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Abstract. From the mid-1970s, Eberhard Kirchberg undertook a remarkable extensive
study of C*-algebras exactness whose applications spread out to many branches of anal-
ysis. In this review, we focus on the case of groupoid C*-algebras for which the notion
of exactness needs to be better understood. In particular, some versions of exactness play
an important role in the study of the weak containment problem (WCP), that is whether
the coincidence of the full and reduced groupoid C*-algebras implies the amenability of the
groupoid or not.

INTRODUCTION

The study of C*-algebras exactness was initiated by Kirchberg as early as
the mid-1970s. In the short note [44], he announced several results whose
proofs were published along with many other major contributions in the 1990s
[45, 46, 47].

An unexpected link was found at the end of the 1990s between the Novikov
higher signatures conjecture for a discrete group I' and the exactness of its
reduced C*-algebra C*(T"). This follows from the discovery by Higson and
Roe [33] that a finitely generated group I' has the so-called Yu’s property A
[78] if and only if I' admits an amenable action on a compact space X (then we
say that the group is amenable at infinity). Such a group satisfies the above
mentioned Novikov conjecture [78, 33, 32], and morover, C*(T") is exact since
it is a sub-C*-algebra of the nuclear crossed product C(X) x I'. At the same
time, extensive studies of amenable actions (and amenable groupoids) [3] and
of reduced group C*-algebras exactness [49] had just appeared. This series
of results was finally crowned by the proof of the fact that if C*(T") is exact,
then I' admits an amenable action on a compact space [31, 62, 5]. All this
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raised a renewed interest about various notions of exactness for locally compact
groups.

It turned out to be potentially interesting to extend these notions to the case
of locally compact groupoids. A first attempt was presented in [4]. A detailed
presentation was made available in [6]. Nowadays, some versions of groupoid
exactness appear to be essential in the study of the weak containment problem
(WCP).

The purpose of this paper is to describe some of the history of this subject.
It is organized as follows. In Section 1, after pointing out the fact, due to
Kirchberg [45], that many full group C*-algebras are not exact, we focus on
exactness of reduced group C*-algebras, compared with two other notions of
exactness, namely KW-exactness introduced by Kirchberg and Wassermann
in [49], and amenability at infinity. The three notions are equivalent for discrete
groups, and we describe what is known in general for locally compact groups.

In Section 2, we recall some facts about measured and locally compact
groupoids and their operator algebras, and Section 3 provides a short sum-
mary about amenable groupoids. In Section 4, we introduce the notion of
amenability at infinity for a locally compact groupoid. Here, compact spaces
have to be replaced by locally compact spaces that are fibered on the space of
units of the groupoid in such a way that the projection is a proper map. When
the groupoid G is étale, it has a universal fiberwise compactification 5,.G, called
its Stone—Cech fiberwise compactification. Then amenability at infinity of G is
equivalent to the fact that the canonical action of G on 3,.G is amenable, and
can be expressed in terms of positive type kernels, exactly as for groups.

In Section 5, we describe the relations between the various notions of exact-
ness that are defined for étale groupoids. They are equivalent when we assume
the inner amenability of the groupoid. Inner amenability is well understood
in the group case; in particular, all discrete groups are inner amenable in our
sense, but this notion remains mysterious for groupoids. In this section, we
also introduce a weak notion of exactness for groupoids, that we call inner ex-
actness. It is automatically fulfilled for transitive groupoids and in particular
for all locally compact groups, but it has proven useful in other contexts.

From 2014, many remarkable results have been obtained in the study of the
(WCP) for groupoids, which crucially involve exactness. We review them in
Section 6. Finally, in the last section, we recap some open problems.

1. EXACT GROUP C*-ALGEBRAS

Unlike the functor () ®max A (maximal tensor product with the C*-algebra
A), the minimal tensor product functor (-) ® A is not necessarily exact, that
is, given a short exact sequence of C*-algebras 0 — I — B — B/I — 0, the
sequence

0-I®A—>BA— (B/ )@ A—=0

is not always exact in the middle. When the functor (-) ® A is exact, one
says that the C*-algebra A is exact. This notion, so named in the pioneering
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paper [44], has been the subject of Kirchberg’s major contributions from the
end of the 1980s. As early as 1976, Simon Wassermann showed in [75] that
the full C*-algebra C*(F2) of the free group Fa on two generators is not exact.
In fact, when I' is a finitely generated residually finite group, the full group
C*-algebra C*(I') is exact if and only if the group I' is amenable (see [44], and
[45, Prop. 7.1] for a more general result).

This is in sharp contrast with the behavior of the reduced group C*-alge-
bras. For instance, let G be a locally compact group having a closed amenable
subgroup P with G/P compact and let H be any closed subgroup of G. Then
the full crossed product C*-algebras C(G/P) x H and Co(H \ G) x P are
Morita equivalent [69] and Co(H \ G) x P is nuclear since P is amenable. It
follows that C'(G/P) x H is nuclear and that the reduced crossed product C*-
algebra C'(G/P) x, H is nuclear too. But the reduced group C*-algebra C*(H)
embeds into C(G/P) %, H since G/P is compact and therefore C*(H) is an
exact C*-algebra. This well-known argument applies for instance to closed
subgroups of almost connected groups.

A locally compact group is said to be C*-exact! if its reduced group C*-
algebra is exact. Most familiar groups are known to be C*-exact. The first
examples of discrete groups that are not C*-exact are Gromov monsters [30].
Osajda has given other examples [61], and he even built residually finite groups
that are not C*-exact [60].

Clearly, an easy way to show that the reduced group C*-algebra C}(G)
of a locally compact group G is exact is to exhibit a continuous action of G
on a compact space X such that the reduced crossed product C(X) x,. G is
nuclear. When this property is fulfilled with G a discrete group, it follows that
the G-action on X is (topologically) amenable [2, Thm. 4.5], [5, Thm. 5.8].
This notion plays an important role the study of reduced group C*-algebras
exactness. It will be recalled in the subsequent sections in the more general
context of groupoids. It is called amenability at infinity [3, Def. 5.2.1] (or
boundary amenability).

When a locally compact group G has an amenable action on a compact
space, it has a property stronger than C*-exactness, that was introduced by
Kirchberg and Wassermann [49], and is now often called KW-exactness (see
for instance [13, Def. 5.1.9]).

Definition 1.1. A locally compact group G is KW-ezact if the functor A —
A x, G is exact, that is, for every short exact sequence of G-C*-algebras 0 —
I - A— A/I — 0, the sequence

051%x.G—=Ax,.G—= (A/I)x.G—0
is also exact.

The theorem below, which presents the currently known relations between
the different definitions of exactness for a locally compact group involves in

LThis differs from the terminology used in [44], where a group was called C*-exact if its
full C*-algebra was exact.
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particular the notion of inner amenability. Following [64, p.84], we say that
a locally compact group G is inner amenable if there exists an inner invariant
mean on L*°(G), that is, a state m such that m(sfs~!) = m(f) for every
f € L*(G) and s € G, where (sfs~1)(y) = f(s 'ys). This is a quite weak
notion (that should deserve in fact the name of weak inner amenablity) since
for instance every discrete group is inner amenable in this sense (whereas Effros
[24] excludes the trivial inner invariant mean in his definition). Note that
a locally compact group G is amenable if and only if G is inner amenable and
Cr (@) is nuclear [55].

The importance of inner amenability when studying the relations between
properties of groups and their C*-algebras has also been highlighted by Kirch-
berg in [45, § 7], where inner amenability is called Property (Z).

Theorem 1.2. Let G be a locally compact group and consider the following
conditions:

(i) G has an amenable action on a compact space;

(il) G is KW-exact;

(iii) G is C*-ezxact.

Then (i) < (ii) = (iii), and the three conditions are equivalent when G is an
inner amenable group or when CX(G) has a tracial state.

That (i) = (ii) = (iii) is easy (see for instance [5, Thm. 7.2]). When G
is a discrete group, the equivalence between (ii) and (iii) is proved in [49,
Thm. 5.2], and the fact that (iii) implies (i) is proved in [62]. That (ii)
implies (i) for any locally compact group is proved in [12, Thm. 5.6], [63,
Prop. 2.5]. The fact that (iii) implies (i) in the case of an inner amenable
locally compact group G was treated in [5, Thm. 7.3, where we used a prop-
erty of G that we called Property (W). Subsequently, it was proved in [21]
that this Property (W) is the same as inner amenability. The fact that (iii)
implies (ii) when C(G) has a tracial state is proved in [56]. Let us point out
that this latter property is equivalent to the existence of an open amenable
normal subgroup in G as shown in [39]. The class of such groups contains
non-inner amenable examples [56].

Whether (iii) implies (ii) holds for any locally compact group is still open.
Note that if KW-exactness and C*-exactness are equivalent for all unimodular
totally disconnected second countable groups, then they are equivalent for all
locally compact second countable groups [20].

2. BACKGROUND ON GROUPOIDS

We assume that the reader is familiar with the basic definitions about group-
oids. We use the terminology and the notation of [3]. The unit space of
a groupoid G is denoted by G(©) and is often renamed as X. We implicitly
identify G(© to a subset of G. The structure of G is defined by the range and
source maps 7, s : G — GO, the inverse map v — 7! from G to G and the
multiplication map (7,7") = vy’ from G® = {(v,7) € G x G | s(7) = r(7')}
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to G. For z € GO we set G* = r~1(x), G, = s 1(x) and G(v) = G* N G,. Given
E c GO, we write G(E) = Y(E) N s~ (E).

One important example is given by the left action of a group G on a set X.
The corresponding semi-direct product groupoid G = X x G is X X G as a set.
Its unit set is X; the range and source maps are given respectively by r(x,g) =z
and s(z,g) = g~ tx. The product is given by (z,g)(¢g 'z, h) = (x,gh) and the
inverse by (z,9)"! = (¢~ 'z, ¢g71). Equivalence relations on X are also an
interesting family of examples. If R C X x X is an equivalence relation, it is
viewed as a groupoid with X as set of units, r(z,y) =« and s(x,y) =y as range
and source maps respectively. The product is given by (z,y)(y, z) = (z,2) and
the inverse by (z,y)~! = (y, ).

2.1. Measured groupoids. A Borel groupoid G is a groupoid endowed with
a Borel structure such that the range, source, inverse and product maps are
Borel, where G®? has the Borel structure induced by G x G and G has the
Borel structure induced by G(©). A Borel Haar system X\ on G is a family
(A*)zeg© of measures on the fibers G*, which is Borel (in the sense that, for
every nonnegative Borel function f on G, the function z — A(f)(z) = [ fdA*
is Borel), left invariant (in the sense that, for all v € G, yA*(") = X\7(M)) "proper
(in the sense that there exists a nonnegative Borel function f on G such that
Mf)(z) =1 for all z € G(©)). Given a measure x on G(*), one can integrate the
measures A* with respect to u to get a measure g o A on G. The measure p is
quasi-invariant with respect to the Haar system if the inverse map preserves
the (u o A)-negligible sets. A measured groupoid is a triple (G, A\, u) satisfying
the above properties. All measure spaces are assumed to be standard, and the
measures are o-finite.

Examples 2.2. (a) Semi-direct product measured groupoids. Let G be a second
countable locally compact group with a left Haar measure A\, and X a standard
Borel space. A Borel left action of G on X is a left action such that the map
(z,s) — sz from X x G to X is Borel. Then G = X x G is a Borel groupoid with
a canonical Haar system, also denoted by A. Indeed, identifying G* with G,
we take A* = A. Let p be a measure on X. Then po A= p® A. Moreover,
i is quasi-invariant with respect to the G-action if and only if (G, A, u) is
a measured groupoid.

(b) Discrete measured equivalence relations. Let R be an equivalence rela-
tion on a Borel standard space X which has countable equivalence classes and
such that R is a Borel subset of X x X. This groupoid has a canonical Haar
system: A" is the counting measure on the equivalence class of x, identified
with R*. A measure p on X is quasi-invariant if, for every Borel subset A C X,
the saturation of A with respect to R has measure 0 when p(A) = 0. Then
(R, 1) is a measured groupoid, called a discrete measured equivalence relation.

2.3. Topological groupoids. A locally compact groupoid is a groupoid G
equipped with a locally compact? topology such that the structure maps are

2By convention, a locally compact space will be Hausdorff.
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continuous, where G has the topology induced by G x G and G has the
topology induced by G. A continuous Haar system is a family A = (A%),cg©®
of measures on G such that A* has exactly G as support for every z € G(¥)
is left invariant and is continuous in the sense that, for every f € C.(G) (the
space of continuous complex valued functions with compact support on G),
the function z — A(f)(z) = | fdA” is continuous. Note that the existence of
a continuous Haar system implies that the range (and therefore the source)
map is open [66, Chap. I, Prop. 2.4].

Examples 2.4. (a) Semi-direct products. Let us consider a locally compact
group G with Haar measure A acting continuously to the left on a locally
compact space X. Then G = X x G is a locally compact groupoid and the
Haar system defined in Example 2.2 (a) is continuous.

(b) Group bundle groupoids. A group bundle groupoid is a locally compact
groupoid such that the range and source maps are equal and open. By [67,
Lem. 1.3], one can choose, for x € G a left Haar measure A\* on the group
G* = G, in such a way that (A\*),cx forms a Haar system on G. An explicit
example will be given in Section 5.16.

(c) Etale groupoids. A locally compact groupoid is called étale when its
range (and therefore its source) map is a local homeomorphism from G into G(©).
Then G* and G, are discrete and G(© is open in G. Moreover, the family of
counting measures A* on G* forms a Haar system (see [66, Chap. I, Prop. 2.8]).
It will be implicitly our choice of Haar system. Groupoids associated with ac-
tions of discrete groups are étale.

2.5. Groupoid operator algebras. For the representation theory of mea-
sured groupoids, we refer to [3, §6.1]. The von Neumann algebra VN(G, A, 1)
associated to such a groupoid is defined by its left regular representation.
For a semi-direct product (X x G, u), it is the von Neumann crossed prod-
uct L (X, u) ¥ G. For a discrete measured equivalence relation (R, u), it is
the von Neumann algebra defined in [28].

We will now focus on the operator algebras associated with a locally compact
groupoid® G. We set X = G(9). The space C.(G) of continuous functions with
compact support on G is an involutive algebra with respect to the following
operations for f,g € C.(G):

(f *9)(v /f’yl 937 1) AN (),

) =
) =760,
We define a norm on C.(G) by

Iflz—maX{sup/lf . sup [1567)av )}

3Throughout this text, a locally compact groupoid will be implicitly endowed with a Haar
system A which, concerning the examples given in Examples 2.4, will be the Haar systems
described there.
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The full C*-algebra C*(G) of the groupoid G is the enveloping C*-algebra
of the Banach *-algebra obtained by completion of C.(G) with respect to the
norm || - ||z.

In order to define the reduced C*-algebra of G, we need the notion of (right)
Hilbert C*-module H over a C*-algebra A (or Hilbert A-module), for which we
refer to [53]. We shall denote by B4(H) the C*-algebra of A-linear adjointable
maps from H into itself.

Let £ be the Hilbert C*-module? L%O(X)(Q, A) over Cop(X) (the algebra of
continuous functions on X vanishing to 0 at infinity) obtained by completion
of C.(G) with respect to the Co(X)-valued inner product

/ En(7) AN ().

The Co(X)-module structure is given by

() =& for().

Let us observe that Lg (G, A) is the space of continuous sections vanishing
at infinity of a continuous field of Hilbert spaces with fiber L?(G%,\?) at x € X .
We let C.(G) act on € by the formula

(A () = / SO )E(n) A ().

Then A extends to a representation of C*(G) in the Hilbert Co(X)-module &,
called the regular representation of (G, ). Its range is denoted by C(G) and
called the reduced C*-algebra®of the groupoid G. Note that A(C*(G)) acts
fiberwise on the corresponding continuous field of Hilbert spaces with fibers
L?(G®, \%) by the formula

Aa(HOM) = | fFO)E(m) N (1)

g.’r
for f € C.(G), £ € L?(G",\"). Moreover, we have ||A(f)|| = sup,cx||Az(f)]-
For a semi-direct product groupoid G = X x G as in Example 2.4 (a), we

);
get the usual crossed products C*(G) = Cp(X) x G and C}(G) = Co(X) %, G.

3. AMENABLE GROUPOIDS

3.1. Amenability of measured groupoids. The existence of actions of non-
amenable groups exhibiting behavior reminiscent of amenability had already
been observed in the 1970s by several authors, among them Vershik [74] for the
boundary action of PSL(2,Z). The original definition of an amenable action

4When G is étale, we shall use the notation Zgo(x)(g) rather than Lgo(x)(g7 A).
5Very often, the Hilbert Co(X )-module ng(x)(g, A~1) is considered in order to define

the reduced C*-algebra (see for instance [42, 43]). We pass from this setting to ours (which
we think to be more convenient for our purpose) by considering the isomorphism

U: ng(x)(g,)\*l) — L%O(x)(g,A)
such that (U&)(y) = &(v™1).
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in the measured setting is due to Zimmer [80, Def. 1.4]. It was expressed
in terms of an involved fixed point property. Later [79], it was reformulated
in terms of invariant means: an action of a discrete group I' on a measured
space (X, p), with p being quasi-invariant, is amenable if there exists a norm
one projection m : L*°(X xI',po \) — L*°(X, u) such that s.(m(f)) =m(s.f)
for all f € L®(X xT,uo)) and s € T, where (s.f)(z,t) = f(s 'z,s71t) and
(s.m(f))(x) = m(f)(stz). In [1], this characterization was extended to the
case of any second countable locally compact group. It also holds in the case
of discrete measured equivalence relations. Clearly, the right framework that
unifies this notion of amenability is that of measured groupoids.

Definition 3.2 ([3, Def. 3.2.8]). A measured groupoid (G, A, ) is said to be
amenable if there exists a norm one projection m : L>°(G, o \) — L>®(G©), )

such that m(y x f) = ¢ x m(f) for every f € L*°(G, uo \) and every Borel
function ¢ on G such that sup,cg© A*(|2)]) < oo.

Recall that (v % £)() = [ ¥(n)f (1 1%) dX0(n) for f € L=(G, uo A) and
that we have (v f)(x) = [ $(n)f(n~'2) AN (n) for f € L(X, p).

The first definition of amenability for a measured groupoid is due to Renault
[66, Chap. II, §3]. It was expressed in different terms: as a generalization of
the classical Day condition or equivalently as generalizations of the Reiter
condition or of the Godement condition for groups.

Theorem 3.3 ([3, Prop. 3.2.14]). Let (G, \, u) be a measured groupoid. We

endow G with the measure o A. The following conditions are equivalent:

(i) (G, A\, u) is amenable;

(ii) [weak Day condition] there exists a sequence (gn) of nonnegative Borel
functions on G such that \(gn) =1 and

lim f+ gn — (A(f) 07)gn = 0

in the weak topology of L*(G) for all f € L*(G);
(iii) [weak Reiter condition] there exists a sequence (gn) of nonnegative Borel
functions on G such that \(gn) =1 and

h??l/lgn(w‘l’n) — gn(7)[dX" D (1) = 0

in the weak*-topology of L>=(G);
(iv) [weak Godement condition] there exists a sequence (£,,) of Borel functions
on G such that \(|¢,]?) = 1 for all n and

hin/&z(%)fn(v‘l%) AN () =1

in the weak*-topology of L>=(G).

3.4. Amenability of locally compact groupoids. The (topological) ame-
nability® of a locally compact groupoid G has been introduced by Renault
in [66]. In [3], it is defined as follows.

6From now on, amenability will implicitly mean topological amenability.
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Definition 3.5 ([3, Def. 2.2.1]). We say that a locally compact groupoid G is
amenable if there exists a net (or a sequence when G is o-compact) (m;), where
m; = (m¥)zeg® is a family of probability measures m? on G*, continuous in
the sense that z +— m?(f) is continuous for every f € C.(G), and such that
lim; ||[yms®) — mI™||; = 0 uniformly on every compact subset of G.

This notion has many equivalent definitions.

Theorem 3.6 ([3, Prop. 2.2.13]). Let G be a o-compact locally compact group-
oid. The following conditions are equivalent:

(i) G is amenable;

(i) [Reiter condition] there exists a sequence (g) in C.(G)" such that

lim A(g,) =1
uniformly on every compact subset of G0 and

hin/lgn(’y’lvl) — gn(1)[dX" P (y1) =0

uniformly on every compact subset of G;

(iii) there exists a sequence (hy,) of continuous positive definite functions with
compact support on G whose restrictions to G0 are bounded by 1 and such
that lim,, h,, = 1 uniformly on every compact subset of G;

(iv) [Godement condition] there exists a sequence (&) in C.(G) such that

MlE?) <1 foralln

and
e / &)y ) AN () =1

uniformly on every compact subset of G.

Recall that a function h on G is positive definite or of positive type if, for
every £ € GO neNand vi,...,7, € G% the n x n matrix [h('yi_lfyj)] is
nonnegative. For instance, given & on G such that A(|¢|?) is bounded on G(©),
the function v+ [€(y1)€(y~'y1) dA" ) (1) is positive definite.

Remarks 3.7. (a) In [3], it is assumed that G is second countable, but the
proof of the above theorem holds as well when G is o-compact. This observation
will be useful later when working with the groupoid 3,G x G.

(b) In the above characterizations, the boundedness conditions for the se-
quences (hy,) and (§,) are not necessary (see [3, Prop. 2.2.13]).

Definition 3.8 ([66, Chap. II, Def. 3.6], [3, Def. 3.3.1]). One says that a sec-
ond countable locally compact groupoid with Haar system (G, A) is measure-
wise amenable if, for every quasi-invariant measure g on G(9, the measured
groupoid (G, A, ) is amenable.
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Topological amenability is closely related to measurewise amenability. It
is not hard to see for instance that the Reiter condition of Theorem 3.6 im-
plies the weak Reiter condition of Theorem 3.3 for every quasi-invariant mea-
sure u. Therefore, topological amenability implies measurewise amenability.
It is a long-standing open question whether the converse is true. This has
been proved for étale groupoids [3, Cor. 3.3.8] and recently for locally compact
second countable semi-direct product groupoids [18, Cor. 3.29].

Remark 3.9. Let us consider the case of a locally compact semi-direct product
groupoid” G = X x G. Then topological amenability is for instance spelled out
as the existence of a net (m;) of weak*-continuous maps m; :  — m¥ from X
into the space of probability measures on G such that lim;||gm? — m{*|; =0
uniformly on every compact subset of X x G. In this case, we also say that
the G-action on X is amenable. ~

We set A = Co(X), and for every f € C.(X x G), we set f(s)(x) = f(x,s).
Then f is in the space C.(G, A) of continuous functions with compact sup-
port from G into A. Tt is also an element of the Hilbert A-module L?(G, A)
given as the completion of C.(G, A) with respect to the A-valued inner prod-

uct (&,m) = [ &(s)*n(s) dA(s). Finally, for £ € C.(G, A), we set (&:&)(s)(x) =
1) (t ), and we denote by the same symbol the continuous extension of
& to L2(G, A). If hi(y) = [&(n)& (1) AN (1) with & € Co(X x G),

we have

hi(t) () = /G&(%S)&(flm,flS)d/\(S) = (&, @ (&) (@).

It follows that the Godement condition characterizing the amenability of X x G
may be interpreted as the existence of a bounded net (7;) in L?(G, A) such
that (n;,a:(n;)) — 1 uniformly on compact subsets of G in the strict topology
of A.

The first tentative to define an amenable action of a group on a non-com-
mutative C*-algebra A was presented in [2]. The solution was not satisfactory
since it was limited to discrete groups and involved the bidual of A. Since the
end of the 2010s, a new interest in the subject has led to major advances [8,
17, 18, 63] and resulted in very nice equivalent definitions of amenability. One
of the definitions is the following extension of the commutative case described
above, called the approximation property (AP), first introduced in [25, 26] in
the setting of Fell bundles over locally compact groups. An action a: G ~ A
of a locally compact group on a C*-algebra A has the approximation property
(AP) if there exists a bounded net (or sequence in separable cases) (7;) in
C.(G,A) C L*(G, A) such that (n;,ac:(n;)) — a in norm, uniformly on compact
subsets of G, for every a € A. Here one sets again &;(n)(s) = a;(n(t~1s)) for
1 € C.(G,A), s,t € G. For interesting properties of amenable actions of locally
compact groups on C*-algebras, we refer to [18, 63].

"For these groupoids, the o-compactness assumption is not needed [5, Prop. 2.5].
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4. AMENABLE AT INFINITY GROUPOIDS

As already said, the property for a locally compact group G to be KW-exact
is equivalent to the existence of an amenable G-action on a compact space. In
order to try to extend this fact to a locally compact groupoid G, we need some
preparation.

4.1. First definitions. Let X be a locally compact space. A fiber space over
X is a pair (Y,p), where Y is a locally compact space and p is a continuous
surjective map from Y on X. For # € X, we denote by Y* the fiber p~1(z).
We say that (Y,p) is fiberwise compact if the map p is proper in the sense
that p~1(K) is compact for every subset K of X. Note that this property is
stronger than requiring each fiber to be compact.

Let (Y;,pi), i = 1,2, be two fiber spaces over X. The fibered product

{(y1,92) € Y1 x Ya | p1(y1) = p2(y2)},

equipped with the topology induced by the product topology, will be denoted
by Yi p*p, Y2. We say that a continuous map ¢ : Y7 — Y3 is a morphism of
fiber spaces if pa o = p1.

Definition 4.2. Let G be a locally compact groupoid. A left G-space is a fiber
space (Y, p) over X = GO, equipped with a continuous map (,y) — vy from
G s#p Y into Y, satisfying the following conditions:

o plyy) =r(y) for (v,y) € Goxp Y, and p(y)y =y for y € Y;

o if (y1,9) €G o, Y and (y2,m) € G, then (v271)y = 2 (n1y)-

Given such a G-space (Y, p), we associate a groupoid Y x G, called the
semi-direct product groupoid of Y by G. It is defined as in the case of group
actions except that, as a topological space, it is the fibered product Y ,*,. G
over X = G Although p is not assumed to be an open map, the range map
(y,7) = y from Y x G onto Y is open since the range map r : v — r(7) is open.
Moreover, if G has a Haar system (A*),cx, then Y x G has the canonical Haar
system y + d, x AP (identified with A(¥) on GP(¥)) (see [6, Prop. 1.4]). Note
that Y x G is an étale groupoid when G is étale.

We say that the G-space (Y,p) is amenable if the semi-direct product group-
oid Y x G is amenable. Note that if G is an amenable groupoid, every G-space
is amenable [3, Cor. 2.2.10].

There is a subtlety about the definition of amenability at infinity which leads
us to introduce two notions. We do not know whether they are equivalent in
general.

Definition 4.3. Let G be a locally compact groupoid and let X = GO, We

say that

(i) G is strongly amenable at infinity if there exists an amenable fiberwise
compact G-space (Y, p) with a continuous section o : X — Y of p;

(ii) G is amenable at infinity if there exists an amenable fiberwise compact
G-space.
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Examples 4.4. (a) Every locally compact amenable groupoid G is strongly
amenable at infinity since the left action of G on its unit space is amenable.
(b) Tt is easily seen that the semi-direct product groupoid G = X x G relative
to an action of a KW-exact (hence amenable at infinity) locally compact group
G on a locally compact space X is strongly amenable at infinity [6, Prop. 4.3].
This is also true for partial actions® of exact discrete groups [6, Prop. 4.23].

It is useful to have a criterion of amenablity at infinity which does not
involve Y but only G. Before proceeding further, we need to introduce some
notation and definitions. We set

G G={(r,m) €GxG|[r(y) =r(n)}

A subset of G %, G will be called a tube if its image by the map (y,7v1) — v 'm
is relatively compact in G. We denote by C;(G *, G) the space of continuous
bounded functions on G %, G with support in a tube.

We say that a function &k : G %, G — C is a positive definite kernel if, for
every z € X, n € Nand v1,...,7v, € G, the matrix [k(v;, ;)] is nonnegative,
that is,

n
Z wok(vi,v;) >0
ij=1
for aq,...,a, € C.
In the case of groups (for which amenability at infinity coincides with strong
amenability at infinity), let us recall the following result.

Theorem 4.5. A (second countable) locally compact group G is amenable at
infinity if and only if there exists a net (k;) of continuous positive definite
kernels k; : G x G — C with support in tubes such that lim; k; = 1 uniformly
on tubes.

When G is any discrete group, this is proved in [62], and when G is a locally
compact second countable group, this is proved in [22, Thm. 2.3 and Cor. 2.9],
which improves [5, Prop. 3.5]. One important ingredient in the proof of the
above theorem is the use of a universal compact G-space, namely the Stone—
Cech compactification SG of G if G is discrete and an appropriate variant of
it in general.

4.6. Fiberwise compactifications of G-spaces. In order to extend Theo-
rem 4.5 to the case of groupoids, we first need some information about fiberwise
compactifications of fiber spaces.

Definition 4.7. A fiberwise compactification of a fiber space (Y, p) over a lo-
cally compact space X is a triple (Z, p,q), where Z is a locally compact space,
q: Z — X is a continuous proper map and ¢ : Y — Z is a homeomorphism
onto an open dense subset of Z such that p = qo .

8For the definition, see (27, §1.2 and §L.5].
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We denote by Co(Y, p) the C*-algebra of continuous bounded functions g
on Y such that, for every € > 0, there exists a compact subset K of X satisfying
lg(y)| <eif y & p~(K). We denote by 3,Y the Gelfand spectrum of Co(Y, p).
The inclusion f +— f op from Cy(X) into Co(Y, p) defines a surjection pg from
BpY onto X. It is easily checked that (8,Y,pg) is fiberwise compact. We call
it the Stone-Cech fiberwise compactification of (Y,p). Note that, when X is
compact, then Co(Y,p) is the C*-algebra of continuous bounded functions on Y’
and ,Y is the usual Stone-Cech compactification SY of Y.

We observe that, even if p: ¥ — X is open, its extension pg : 5,Y — X is not
always open. Consider for instance Y = ([0,1] x {0}) U (]1/2,1] x {1}) C R?
and let p be the first projection on X = [0,1]. Then

BpY = BY = ([0,1] x {0}) L (B]1/2,1] x {1}).
The fibers of 3,Y are the same as those of Y except

(BY)M? = ({1/2} x {0}) U ((8]1/2, 1]\ ]1/2,1]) x {1}).

Then 3,Y \ ([0,1] x {0}) is open and its image by pg is [1/2,1].
The next proposition shows that (8,Y, pg) is the solution of a universal
problem.

Proposition 4.8 ([6, Prop. A.4]). Let (Y,p) and (Y1,p1) be two fiber spaces
over X, where (Y1,p1) is fiberwise compact. Let o1 : (Y,p) — (Y1,p1) be a mor-
phism. There exists a unique continuous map ®1 : B,Y — Y7 which extends 1.
Moreover, ®, is proper and is a morphism of fiber spaces, that is, pg = p1 o ®;.

We assume now that (Y, p) is a G-space. A G-equivariant fiberwise compact-
ification of the G-space (Y, p) is a fiberwise compactification (Z, ¢, q) of (Y, p)
such that (Z, ¢) is a G-space satisfying ¢(vy) = vo(y) for every (v,y) € G s, Y.

We need to extend the G-action on (Y,p) to a continuous G-action on
(8pY,pg). Even in the case of a non-discrete group action G ~ Y, this is
not possible in general: we have to replace Y by the spectrum of the C*-alge-
bra of bounded left-uniformly continuous functions on G [5]. In the groupoid
case, it is more complicated, and we will limit ourselves to the case of étale
groupoids.

Proposition 4.9 ([6, Prop. 2.5]). Let (Y,p) be a G-space, where G is an étale
groupoid. The structure of G-space of (Y,p) extends in a unique way to the
Stone—Cech fiberwise compactification (BpY,pg) and makes it a G-equivariant
fiberwise compactification.

Proposition 4.10 ([6, Prop. 2.6]). Let G be an étale groupoid and (Y, p),
(Y1,p1) be two G-spaces. We assume that (Y1,p1) is fiberwise compact. Let
v1:(Y,p) — (Y1,p1) be a G-equivariant morphism. The unique continuous map
®y: B Y — Y1 which extends @1 is G-equivariant.

4.11. Amenability at infinity for étale groupoids. We view the fiberwise
space 7 : G — G in an obvious way as a left G-space. Its G-equivariant
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fiberwise compactification (8,G,rg) will play an important role in the sequel
because of the following observation.

Proposition 4.12. An étale groupoid G is strongly amenable at infinity if
and only if the Stone—Cech fiberwise compactification (5,G,rg) is an amenable
G-space.

Proof. In one direction, we note that the inclusions G(© ¢ G ¢ ,G provide
a continuous section for rg, and therefore the amenability of the G-space 3,G
implies the strong amenability at infinity of G. Conversely, assume that (Y, p, o)
satisfies the conditions of Definition 4.3. We define a continuous G-equivariant
morphism ¢ : (G,7) — (Y, p) by

o(y) = yo 0 5(7).

Then, by Proposition 4.10, ¢ extends in a unique way to a continuous G-equi-
variant morphism ® from (8,G, ) into (Y, p). Note that ®(5,G) is a closed
G-invariant subset of Y. Now, it follows from [3, Prop. 2.2.9 (i)] that G ~ 3,G
is amenable since G ~ ®(3,G) is amenable. O

The space 3,G has the serious drawback that it is not second countable in
most of the cases, but however it is o-compact when G is second countable.
On the other hand, it has the advantage of being intrinsic. Moreover, it is
possible to build a second countable amenable fiberwise compact G-space out
of any amenable fiberwise compact G-space when G is second countable and
étale [6, Lem. 4.9].

Theorem 4.13. Let G be a second countable étale groupoid. The following
conditions are equivalent:
(i) G is strongly amenable at infinity;
(ii) there exists a sequence (ky) of bounded positive definite continuous kernels
on G *,. G supported in tubes such that
(a) for everym, the restriction of k,, to the diagonal of G %, G is uniformly
bounded by 1;
(b) limy, k, = 1 uniformly on tubes.

Proof. By Theorem 3.6, the groupoid 8,G x G is amenable if and only if there
exists a net (h,,) of continuous positive definite functions in C.(3,.G % G), whose
restriction to the set of units are bounded by 1, such that lim; h; = 1 uniformly
on every compact subset of 3,.G x G.

For (y1,72) € G *. G, we set kp(y1,72) = hn(’yfl,’yflﬁyg). Then we check
that k, is a positive definite kernel bounded by 1 on the diagonal, supported
in a tube, and that lim; k,, = 1 uniformly on tubes.

The converse is proved similarly (see [6, Thm. 4.13 and Thm. 4.15] for
details). O

As observed in [6, Rem. 3.4 and Rem. 4.16], it suffices in (ii) (a) above to
require that each k,, is bounded.
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5. ABOUT EXACTNESS FOR GROUPOIDS

5.1. Equivalence of several definitions of exactness for étale group-
oids.

Definition 5.2. Let G be a locally compact groupoid. We say that G is
KW-ezact if, for every G-equivariant exact sequence 0 - I -+ A — B — 0 of
G-C*-algebras, the corresponding sequence

0—Cx(G,I)—C:G,A) —C:G,B)—0

of reduced crossed products is exact. We say that G is C*-ezact if C(G) is an
exact C*-algebra.

For the definition of actions of locally compact groupoids on C*-algebras and
the construction of the corresponding crossed products, we refer for instance
to [43] or [6, §6.2]. As in the case of groups, we easily see that amenability
at infinity implies KW-exactness, which in turn implies C*-exactness (see for
instance [5, Thm. 7.2] for groups and [6, § 7] for groupoids). The main problem
is to see if C"-exactness of an étale groupoid implies its amenability at infinity
as it is the case for discrete groups.

In this section, we will adapt to the étale groupoid case our proof of the fact
that an inner amenable locally compact C*-exact group is amenable at infinity
[5, Thm. 7.3]. We need first to define inner amenability for groupoids.

Definition 5.3. Let G be a locally compact groupoid. Following [71, Def. 2.1],
we say that a closed subset A of G x G is proper if, for every compact subset
K of G, the sets (K x G)N A and (G x K)N A are compact. We say that
a function f: G x G — C is properly supported if its support is proper.

Given a groupoid G, let us observe that the product G x G has an obvious
groupoid structure, with X x X as set of units, where X = G(®). Observe that
amap f:G x G — Cis positive definite if and only if, given an integer n, (z,y) €
X x X and 71, .., Y0 € G5, 1, -y € GY, the matrix [f(vy; My, m; ;)i is
nonnegative.

Definition 5.4. We say that a locally compact groupoid G is inner amenable
if, for every compact subset K of G and for every € > 0, there exists a continuous
positive definite function f on the product groupoid G x G, properly supported,
such that f(z,y) <1 for all z,y € G© and such that |f(v,7) — 1| < ¢ for all
vyeK.

This terminology is justified by the fact that, for a locally compact group,
the above property is equivalent to the notion of inner amenability introduced
in Section 1. That this property for groups implies inner amenability is proved
in [21]; the reverse is almost immediate [5, Prop. 4.6].

Every amenable locally compact groupoid G is inner amenable since the
groupoid G x G is amenable and therefore Theorem 3.6 applies to this groupoid.
Every closed subgroupoid of an inner amenable groupoid is inner amenable [6,
Cor. 5.6]. Every semi-direct product groupoid X x G is inner amenable as

Miinster Journal of Mathematics VoL. — (—), 199-199



214 CLAIRE ANANTHARAMAN-DELAROCHE

soon as G is an inner amenable locally compact group [6, Cor. 5.9]. We do not
know whether every étale groupoid is inner amenable.

Theorem 5.5. Let G be a second countable inner amenable étale groupoid.
Then the following conditions are equivalent:

(i) G is strongly amenable at infinity;

(ii) G is amenable at infinity;

(iii) CH(BrG % G) is nuclear;

(iv) CH(B,G % G) is exact;
(v) G is KW-ezact;
(vi) Cr(G) is exact.

The following implications are immediate or already known:
(i) (i) (v)

l !

(i) == (iv) == (vi).

The implication (i) = (iii) is proved in [3, Cor. 6.2.14] for second countable
locally compact groupoids, but this result extends to the groupoid 5,.G x G
when G is second countable locally compact and étale (see [6, Prop. 7.2]).

It remains to show that (vi) implies (i). We give below an idea of the proof
which is detailed in [6, §8].

» The first step is to extend Kirchberg’s characterization of exact C*-alge-
bras as being nuclearly embeddable into some B(H) as follows.

Lemma 5.6 ([6, Lem. 8.1]). Let A, B be two separable C*-algebras, where
B is nuclear. Let € be a countably generated Hilbert C*-module over B. Let
t:A— Bg(€) be an embedding of C*-algebras. Then A is exact if and only if
L 1s nuclear.

The two main ingredients of the proof of this lemma are the Kasparov
absorption theorem and the Kasparov—Voiculescu theorem [38, Thm. 2 and
Thm. 6] that allow us to reduce the situation to the case of Hilbert spaces.

» The second step is the following approximation theorem. Recall that
a completely positive contraction ® : A — B between two C*-algebras is fac-
torable if there exists an integer n and completely positive contractions i :
A — M,(C), ¢ : M,(C) — B such that ® = pot. A map ¥:Cs(G) — B is
said to have a compact support if there exists a compact subset K of G such
that ¥(f) = 0 for every f € C.(G) with (Supp f)N K = @.

Theorem 5.7 ([6, Cor. 8.4]). Let B be a C*-algebra and let ® : C}(G) — B
be a nuclear completely positive contraction. Then, for every € > 0 and every
ai,...,a; € CH(G), there exists a factorable completely positive contraction
U : CHG) — B, with compact support, such that

1 (a;) — @(a;)]| <e fori=1,...,k.
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» Finally, we need the following result due to Jean Renault (private com-
munication). Given f: G x G — C, we set f,(v') = f(v,7).

Lemma 5.8 ([6, Lem. 8.5]). Let G be a locally compact groupoid.

(a) Let f € C.(G) be a continuous positive definite function. Then f viewed
as an element of C}(G) is a positive element.

(b) Let f:G x G — C be a properly supported positive definite function. Then
v+ fy s a continuous positive definite function from G into C}(G).

» We can now proceed to the proof of (vi) = (i) in Theorem 5.5.

Proof of (vi) = (i). We fix a compact subset K of G and € > 0. We want to
find a continuous bounded positive definite kernel k € C(G *, G) such that
|k(v,71) — 1| < & whenever y~1y; € K (see Theorem 4.13).

We set & = 2 )(G) with X = G, Recall that \* is the counting measure
on G*. We first choose a bounded, continuous positive definite function f
on G x G, properly supported, such that |f(y,7) — 1] <&/2 for v € K and
flz,y) <1for (z,y) € X x X. By Lemma 5.6, the regular representation A is
nuclear. Then, using Theorem 5.7, we find a compactly supported completely
positive contraction ® : C;(G) — Be,(x)(€) such that?

[®(fy) — fHll <e/2

for v € K. We also choose a continuous function ¢ : X — [0, 1] with compact
support such that £(z) = 1 if x € s(K) Ur(K).

Let (v,71) € G #- G. We choose an open bisection S such that v € S and
a continuous function ¢ : X — [0,1], with compact support in 7(S) such that
@(x) =1 on a neighborhood of (). We denote by &, the continuous function
on G with compact support (and thus &, € £) such that

E,(Y)=0ify ¢S, () =por(y)Eos(y)ify €8,

Note that ||£,]|e < 1. We define &, similarly with respect to 1.
Then we set

k(v,m) = <f¢7(1)(fv—171)5901>(r(7))
= &0 s(7)(P(fy-14,)801) (7)-

We observe that k(v,71) does not depend on the choices of S, ¢, S, 1.

Since vy — f, is a continuous positive definite function from G into C}(G) and
since ® is completely positive, we see that k is a continuous and positive definite
kernel. Moreover, there is a compact subset K of G such that ®(f,) =0 when
v ¢ Kj, because ® is compactly supported, and f is properly supported. It
follows that k is supported in a tube.

We fix (7,71) € G *, G such that y~1y; € K. Then we have

[k(vsm) =1 < e/2+ [(§ps fy-17. €00 (r(7) — 1]

IWe write f~ instead of A(fy) for simplicity of notation.
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and

(o 11 )(r()) = €0 s(E 0 s(M)F (v 91,97 ).
Observe that s(v) € r(K) and s(y1) € s(K) and therefore

§os(y)=1=¢§os(mn).
It follows that

lk(y,m) =1 <e/2+|f(v "y,7 'n) — 1| <e.

To end the proof, it remains to check that %k is a bounded kernel. Since this
kernel is positive definite, it suffices to show that v — k(~,~) is bounded on G.
We have

k(v 7) = (Eor P(fs(3)€e) (r(7) < 1R (Fs()II-

Our claim follows since ®(fs()) =0 when s(y) ¢ K1 N X and z + f, is con-
tinuous from the compact set K3 N X into C}(G). O

Remark 5.9. Let a: ' ~ X be an action of a discrete group on a locally
compact space X. Since the groupoid X x G is inner amenable, Theorem 5.5
applies. Therefore, Co(X) %, ' is exact if and only if the groupoid X x T is
KW-exact. More generally, this holds for any partial action such that the do-
mains of the partial homeomorphisms «; are closed (in addition to being open).
Indeed, it not difficult to show that the groupoid X x I' is inner amenable
(directly, or using the fact that such partial actions admit a Hausdorfl global-
ization [27, Prop. 5.7]).

For general partial actions of I', the situation is not clear. We do not know
whether X x I' is inner amenable in this case. If I' is exact the semi-direct
product groupoid X x T is strongly amenable at infinity [6, Prop. 4.23], and
therefore Cf(X x T') is exact. This had been previously shown in [7, Cor. 2.2]
by using Fell bundles.

5.10. Inner exactness. We introduce now a very weak notion of exactness.
First let us make some reminders. Let G be a locally compact groupoid. Recall
that a subset E of X = G(©) is said to be invariant if s(vy) € E if and only if
r(y) € E. Let F be a closed invariant subset of X and set U = X \ F. It
is well-known that the inclusion ¢ : C.(G(U)) — C.(G) extends to an injective
homomorphism from C*(G(U)) into C*(G) and from C}(G(U)) into C}(G).
Similarly, the restriction map 7 : Cc(G) — C.(G(F')) extends to a surjective
homomorphism from C*(G) onto C*(G(F')) and from C}(G) onto C;(G(F)).
Moreover, the sequence

0 — C*(G(U)) = C*(G) = C*(G(F)) = 0

is exact. For these facts, we refer to [66, p.102], or to [65, Prop. 2.4.2] for
a detailed proof. On the other hand, the corresponding sequence

(1) 0—=CHGU)) = Cr(9) = CL(G(F)) = 0
with respect to the reduced groupoid C*-algebras is not always exact, as shown
in [67, Rem. 4.10] (see also Proposition 5.17 below).
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Definition 5.11. A locally compact groupoid such that sequence (1) is exact
for every closed invariant subset F' of X called KW-inner exact or simply inner
ezxact.

We will see that the class of inner exact groupoids plays a role in the study of
the (WCP). It is also interesting in itself and now plays a role in other contexts
(see for instance [10, 11, 15]). This class is quite large. It includes all locally
compact groups and more generally the groupoids that act with dense orbits
on their space of units. This class is stable under equivalence of groupoids [52,
Thm. 6.1]. Of course, KW-exact groupoids are inner exact.

5.12. The case of group bundle groupoids. We first need to recall some
definitions.

Definition 5.13 ([48, Def. 1.1]). A field (or bundle) of C*-algebras over a lo-
cally compact space X is a triple A = (A, {7y : A = Ay }sex, X) where A, A,
are C*-algebras and where 7, is a surjective x-homomorphism such that
(i) {7z |z € X} is faithful, that is, ||a|| = sup,cx||7(a)|| for every a € A;
(ii) for f € Co(X) and a € A, there is an element fa € A such that 7,(fa) =
f(@)me(a) for z € X;
(iii) the inclusion of Co(X) into the center of the multiplier algebra of A is
non-degenerate.
We say that the field is (usc) upper semi-continuous and (Isc) lower semi-
continuous if the function x — ||7,(a)| is upper semi-continuous and lower
semi-continuous, respectively, for every a € A.
If for each a € A, the function x — |7, (a)|| is in Co(X), we will say that A
is a continuous field of C*-algebras.*

Recall that a Co(X)-algebra A is a C*-algebra equipped with a non-degen-
erate homomorphism from Co(X) into the multiplier algebra of A (see [77,
App. C.1]). For x € X, we denote by C;(X) the subalgebra of Co(X) of func-
tions that vanish at . Note that a Co(X )-algebra A gives rise to an usc field of
C*-algebras with fibers A, = A/C,(X)A (see [70, Prop. 1.2] or [77, App. C.2]).
We will use the following characterization of usc fields of C*-algebras.

Lemma 5.14 ([48, Lem. 2.3], [6, Lem. 9.4]). Let A be a field of C*-algebras on
a locally compact space X . The function x> ||7.(a)|| is upper semi-continuous
at xq for every a € A if and only if kerm,, = Cyo(X)A

We apply this fact to the reduced C*-algebra of a groupoid group bundle G
as defined in Example 2.4 (b). The structure of Co(X )-algebra of the C*-alge-
bra C¥(G) is defined by (fh)(y) = for(y)h(y) for f € Co(X) and h € C.(G) (see
[65, Lem. 2.2.4], [54, §5]). We set U, = X \ {z}. Then we have C*(G(U,)) =
Cx(X)C(G). We get that C}(G) is an usc field of C*-algebras over X with
fiber C3(G)/C.(X)C(G) = C(G)/Cr(G(Uy)) at .

On the other hand, (C}(G),{ms : C}(G) — C(G(x))}) is lower semi-contin-
uous (see [65, Thm. 2.4.6] or [54, Thm. 5.5]). Then it follows from Lemma 5.14

101y [48], this is called a continuous bundle of C*-algebras.
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that the function x — |7z (a)|| is continuous at zo for every a € C}(G) if and
only if the following sequence is exact:

0 — CF(G(Usy)) — CE(G) 2% O (G(x0)) — 0.

Proposition 5.15. Let G be a group bundle groupoid on X. The following
conditions are equivalent:

(i) G is inner exact;

(il) for every x € X, the following sequence is exact:

0= CHG(X \{z})) = C7(9) = C7(G(x)) = 0;
(iii) C*(G) is a continuous field of C*-algebras over X with fibers C*(G(x)).

Proof. (i) = (ii) is obvious and (ii) = (iii) is a particular case of the previous
observation. Assume that (iii) holds true and, given an invariant closed subset
F of X, let us show that the following sequence is exact:

0= CHEX\ F)) = C7(G) = CL(G(F)) = 0.

Let a € C}(G) be such that m(a) = 0 for every x € F'. Let ¢ > 0 be given.
Then K = {z € X, ||7.(a)|| > ¢} is a compact subset of X with K N F' = &. Take
felo(X), f: X —10,1] with f(z) =1 for x € K and f(z) =0 for x € F. We
have |la — fal| < e and fa € C}(G(X \ F)). Therefore, a € C(G(X \ F)). O

5.16. The case of HLS groupoids. The following class of étale group bundle
groupoids (that we call HLS-groupoids) was introduced by Higson, Lafforgue
and Skandalis [34] in order to provide examples of groupoids for which the
Baum-Connes conjecture fails. We consider an infinite discrete group I' and
a decreasing sequence (Ny)ren of normal subgroups of T' of finite index. We
set I'oo =T and I’y = I'/Ny, and we denote by ¢ : I' — I'y, the quotient ho-
momorphism for k in the Alexandroff compactification Nt of N. Let G be the
quotient of NT x I' with respect to the equivalence relation

(k,t) ~ (Lu)if k=1 and qu(t) = qu(u).

Then G is the bundle of groups k ~ I';, over NT. The range and source maps are
given by r([k,t]) = s([k,t]) = k, where [k, t] = (k, qr(t)) is the equivalence class
of (k,t). We endow G with the quotient topology. Then G is Hausdorff (and
obviously an étale groupoid) if and only if, for every s # 1, there exists ko such
that s ¢ Ny, for k > ko (hence I is residually finite). We keep this assumption.
Such examples are provided by taking I' = SL,,(Z) and Ty, = SL,,(Z/kZ) for
k>2.

For these HLS groupoids, the exactness of C*(G) is a very strong condition
which suffices to imply the amenability of T as shown by Willett in [76].

Proposition 5.17. Let us keep the above notation. We assume that T' is
finitely generated. Then the following conditions are equivalent:

(i) T is amenable;

(il) G is amenable;

(iii) G is KW-ezxact;
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(iv) G is inner exact;

(v) the sequence 0 — CF(G(N)) — CF(G) — C*(G(o0)) — 0 is ezxact;
(V') C*(G) is a continuous field of C*-algebras with fibers C¥(G(x));
(vi) Cr(G) is nuclear;

(vii) C(G) is exact.

Proof. The equivalence between (i) and (ii) follows for instance from [76,
Lem. 2.4]. That (ii) = (iii) = (iv) = (v) is obvious, and by Proposition 5.15,
we have (v) = (v'). Let us prove that (v/) = (i). Assume by contradiction
that T" is not amenable. We fix a symmetric probability measure p on I' with
a finite support that generates I' and we choose ng such that the restriction of
gn to the support of u is injective for n > ng. We take a € C.(G) C C*(G) such
that a(vy) = 0 except for v = (n, ¢,(s)) with n > ng and s € Supp(u), where
a(y) =p(s). Thenm,(a) =0if n <ng and m,(a) =Ar, (u) € C (') =Cr(G(n))
if n > ng, where Ar, is the quasi-regular representation of I' in ¢(T',). By
Kesten’s result [40, 41] on spectral radii relative to symmetric random walks,
we have |[Ar, (i#)|lcx(r,) = 1 for N> n >mng and |[Ar_, (#)llcs ) < 1 since I’
is not amenable. It follows that C*(G) is not a continuous field of C*-algebras
with fibers C*(G(n)) on NT, a contradiction.

We know that (ii) = (vi) = (vii). For the fact that (vii) = (i), see [76,
Lem. 3.2]. O

Given a group bundle groupoid, it may happen that G(z) is a C*-exact
group for every z € G(©), whereas G is not C*-exact. Indeed, if G is an HLS
groupoid associated with a group I' that has Kazdhan’s property (T), then the
sequence

0= Cr(G(N)) = C(G) = Cr(G(o0)) =0
is not exact (it is not even exact in K-theory!) [34]. As an example, we can
take the exact group I' = SL(3,Z). The previous proposition shows that C*(G)
is not exact. Willett has given an even more surprising example with I' = Fy,
the free group with two generators (see below).

6. WEAK CONTAINMENT, EXACTNESS AND AMENABILITY

Definition 6.1. Let G be a locally compact groupoid. We say that G has the
weak containment property, (WCP) in short, if the canonical surjection from
its full C*-algebra C*(G) onto its reduced C*-algebra C;¥(G) is injective, i.e.,
the two completions C*(G) and C(G) of C.(G) are the same.

A very useful theorem of Hulanicki [35, 36] asserts that a locally compact
group G has the (WCP) if and only if it is amenable. While it has long
been known that every amenable locally compact groupoid has the (WCP)
[67, 3], whether the converse holds was a long-standing open problem (see [3,
Rem. 6.1.9]). Remarkably, in 2015, Willett [76] published a very nice example
showing that a group bundle groupoid may have the (WCP) without being
amenable. His example is a HLS groupoid where (T',,) is a well chosen sequence
of subgroups of the free group with two generators Fo. Therefore, the groupoid
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version of Hulanicki’s theorem is not true in general. However, there are many
positive results, all of which involve an additional exactness assumption.

A first result in this direction is due to Buneci [14]. She proved that a second
countable locally compact transitive groupoid G having the (WCP) is mea-
surewise amenable. The (topological) amenability of G can also be proved by
observing that it is preserved under equivalence of groupoids [3, Thm. 2.2.17],
as well as the (WCP) [73, Thm. 17], and using the fact that G is equivalent to
any of its isotropy group by transitivity [58].

It is only in 2014 that a second result appeared, linking amenability and the
(WCP).

Theorem 6.2 ([57]). Let T' be a discrete group acting by homeomorphisms
on a compact space. Then the semi-direct product groupoid is amenable if and
only if it has the (WCP) and T is exact.

Note that the exactness of I' is equivalent to the strong amenability at
infinity of the groupoid X x I since X is compact and T is discrete (see [6,
Prop. 4.3 (i)]). Recently, the above theorem has been extended by Kranz as
follows.

Theorem 6.3 ([51]). Let G be an étale groupoid. Then G is amenable if and
only if it has the (WCP) and is strongly amenable at infinity.

Assuming that G has the (WCP) and is strongly amenable at infinity,
Kranz’s strategy to prove that G is amenable is the same as that of [57], but
with additional technical difficulties. It consists in showing that the canon-
ical inclusion of C}(G) into its bidual C}(G)** is nuclear. Then, by [13,
Prop. 2.3.8], one sees that C(G) is nuclear, and by [13, Thm. 5.6.18], it fol-
lows that the groupoid G is amenable. The delicate step, which requires in
a crucial way that G is étale, is to show the existence of a completely positive
map ¢ : C¥(B8-G x G) — C}(G)*™ whose restriction to C;(G) is the inclusion
from C*(G) in its bidual. Since C}(8,G x G) is nuclear (see [6, Prop. 7.2]), this
inclusion is nuclear.

By a different method, the following extension of Theorem 6.2 was obtained
in [18]. Note that, unlike the case where X is compact, it is not true in general
that G is KW-exact when X x G is amenable.

Theorem 6.4 ([18, Thm. 5.15]). Let G ~ X be a continuous action of a locally
compact group G on a locally compact space X. We assume that G is KW-exact
and that X x G has the (WCP). Then the groupoid X x G is amenable.

It is interesting to note that the behavior is different for group actions on
non-commutative C*-algebras. For instance, in [18, Prop. 5.25], a surprising
example of a non-amenable action having the (WCP) of the exact group G =
PSL(2,C) on the C*-algebra of compact operators has been constructed. It
would be interesting to construct an example with an exact discrete group.

For group bundle groupoids, we have the following easy result.
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Proposition 6.5. Let G be a second countable locally compact group bundle
groupoid over a locally compact space X. Then G is amenable if and only if it
has the (WCP) and is inner exact.

Proof. Assume that G has the (WCP) and is inner exact and let z € X. We
set Uy = X \ {z}. In the commutative diagram

0 —— C*(G(U,)) —— C*(G) —— C*(G(z)) —— 0

| b e

0 —— CH(G(Us)) — Cr(G) — Ci(G(x)) — 0,

both sequences are exact and A is injective. Chasing through the diagram, we
see that Ag(,) is injective (i.e., the group G(x) is amenable). This ends the
proof since, by [68, Thm. 3.5], the group bundle groupoid G is amenable if and
only if G(x) is amenable for every z € X. O

The cases of transitive groupoids and of group bundle groupoids are included
in the following result of Bonicke. His nice elementary proof is reproduced in
[6, Thm. 10.5].

Theorem 6.6 ([9]). Let G be a second countable locally compact groupoid such
that the orbit space G\ GO equipped with the quotient topology is Ty. Then
the following conditions are equivalent:

(i) G is amenable;

(ii) G has the (WCP) and is inner exact.

7. OPEN QUESTIONS

7.1. About amenability at infinity and inner amenability.

(1) The notion of strong amenability at infinity has proven to be more use-
ful than amenability at infinity. But are the two notions equivalent?
Note that, by Theorem 5.5, this is true for every second countable in-
ner amenable étale groupoid.

(2) It would be interesting to understand better the notion of inner amena-
bility for locally compact groupoids. Is it invariant under equivalence of
groupoids? Are there étale groupoids that are not inner amenable? In
particular, if G is a discrete group acting partially on a locally compact
space X, is it true that the corresponding partial transformation groupoid
is inner amenable? This is true when the domains of the partial home-
omorphisms are both open and closed, but what happens in general? It
would also be interesting to study the case of HLS groupoids.

7.2. About exactness for groups.

(3) Let us denote by [InnAmen] the class of locally compact inner amenable
groups and by [Tr] the class of groups whose reduced C*-algebra has a tra-
cial state. Groups G in each of these two classes and such that C*(G) is
nuclear are amenable [5, 59]. Almost connected groups are amenable at
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infinity [50, Thm. 6.8], [5, Prop. 3.3]. Their full C*-algebras are nuclear.
So they are in [InnAmen] or in [Tr] if and only if they are amenable. This
latter observation applies also to groups of type I.

We denote by [C] the class of locally compact groups for which C*-
exactness is equivalent to KW-exactness. It contains [[nnAmen| and [Tr].
Almost connected groups are in [C] since they are KW-exact. The case of
groups of type I is not clear. Of course, they are C*-exact, but are they
KW-exact? In support of this question, we point out that it is conjectured
that every second countable locally compact group of type I has a cocom-
pact amenable subgroup [19], a property which implies amenability at
infinity [3, Prop. 5.2.5].

It would be interesting to find more examples in the class [C]. It seems
difficult to find examples not in [C]. Note that this class is preserved by
extensions

0-N—-G—->G/N—=0

where N is amenable. Indeed, since N is amenable, C¥(G/N) is a quotient
of C;(G) (see the proof of [20, Lem. 3.5]). Assume that G is C*-exact
and that G/N € [C]. Then the group G/N is C*-exact and therefore KW-
exact. It follows that G is KW-exact since the class of KW-exact groups
is preserved under extension [50, Prop. 5.1].

There are examples of non-inner amenable groups in [Tr]. But are there
inner amenable groups which are not in [Tr]? Note that the subclass [IN]
of InnAmen)] is contained into [Tr] (see [29, Thm. 2.1]). To see this, let
us first recall that a locally compact group G is in [IN] if its identity e has
a compact neighborhood invariant under conjugacy. It is in [SIN] if e has
a basis of such neighborhoods. If a locally compact group G is in [IN], it
has a compact normal subgroup K such that G/K € [SIN] (see [37]). It
follows that the problem is reduced to see that [SIN] C [Tr] because the
class [Tr] is stable under extensions by amenable groups. Since groups in
[SIN] are unimodular, the inclusion [SIN] C [Tr] is a consequence of [23,
Prop. 13.10.5], where it is proved that a unimodular locally compact group
G is in [SIN] if and only if its von Neumann algebra L(G) is finite. Since
C}(G) is weakly dense into L(G), we get that it has a tracial state.

. About exactness for groupoids.

In [48], Kirchberg and Wassermann have constructed examples of contin-
uous fields of exact C*-algebras on a locally compact space, whose C*-
algebra of continuous sections vanishing at infinity is not exact. Are there
examples of étale group bundle groupoids G, whose reduced C*-algebra is
not exact, whereas

(CH(G),{ma : CF(G) = CF(G(2))aeg, G)

is a continuous field of exact C*-algebras (compare with Proposition 5.17)7
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A similar question is asked in [52, Quest. 3]: if G is an inner exact locally
compact group bundle groupoid, whose fibers are KW-exact groups, is it
true that G is KW-exact?

Let G be a locally compact groupoid. We have

1 2
amenability at infinity ¥> KW-exactness ¥> C™-exactness.

Let us recap what is known about the reversed arrows and what is still
open.

When G is an étale inner amenable groupoids, the above three notions
of exactness are equivalent (Theorem 5.5). Does this fact extend to any
inner amenable locally compact groupoid? Without the assumption of
inner amenability, nothing is known.

As already said, it seems difficult to find an example of a locally compact
group which is C*-exact but not KW-exact. Could it be easier to find an
example in the context of locally compact groupoids?

If G is a KW-exact locally compact group, every semi-direct product
groupoid (relative to a global or to a partial action) is strongly amenable
at infinity [6, Prop. 4.3 and Prop. 4.23] and therefore KW-exact. Does
KW-exactness of X x G imply that X x G is amenable at infinity in gen-
eral? Note that the notion of exactness for a semi-direct product groupoid
X x T, where I is a discrete group, is not ambiguous by Theorem 5.5.

. (WCP) vs amenability.

Are there examples of inner exact groupoids G which have the (WCP)
without being amenable? By [9], one should look for examples for which
the orbit space G \ G is not Tp.

We have seen that if an étale locally compact groupoid G is assumed
to be strongly amenable at infinity, the (WCP) implies its amenability
(Theorem 6.3). Is it true in general, or at least for a semi-direct product
groupoid X x G with X and G locally compact? Recall that this holds
when G is KW-exact [18, Thm. 5.15], a property stronger than strong
amenability at infinity.

Let G be a discrete group and let X = G = G \ G be its boundary
equipped with the natural action of G. The weak containment property
for OG x G implies that this groupoid is amenable. Indeed, the (WCP)
implies that the sequence

0= CHGxG)— CHBG xG) = CHOG xG) =0

is exact. Roe and Willett have proven in [72] that this exactness property
implies that G is exact. It follows that G ~ G is amenable and therefore
G ~ OG is amenable too. Can we replace G by BG, that is, if G ~ BG
has the (WCP), can we deduce that G ~ 8G is amenable? This is asked
in [16, Rem. 4.10].

Acknowledgments. I thank Julian Kranz, Jean Renault and the referee for
useful remarks and suggestions.
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