Law,)gr ' Co1(NNLa MUz )gr S 1(TUMy)gy ' NUX,
= g1(T U Mao)g7 ' NUx, € Tp x, U Mo aa.
o If —a(x1) €I, then o € &, and
g1 (NN La,rl)gl_l Ca(NNLyN Url)gl_l Ca(Tu Ma)gl_l NUx,
=To,x, UMp,q.

We deduce that Ny, x, is the subgroup of Ux, spanned by Ur-1(x,) N aNg!
and the Mo, for a € ®,,. Hence Ny x, is the subgroup of Ux,/Ur=1(x1)
spanned by the Mg, for a € @, . O
Consider the R™(20)_aff space
Ay, =1 (21)/((Pe) " Nker(m))

with underlying real vector space Vi, = ker(m)/((®.,)" Nker(r)). By the
previous lemma, the image of Ty x, (No,x,) in W(®) is

NO,X1/TO7X1 = W((I)$1) - FIX(<(I)$1>L)
Hence 7y x, induces a morphism
Ux, : NO,Xl — Aﬁmrk(Ao) (Arl)

Proposition 8.19. With the previous notation, the action Uy x, is compatible
with the valuation (@a)aefbml-

Proof. Axiom (CA1) is obvious. Let us prove axiom (CA2). To do so, let «
be a root in ®,, and take w € Upq \ {1}. We can find y € L, such that
u = g124(y)gy ' is a lifting of @ in Uy, and vy (y) = —a(x1). We then have
a(vo,x, (Mo, (y))(@1) — Z1) = a(vo,x, (Mo,a(y))(0) — o)
+ a1 x, (Mo,a(y))(@1 — 0) — (&1 — 0))

= —2¢a(za(y)) — 20(1)

= —204(T).
The multipliable case is analog. Finally, for m € My q,

vo,x, (m)? = (g7 'mg1)? e (fer) = 1,
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and hence axiom (CA3) holds. O
8.20. Conclusion.

Theorem 8.21. The fiber 7~ 1(X1) is isomorphic to
Z(Ux, /Us(x1), Uo,0)actd,, » (Mo,a)acs,,  (Po,a)acd,, s Vx,) X (®,,)*.
Proof. All the previous considerations show that the 5-tuple
(UX1/U (X1)> (UO,a)aeéml ) (Mo,a)a&'(bml ) (EO,&)&E@IN;XJ

is a generating and valued root group datum together with a compatible action.
We can therefore consider the building

(UX1/U (X1)» (UO a)a€<1> (MO Oé)ot€<1> (EO a)ae@,lale)

as defined in Definition 6.1. It can be described as (Ux, /Uxr—1(x,) X Az,)/~,
where
y=7x,(n)(),

(u,x) ~ (v,y) <= there exists n € Ng x, such that { 1
u” on € Uy.

Consider now the surjective map
pr:m '(X1) = Z(Ux, /Us(x1), Uo,a)aca,,
(MO,Q)OLE‘:Dzl B (@O,a)aé@ml 5 VXl)
induced by the projection pr : 7~ !(z1) — A,,. It is compatible with the
Ux,-action. Take a point
Xo = [ug,z0] € Z(Ux, /Ur—(xy), (U, a)acd,,
(MO,Ot)OzE‘I’zl ) (WO,a)aE@ml ) VX1)7
and fix a lifting Zo of xo in 7~ ' (). Observe that if X := [u,z] € pr~'(X),
then there exists n € N x, such that
pr(z) = vx, (n)(zo),
ualun € U075;0.
Hence we have x — 7 x, (n)(Zo) € (®,,)*, and we can find y € (®,,)" such
that = — Tp x,(n)(Z9) = W - y, where @ is the image of n in W(®,,). Since
a(Zo +y) = a(Zo) = a(xg) for each a € ®,,, we deduce that
T =To,x, (n)(i‘O + y)a
Ualun € onio = <U0¢,500 | o€ q)w1> = <U0¢,500+y | o€ (I)$1> = Uioer
Hence X = [ug, Zo + y], so that the map
¥x, : (pr) " (wo) = pr (Xo),
x > [ug, ]
is surjective. Now take z,2’' € (pr)~'(zo) such that ¢x,(z) = ¥x,(z'). We
can then find n € Ng x, N U, such that 2’ = 7y x, (n)(x). Hence x = ', and
Px, is a bijection. O
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Remark 8.22.

(i) A subset of m=(X;) is the intersection of an apartment of Z(K,w, G)
with 771(X1) if and only if it is of the form A,, x (®,,)* with A,, an
apartment of

I(UXl/Uﬂ_l(X1)a (UO,Q)QECPM ) (WO,Q)QECPEI ) (¢O7a)a€¢m1 ,7_}(1).

(ii) By considering all the intersections of an apartment of Z(K,w, G) with
771(X1), one endows the fiber 7=1(X;) with a system of apartments of
type (771(X1), ®, (fa)a€¢), where 'y, = Ty, if a € ®,, and I, =02
otherwise. The fiber 771(X7) then automatically satisfies axioms (A2),
(A3), (A4) and (GG).

(iii) If we already knew that Z(K,w, G) is an S8**(M)_building, then it would fol-
low from [30, Main result 2] that 7' (X ) is an 58"%(40)_building. However,
we cannot apply this result yet, and actually, we will use Theorem 8.21 in
our proof of the fact that Z(K,w, G) is indeed an ™M -building.

Example 8.23. Let Ay be a nonzero totally ordered abelian group and let k
be a field endowed with a valuation wg : k — AgU{oc}. Set K := Ek((t)), let wy
be the t-adic valuation on K, and let w : K — Z x Ag be the valuation defined
by w(z) = (wi(z),wo(zt =<1 ®))).

Consider a quasi-split reductive k-group G and set G := Gy x; K. For
o € ®, we denote by U, the root group of Gy, associated to a. We may and
do assume that the valuations on U, ; and on U, are compatible.

The group Gy splits over a finite separable extension &’ of k, and hence one
can find a finite extension K’ of K over which w; does not ramify and G splits.
Thus 0 € T, ; for every a € ®, and hence the point X; := [1,0] € Z(K, w1, G)
is a hyperspecial point (see [33, Sec. 1.10.2] for the definition).

Now take u € Uy, and x € 7 *({0}) such that [u,z] € 7~(X;). Since
u € Ux,, we can find a1, ..., a, € ® so that u can be written as u; ..., with
u; € Uy, 0 for each ¢ € {1,...,n}. Each u; can then be written as v;uj with
v; € U,k and uj € U, . As a consequence, the product u; ...u, can be
written as u'vy ... v, for some u’ € Uy, that fixes 7=1(X;). Hence

[u, 2] = [W'vy...op, 2] =0 - [v1 .. vp, 2] = V1 ... 0, T,
and the map
Ux, : G xnH({0}) = 77 (X),
(9,2) = [g, 2]

is surjective. Now, if ¥x, (g,2) = ¥x, (¢',2’) for some g, ¢’, z, 2’, then we can
find n € N such that
/
{33 = v(n)(z),

g tg'n e U,.

In particular,
ne€ggU, NN C G(k[t]) N N = Ny.
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Hence ¢ x, induces a bijection
¥x, : I(k,wo, Gg) — 7 (X1).

8.24. Further notation related to the projection maps. In this section,
we fix some notation that will be used throughout the paper. Let us fix some
so € rk(A). Given a positive element Ag, in the Archimedean class of A corre-
sponding to sg, we define

Asg, = {A € A | there exists n > 0 such that A < nXs, },
Assy :i={A €A | nA < Ay for all n > 0}.

In terms of Hahn’s embedding A C ™KV
Asgy = ANRED Aoy = ANRKRT.

The sets A>,, and A, are both convex subgroups of A and they do not
depend on the choice of A;,. We may therefore introduce the quotients

Acso = A/Asqy, Acgy i =A/Ass,.

Again, in terms of Hahn’s embedding A € /"M | the quotients Acsy and A<y,
are the images of A under the projections |™(A) — §|<s0 and RkA) 5 R<so
respectively.

Example 8.25. If A = R5M) | we have
Asgy = R0, Asy =R70, Ay =RV, Ay = RED,
Note that, in this case, we have isomorphisms of totally ordered abelian groups:
A 2 RS0 x RS0 2RI ¢ R0 2RI ) R x KT,
Denote by wes, : K = Acgy U {oo} (resp. w<s, : K = A<y, U {o0}) the
composite of the valuation w followed by the projection A — A, (resp. A —

A<s,). According to the previous section, when A>,, and A, are strict
subgroups of A, we have three projection maps

T<s LK, w, G) = I(K,w<s,, G),
T2 I(K, wesy, G) = I(K, wes,, G),
Teso = TS0 0m<sy : (K, w, G) = I(K,wesy, G).

The map 7<s, : Z(K,w, G) = Z(K, w<s,, G) then induces a surjection
Moo x Mgy (X) = (w250)HX)
for each X € Z(K,wcs,, G).
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9. Axiom (CO)

Let G be a quasi-split reductive group over a field K equipped with a non-
trivial valuation w : K — R U {oo}, where S is a totally ordered set. We
assume that K satisfies Assumption 7.20. Let Z = Z(K,w, G) be the building
defined in Definition 7.33.

In this section, we prove that axiom (CO) is satisfied by the building Z that
we defined in Section 7.32 and by its fibers for the projections, which completes
the proof of Theorem 3.30. We keep the notation of Section 3.1 (F). Let us
sketch the ideas of our proof. We proceed as follows.

(i) (See Section 9.1.) We begin by giving a sufficient condition for an R-
building to satisfy (CO).

(ii) (See Section 9.4.) We prove that, when S admits a minimum Og (and
when 7<o4(w(K*)) is nontrivial), if C' and C' are two sectors opposed at
x € Z, then the corresponding sectors of m<(Z) are opposed at m<,(x) for
every s € S.

(iii) (See Section 9.23.) We still assume that S admits a minimum and we
prove (CO). Let z € Z and let C, C be two sectors opposed at z. Let A
be the apartment containing the germs at infinity Cs, Co of C,C. We
want to prove that x € A. We consider an apartment A¢ containing C' and
an isomorphism ¢ : Ac — A fixing Ac N A. We then prove that ¢(x) = .
For this, we act by contradiction and assume that ¢(z) # x. Then we
prove that there exists a minimal s € S such that m<s(¢(x)) # 7<s(x).
By working in the R-building 7—s(7Z}(7<s())) and by using steps (i)
and (ii), we reach a contradiction.

(iv) (See Sections 9.26 and 9.29.) We then prove that Z satisfies (CO) in the
general case, by considering G(K((¢))). We then deduce that the fibers for
the projections also satisfy (CO).

9.1. A sufficient condition for (CO) for R-buildings. In this subsection,
we assume that S is reduced to a single element. Let Zg be a set covered with
apartments and satisfying (A1), (A2), (GG), (A4) and
(Iwa) for all local faces F, for all sector-germs at infinity C, there exists an
apartment containing F' and Cy.

Let z,y € Zr and let A be an apartment containing x and y, which exists
by (GG) and (A2). The line segment [x,y] is the line segment in A between
x and y. One also defines the germ at x of [z,y] as the filter germ,_([x,y]) of
subsets of A containing QN [z, y] for some neighborhood Q2 of z in A. By (A2),
all these notions are well-defined independently of the choice of A.

The ray based at x and containing y is the closed half-line of A based at x
and containing y.
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Lemma 9.2. Let x,y € Ir and let Co be a sector-germ at infinity of Ig.

Then there exist n € Zsq, T1,...,%n € [x,y] such that
n—1
[(E, y] = U [xiaxiJrl]
i=1

and, for all i € [1,n — 1], there exists an apartment A; containing [T;, Tit1]
and Cs

Proof. This is a standard result. Let A be an apartment containing [z, y]. For
a € [z,y) (resp. a € (z,y]), we choose a local chamber C} (resp. C; ) of A
such that C.f N [z,y] © germ,([a,y)) (resp. C, N [x,a) D germ,([a,z])). For
a € (z,y] (resp. a € [x,y)), we choose an apartment Al (resp. A, ) contain-
ing Cf and C (resp. C;; and C.), which is possible by (Iwa). We choose
a neighborhood V,! (resp. V") of a in [a, y] (resp. in [z, a]) such that V,F € AT
(resp. V,” C A;). Set V. =V,F, V, =V, and V, =V, UV, for a € (z,y).

Then, by compactness of [z, y|, there exists a finite subset {a1,...,a;} of [z, y]
such that
k
[xay] = U Va, s
i=1
and the result follows. d

Lemma 9.3. Let Cuo, Cso be two sector-germs at infinity of Ig. Let x € Ty.
We assume that germ, (z + Cso) and germ,, (z + Cs) are opposite. Then

(i) Cw and Cw are opposite;

(ii) there exists a unique apartment Ac_ &.. containing Coo and Coo;

(iii) the point x belongs to Ac_..é..

Proof. We follow [24, Prop. 1.12] and [29, Prop. 5.42)]. Let Ac_ ¢, be an
apartment containing Co, and C. Let

C=2+4+Csx, C=2+Cs, C,=germ,(C) and C, = germ,(C).

Let Ac and A& be apartments containing C' and C respectively. Let Ac, ¢,
be an apartment containing C,,C,. Let y,7 € Ac, ¢, be such that y € C,
g€ C and z € [§,y]. Let § (resp. &) be the ray of Ac (resp. Ag) based at x
and containing y (resp. 7).

The ray 6 meets Ac é... We choose y' in d N Ac__ &, Let r: [0,00[—
be the affine parametrization of ¢ such that 7(0) = x and (1) = y’. Using
Lemma 9.2, we choose n € Z>g, to =0 < t; < --- <t, = 1 such that, for all
ie0,n— 1ﬂ [r(t;), r(ti+1)] and C are contained in an apartment A;.

Let r : (—00,0] — § be the affine parametrization of § such that r(0) = z and
r(—=1) =g. Wesett 1 =—1. Thenj=r(t_1) € 7(to) +Coo = 2+ Coo. Leti €
[0,7—1]. We assume that r(t;)+ Cs, contains 7(¢;_1). Let B; be an apartment
containing [r(t; — €),r(t;)] U [r(t;),r(¢t; + €)] for € > 0 small enough (one may
take By = A¢, ¢, and B; = Ac for ¢ > 0). By assumption, A; contains
r(ti—1), and as [r(t; — €),7(t; + €)] is a line segment in B;, [r(t;—1),r(ti+1)] is
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a line segment in A;. In tlie apartment A;, r(t;) + C'Oo is a sector paralletho
T(tit1) + Coo- As 7(t;) + Cs contains r(t;_1), we deduce that 7(t;11) + Coo
contains r(¢;). By induction, we deduce that

r(tg) =z € r(ty) + Coo =9 + Cse.

Therefore, we have x € Ac_, ¢,,. Consequently, z + Co and = + Co are two
opposite sectors of Ac, ¢, . Therefore, C, and C are opposite, and by (A2),
there exists at most one apartment containing Cy, and C, which proves the

lemma. O

9.4. Preservation of the opposition. The aim of this subsection is to prove
that if S admits a minimum and if C' and C are two sectors opposite at some
point x € Z, then for every s € S, C<, and égs are opposite at m<(x). For
this, our idea is to prove that if C} ..., Cp, o0 is a gallery of sector-germs at
infinity such that

germﬂ'gs(w)(ﬂ—g's(x) + Clo0,<s), - - - ,germﬂgs(gc)(ﬂ'gs(x) + Ch,o0,<s)

is a gallery from germ,__(,)(C) to germ,__(,y(C), then

germ (. + C1,00), - - -, germ (z + Cy, o)

is a gallery from germ, (C') to germ_(C).
(A) Preliminaries on enclosed sets.

Notation 9.5. For the moment, we do not assume that S admits a minimum.
We will make this assumption from Lemma 9.15 to Lemma 9.25. Let C be
a sector of Ag and s € S. Write C = x—l—w.C}AS, where x € Ag and w € W7,
One sets C<s = =+ w{y<s € A<y | a(y<s) > 0 forall & € Af}. This
is the sector of A<, corresponding to C. One has C<s C m<s(C), but this
containment is strict, because m<, preserves large inequalities but not strict
inequalities.

Let C be a sector of Z. Write C' = ¢.C, with g € G(K) and C' a subsector
of Ag. We set C<; = g.C’SS. This does not depend on the choice of g and C
by the lemma below.

Lemma 9.6. Let g1, go € G(K), let CV,C®?) be sectors of Ag and let s € S.
Suppose that g;.CY) = go.C?) . Then 91-0(312 — 92.0(;5)'

Proof. Let C be a sector of Ag and g € G(K). Let h € G(K) be such that
h fixes ¢g.C' pointwise. Then, as m<, is G(K)-equivariant, h fixes 7<,(g9.C") =
9.m<s(C). Moreover, m<,(C) D C<,, and thus h fixes g.C<, pointwise.

For i € {1,2}, set A; = ¢;.Ag. By Proposition 6.6, there exists h € G(K)
inducing an isomorphism ¢ : A; — A, fixing 41 N As. Let h € G(K) be such
that h fixes A; N As and sends A; on Ay, which exists by Proposition 6.6. Let
n = g{lhgl. Then n stabilizes Ag, and thus, by Corollary 6.9, n € N. Then
n.C1) = C®?). By Corollary 7.41, the restriction of n to Ag is induced by
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an element of W C W" x Ag and we deduce that n. C C(<25 Therefore,
hg. C( ) = go. C . As h fixes g,.C) pointwise, we deduce that

hg1.CL) = g1.0%) = go.C1),
which proves the lemma. O
If T is a binary relation on S x S (for example, T= “<”, “=" ...) and

s € S, we define the projection 71, : RS — R by m15((Nies) = (M\t)eTs for
()\t) € RS,

Lemma 9.7. Let (A\o) € (R® U {oc})® and Q = N, cp Dar.- We assume
that there exists a vector chamber Cg of Ag and x<, € A<y such that

germ,, _ (x<s + C%S) e ﬂ Da,ﬁSS(A
aed

Then WSS(Q) = ﬂa@b DO‘»”SS(A&)'

Proof. Let Q' = cop Da,re.(ra)- The inclusion 7<4(Q) C ' is clear. Let us
prove the reverse inclusion. Let &% = ®f..

Let 22, € Q' N (w<s + CLy) and z<5 € (v<s + CL,) N (24, — CL). Then,
for all @ € ®F, one has —7<,(\a) < a(z<s) < a(z<s) < a(z< ) and for all
a €D, —m<s(Aa) < afzl,) < az<s). In particular,

(26) az<s) > —m<s(Aa)

for every a € ®.
Let y<s € . Set ®(y<s) = {a € ® | a(y<s) = —7<s(Aa)}. Then, by
definition,

N{y<st x Ass) ={y<s} X () Dars(ro)-
ac®(y<s)

If ®(y<s) is empty, then {y<s} x Ass C Q, and thus y<, € m<5(2). We now
assume that ®(y<,) is nonempty. By (26), one has a(z<s — y<s) > 0 for all
a € D(y<s). Write y<s = (y)i<s and z<s = (2¢)i<s. For a € ®(y<s), set

Sq = min{t € supp(z<s — y<s) | a(z1) > a(ye)}-

Let k = |®(y<s)|. We write ®(y<s) = {ou,...,ax} in such a way that
(Sa; )i,k 18 non-decreasing. For i € [1,k], one sets u; = 25, — ys,. € Ag.
Then, for all j € [1,k], one has aj(u;) > 0 if 54, = 54, and a;(u;) = 0 if
Sa; > Sa,. In particular, for all 4,5 € [1, k], one has

(27) a;(u;) >0and j >i = oj(u;) > 0.
If (y<s,0) € , then we are done. Suppose that (y<s,0) ¢ Q. Let

§ = min{t € supp(A,) | there exists o € ®(y<,) such that —m—;(Ay) > 0}.
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One chooses t;, € R>g such that ag(trur) > —7m=3(Aa,). Let i € [2,k].
Suppose we have constructed (t;);efi,k] € (R>0)IF] such that

k
thag(uj) > —m=5(Aa,) forall £ € [i,k].
j=i

Then one chooses t;_; € R>( such that

k
> tiaioa(ug) > —m=s5(Aai_, ).
j=i—1
Then, by (27), one has
k
Z ap(tjuj) > —m=5(N\a,) forall £ € [i —1,k].
j=i—1
By induction, we thus find ¢1,...,t; € R>¢ such that

k
Zag(tjuj) > —m=3(Aa,) forall ¢ € [1,k].
j=1

Let y<s = (aty:) € Az, where a; = 1if t < sand a; =0 if t > s. Let

k
y= (y<§7ztiui70> € As.
i=1

Let o € ®(y<s). Then

aly) = (—mg(%%itja(uj),o) > —Aa,-

Therefore, y € Q. Moreover, m<s(y) = y<s, and thus 7<4(2) = . O

Remark 9.8. The above lemma is not true when € is an arbitrary enclosed
subset of Ag. For example, if S = {1,2}, Ag = R and o =Id. Set s = 0. Then
we have Ag = R? and 7 := m<, is the projection on the first coordinate. Set
Aa = (0,0) and A_, = (0, —1). Then

Da,)\a n D—a,)\_a =@ and Da,Tr()\a) n D,a,ﬂ.()_a) = {0}
(B) Projection of an intersection of apartments.

Lemma 9.9. Let s € S. The map m<s induces a bijection A — m<s(A) from
the set of apartments of I to the set of apartments of mw<s(Z).

Proof. By definition (see Section 8.2), m<s(Ag) = A<s is an apartment of
m<s(Z) and the map n<, : T = m<4(Z) is G(K)-equivariant. Since, by Defini-
tion 6.4, G(K) acts transitively on the set of apartments of Z (resp. m<s(Z)),
the map A — m<s(A) from the set of apartments of Z to the set of apart-
ments of m<s(Z) is well-defined and surjective. Moreover, given two apart-
ments A and B such that n<s(A) = m<s(B), we can assume that A = Ag

Miinster Journal of Mathematics VoL. 16 (2023), 323-487



A-BUILDINGS ASSOCIATED TO QUASI-SPLIT GROUPS OVER A-VALUED FIELDS 459

by G(K)-equivariance of m<;. Let g € G(K) be such that B = g- Ag. Then
g m<s(As) = m<s(g - Ag) = m<s(B) = m<s(As).

By Proposition 6.6 applied in m<(Z), there exists n € N such that g.x = n.z
for all z € A<,. Then, by Lemma 6.5, g~ '.n € Py_.,.

By Corollary 5.14, if A is a basis of ®, then

pAgs = (UAgs n UX)(UASS n U&)NASS'

By Example 4.63, Ua_, NUL = Unp.,NUL = {1}; thus g~'n € N; hence g € N
and B = Ag, which proves the lemma. U

Lemma 9.10. Let A, B be two apartments and s € S. We assume that there
ezists a sector C based at some x € L such that

T<s(A) N7<s(B) 3 germ,_ (4 (C<s).
Then n<s(ANB) = m<s(A) N7<s(B).
Proof. Using some g € G(K), we may assume that A = Ag. Let
Q<s = m<s(As) Nm<s(B).

One has Q0<; D m<s(Ag N B). Let us prove the reverse inclusion.

By Corollary 6.8, there exists u € Uq_, such that u.n<s(Ag) = 7<s(B). By
Lemma 9.9, u.As = B. By definition of Uq, there exist k € Z>q, a1, ..., € ®
and elements u; € Uy, .. such that u = Hle u;. For a € ®pq, set

Ao = min{p,, (u;) | i € [1,k] and o = o}

(one may have A\, = 00). Then Q<5 C [\ cp,, Dane.(ra)- As <5 contains
a local chamber, we can apply Lemma 9.7 and one has

7T§5( ﬂ Da,)\a): ﬂ Da,ﬂ'gs()\a)'

a€Pnq a€Pyq

Moreover, u fixes ﬂae%d Dg »,,, and thus Ag N B contains ﬂaeénd D, -
Thus
7T<S (AsNB)D ﬂ l)a,T<8 D O«
acdng
Therefore, Q<; = m<s(Ag N B), which proves the lemma. O

Remark 9.11. If we already knew that Z is a building, we could use [30,
Lem. 3.7 and 3.10], but their proof uses the fact that retractions are 1-Lipschitz
continuous, which is what we want to prove.

(C) The exchange condition. We now prove that Z satisfies the exchange
condition (EC) (see Lemma 9.13 or [3, Sec. 2] for the definition of (EC)). We
will use it to prove that Z satisfies a property called the sundial configuration
(SC) in [3, Sec. 2] (see Lemma 9.16).

Lemma 9.12. Let A be an apartment of Z. Let D be a half-apartment of Ag.
Suppose that AN Ag contains D. Then either A = Ag or there exist a € ®
and A € Iy, such that ANAg = D, ».
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Proof. Suppose A # Ag. Let a € ® be such that AN Ag O D, ) for some
A € RS, Using (A2), we write

ANAg = ﬂ DB’Eﬁ’
Bed
where ({5) € [[5cp(I'p U {oc}). Let B € @\ Rypa. Let p € RS, Let us
prove that £3 > pu. Let s = min(supp(A) U supp(p)). Write A = (A¢)ies.
Suppose 8 ¢ Ra. Then, for every n € Zsq, there exists =, € Ar such that
a(xy) = —As + 1 and B(x,) = —n. Let (yn) = (dstxn)tes € Ag. Then
ayn) > A, and thus y, € Dy for n € Z>o. If s = min(supp(p)), then
—B(yn) > p for n > 0. If s < min(supp(p)), then —5(y,) > p for n > 0.
Moreover, £3 > —f(yy) for all n € Z>¢, and thus g > p.

Suppose 8 € Repa. For n € Z>g, choose x, € Ag such that a(z,) = n
and set y, = (0s2n)tes € Ag. Then, for n > 0, z, € Dy and —f(z,) >
pt, and thus €5 > p. Therefore, in both cases, g € [,cqs[p, 00] = {oo}.
Consequently,

ANAg = ﬂ Da,ga.
BERS g
For m € {%, 2}, set £ = 00 if ma ¢ . Then we have ANAg = D, ¢, where
' =min,e (11 9y 55 lma- Let m € {5,1,2} be such that £ = - {yq. Then we
get ANAg = Dy, which proves the lemma. O

Lemma 9.13. The set T satisfies the exchange condition (EC): if A and B
are apartments of T such that AN B is a half-apartment, then

(AUB)\(ANB)UM
is an apartment of I, where M is the wall of AN B.

Proof. Using isomorphisms of apartments, we may assume that A = Ag. Then,
by Lemma 9.12, there exist & € ® and A € I',, such that D := AsNB = D, ».
By Corollary 6.8, one has B = u.Ag, where u € Up. By Example 4.63, we
can write u = ujSuBnD, where ujg S U;, up € Uy and np € N. Moreover,
either Ui = {1} or U}, = {1} (depending on whether o € & or a € ®_). By
symmetry, we may assume that U}y = {1}. Then U}, = U, p.

One has A = ¢, (up). Using (RGD4), write up = vimul ', with uy, vy €
U} and m € M,. By (V5) and Lemma 4.10, we have A = —p_,(uy) =
—p_a(vy) = a(up). Let D =Doyx=D Dy =D_,_yand M = Hy )\ =
D_nND,. Then one has

uput.D_=vym.D_=vy . Dy =Dy,
U,BD+ = 1,(,51,(,+.D+ = v_,.m.D_,. = ’U+.D_.

Therefore, since up,.AsUAg = D_Uu,.DiUDy and AgNupy.Ag = D_, we
have

(UBAS @] AS) \ (AS N ’U/BAS) UM = ’U/BD+ @] .D+ = U+.D+ @] D+ = ’U+.AS,

which is an apartment of Z, which proves the lemma. O
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(D) Germ of a gallery of local chambers and conclusion. If C is a sector
and s € S, recall the definition of C<, in Notation 9.5.

Lemma 9.14. Let Cw, Coo be two sector-germs at infinity and x € I. Let
C=2+Cyx and C = z+ CL. Vye assume that there exists s ENS such
that germ (C<s) = germ,__(,)(C<s). Then germ, (C) = germ, (C).

T<s(x)
Proof. Let A be an apartment containing C'. Then
T[-SS(A) =) germﬂgs(w)(cgs) = germﬂ'gs(w) (CSS)'

Let A be an apartment containing C. Let Q< be a neighborhood of m<(z) in
7T§5(A) such that QSS QCSS = QSS ﬂégs. Let y<s € QSS QCSS = QSS ﬂégs.
By Lemma 9.10, 7<(AN A) = n< (A) Nw<s(A). Thus there exists § € AN A
such that m<4(9) = g<s.

Let us prove that § € C. Identify A with Ag. Write
C={zxe€As|ax)>A foral a e Ac},
where A¢ is some subset of ® and (\,) € (R°)2¢. By definition,
C<s ={z € A | am<s(2)) > m<s(A) for all @ € A},

Then g<s; = m<s(§) € C<s, and thus § € C. Similarly, as § € A, we have
Yy € C. Using Lemma 3.21 and Proposition 6.6, we deduce that A N A >
cl({z,7}) © germ,(C). In other words, there exists a neighborhood V of x
in A such that @ := VNC c ANA. Let ¢ : A — A be the apartment
isomorphism fixing ANA. Then ¢(g) = g. The sector C (resp. C') is the unique
sector of A (resp. A) based at z and containing §. Therefore, ¢(C) = C. As

Q € germ,(C), we have ¢(Q2) = Q € germy,)(#(C)) = germ,(C'), and thus

germ,, (C) = germ,, (C). O

Let C7 and C§ be two vector chambers of Ag. Let A; be the basis of ®
associated with C7. We say that C7 and C3 are adjacent if C7 = C3§ or if
there exists o € A; such that CY = r,.C}y. Let C; and Cy be two sectors
of Ag based at the same point. We say that C; and Cy are adjacent if their
directions are. We extend this definition to the pairs of sectors of Z which are
contained in a common apartment and which have the same base point, which
is possible by (A2).

Two sector-germs Q1,0 and Q2 o are said to be adjacent if there exists an
apartment A containing ()1 o, and @2, and such that z + @Q1,0c and z+ Q2o
are adjacent for any « € A. If such an A exists, then any apartment containing
Q1,00 and Q2 o satisfies this property.

From now on and until Lemma 9.25, we assume that S admits a minimum.
We denote it by 0g. We use m—g4 instead of m<o4 and if C' is a sector of Z, we
use C—g, instead of C<py. We assume moreover that m—g, (w(K*)) # {0}.

Lemma 9.15. Let C be a sector of L. Then
germ,, (Cooy) = m—s (germ, (C)).
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In particular, the sector-germs at infinity of m—o4(Z) are exactly the m—os(Cxo)
such that Cs is a sector-germ at infinity of L.

Proof. As m—gg4, germ_ and C' — C—y, are G(K)-equivariant, it suffices to
check when C'is a subsector of C} ¢, which is straight-forward. |

Lemma 9.16. Let A be an apartment of T and let Cy be a sector-germ
of A. Let Cs be a sector-germ of T adjacent to Cuo and different from it.
Then one can write T=o4(A) = D1,0¢ U D204, where for both i € {1,2}, D; o4
is a half-apartment of m—og4(A) and there exists an apartment m—oq(A;) con-
taining D;os and T—og(Coo).

Proof. By Lemma 6.10, Proposition 6.6, Lemma 9.3 by [3, Thm. 3.3] and as
T—og (W(K*)) # {0}, m=05(Z) is an R-building and, in particular, it satisfies
axiom (SC) of [3]. Moreover, T—g4(Chso) and m—os(Cso) are adjacent, and thus
the lemma is a consequence of the paragraph after (SC) in [3, p. 385]. O

Galleries of local chambers. Let x € Z. Two local chambers C ,, C5, are
called adjacent if there exist an apartment A containing C ., Ca , and two ad-
jacent sectors @1, Q2 of A based at = such that germ,(Q1) = C1 5, germ, (Q2) =
Cs.¢. By (A2), this does not depend on the choice of apartment A. A gallery
of local chambers based at x is a finite sequence I'y; = (Ci4,...,Ck ) such
that, for all ¢ € [1,k — 1], C;, and Cy11 , are adjacent local chambers based
at . The length of 'y, is then k. The gallery is called minimal if k is the
minimal possible length for a gallery joining €, and C, 4.

If Oy, C, are two local chambers based at x, there exists a gallery I'; joining
C, to Cy. Indeed, by (GG), there exists an apartment A containing C, and C.,.
Let Q and Q be the sectors of A corresponding to Cy and C,. Then, if I' is
a gallery of sectors from @ to Q, the germ T, of T at z is a gallery joining C,
to C,. The minimal length of a gallery joining Cy to C, is called the distance
between C,, and C, and we denote it by d(C,, C,).

Lemma 9.17. Let A be an apartment and C a sector-germ at infinity of Z.
We assume that m=o4(A) D m=04(Cso). Then A > Cx

Proof. Let Q € C be such that m—o;(A) D T=04(£2). Let B be an apartment
containing Cs,. Then QN B € C. Moreover,

T=0s (A)N T=0s (B) > T=0s QN B),

and by Lemma 9.10, m—o4 (AN B) = m—¢4(A) N 7=04(B). By G(K)-equivar-
iance, we can identify B and Ag and we can assume that C, is the germ
of C} 5. We choose (yn,=05) € T=05(A N Ag)?>0 such that S(yn,=os) = +00
for all B € Ay. Let (yn) € (AN Ag)%20 be such that m7—og(yn) = Yn,0s for
all n € Z>o. Then ANAg 3 cl({yn | n € Z>0}) D Coo, which proves the
lemma. g
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Recall that a vector panel of Ag is a set of the form

P"=Hgon (] Dao,
a€A\{B}
where A is a basis of ® and § € A. A panel of Ag is a set of the form z + P
for some vector panel P?.

Let C? be a vector chamber of Ag and let A be the associated basis of ®.
We set C? = Naca Dao- If Q is a sector of Ag with direction C” and base
point x, we set

Q=z+C"'={z+u|ueCv}.
Let @ be a sector of Z and let ¢ € G(K) be such that g.Q C Ag. We set
Q =g '.(9.Q). This is well-defined by (A2).

Let xz € Z, let @@ be a sector of Z based at x and let F' be a sector-face based

at . We say that Q dominates F if F C Q.

Lemma 9.18. Let P be a panel of Ag. Then there exist exactly two sectors
of Ag dominating P.

Proof. Using translations, we may assume that P is based at 0. Let A be
a basis of ® and let B € A be such that P = Hgo N ﬂaeA\{B} Dgyyo. Let
C" =MNaen Da 0. Then C¥ and rg.C” dominate P. Let

Pr = 1{570]R n ﬂ Da,O]R C Ag and O]R = ﬂ Da,O]R C Ag.
acA\{B} acA
Let C7 be a vector chamber of Ag dominating P. Let w € W" be such
that w.C} = CV. Let s € S and zr € Pgr. Let * = (x4)tes be defined by
zy = s 4ap for t € S. Then x € P, and thus w.z € C?. Therefore, w.ar € C}.
By [8, V.3.3, Thm. 2], we deduce that w.xg = 2. By [8, V.3.3, Prop. 1 & 2],
w € (rg). Therefore, C} € (rg)C", which proves the lemma. O

Let H be a wall of Ag and let Q1,2 be two sectors of Ag. We say that
H separates Q1 and Q5 if the two half-apartments D1 and Do delimited by H
satisfy either Q1 C Dy and Q2 C Dy or Q1 C D3 and Q2 C D;. We extend
these notions to Z using isomorphisms of apartments.

Lemma 9.19.

(i) Let C and C be two sectors of T and let Coo,Coo be their germs. We
assume that Cs and C’m are adjacent. Let A be an apartment contain-
ing Coo. Suppose that A does not contain C’m. Then one can write A =
D1UDy, where D1, Do are half-apartments of A which have the same wall
and such that, for both i € {1,2}, there exists an apartment containing D;
and Cu

(ii) Let y € Z. Then germ,(y + Cw) and germ, (y + Cs) are adjacent.

Proof. Let m = m—p,. By Lemma 9.16, one can write 7(A) = D; UD3 ., where
D1 and 7(Cs) are contained in an apartment m(A;). Then 7(A) N 7(A;)
is a half-apartment, and thus, by Lemma 9.10 and (A2), AN A; is a half-
apartment. Let H be the wall of AN A;. Then, by (EC) (Lemma 9.13),
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(AUA;)\ (AN A;))UH is an apartment Ay of Z. By Lemma 9.17, 4; 3 Cy
Let D1 = AN A; and Dy = As N A. Then (A4, Dy, D2) satisfies the condition
of (i).

Let now y € Z. We want to prove that germ, (y + C) and germ, (y + C’oo)
are adjacent. As there exists an apartment containing y and Cy, there is no
loss of generality in assuming that y € A.

Maybe exchanging the roles of D1 and Dy, we may assume that D; 3 C
Suppose y € D;. Then A; contains y + Co, and y + C’m, and thus it follows
that germ, (y + C) and germ, (y + C) are adjacent (and distinct).

By constructlon H is also the wall of AN Ag Let x € H,C = x+ Cy and
C =2+ Cu. Then & + Cs C Dy and & + Cop ¢ A. Therefore, H separates
z+ Co andx—i—Coo in Ay.

Let ¢ : A — Ay be the isomorphism of apartments fixing A N As. Then ¢
induces a map (still denoted ¢) from the set of sector-germs at infinity of A to
the set of sector-germs at infinity of As. If x € H, then x + Cy and x + C’m
dominate a panel P of H. Let C’_ be the sector-germ at infinity of A different
from Cy such that z + C’_ dominates P (the uniqueness is a consequence of
Lemma 9.18). Then CZ is not contained in Dy; hence C., € Do, and thus
»(CL) = C.,. Moreover, P C AN Az and P C x + Co. Therefore,

Thus = + ¢(Cw) dominates P. As ¢(Cx) # ¢(CL,), Lemma 9.18 implies that
¢(Coo) = Coo, and thus, for all y € A, ¢(y + Co) = ¢(y) + Coo

Let now y € A\ Dy. Let € € R be such that B(y, e) C D, which exists by
Lemma 3.24 (ii). Then

¢(B(y,€) N (y+ Co)) = B(y,€) N ¢y + Coo) = Bly,€) N (y + Cc).
Therefore, germ, (y+Cx) = germy(y—i—é'oo), and in particular, germ, (y +Cx)

and germ, (y + C.) are adjacent. The lemma follows. O
Using Lemma 9.19 (ii), we deduce the following proposition.

Proposition 9.20. Let T' = (Ci o0, . ..,Ch00) be a gallery of sector-germs at
infinity. Then, for all x € T, Ty = (germy(z + C1,00); - - -, germy (z + Ca o))
is a gallery.

Lemma 9.21. Let x € Z. Let C,, C’z be two local chambers based at x. Let wy
be the longest element of W"V. Then

(i) d(Cp,Cy) < L(wo) and

(i) d(Cy,Cy) = L(wo) if and only if C, and C, are opposite.

Proof. Let A be an apartment such that m<s(A) contains Cy and C,. Using an
isomorphism of apartments, we identify A and Ag. Let Cg and Cy ¢ be the vector
chambers of Ag such that C,, = germ, (z+C%) and C, = germ, (z+C%). Write
CY% = w.CY, with w € W¥. By [9, I, Prop. 4], one has {(w) = d(C},C%) =
d(C,,C,). By definition of wy, we deduce that d(C,,C,) < £(wy). Point (ii)
is a consequence of the uniqueness of wy; see [4, Prop. 2.2.9] for example. O
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Lemma 9.22. Let x € T and let C, C be two sectors opposite at x. Let s € S.
Then C<s and C<s are opposite at m<q(x).

Proof. Let A be an apartment containing
germﬂgs(z)(CSS) and germﬂSS(z)(C’gs).
Let Q and Q be the sectors of A based at zrgs(x) and such that Q< and Qgs
contain germ,__(,y(C<s) and germ,_ (,)(C<s). Let
['=(Q1,00, Q2,005+ -+ s Qk,c0)

be a minimal gallery of sector-germs at infinity of the apartment A from

germ _(Q) to germ_(Q). Then, by Proposition 9.20,

r, = (germw(x +Q1.00)s---,germ, (x + Qk,oo))
is a gallery. By Lemma 9.14,

germ (z + Q1,00) = germ(C) and germ, (2 + Qk,00) = germ, (C).

As germ, (C) and germ,(C) are opposite, k > ((wg). As I' is minimal,
one has k < {(wp). Consequently, k¥ = £(wp), and thus, by Lemma 9.21,
germ,__,)(C<s) and germ,.__(,)(C<s) are opposite, which proves the lemma.

- h (]

9.23. Proof of (CO) when S admits a minimum.

Lemma 9.24. Let T be a totally ordered set. Let T1, Ty C T be such that
T=T1UTy and Ty < Ty. Let

A, = Ag @ RT" fori € {1,2} and Arp = Ap, x Ap, = Ag @ RT.

Let 7 : RT — RTr be the canonical projection. Let x € A1 and let C and C’ be
two sectors of Ar opposite at x. Let X1 = n(x) € Ap,. Write 7= 1(X1)NC =
{m(z)} x Co and 7= 1(X1)NC" = {n(x)} x C}, where Cy,C} C Ar,. Then Cj
and C}, are sectors of Ar, which are opposite at their common basis.

Proof. Write C' = x + w.C} p and "=z + w'.CJ”c’T, where w,w’ € W7
and Cfp = {a € Ar | a(a) forall a € ®*}. Write 2 = (2¢)ier and set
21, = (x¢)te,. Then

71 X1)NC = {a € {n(x)} x Az, | aa) > a(z) for all & € w.®T}
= {(n(z),d’) € {m(x)} x Ag, | a(a’) > a(zr,) for all @ € w.dT}
= {nm(z)} x (1, + w.CF 1)

Similarly, we have 7' (X1) N C" = {7 ()} x (21, + w".C} 1, ), and the lemma
follows. O

Lemma 9.25. We assume that S admits a minimum Og and that

T<os (w(K")) # {0}
Let x € T and let C and C be two sectors opposite at x. Then there exists an
apartment A containing C and C.
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Proof. Let A, A¢ be apartments containing C, C respectively. By (A4) (Lem-
ma 6.10), we can find an apartment Ao & containing subsectors €’ and C” of
C and C. Let us prove that z € Acr .

Let ¢ : Ac — Acr ¢’ be an apartment isomorphism such that

¢|AcﬂAc/’é/ - Id|AcﬂAC/’é/ .

Set y := ¢(x). We want to prove that x = y. By contradiction, assume = # y.

Let A, , be an apartment containing both x and y and ¥ : A, , — Ag.
Let supp(y — z) C S be the support of ¥(y) — ¥ (z) € Ag. Then supp(y — )
depends neither on the choice of A, , nor on the choice of . By assumption,
supp(y —x) is nonempty. Let sg be the minimum of supp(y —z). Let g € G(K)
inducing the isomorphism 1, whose existence is provided by Proposition 6.6.
Then we have

9 Teso(T) = Tasy (9 @) = Ty (Y(2))

=5 (V(Y)) = T<so (9 Y) = 9 T (Y),
G T<so(T) = T<so (9 @) = T<s0 (Y(2))

# T<so(V(Y)) = T<s0(9-Y) = g T<s0(y)s

and hence m<s, () # T<s, (y)-
Set X = 75, () = Ty (y) and Iy = 72} (X) C Z. Set

T=sqg = M=s50,X * Ix — (71—223) (X) - I(K, W<sgs G),
with the notation of Section 8.24. Then 7_g, () # T—s, (y) and (7=5°)~1(X)
is an R-building.

Since x € Ac NIx and y € Ay .é' NZLx, the sets Ac NZx and Acr ¢ NZIx
are nonempty. Moreover, let h € G(K) inducing ¢. Then

¢(AC ﬂl'x) §A017é’m(h-l'x) Acr C’ﬁ?T<SO h- )
h-X)
?(X))

= Acrér N (T<so(y)
= AC’7C/ NZIx.

= Ac c/ﬂ7T<S
= Aq C/mﬂ<s

(
(
(
(

Hence ¢ induces a map ¢>q, : Ac NIx — Acr. ¢ N ZIx, which induces itself
a map
¢:so : AC,:SO — AC’,C",:SO

where AC,:SO = =g, (Ac) NZx and Ac/,é’,:SO = =g, (Ac/,é’) NZx.

We know that ¢—g,(T=s,(x)) = T=s, (y) 7# T=s, (z). By Lemma 9.22, C<,,
and C<,, are opposite at m<s,(x). By Lemma 9.24 applied with

T={seS|s<so}, Ti=T\{so} and To={so},

we deduce that the sectors-germs

Cosy =M= (Coo NTn_, (@) and Cygy i=7—s(Ccsy NIr_, ()
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are opposite in m_g, () (in the R-building (7=50)~1(X)).
Hence, by Lemma 9.3, it follows that m—s, () belongs to the unique apart-

ment of s, (Zy_, (x)) containing germ (7=s,(C)) and germ (75, (C)). In

other words, T—s, (Iﬂ<30(w)) € Ac =5y N Acr ¢ =5, Since ¢ fixes Ac N Acv ¢,
we deduce that ¢—g,(m=s,(z)) = T=s,(y) # T=s,(7), a contradiction. Hence
we have x = y. O

9.26. Proof of (CO) in the general case. Let K = K((¢)). Let & : K —
Z x A be defined by &(> 7, axt®) = (n,w(ay)) if a, # 0. Let T = Z(K,w, G)
and 7 = I(K, @, G). Note that the rank of the ordered abelian group Z x A is
S = {0g} U S, where 0g is an element of S such that s > 0g for all s € S. In
particular, we have an isomorphism of ordered R-algebras R x 915 = RS,

Remark 9.27. The extension K((¢))/K((¢)) is univalent in the sense of Assump-
tion 7.20. Let us briefly explain why. To do so, let w’ : KX — A’ be the unique
valuation given by that assumption, and let & : K((t))* — A’ be a valuation
satisfying the conditions of that assumption for the extension K((¢))/K((t)). By
uniqueness of w’, we have an identification &' (K*) = A’ such that &'|gx = '
Since &' extends &, we deduce an identification &'(K*t%) = Z x A’ such
that &'(at™) = (m,w'(a)) for m € Z and @ € K*. Now, given an element
f € K(t)*, one can always write f = at™fy with m € Z, & € K* and
fo € 14 tK[[t]. By observing that &’(1) = 0, &'(t) = (1,0) € Z x A’ ¢ A’ and
&' (f1) > (=1,0) for every fi € K[t], we deduce that &'(fo) = 0, so that

&'(f) = (m,w' (@) e Zx A = A

Let € Z and consider C and C two sectors in Z opposite at z. According to
Example 8.23, if w; stands for the t-adic valuation on K, we have a projection

77— I(K,w, G)

such that the fiber of the point X; := [(1,0)] is Z. Let ' and & be sectors of
7 such that A
Cnr YX;)=C and Cn7r (X)) =C.

The sectors C' and C being opposite (by Lemma 9.28 below applied with F = K,
T = S and T1 = {0g}), we deduce that there is an apartment A of Z that

contains both €' and C. Hence ANa~*(X1) is an apartment of Z = 7~ (X})
that contains both C and C.

Lemma 9.28. Let F be a field, equipped with a valuation w : F — RT U {co},
where T is a totally ordered set. We assume that F satisfies Assumption 7.20.
Assume that T = Ty UTy, where Ty, Ty are subsets of T such that T < Tp.
We assume that w(F*) N ({07, } x RT0) £ {0} and w(F*) ¢ {0r} x RT°.
Let 7 : RT — RT1 be the canonical projection. Assume that G is defined over
F. Let Ir = Z(F,w,G) and Iy, = Z(F,w1,G), where w; = 7 ow. Denote
by 7 the canonical projection I — Ir,. Let X1 € Ir, and T = 7 1(X7).
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Let z € T and let C,C be two sectors of T, opposite at z. Let Cr and Cr be

two sectors of Iy such that Cr NZ = C and CT NZ =C. Then Ct and CT
are opposite at x.

Proof. Denote by Ar = Ag@RT and Az, = Ag®@RT! the standard apartments
of Zr and Z7,. Denote by dr : Zr x Ir — (RT)>o (vesp. dp, : Iy, X I, —
(MT1)>0) the distance on Zr (resp. Zr,) for which G(F) acts by isometry on
Ir (vesp. Ir,) and such that dr(a,b) = > cq+la(b — a)| (vesp. dr, (a,b) =
Y acao+|a(b—a)]) for a,b € At (resp. a,b € Ar,). Then, as 7 is G(F)-equivar-
iant and as 7(dr(a,b)) = dp, (w(a),w(b)) for a,b € Ar, we have

w(dr(a,b)) = dp (7(a), w(b)) for all a,b € Ir.

Therefore, T = {y € Zr | dr(z,y) € {0} x R0} is open in Zr.
Consequently,

(28) QNZTegerm, (C)Ngerm, (Cr) for all Q € germ, (Cr),

and the same holds for Cy.

Let A7 be an apartment of Zy containing germ,, (Cr) and germ, (Cr), which
exists by Lemma 6.10. We identify Az and Ay. Then ArNZ = {X;} xAr,. Let
Q and Q be the sectors of A, , based at 2 and such that germ, (Q) = germ, (C)
and germ,,(Q) = germ,(C). Let C}, and C’%O be the vector chambers of Ar,
such that ¢ = z + Cp and Q=uzx+ C’}; We may assume that C7, is the
fundamental vector chamber C} ;= {a € Ar, | a(a) > 0 for all @ € *}. As
Q and Q are opposite at z, we have C’T = wo.CY¥ 1, - Let w € W be such that
germ, (z + w.C} 1) = germ, (Cr). Then, by (28)

(z+wCir)NT =2+ ({05,} x w.C}r,) € germ, (C),
and thus there exists a neighborhood €2 of x in Ap, such that
4+ {07} xw.Cipry DN (x+ {01} x Cf p).
Therefore, there exists € € R7? such that
B(0r,,e)NCfp, Cw.Cir,.

Let s = min(supp(e)). Then, if a = (at)ter, is such that a; € Cip C Ag is
close enough to 0 and a; = 0 for all ¢t € Ty such that ¢ < s, we have

a € B(0r,,e) N CFp, Nw.CF .

Let « € ®*. Then a(a) > 0 and a(w~t.a) > 0, and thus w.aw € ®*+. Therefore,
w.®t C ®*. Using [8, Chap. VI, 1.6, Cor. 2|, we deduce that w = 1 and
germ, (z + C} ) = germ, (Cr). Similarly, germ, (z + wo.C} 1) = germ, (Cr),
which proves that Cp and Cr are opposite at . g

Miinster Journal of Mathematics VoL. 16 (2023), 323-487



A-BUILDINGS ASSOCIATED TO QUASI-SPLIT GROUPS OVER A-VALUED FIELDS 469

9.29. Proof of (CO) for the fibers of the projection maps. Adopt the
notation of Section 8. In particular, we have a projection map

7 I(K,w, G) = Z(K,w;, G).
Fix a point X; € Z(K,w;,G), let € 771(X;) € Z(K,w,G) and consider

C and C two sectors of 7~ 1(X,) opposite at . Let C' and C be sectors of
Z(K,w, G) such that

Onr (X)) =C and Cnal(Xy) =C.

The sectors C' and é’ being opposite (by Lemma 9.28 applied with T' = rk(A),
T1 = rk(A1) and Ty = rk(Ap)), we deduce that there is an apartment A of

Z(K,w, G) that contains both C' and Q Hence AN 7~1(X;) is an apartment
of 771(X1) that contains both C and C.

10. REPLACING R° BY SMALLER ORDERED ABELIAN GROUPS

In [2], Bennett defines I'-buildings for a totally ordered abelian group I'
other than %>, for instance for Z x Z. The definition is similar to the one we
gave in Section 3.25. One has to replace axiom (Al) by the following.

(Al") Each A € & is equipped with the structure of an apartment over ' of
type Ar = (Ar, Vg, @, (Fa)aca),

and then one keeps word by word axioms (A2)—(A6). The main goal of this

section consists in proving the following statement.

Proposition 10.1. Let G be a quasi-split reductive group over a A-valued
field K and let S be a mazimal split torus in G. We keep the notation T'y
for a € ® as defined in Section 4.7. Let S be the rank of A and let T be
the R°-building associated with G. Let T be a totally ordered subgroup of R
containing T for each o € ®. Then the WS -building structure of T induces
a I'-building structure on the set G-p(Y ®I"), where Y QT is seen inside X.(S)®
MRS and Y is the coweight lattice

Y={ze€X.(S)®R | a(z) € Z for all « € D},
and p is the projection from X.(S) @ RS to the standard apartment A.

Note that if G is semisimple and adjoint, we have that ¥ = X,.(S). In
particular, up to considering the adjoint quotient G of the reductive group G,
one can always work with X, (S) ® I', where S denotes the image of S in G.

We say that two half-apartments D;, Dy of A have opposite directions in A
(resp. have the same direction) if there exists o € ® and A, \ € R such that
Dy = Dy and Dy = D_, » (resp. Dq,n). We extend these notions to any
apartment using isomorphisms of apartments.

Proof of Proposition 10.1. Set Ar = p(Y @ ') and Zr = G.Ar. We define the
set of apartments of Zr to be the set of sets of the form A NZr such that A is
an apartment of Z.
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We first prove that ANZp = Ap. Let y € Zr N A. There exist g € G and
x € Ar such that y = g.z. Let h € G be such that hg.A = A and such that
h fixes y, which exists by (A2) (for Z). Then, by Proposition 6.6, there exists
n € N such that hg.z = n.z for all z € A. Thus w = v(n) € W satisfies
y=hy=hgr=w )andthusyEWAp

According to Proposition 7.40, the valuation is semi-special so that the
group I is generated by ', for any o € ®. Hence I' D T, for any a € . We
have that

Ar=PTw! > P Tawl >W N Vins.
acA aEA

As W7 stabilizes the coweight lattice Y = @
Thus W stabilizes Ap. Consequently,

N V. it stabilizes Y QT = Ar.

(29) Ar=AnNZr.

Let now A be an apartment of Z. Write A = g.A, g € G. Then, by (29),
ANZr = g.Ar. This enables us to equip each apartment with the structure
of an apartment of type Ar, which proves (Al’). We also deduce that (A2),
(A3), (A4) and (A5) are satisfied by Zr, using the fact that they are satisfied
by Z.

Let us prove that Zr satisfies (A6). Let AT, AY and AL be three apartments
of Zr such that ALY N A5, AT N AL and A} N AL are half-apartments. Let
A, As and As be the corresponding apartments of Z. Using isomorphisms of
apartments, we may assume that A; = A. Let D3 = AN A and Dy = AN As.
By definition of half-apartments, there are as,a3 € ® and Ay, A3 € T such
that Af N Ay = DY, C Ap and A N A} = Dl ,, C Ar. Since D, and
D3 are enclosed by (A2), we deduce that Dy = Dg, », and D3 = Dgg x,-
Suppose that Dy and D3 are not parallel (that is, Ras # Ras). Let A be
a basis such that CX C Dq, N Dy, (i.e. a basis such that as and a3 both are
positive roots). Let xz be any element of CR ;. Then as(zz),as(vz) € N.
Consider any v > max(|Az], [A3]) € I'so. Then ag(yzz) > az(xz)|A2| > A2 and
ag(’yxz) > a3($2)|)\3| > A3. Hence yxz € Do N D3 = A1 N Ay N As.

If Dy and D3 have the same direction, it is clear that Ds N D3 is nonempty.
We now assume that, for all ¢ € [1,3], A; N A; and A; N Ay have opposite
directions in A;, where {j,k} = [1,3] \ {¢}. Let M3 be the wall of D3. By
Lemma 9.13, (AUA2)\ D3UMs is an apartment A% of Z. Moreover, AsNA;NA
contains a half-apartment parallel to Dy and Az N A5 N Ay contains a half-
apartment parallel to A3NAs. Therefore, A3N A% contains two half-apartments
which have opposite directions in As. By (A2), we deduce that Az = A%. In
particular, M3 C ANAyNAs. Write M3 = H, », fora € @ and A € RS . Then,
by the proof of Lemma 9.13, A € I',, C T, which proves that AT N AL N AL o
Ms N Ar # @. This proves that Zp satisfies (A6) and completes the proof of
the proposition. O

As a particular case, we get the following corollary.
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Corollary 10.2. Keep the previous notation and assume that G splits over K.
Then the R -building structure of Z(K,w,G) induces a A-building structure
on the set G -p(Y @ A), where Y ® A is seen inside X.(S) ® R° and p is the
projection from X.(S) ® R to the standard apartment A.

Proof. For a split reductive group G, since I', = A for any a € ® according
to Fact 7.45, one can take I' = A in Proposition 10.1. O

11. THE BUILDING OF THE GROUP SL/41

Let K be a field equipped with a valuation w : K — A C RY{cc} and
let £ € Z>1. In this section, we detail the construction of the building 7
associated to (SLyy1(K),w) by Definition 6.1. We then define an embedding
of the building 7% = Z#(SL¢4+1(K),w) constructed by Bennett using lattices
in [2, Ex. 3.2] in Z. Using this embedding, we then revisit (in the particular
case of SLy and of A C ZQ) the construction of the boundary of Z developed
by Parshin in [25].

11.1. The parahoric and the lattice buildings of SL,41. Let ¢ € Z>;
and let K be a field equipped with a nontrivial valuation w : K — A, where
A is a subgroup of | for some totally ordered set S. Let G = SL,,; and
G = G(K). We explicitly describe a root generating datum for G and we then
recall Bennett’s lattice construction of the building of G.

The parahoric building Z. Let Tgsr,,, (resp. Tqr,,,) be the functor which as-
sociates to each field F the subgroup of SLyy1(F) (resp. GLy41(F)) composed
with diagonal matrices. Let Tsr,,, = Tsr,.,(K) and Tar,,, = Tar,,, (K).

For 4,5 € [1,£ + 1], we denote by E; ; the matrix (8; x0; x )ik e[1,e41]- For
t=(t1,...,tey1) € (K*)*L we set

£+1

i=1

For i,j € [1,£ + 1] such that i # j, we define o; ; € X*(TsL,,,) by
O%j(D(tl, . ,tg+1)) = tﬁ;l for D(tb s ;tl+1) S TSL£+17
and we define o;’; € X.(Ts,,,) by

Oév(u) = Z El@k + U'Ei,i + uilEj,j S TSLeJrl for u € K*.
ke[1,e4+1]\{i,j}
The root system ® = ®(SLyy1, Tsr,,,) is {ai; | 4,7 € [1,¢+ 1] such that i #
j}and A = {ag 41 | @ € [1,€]} is a basis of . For i € [1,¢ + 1], define
Xi S X*(TSLu.l) by Xl(D(tla cee 7t€+1)) = tl for (tla cee 7t€+1) € (K*)Z+1' One
has
¢

AX*(TSL“_1 @ZO&Z i+l and X TSL“_l @Z)@ D@ZO@ i1-

=1
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Let Agp = X\ (TsL,,,) ®z R and Ag = Ap ®r RS, For i € [1,£+ 1], we denote
by wiv’ i+1 the fundamental weight associated with a;;y1, that is, the unique
element @/, ; of Ag such that a; ji1(@;,,) = di; for j € [1,/].

For o = a4 € ®, one defines 2, : K* = G by zo(u) = 1+ uk;; if
i <jand xq(u) =1 —uE;; if ¢ > j. One sets Uy = 24(K) and one defines
Yo : Us = A by @o(ra(u)) = w(u). One defines my, : K* = G by mq(u) =
To(u)r_o(u"1) 1o (u). One has

me(u) = 1= Ei;— Ej; +uE;; —u™'E;; ifi<j,
1—-FE;;—E;; —uB; j+u'E;; ifi>j.

One sets My, = mq(1)T5sL,,, - Let G441 be the set of permutations of [1, £+ 1].
For o € &y41, one chooses P, = (P,; ;) € G such that P,;; # 0 if and only
if j = o(i) and such that w(P,; ,;)) = 0 for 4,5 € [1,£ 4 1]. Let

Nsn,,, = (Ms | a € ®) CG.

Then Nsi,,, = U, cs,., PoT5L,,, and Nsi,, is the normalizer of Tsr,, ,, in G.
Then (Tsy,, ,, (Ua, Mo)ace) is a root group datum and (¢q)ace is a valuation
of this datum in the sense of Definitions 4.2 and 4.8. We denote by Z the
building associated with this datum in Definition 6.1.

Using the notation of Section 7.25, one has p(t)(a; ; ® A) = Mw(t;) —w(t;))
for D(t1,...,te41) € Tr,,, and A € R°. Thus

4
p(t) = Z(w(tiﬂ) — w(tﬁ)wZiH S As.

i=1
We extend p to a map p: Tgr,,, — Ag by setting

Y4

p(t) = Z(W(tiJrl) — w(ti))wxiﬂ fort € TGLeJrl.
=1

Then Tqy,,, acts on Ag by t.x = x + p(t) for x € Ag and t € Tar,, , -

The lattice building T¢. Let O := w™!(A>0) be the ring of integers of K. An O-
lattice in Kt is an O-submodule of K*! of the form Qb; @ - -- @ Qby,; for
some K-basis (by,...,bey1) of KEHL If Ly and Ly are two O-lattices of K¢+,
we say that they are homothetic if there exists a € K* such that Lo = al;.
In that case, we set L; ~ Lo. Let ¥ = T (K,w) be the set of O-lattices of
K1 modulo the homothety relation. We say that Z% is the lattice building of
(G,w). The image of an O-lattice L in T* (K, w) is denoted by [L]. If t € Tcr,,,,
and [L] € AX, then t.[L] = [t.L] € A*. If (t;), (z;) € (K*)**!, then

{+1 l+1 {+1
D(tl, e ,tg+1). l:@ @1‘161] = [@ @tixiei} = [@ @t11t¢$16¢:| .
i=1 i=1 i=1
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Choose a basis (e1,...,epr1) of KEFL Let

{41
AE = { |:@ @xiei]
i=1

be the standard lattice apartment. An apartment of ZZ is a set of the form
g.A* for some g € G. Set

() € (K*)“l}

{41
0! = € Oe;.

i=1

For each A € A, choose x) € K such that w(zy) = A. The map
v AT/, 1) — AF
defined by
L((/\la cee /\£+1)) = [@xhel DD @xkz+1e£+1]
for (Ai,..., A1) € A“T1/A(1,...,1) is a bijection which enables us to identify
A“L/A(1,...,1) and A® when convenient. In particular, this equips A* with
the structure of a Z-module. For 4,5 € [1,¢ + 1] such that ¢ # j, we define
afj : A% — A by
Ozfj((/\l, e deg1)) =N — A for (A, .. Aeqa) € AZ-H/A(L 1)

For [L],[L] € A%, we set d (L], (') = X, jequesagias |0 (L1 = (L) € Aso.
By [2, Ex. 3.2 & Rem. 3.2], d* extends uniquely to a G-invariant distance
d® : T — A. Note that, although Bennett assumes that A is a Q-module in
[2], it is useless for [2, Ex. 3.2].

11.2. Embedding of the lattice building in the parahoric building. In
this subsection, we define a G-equivariant embedding 1) : 7 — Z and describe
its image. If

£+1
[L] = l:@ (D)xiei] € A'C,
we set , =
Y([L]) = Z(W($i+l) - w(ﬂii))wxiﬂ € Ag.

Lemma 11.3. The map ¢ : A — Ag is Ngr,, , -equivariant.
Proof. The fact that ¢ is TqL,, ,-equivariant is straight-forward. Let i,j €
[1,£]. Then
2 if i =y,
ajiri(ef i) = -1 if[j—i| =1,
0 otherwise.

Let i € [1,4]. Let
{41

[L] = {@ Ozie;

=1

€ A-,
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where (z;) € (K*)**!. Suppose that i € [2,£ — 2]. Then
P([L]) = -+ (W) —w@io1)) @iy, + (W(Eie) — w(@) @i
+ (W(Tire) = w(@it1)) @i + -
and
Moy 141 (1)[L] = |: @ (D)xjej &) (O)xiﬂei D @xi€i+1:| .
FE[LLN{i,i+1}
Therefore,

P(ma; ;1o (1)-[L])
= (WEig1) —w(@im1)) @1 + (W) — w(@ig1)) @i
+ (W($1+2 ml))wzy+1,i+2 +ee
= P([L]) + (w(@ip1) —w(@))wyy ; + 2(w(@) — w(@ir)) w0
+ (Wwit1) = w(@i) w0 +
Y([L]) + ( (zi) — w(lerl))( ;/—1,1' + 2w;{¢+1 - w;/+1,i+2)'
On the other side, one has
Pasipn (V([L])) = ¥([L]) — @it (P([L])) it
= P([L]) + (w(zi) — w(@it1)) s
¢
=([L]) + (w(xi) - w(xiﬂ)) Z aj7j+1(a2/,i+1)WXj+1
j=1
= P([L]) + (w(z;) — w(xiJrl))(_wznyi + 2w 1 — @ 1i2)
= Y(may 1y, (1) [L])-

Similar computations for ¢ = 1 and ¢ = ¢ prove that

Tay i W([L])) = ¢(ma“+1(1)[L]) for all 7 € [[174]]
By Lemma 4.28, the image of mq, ., (1) in W is 74, .. We deduce that
 is W-equivariant and thus Nqr,, ,-equivariant. (|

Recall the definition of ]50 from Notation 5.5.

Lemma 11.4.

(i) The fizator of [0*1] in G is SLy11(0).

(ii) One has Py = SLyy1(Q). In particular, the fizator of 0 = ([01]) in T
18 SL@+1(@).

Proof. (1) Let g € SLy41(0). Then g.O** c QOF! and g~1.O! c O
Thus ¢.0*! = O and SLy41(0) fixes [O°F!]. Reciprocally, let g € G be
such that ¢.[0“"!] = [O*F1]. Then there exists A € K* such that g.0‘"! =
AO“*1. Then g € SL;y1(M\Q). Therefore, 1 = det(g) € X0, and hence
WA = (+1)w(N) < 0. As g~ ! fixes [0F1], we also deduce that w()\) > 0.
Therefore, w(A\) = 0, and thus g € SLy41(0), which proves (i).
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(2) By definition, Py = (No, Up). By definition and by Lemma 11.3, one has
No = {n € Nsp,,, | n.0 = 0 = n.y([01]) = o(n.[0F1])) = »([0+1])}

= {n € Ngr,,, | n.[0"}] = [0"T]}

= Nsr,,, NSL¢+1(0)

by (1). Moreover, Uy = (Uno | @ € ®) C SLy4+1(0) by definition. Con-
sequently, Py C SLy+1(0). Reciprocally, let g € SLy+1(0). Using Gaussian
elimination, we can write ¢ = u_tuy, where u_ € SLyy1(Q) is lower triangular,
t € Tsy,,, NSL¢4+1(0) and uy € SLyy1(Q) is upper triangular. Then u_ € Uy,
t € Ny and uy € Uy, which proves that g € Py. Therefore, Py = SLe+1(0). O

Lemma 11.5. Let t € Tcu,,,. Then the fizator of [0 in G and the
fizator of .0 in G are equal to tSLoy1(Q)t71.

Proof. By Lemma 11.4, the fixator of t.[0‘*!] in G is tSLy41(Q)t L. By def-
inition, the fixator of £.0 in G is Pry = <]\Aft,0, Ui o). One has Nyo = tNot~!
because ]\Aft.o is the fixator of t.0 in Ngp,,,. Let a € ®. Write a = oy,
with 4,5 € [1,£ + 1] such that ¢ # j. Write ¢ = D(ty,...,te41), with
ti, ..o ter1 € KL Let w € Uy, Then g (tut™1) = g (u) + w(t;) — w(t;).
Thus
tUa,Otil = Va,w(t;)—w(t;) — Ua,—a(t.O) = Ua,t.O'

Thus P = <t]\70t*1,tUa70t’1 | € @) = tPyt~! and we conclude with Lem-
ma 11.4. U

Let Ay ={z € A|az) € A for all « € P}.

Proposition 11.6.
(i) The map ¢ : T — T defined by ¥(g.|L]) = g-([L]) for g € SLey1(K)

and [L] € A* is well-defined and is an isometry.
(ii) One has Pp~1(A) = A~.
(iii) The image of ¥ is the set G.Ay.
P’/’OOf. (1) Let g1,92 € G and [Ll], [LQ] S A~ be such that gl[Ll] = QQ[LQ]
Let us prove that g1.¢([L1]) = g2.¢([L2]). By assumption, there exists g € G
such that g.[L1] = [L2] € A*. By (A2) of [2, Ex. 3.2], there exists n € Ng,,, ,
such that g.[L1] = [Lo] = n.[Ly]. Write [Li] = t.[0*T!], with ¢t € Tar,,,-
Then ¢1t.[0] = gont.[0TY], and thus n~'g, 'g1t.[0F!] = t.[Ot!]. By
Lemma 11.5 and Lemma 11.3, we deduce that

n~lgy it ((071]) = t(071) = ™ g5 1 W ([La]) = (L)),

Thus ¢1.¢([L1]) = g2.1([L2]), which proves that ¢ is well-defined. It is G-equi-
variant by definition.
Let us prove that ¢ is an isometry. Let k € [1,¢] and

£+1

(L] = {@ @miei] € A~

=1
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Then g ki1 (Y([L]) = w(zpr) — w(zw) = af 4 ([L]). Therefore for all
i,j € [1,£+ 1] such that i # j, we have a; ;(¢([L])) = oF.([L]). Therefore,
the restriction of 1) to A* is an isometry. Let [L1],[Ls] € ILZ By [2, Ex. 3.2],
T* satisfies (A3), and thus there exists ¢ € G such that ¢.[L1],g.[L2] € A~.
Then

d([L1], [L2]) = d(g.[L1], g.[Ls]) = d(v(g.[L1]), ¥ (g.[L2]))
= d(g4([L1], g-¥([L2])) = d(¥([L1]), ¥ ((La])),

which proves that ¢ is an isometry.

(ii) Let [L] € Z* be such that ¥([L]) € Ags. Write [L] = g.[L'], with g € G
and [L'] € A*. Then ¥([L]) = ¥(g.[L']) = g.¥»([L]). By Proposition 6.6, we
deduce that there exists n € Ngr,,, such that g.4)([L']) = n.9p([L']). Therefore,
we have ¥([L]) = ¥(g.[L']) = ¥(n.[L]), and as v is injective, n.[L'] = [L]. As
Nsi,,, stabilizes A®, we deduce that [L] € A®. Therefore, = 1(A) = AF,
which proves (ii).

(iii) It remains to determine the image of ¥. By (ii) and by G-equivariance,
it suffices to prove that ¥ (A*) = Aj. Let (z;) € A**L. Then

¢<[§ @xiez}) = i(w(xi) — w(@it1)) @} i1,

=1

and hence

41
Qjj+1 (%/J([@ @xiei]>) e A forall je [1,4].
i=1

{+1
a<¢({@@m¢ei]>) €A forallac ®.
i=1

Reciprocally, let z € Ax, (M) = (@,i11(2))icqr,g € A* and (z;) € (K*)* be
such that w(xe) = A, w(Te—1) = Ae—1 + Agyocyw(x1) = A+ -+ + Ag. Set
Z¢+1 = 1. Then

Thus

£+1 £
w < [@ @xiel} ) = Z )\inH_l,
i=1 1=1

which proves that 1)(A%) = A, and completes the proof of the proposition. [

Let Ay be a strict convex subgroup of A. Set Ay = A/Ag. Denote by
w1 : K = A; U{oo} the composition of w with the projection A — A;. Let
m: I(K,w,G) = I(K,w;, G) be the projection defined in Section 8.2. Let
07 = {z € K| wi(z) > 0}. One has O; D O. Let Z¥ be the set of O;-lattices
of K1 Let 7° : ¢ — IF be defined by 7*([L]) = [0;.L], for [L] € T*,
where 01.L is the O;-submodule of K**! generated by L. Let 1y : ZF — I*
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be defined by

¢
Pr(g[L]) =) (wi(@isr) — wi(®i)) @)y € T(AS)
i=1 241
for [L] = [@ @1%61] c Af and g € G.
i=1
By the following corollary, the projection 7 defined in Section 8.2 corresponds

to a tensorization by Q7 in the particular case of SLyy;. This is the viewpoint
of Parshin in [25].

Corollary 11.7. One has 7o = 1)y o 7~.

Proof. 1f [L] € A, then by the formulas defining ¢ and 1)1, one has wow([L])
1 o w5 ([L]). The proposition follows by G-equivariance of m, 7%, ), ;.

Ol

11.8. The Parshin building of SL; of a 2-local field revisited. We now
assume for simplicity that d = 2 and that S = {1,2}. In [25], Parshin con-
structs a kind of boundary to Z (he works with PGL,41 instead of SLo). We
now give a new construction of this boundary, using the axioms of A-buildings.
This construction relies on the following intuition. Let z = (z1,z2) € Ag.
Then (z1,22 + n) and (z1,22 — n) converge to “boundary points” (z1,+00)
and (w1, —00) when n diverges to +o0c. We thus construct a set (=) Ag cor-
responding to {(z,ex) | z € A, € € {—,+}}. We then define a set 9(—>°)T
using the action of G. If (z3) = (x,(cl), x)] )) € Ag is such that x,(cl) diverges to
+o00, we can consider that xp — 4oo. This defines another boundary 0 Ag
of Ag and thus (using the action of G) another boundary 9*°Z of Z. Actually,
0T is the usual building at infinity of Z constructed in [2, Thm. 3.7]. The
boundary of Z is then 0Z = d°Z L1 9(—°°)Z. This subsection is devoted to the
construction of 9(—>)Z and to its study.

By our assumption on d and S, one has Ag = R and Ag = %?. The vectorial
Weyl group is then {+Ida, }.

Notation 11.9. If x = (21, 22) € Ag and € € {—, 4}, we define (x, €c0) as the
filter on Ag composed with the sets containing (x1,z2)+{0} x V, where V.C R
is a neighborhood of eco. Then (x,e00) does not depend on x5, and we will
sometimes write (z1,€00). We define the boundary (in the first coordinate) of
Ag as the set

O Ag = {(z,ex0) | z € Ag, e € {—,+}}.

If w = (u,\) € WYxR?2, we set @ = u € W¥. Then W x R? acts on 9~ Ag
by w.(z, €00) = (w.x, (—1)"Peco) for w € WY x R? and (,ec0) € ™) Ag.
Set N = Ngp,,. By Corollary 7.41, W = v(N) € W¥ x 2. This enables us to
define the boundary (in the first coordinate) of Z as the set

O )T = {g.(x,e0) | g € G, x € Ag, e € {—,+}}.

Miinster Journal of Mathematics VoL. 16 (2023), 323-487



478 AUGUSTE HEBERT, DIEGO IZQUIERDO, AND BENOIT LOISEL

Let 7 : ;R%2 — R be the projection on the first coordinate. By Section 8.2,
extends to a G-equivariant surjective map

7 (K, w,SLy) - Z(K, 7 o w, SLg) := w(Z).
We write & = {a, —a} = {Id, —Id}.
Definition-Proposition 11.10. Let
() = (@}, 2}?) € (Ag)™.
(1)

We say that (xy) converges in 9> Ag if (m(xy)) = (x)") is stationary
and m,(cz) — €co for some € € {—,+}. We then set

limxy, = (limx,(cl),limx,(f)) € 0 Ag.

Let now (xy) € I%>0. We say that (xx) converges in 0" >)T if there exists
g € G such that gz, € Ag for k> 0 and (g9.(x1)) converges in ) Ag.
We then set limxy, = g~ '.limg.xy. This is well-defined, independently of the
choice of g. More precisely, if h € G is such that h.xy € Ag for k > 0,
then (h.zy) converges and g~'.lim g.xj, = h~1. lim h.ay.

Proof. Let ¢’ = hg™', A = ¢"1.Ag and Q = AN Ag. By Proposition 6.6
and Corollary 7.41, there exists w € W such that, for all k € Z>q such that
g.Tk, h.xy € Ag, one has g.xy = w.h.zy. Let n € N be such that n induces
—Id on Ag. Let m : Ag — R be defined by m2(y1,y2) = y2, for (y1,y2) € Ag.
Maybe replacing g or h by ng or nh, we may assume ms(g.zk ), 72 (h.x) — +00.
Then we have w = Id, and hence there exists a € Ag such that w =1d + a.

By Proposition 6.6, Q is enclosed. Thus there exist g, A_q € %2 such
that Q = Do, N D_q .. As Q@ D {g.zy | kK > 0}, we deduce that A\_, >
lim 7(g.x). Thus there exists a neighborhood V' of 400 such that Q D E :=
{(imn(g.zx),v) | v € V}. Then E € limg.xy. Then

g .E = {hg~ .(lim7(g.z),v) |v eV}
= {(limn(h.xg),v + m2(a)) | v €V},

by G-equivariance of . Thus we have ¢’.FE € lim h.z;. Moreover, ¢'.F is of
the form y+{0} x V', where y € Ag and V"' is a neighborhood of 400, and thus
E ¢ (z,400) for all z € Ag such that 7(z) # lim7(zy). As ¢.FE € ¢'.lim g.xy,
we deduce that ¢'.limg.z; = limh.xy = hg '.limg.z;, which proves the
proposition. O

Lemma 11.11. Let z € Ag, € € {—,+} and g € G be such that g.(z,e00) =
(7,€00). Let Q=g L. AsN Ag. By Proposition 6.6 and Corollary 7.41, there
exists w € W such that, for all y € Q, g.y = w.y. Then w is a translation
of Ag whose vector is in {0} x Ag.

Proof. Let V be a neighborhood of +cc such that (z,ec0) 3 E =z + {0} x V.
Then g~ 1.E € g7!.(x,e00) = (z,€00). Thus there exists a neighborhood V' of
+o00 such that g71.E D 2+ {0} x V'. Then g.(z+{0} x V') C 2+ {0} x V, and
hence 2 D z+ {0} x V. One has w.(x + (0,v)) = w.x +w.(0,v) € z+ {0} x V
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FIGURE 5. Suppose for simplicity that m(A) is discrete. Let Ay =
{zr € A| a(z) € A} and Zpn = G.Ax. Let [L],[L'] € 7(Za). Then,
by Theorem 8.21, Zjz) = 7~ '([L]) and Z;r,) = 7~ *([L]) are R-trees.
By Proposition 11.12 and Corollary 11.13, the set of ends of Zj;; is
in bijection with the set of edges of m(Z) containing w(z) and the
edge m([L]) —w([L']) corresponds to a unique pair of ends &1, £/
of I[L] and I[L/].

for all v € V', and thus @ # —Id. Therefore, @ = Id and w is a translation.
Let a € Ag be such that w.y =y +a for all y € Ag. Then w.(z + {0} x V') =
r+a+{0} x V' Cx+{0} xV, and hence a € {0} x Ag. O

We define 7 : (7T — () by
7(g.(x,€0)) = w(g.z) for (z,e00) € T Ag and g € G.

We denote by R* and by R* the vector chambers of 7(Ag) = R. We use the
notation of Section 3.1 (D).

We denote by Ale(m(Ag)) (resp. Ale(m(Z))) the set of alcoves of w(Ag) that
is the set of faces of the form F(z,ex0) for x € w(Ag) (resp. g.F(x,R})) and
e € {—,+} (resp. g € G). By Lemma 7.39, T, = T'_, = A: if A\ € R
D,y is a half-apartment if and only if A € A. Moreover, A is a group, and
in particular, w(A) is either dense in R or discrete. In the case where it is
discrete, we assume that m(A) = Z.

Proposition 11.12 (see Figure 5).
(i) Let T:0(7>)Ag — Alc(r(Ag)) be the map defined by

Y((z,e00)) = F(m(x),RY)  for (z,e00) € ) (As).
Then Y is surjective. It extends uniquely to a surjective G-equivariant
map Y : ()T — Ale(n(T)).
(ii) Suppose w(A) is dense in R. Let g € G and w(x) € w(Ag). Then
{g(m, +OO),g(ZIJ, _OO)} Zfﬂ'(l‘) g 7T(A),

—1 a(x * —
T ({gF(n(a). RY)Y) {g.(mm) if wla) € m(A).
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(iii) Suppose m(A) =Z. Let x € R. Then

T ({g-F(n(x),R})}) = {g-(y, +00) | y € [[7(2)], [ (2)] + 1[}
U{g-(y, —00) |y € Il (2) ], [m() ] + 1]}

Proof. (i) By definition of an alcove, Y is surjective. Let z € Ag, € € {—, +}
and g,h € G be such g.(z,e00) = h.(z,e00). By symmetry, we can assume
that ¢ = 4+. Let ¢ = h™'g and A = ¢""'.Ag. Then, by Proposition 6.6,
Q:= ANAg is enclosed and contains (z,4+00). Write Q@ = Dy, N D_gx_,-
Then we have D_y z_, D (z,+00), and thus a(m(x)) < m(A_,). Therefore,
() 3 F(n(x),R%). By Lemma 11.11, ¢’.F(n(x),R%) = F(n(z),R%), and
thus g.F(m(x),R%) = h.F(m(x),R% ), which proves that T is well-defined. It
is surjective by definition of the alcoves.

(i1), (iii) As, for all z € Ag and g € G, one has Y(g.(z, +o0)) = g.F(x, +0),
it suffices to determine for which 7 (z),7(z)" € R and €,¢’ € {—,+}, one has
F(r(x),RY) = F(n(2'),RY). Let x,2’ € m(Ag) and €,€ € {—,+} be such that
Flr(a),RY) = F(r(a'), R,).

Suppose that 7(A) is dense in R. Then, if 7(z) # 7 (2’), there exist Aq, A_q,
Aoy A € A such that Dy s, N D_ga_, (vesp. Do,x N D_q \ ) contains an
open neighborhood of x (resp. z’) and such that

Da,Aa n D_a’)\_a n Da’)\; n D—Ot,)\l,a = .

Consequently, we get F(m(x),R}) # F(n(z'),R%), a contradiction. There-
fore, m(x) = w(z'). If w(z) ¢ w(A), then F(w(z),R}) and F(n(z),R%) are
the filters of neighborhoods of w(x), and thus F(w(x),R¥) = F(n(z),R%). If
m(x) € m(A), then Dy _r(z) € F(m(z),RY) \ F(n(xz),R* ), and thus it follows
that F'(r(z),R%) # F(m(x), RZ), which proves (ii). )

Suppose that 7(A) = Z and 7(x) ¢ Z. Let E = Dy |x(2)+1] N D—a,|x(2)]-
Then F(n(x),R}) = Fg x(ag), With the notation of Section 3.1 (D), for both
e € {—,+}. Suppose 7(z) € w(A). Let

E_ = ﬁa,ﬂ(r)—i-l N E—a,—ﬂ'(z)—l and E+ = E—a,ﬂ'(z) N -ﬁa,—ﬂ(r)—i-b
Then
F(r(2),R}) = FEp, xns) and F(r(z),RL) =Fp_ g,
and (iii) follows. O

Suppose that m7(A) = Z. Then Alc(Z) = {g.Jn,n+ 1[ | n € Z}. Then, if
n€Zand g € G, Y(g.(n,+00)) = g.Jn,n+1[ and Y(g.(n, —0)) = g.]n—1,n[.

Corollary 11.13. Suppose that w(A) = Z. Then Y induces a two-to-one map
between 0\~ I = {g.(m(z),e00) | v € 771 (Z) C Ag, e € {—,+} and g € G}
and Ale(w(Z)). More precisely, g.]n,n+1[ € Alc(n(Z)), with g € G and n € Z;
then YT=Y(g.Jn,n + 1]) = {g.(n, +0),g.(n + 1, —0)}: g.(n,+0) is an end of
the tree 7=1({g.n}) and g.(n +1,—00) is an end of the tree 71 ({g.(n +1)}).
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2] = [03h1 ® Gput"b]
¢

E[Lvl =[Oy & Qut"by]

FIGURE 6. We work with K = F,((¢))(u)). Let (b1, b2) be a basis of
K?. Choose (1,0) = u and 2(g,1y = t. Then [L,] = [02b1 ® OQ2t"bs]
and [L,] = [Q2b1 ® Oqut™"bs] “converge” to [D2b1 & O1ubs].

Interpretation in terms of lattices. (See Figure® 6.) We assume that A = Z x Z
and that K is a field equipped with a surjective valuation ws : K — A U {oc0}.
Let wy =mowy : K — Z. Let 02 = {x € K| wa(z) > 0} and O = {x € K|
wi(z) > 0}. For all A € A, choose z) € K* such that wa(zy) = A. Let (e1,e2)
be a basis of K2 and

Af = {[02z1€1 ® Qax2e2] | (21, 72) € K?}
= {[@2$A161 D @21‘)\262] | ()\1, /\2) S AQ}

One has
ﬂ x(o’n)@g = l‘(1,0)@1 and U x(oﬁ,n)@z = @1.
nEZZO nEZZO
5Colored figures are available at https://arxiv.org/pdf/2001.01542.pdf
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Thus if (b1, bs) is a basis of K? and \; € Z, one has
U O2b1 ® O2z(r; +1,—n) = O2b1 & Q125 41,0002
nez
e = ﬂ 0201 & Oz (), ) b2-

n€EZ>o

Thus we can go from ﬂ_l([@lbl @@1x()\1,0)b2]) to W_l([@lbl @@1$(A1+170)b2])
via the ends ([@le D @Qx()\l,o)bg], +OO) and ([@le @@QZ‘()\lJrLo)bQ], —OO)I the
edge

([01b1 & O12(5,,0)b2]), ([D2b1 © Qa2 41,0)b2], +00)
links ([@le D @Qx()\l’o)bg], -|-OO) to ([@gbl D @Qx(Al_H’O)bQ], —OO).
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