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Abstract

In optimal control theory there are often problems where the control takes on only
values from a discrete set of given points. These problems are called multi-bang control
problems. They are challenging since the penalty functional that achieves that the
control takes on only values from the discrete set is neither convex nor lower semi-
continuous. Replacing this penalty functional by its convex regularization yields that
we can derive a primal-dual optimality system. It can be shown that the primal-dual
optimality system has a unique solution and under certain condition coincides with the
solution of the original problem. The Moreau-Yosida approximation can be applied
to the optimality system. The regularized system is amenable to a solution with a
semismooth Newton method.
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1. Introduction

If one works in the field of optimal control theory, one can find problems where the
control variable takes on only two different values. One of the standard introduction
problems is the drag racing pilot who needs to cover a given distance in minimal time.
To achieve this goal he needs to use maximum acceleration and after some meters max-
imum breaking, in order to be able to stop at the finishing line.

This kind of optimal control problem is called bang-bang control problem. Christian
Clason and Karl Kunisch introduced a multi-bang control in their paper ‘Multi-Bang
Control of Elliptic Systems’ [7]. According to this paper a multi-bang control is a control
that takes on only values from a discrete set of given points. The two authors considered
in their paper the following problem:

d
1 « 2
min s ||y — 2| + 5 ||u||72 + u(x) — u;i|p de,
nin 4 lly — =1+ § Jullf2 + 8 ] 1T ju(e) — iy W

s. t. Ay =wu, u; < wu(z) < ug for almost every z € €,

for given a, 8 > 0, real numbers u; < ... < ug,d > 2 and a target z € L?*(Q). They
assumed that V is a Hilbert space and that A: V — V* is an isomorphism. Moreover, the
embeddings V' < L?(Q) < V* should be continuous, compact and dense. Furthermore,
|-|o is defined as follows:
0 ift=0,
[tly = {

1 ift#£0.
They have proven that they can find a unique solution if they take the convex relaxation
d
of § ull22 + 8 g{ 'Hl |u(x) — u;|,dz and that this solution is continuously dependent of
1=

the target z. Additionally, they were able to show that one can find conditions under
which the solution of the problem with the relaxation is the solution of ((1.1J).

This work aims to prove that problem still has a unique solution in two dimen-
sions, i.e. we consider vector-valued functions y and wu instead of scalar functions. It
is too difficult to prove this in generality in two dimensions since R? is not ordered.
Therefore, we want to prove it for a given set of eight control states and for § = oc.
Moreover, we take the indicator function instead of |-|,. During the thesis we find some
points at which we can give more general statements. Furthermore, we look only on
a special constraint. We have decided to take the linearised elasticity equation as the
constraint because in this equation the two components of the vector field are linked.



1. Introduction

Consequently, we are not able to use the theorems from Clason and Kunisch in each
component. We have not found a real application of this model yet. We could make
up some artificial problem with an area that is full of Piezo elements. These elements
convert a force into electric voltage or vice versa. This in not a problem someone has to
deal with in reality.

This thesis is organized in the following way. The next chapter deals with the linearised
elasticity equation. We start with the problem that is to be modelled and derive from
this the linearised elasticity equation. Afterwards, we prove in that the linearised
elasticity equation has a unique solution. In chapter |3| we give a short introduction to
optimal control theory. Chapter [4] contains all definitions and theorems from convex
analysis that we will need during the rest of the thesis. A collection of parts from mono-
tone operator theory that is going to be used can be found in chapter
The mainpart of this thesis starts in chapter[6] We are going to introduce the considered
multi-bang control problem. In we deal with the optimality system for our problem.
Existence of a unique solution and continuous dependence on the target are proven in
[6:2] The last section of this chapter deals with the structure of the solution.

Chapter [7]addresses the numerical calculation of a solution. Therefore, we need to intro-
duce the Moreau-Yosida regularization of our system, since we can apply a semismooth
Newton method only on the regularized system. In the next section we define a semis-
mooth Newton method and prove that it converges locally superlinear. Last but not
least we want to give some numerical examples.

In the last chapter we want to summarize all findings and give some ideas for further
research topics.



2. Linearised Elasticity Equation - an
Example for a Vector-Valued PDE

This chapter is based on Braess’ study [2]. We consider a very flat solid body Q C R2.
One side of the body is attached to a wall. The question to be model is how the body
is deformed when we apply a force to it (cf. figure .

We assume that the body is made out of an elas-
tic material that is isotropic, i.e. the elasticity is
the same in every direction, and homogeneous, this
means that the elasticity is the same everywhere in
the material. We also assume that we only have
small strains, e.g. a very stiff material. This is the
requirement for Hooke’s linear law. The resulting
PDE for this problem is the Lamé equation

—2pdive(u) — Agraddivu = f in €,
u=0onTy (2.1)
o(u)-v=gonly,
where € is the symmetrized gradient that is a linear
approximation of the strain. o represents the stress
tensor. € and o are tensor fields and u is a vector

field. This is the translation. The fields are linked
through the kinematic principle

1 8’&@ 6uj
i = = 2.2
ej 2 (8$] + 81‘1) ( )
and Hooke’s law
o = Atr(e) Id +2pue. (2.3)

force

Figure 2.1.: Model of the deforma-
tion of a flat body.
The black arrow indi-
cates the direction of
the force.

f and g are also vector fields. f is the uniformly distributed volume load and ¢ the uni-
formly distributed linear load. By multiplication with a test function v and integration

over {2 we get

—2u/dive(u)-de—)\/graddivu-vdx—/f-vd:r
Q Q Q

Gen 2,u/ €(u) : Vvdx+)\/ divudivvdx—Qu/ e(u)v-vdo (2.4)
Q Q

o

—)\/ div(u)Idl/'vda:/f'vdx.
o0 Q
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Here €(u) : e(v) := tr(e(u)Te(v)). Since A: B = AT : B= A: BT for A,B ¢ R"™" A
symmetric, it holds e(u) : Vv = €(u) : %W)T = €(u) : €(v). Therefore, (2.4]) is
equivalent to

2u/ e(u) : e(v) d.fU—‘rA/ divudivedr — 2u/ e(u)v-vdo

- div(u)Idu-vdJ:/f-vdx.
o9 Q

We have to define the space for our test functions:
Hi :={ve H(Q)*: v(z) =0 for x € Ty} .
Furthermore, we can use the definition of o (2.3]) and receive the variational formulation:

Variational formulation of the Lamé equation 2.1. Find u € Hll such that

2u(e(u), €(v))2 + A(divu,dive)y = (f,v)2 + /F g-vdx (2.6)

holds for all v € Hll and (-,-)2 denotes the corresponding L*-inner product.

2.1. Existence and Uniqueness of a Solution of the Linearised
Elasticity Equation

In the following we are going to prove that has a unique solution for all appropriate
f and g. Since the left-hand side of is a bilinear form and the right-hand side a
linear functional in the dual space (H)*, we are going to use the lemma of Lax-Milgram
for this proof.

Theorem 2.2 (Lemma of Lax-Milgram). Let V' be a real Hilbert space, a: V x V — R
a continuous and coercive bilinear form andl € V*. Then there exists a unique solution
u eV of

a(u,v) = l(v) YveV.

The continuity of a(u,v) = 2u(e(u), €(v))2 + A(divu, divv)s follows directly with the
triangle inequality and the Cauchy-Schwarz inequality. We need a few more efforts to
verify that our bilinear form is coercive.

Theorem 2.3 (1. Korn’s inequality). Let Q be an open and bounded subset of R™ with
a piecewise smooth boundary. Then it exists a constant ¢ = ¢(§2) > 0 such that

/ e(v) : e(v)dz + |v]|32 > cljv|5n Yo € HY Q)™
Q
Forwv € H% we can simplify this inequality and get Korn’s second inequality. We prove

only the simplified version, because we need this inequality to confirm that our bilinear
form is coercive.
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Theorem 2.4 (2. Korn’s inequality). Let 2 C R? be an open and bounded subset with a
piecewise smooth boundary. Assume that 'y C 0 has a positive 1-dimensional measure.
Then there exists a constant ¢ > 0 that depends on Q0 and I'g such that

/Qe(v) ce(v)dz > |3 Yo € HE(Q).

Proof. Assume that the inequality is not true. In this case we can find a sequence
(v) € HE(Q) such that

1
||e(vn)||%2 = /Qe(v) ce(v)de < - and |vp| ;= 1.

The assumption on I'g and Friedrich’s inequality [see Braess [2] Chap. 2.1 for the in-
equality and the proof] yield that [|v,||g:1 < ¢ for all n and a reasonable constant
c1 > 0. Due to the fact that H'(Q) is a compact subspace of L?(f2) there exists a
convergent subsequence regarding the ||.||;2-norm of (v,). With theorem we get for
this subsequence ¢ |[vn, — o[l < lle(vn, = va))llz2 + l[vn, —vn 72 < 2]e(vn,)lI72 +
2[|e(vn) |72 + o, = v ll72 < 2
Cauchy-sequence in H'(€2) and converges with regard to the ||.|| ;;1-norm to a ug since
H'(Q) is a Banach space. It holds for ug that [e(uo)|| ;2 = limg_oo ||€(vn, )| 2 = 0 and
[uo| g1 = limg o0 |Vn, |1 = 1. It follows from ||e(up)||;2 = O that ug(x) = Az +b. In this
case b € R? and A € R?*? is a skew-symmetric matrix. Since we have zero boundary
conditions on I'g we get up = 0. This is a contradiction to |ug|;1 = 1. O

2 .
+ n% + ||vn, — vn, |72 - Therefore, our subsequence is a

With Korn’s second inequality we get an upper bound for the first term of our bilinear
form and since the second term is positive we get

alu, u) = 2u(e(u), e(u))z + A(div u, diva)e > 2ué |ul| 31 -

This last estimation confirms the coercivity of the bilinear form and Lax-Milgram
guarantees that there is a unique solution for the variational formulation of the Lamé
equation for all given controls f and g.



3. Optimal Control Theory

In this chapter we want to give a short introduction to optimal control theory. It follows
with its ideas and definitions chapter 1 from Hinze, Pinnau, Ulbrich and Ulbrich [11].
We often have the problem that we want to minimize a functional with a certain con-
straint. These constrains are very often partial differential equations (PDEs). An ex-
ample from physics is the stationary heating of a solid object @ C R3. We apply a
temperature distribution u(z) - the control - to the boundary 992 of the object. Our
aim is to find a temperature distribution y: 2 — R - the state - of the object that is
close to a given temperature distribution yg: 2 — R. We need to consider the fact that
we cannot heat the whole object immediately. The temperature distribution y(x) inside
the object can be modelled with the Laplace equation

—Ay(x) =0, z €Q (3.1)
and Robin-Boundary-Conditions
Jy
Ko = B(z)(u(x) —y(x)), = € 0N. (3.2)

Here k > 0 is the heat conduction coefficient of the object’s material and 5: 9 — (0, 00)
is a positive function that models the coefficient for the heat exchange with the exterior.
Furthermore, the control is pointwise bounded a(z) < u(x) < b(x), for all x € 90
according to a bounded heating capacity. Since we want y(z) to be close to yo(x) and
we have to take care of the temperature distribution at the boundary, we have to solve
the following problem:

. 1 Q
min J(t,u) := 5 [ly(z) - vo(2)[|Z20) + 5 lu(@) 172 a0 -

subject to — Ay =0 on ,

oy B,
E—E(u y) on 012,

a <u <bon 0.

(3.3)

We can reformulate the constraints. The second one is equivalent to

@—é(u—y)zoonﬁﬁ

oV &k

and the third constrained can be split into the following two constraints:

u—a>0and b—wu >0 on Of.
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We can now introduce two functionals e and ¢, where e summarizes all equality con-
straints and ¢ collects all inequality constraints:

—Ay u—a
e(y?u) =0y 28 _ y) ) C(yau) = ( ) .

o K (
With this functionals we can rewrite our minimization problem (3.3]):

in J . =0
oin Iy w) s.t. e(y,u) =0, c(y,u) €N, (3.4)
where Y and U are appropriate Banach spaces that contain functions y: 2 — R and
u: @ — R respectively and N = {(v1,v2) € U x U,v; < 0,7 =1,2}. On this level of
abstraction we can give the definition of an optimal control problem.

Definition 3.1. An optimal control problem is an optimization problem of the following
form:

in J
onin (y,u),

subject to e(y,u) =0, (state equation) (3.5)
c(y,u) € K,

where J: Y xU — R is called objective function, e: Y xU — Z s the equality constraint
operator, c¢: Y x U — X is the inequality constraint operator and K C X is a closed
convex cone. U, Y, X and Z are real Banach spaces.

y is called state variable and u is the control variable. A central aspect of optimal control
theory is that the state equation is assumed to have a (unique) solution y for all given
controls u.

In chapter [6] we are going to introduce the optimal control problem that is going to
be considered. Our problem has an elliptic partial differential operator as the state
equation. We already know that our state equation, the Lamé equation, has a unique
solution for every given right-hand side [see chapter [2].



4. Convex Analysis

In this chapter we want to list several definitions and theorems from convex analysis.
These are taken from Bauschke and Combettes [1], Schirotzek [13] and Ekeland and
Temam [§].

We start with the definition of the Fenchel conjugate and some additional properties of
this.

Definition 4.1 (Fenchel conjugate). Let H be a Hilbert space and F: H — R.
F*(y) = sup (z,y) — F(z), (4.1)

where (-,-) denotes the inner product, is called Fenchel conjugate of F at y.

Theorem 4.2. Let ‘H be a Hilbert space and F: H — [—o00,+00|. Then the Fenchel
conjugate F* is convexr and lower semi-continuous.

Proof. Assume that F # 400, otherwise we are finished since the constant function is
lower semi-continuous and convex. It follows directly from the definition of F* that it
yields

F*(u) = sup (z,u)—F(x)= sup (z,u)—¢ (4.2)

xe€dom F (z,&)€epi F

for u € H and epi F = {(u,t) € H x R| F(u) <t} is the epigraph of F. We can show
that F,e: H—= R, ur ((z,u) — &) (z¢)cepi 7 is lower semi-continuous and convex:
We start with the proof for the convexity of F(, ¢). Let (u1,t1) and (uz,t2) be elements
of epi F(,¢) and take A € [0,1], then

f(x,g)(/\m + (1= Nug) = (z,  lug + (1 = Nug) — ¢
= Az, u1) = &) + (1 = A)((z, uz) — §)
= AF () (1) + (1 = A) Fag) (u2)
< At + (1= Nto.
Hence, A(u1,t1) + (1 — A)(u1,t1) € epi F and therefore F(, ¢ is convex.
A function is lower semi-continuous if and only if its epigraph is closed. For a proof see

Lemma 1.24 in [1]. Therefore, we have to show that epi F ¢ is closed.
Let (uq,tq) be a sequence in epi F(, ¢) that converges to (u,t) € H xR, then

Floe) = (z,u) — & D lim (2, u5) — € < limt, = 1.
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(%) holds since the inner product is continuous in both arguments.
This inequality shows that (u,t) € epi F(, ¢) and therefore F, ¢ is lower semi-continuous.

The supremum of the family (F;.¢)(z,¢) of lower semi-continuous and convex functions
is lower semi-continuous and convex, since it holds

epi( sup . ./T"(x’g)) = ﬂ epi ‘F(Zf) . (43)
(z,€)€epi & (z,£)€epi F

Because of the facts that the epigraph of each F(, ) is convex as we have shown above
and that the intersection of convex sets is convex, the epigraph of sup, ¢)cepi 7 F(z,¢) 18
convex and therefore the supremum is convex, too. It remains to prove that holds
true. Let (u,t) € H xR, then

(u;t) €epi( sup  Fpg)
(z,&)€epi F

& sup f(w’g)(u)gt
(z,&)€epi F

& Flae(u) <t V(x,§) €epiF
& (u,t) € epi Fpe) V(7,§) € epi F

<(u,t) € ﬂ epi Fpe) -
(z,&)€epi F

The next step is to show the lower semi-continuity of the supremum.
Combining the fact that lower semi-continuity is equivalent to a closed epigraph with
we get that the supremum of a family of lower semi-continuous functions is lower
semi-continuous. Thus, the assumption is proven.

O

Now we consider the definition of the subdifferential and the interplay between the
Fenchel conjugate and the subdifferential.

Definition 4.3 (Subdifferential). Let H be a real Hilbert space and F: H — (—o0, +0]
be a proper functional, i.e. —oo ¢ F(H) and dom F # (). The set-valued operator

OF: H— 2" s {ueH|(VyeH) Fly) > Flz)+ (y —z,u)}, (4.4)

is called subdifferential of F. F is subdifferentiable at x if O F(x) # 0 and the subgradi-
ents of F at x are the elements of 0 F(x).

Theorem 4.4. Let H be a real Hilbert space, F: H — R be proper, conver and lower
semi-continuous, then it holds

redomF,y € 0F(x) < yedomF* zedF(y). (4.5)



4. Convex Analysis

Proof. By the definition of the subgradient we get

y € 0F(x)

SF) > Flz)+ (v—z,y) YwveH
& (v,y) = Fv) < (z,y) — Flz) WweH
ST (y) + Flz) < (z,y).

The Young-inequality reads (z,y) < F(x) + F*(y) Vo € dom F,y € H. We deduce
(x,y) = F(x) + F'(y) @y € 0F(x). (4.6)

From this it follows that y € dom F*. Furthermore, for each v € H we get using the
Young-inequality and (v—y,z) < F(x)+F*(0) = (Flx)+F(y) = F(v) — F*(y).
Consequently, we have z € 9 F*(y).

It remains to show that y € dom F*,z € 0 F*(y) = « € dom F,y € 0 F(z). Since F* is
proper, convex and lower semi-continuous as we proved in we get from applied
on F* instead of F, (y,x) = F*(y) +F *(x). As a result, we have 2 € dom F**. Because
of the fact that F is proper, convex and lower semi-continuous, it holds F** = F. We

obtain y € 0 F(x) by applying (4.6)) again. O

We are going to introduce the normal integrand and see how we can calculate the
Fenchel conjugate of an integral of a normal integrand.

Definition 4.5 (Normal integrand). Let B be a Borel subset of R™, Q@ C R"™ open,
f: Qx B — R. The function f is called normal integrand if the two following conditions
hold:

a) for almost all x € Q, f(x,.) is lower semi-continuous on B,

b) there exists a Borel function, i.e. the inverse image of every closed set is a Borel set,
f:Qx B — R such that f(z,.) = f(z,.) for almost every x € (0.

Theorem 4.6. Let 2 C R™ be open and bounded, g a non-negative normal integrand of
QxR™. The Fenchel conjugate of the functional F: LP(Q,R™) = R, uw [, f(z,p(z))
is under the assumption that there exists a pg € L*°(Q,R"™) such that F(po) < +00 given
by

- [ Fap@)ds (17)
where f*: Q@ x R™ = R, (z,y) + sup,epm y - v — g(z,v) is the Fenchel conjugate of f.

Proof. Let us recall that the dual space of L(€2, R™) is given by L¢ (Q,R™) for 1 < ¢ <
0o, where é + % = 1. We start the proof with fixing a p in Lq/(Q, R™). We set

®(z) = sup & p(x) — f(2,),

EER™

10
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The ®,,’s are clearly increasing and it is obvious that ®,(z) "= ®(x) for all z in Q.

Moreover, it holds for all n > ||pol| o,

(I)n(l') > pO(l‘)p(x) - f(xapO(:L')) .

-~

=V (z,po(x))

It holds
/ (2, po(z)) de = / po(@)p(@) — f(z, pola)) da
(9] Q
< Ipoll = /Q ip()] dz + /Q £, po(2)) dz < oo,

since pyg € L®(Q,R™),p € L7 (Q,R™) and f is a normal integrand. Hence, ¥ is in-
tegrable over §2 and according to the measurable selection theorem there exists for all
n € N a measurable function p,: Q@ — R™ such that ||p,||., < n and it holds:

U (x, pn(x)) = pn(2)p(x) = f (2, pn(2)) = On(z).

It follows that ®,, is measurable for all n and therefore that ® is measurable and hence

/Qq)(x) dz = sup/g@n(x) dz = sup

neN neN

/ Po(@)p(z) — (2, Pn(2)) da
Q

As for all n € N it is p,, € L>®(Q,R™) C LI(Q2,R™) we get

/<I>(a:)dx§ sup = F*(p).
Q

ueLP

/ w(@)p(z) — f(z, u(x)) dz
Q

It remains to prove that F*(p) < [, ®(z)dz. By definition of ® it holds for all u €
LY(Q,R™)

w(@)p(z) — f(z,u(z)) < (z)
and therefore

/Q w(@)p(z) — f (@, ulz)) dz < / () da.

Q

Since this inequality is true for all u € LI(Q2,R™), it remains true for the supremum:
F*(p) < / O (z) dx.
Q

Because we have bounded F*(p) from below and from above by [, ®(x) dz the two terms
must be equal. Looking again at the definition of ®(x) we find that it is none other than

[z, p(z)). O

We are going to present a generalised differential for locally Lipschitz continuous func-
tions that are not convex.

11
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Definition 4.7 (Clarke directional derivative and subdifferential). Let H be a real Hilbert
space, D C H be open, z € D and F: D — R. ForyeH

Fo(z;y) == lin;is(.)up %(]—'(aj + 7y) — F(x)) (4.8)

1s called Clarke directional derivative of F at T in the direction y.
If F is locally Lipschitz continuous around T, then the Clarke subdifferential of F at T
s given by

0o F(z) :={a" e H|(z*,y) < F°(T;y)Vy € H}. (4.9)

The next theorem yields that the Clarke subdifferential equals the convex subdiffer-
ential if the function is locally Lipschitz continuous and convex.

Theorem 4.8. If D C H is convexr and F is conver and locally Lipschitz continuous
around T € H, then it holds
OF(z) = 0o F(Z).

Proof. Let § > 0, then by the definition of the limit superior and by the fact that F is
convex we get

1
F°(z;y) = inf sup  —(F(z+71y) — F())
€€(0,¢0) r€(0,e) T
x€B(z,5¢) (4.10)

1
= inf sup  —(F(z + ey) — F(x)).
€€(0,¢0) z€B(Z,0¢) €

Let L be the Lipschitz constant of F around Z, then we obtain with the help of the
triangle inequality

[F(z +ey) — F(z) = (F(T +ey) — F(7))|

<=(|F(z +ey) = F(T +ey)| + | F(2) — F()])

NN [~ | =

<=Lz —z| <26L if ||z — Z|| < de for € small enough.

[0

The directional G-derivative is defined by F(Z;y) = lim, o 2(F(Z + 7y) — F(z)). The
last estimate provides an estimation of (4.10) by the directional G-derivative:

1
Fo(z;y) < i(Iolf : g(]:(i" +ey) — F(x)) 4+ 20L = Fe(T;y) + 20L.
ec(0,e0

d > 0 is arbitrary, hence we have F°(Z;y) < Fg(Z;y). It follows directly from the
definitions of the two directional derivatives that the reversed inequality holds. Thus,
we have F°(Z;y) = Fq(Z;y) and the claim follows with the fact that for a convex F

the subdifferential can be written as 0 F(z) = {u € H|(u,y) < Fa(z;y)Vy € H} [see
Schirotzek 13|, Prop. 4.1.6 for a proof]. O
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4. Convex Analysis

In a finite dimensional space as R™ Rademacher’s theorem yields that a locally Lips-
chitz continuous function is almost everywhere differentiable. This provides the following
characterisation of Clarke’s subdifferential.

Theorem 4.9. If F: R™ — R is locally Lipschitz continuous around Z, let Qr C R"™
denote the null set, where F is not differentiable, and let S C R™ be also a null set, then
we have

0o F(Z) = co {klim Flxp)|zg — T, 21 ¢ QF U S} . (4.11)
—00

See Clarke [4] theorem 2.5.1 p. 63 for a proof of this theorem.
At this point we have collected all definitions and theorems from convex analysis that
we are going to use in the sequel. Our next step is to list all definitions and theorems
from monotone operator theory that we need in chapter [6] and

13



5. Monotone Operators

For the proof of the existence of a solution for our multi-bang control problem in chapter
[6] we need some basics from monotone operator theory. The theory of this section follows
some parts of chapters 20, 21 and 24 of Bauschke and Combettes |1]. Whenever we have
a Hilbert space (-, -) denotes the inner product.

Definition 5.1. Let H be a real Hilbert space and A: H — 2™ be a set-valued operator.
A subset U of H x H is monotone if

Y(z,u), (y,v) €U (x —y,u—v)>0.

The operator A is monotone if the graph of A, graph A = {(x,u) € H x H|u € Az}, is
a monotone set.

Furthermore, we need to define when a monotone operator is maximally monotone.

Definition 5.2. Let H be a real Hilbert space and A: H — 2™ be a monotone operator.
A is called mazimally monotone if it holds for each (z,u) € H x H that (x,u) € graph A
if and only if

(x —y,u—wv) >0 V(y,v) € graph A.

Our next step is to prove that the subdifferential, defined in of a proper lower
semi-continuous and convex function is maximally monotone.

Theorem 5.3. Let H be a real Hilbert space and F: H — (—oo,+00] be a proper lower
semi-continuous and convex functional. Then the subdifferential O F as defined in[4.5 is
mazimally monotone.

For the proof of this theorem we need Minty’s theorem. This theorem is recited from
Bauschke and Combettes |1, Thm. 21.1].

Theorem 5.4 (Minty’s theorem). Let H be a real Hilbert space and A: H — 27 be a
monotone operator. A is maximally monotone if and only if

ran(Id+A) = H,
where ran(-) is the range of the operator.

We do not want to prove this theorem, since this is beyond the limits of this thesis.
With Minty’s theorem we are able to prove [5.3

14



5. Monotone Operators

Proof. The first step is to verify that d F is a monotone operator. We take two elements
(z,u), (y,v) in graph(0 F). Then by the definition of the subdifferential 4.3|it holds

Fy) > Fz) +(y — 2, u)

and
Flz) = Fy) +(z —y,0).

Adding these two inequalities yields
(x —y,u—wv) >0.

Hence, by definition 0 F is monotone.

The next step is to show that ran(Id+0F) = H. It is clear that ran(Id+0F) =
dom(Id +0 F)~!. We use at this point without a proof that proxz = (Id +0 F) !, where
prox r is the proximal mapping of F [see for the definition of the proximal mapping
and for the proof of this statement]. It follows from the definition of the proximity
operator that dom Proxz = H for a proper lower semi-continuous and convex functional
F. Thus, we can conclude that ran(Id +0 F) = H . Since we verified all requirements of
Minty’s theorem it follows from that 9 F is maximally monotone for every proper
lower semi-continuous and convex functional F. O

We want to state a condition under which a maximally monotone operator is surjec-
tive. For this we need the Rockafellar-Vesely theorem. It is recited from Bauschke and
Combettes [1, Thm. 21.15], they also give a proof of this theorem.

Theorem 5.5 (Rockafellar-Vesely). Let H be a real Hilbert space, A: H — 2M be
mazximally monotone and let x € H. Then A is locally bounded at x if and only if

x ¢ boundary(dom A).

Corollary 5.6. Let H be a real Hilbert space and let A, that maps from H to 2%, be
mazimally monotone. A is surjective, if the following holds:

lim inf || Az|| = oco. (5.1)
T||—o0

Proof. Our first step is to show that A is surjective if and only if A~! is locally bounded
everywhere on H. Assume that A~! is locally bounded everywhere on #. By the
Rockafellar-Vesely theorem we get that for all x € H, z ¢ boundary(dom A~1). Thus,
dom A~' = H and therefore ran A = H. This yields that A is surjective.

Assume now that A is surjective. Then dom A~ = A and it yields that

x ¢ boundary(dom A~1). Again by Rockafellar-Vesely A~! is locally bounded every-
where on H.

Consequently, we assume that there exists a v € H such that A~! is not locally bounded
at u. Then there exists a sequence (z,,uy) € graph A, such that u, — v and ||z,| — occ.

Ergo, 0o = lim|,, |00 inf || A2y || < lim [[up|| = [Jul|. This is a contradiction to the defi-
nition of u. As a deduction we get that A~! must be locally bounded everywhere on H
and thus, that A is surjective. O

15



5. Monotone Operators

In addition we need to think about sums and compositions of maximally monotone
operators.

Theorem 5.7. Let A and B be mazimally monotone operators from a real Hilbert space
H to 2M. A+ B is maximally monotone if

cone(dom A — dom B) = span(dom A — dom B),

where cone(-) is the conical hull of the set, i.e. the smallest cone in H that contains the
set.

Proof. The Fitzpatrick function of a monotone operator A from # to 2% is given by

Fa: HXH — [—007—}-00], (‘T’u)'_) sup (<y,u>+<x7v>—<y,v>)
(y,v)Egraph A

We define the projection onto the first argument Q1: H xH — H, (z,u) — z. For a
maximally monotone operator A it holds

dom A C Qi(dom Fjy).

To verify this take € dom A, then there exists a u € H such that (z,u) € graph A.
By the definition of the Fitzpatrick function it follows Fa(w,u) = sup,ecy((y, Az) +
(z, Ay) — (y, Ay)) = sup,ey ((z, Az) — (x — y, Ax — Ay)). The supremum is (x,u) since
(x —y, Az — Ay) > 0. The positivity is given because A is maximally monotone. This
implies that x € Q1(dom Fy). Furthermore, it holds

Q1(dom F4) C dom A.
Then we get

cone(dom A — dom B) C cone(Q; dom Fy — Q1 dom Fp)

C span(Q1(dom Fy) — Q1(dom F))

C span(dom A — dom B)
(
(

= span(dom A — dom B)

= cone(dom A — dom B).

It follows from this that 0 € sri(Q;(dom F4)—Q1(dom Fg)), where sri denotes the strong
relative interior. Hence, we get that A + B is maximally monotone. For a proof of this
implication see Bauschke and Combettes |1, Thm. 24.2]. O

There are three conditions which imply the condition of theorem

Corollary 5.8. Let H be a real Hilbert space, A, B: H — 2™ be mazimally monotone.
If one of the following holds

i) dom B =H,
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5. Monotone Operators

ii) dom A Nint(dom B) # 0,
iit) 0 € int(dom A — dom B),
then A + B is mazimally monotone.

Proof. Clearly (i) implies (ii). Since dom A N int(dom B) is not empty, there exists at
least one element such that x € dom A and # € intdom B. Hence, 0 € int(dom A —
dom B) because int(dom B) is open. It follows from (iii) that cone(dom A — dom B) =
span(dom A — dom B). Therefore, by theorem A + B is maximally monotone. O

The next theorem of this section deals with the composition of a maximally monotone
operator and a linear operator. We recite this theorem from Bauschke and Combettes |1,
Thm. 24.5].

Theorem 5.9. Let H and K be real Hilbert spaces, A: K — 25 be a mazimally monotone
operator and let L be a bounded linear operator from H to K with domain H such that
cone(ran L —dom A) = span(ran L —dom A). Then L*AL is maximally monotone, where
L* is the adjoint operator.

Proof. The Hilbert direct sum of two Hilbert spaces is given by
HOK = { (wn,2p) € H <K |anllf, + loxl} < +oo}.
H @K is a Hilbert space and the inner product is given by

<($ha fEk), (yha yk)> = <1Eh, yh>7—[ + <l’k, yk)IC .

We are going to write H x/C instead of H ®K.

Let B: H — 2™ and A: K — 2% be maximally monotone. Then B x A: H xK —
2" XK (1 y) — Bz x Ay is clearly maximally monotone by the definition of the inner
product for the Hilbert direct sum.

Set B = Ngraph 1 the normal cone operator of graph L, that is defined by

{(un, ur) € H xK]|sup (graph L — (zp, zx), (un, ux)) < 0}
NgraphL(xh7$k) = if (CCh,LUk;) € graph L,

0 otherwise.

From the definition of the normal cone operator follows directly that Ngpaphr is maxi-
mally monotone. Further we set

C: HxK —2"7K (2, 9) — {0} x Ay.

C' is also maximally monotone by the statement from above about the product of two
maximally monotone operators, since the zero-operator is clearly maximally monotone.
We have dom B = graph L and dom C' = H x dom A and thus dom(B + C) C graph L.
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5. Monotone Operators

Claim:
For all (z,u) € H x H and for all v € K it holds

(u,v) € (B4 C)(z,Lz) < u+ L*v € L*(A(Lx)). (5.2)

Take (z,u) € H xH and v € K. Then (B+C)(z, Lx) = Ngraph .(x, Lx) + ({0} x A(Lz)).
Firstly, we take a closer look on

Ngraph (%, L) = {(uh,uk) e HxK
yeH

sup ((y, Ly) — (z, Lx), (un, ug)) < 0}

=< (up,ur) € H XK

sup (y — z,up + L*ug) <0
yeH -

Then we have

(u,v) € (B+ C)(x, Lx) & (u,v) € Ngraph (@, Lx) + ({0} x A(Lx))
& (u,v) € {(L*'w, —w)|w € K} + ({0} x A(Lz))
< Jwe K st. u=L"wand v+w e A(Lx)
< u+ L'v € L*(A(Lz)).

This proves . As we already mentioned above it is dom B — dom C' = graph L —
(HxdomA) = H x(ran L — dom A) and since cone(ran L — dom A) = span(ran L —
dom A) it follows cone(dom B — dom C') = Span(dom B — dom C'). Ergo, we can deduce
with theorem that B + C is maximally monotone. Take (z,w) such that

Ve € H inf(x — z, L*(A(Lz)) — w) > 0. (5.3)

Additionally choose (z,u) € H x H,v € K such that ((x, Lz), (u,v)) € graph(B + C). It
follows with (5.2)) that w4+ L*v € L*(A(Lx)) and we get from ([5.3))

0<(x—zu+L'v—w)
=(x —z,u—w)+ (Lz — Lz,v—0)
((x,Lx) — (z,Lz), (u,v) — (w,0)) .

We can deduce by the maximal monotonicity of B+ C that ((z, Lz), (w,0)) € graph(B+
() and with (5.2) it follows w € L*(A(Lz)),i.e. (z,w) € graph(L*(A(Lx))) and therefore
L* AL is maximally monotone. O

With this theorem we have all the knowledge that we need to prove that our multi-
bang problem in chapter [6] has a solution.
We want to list additionally a lemma from Brezis, Crandall and Pazy [3| that we are
going to need for a proof in chapter [7]
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5. Monotone Operators

Theorem 5.10. Let H be a Hilbert space and B C H x H be maximally monotone. If
(un,vp) is a sequence in B where each component converges weakly, i.e. up — u, vy, — v
and it holds

lim sup (up, — U, Vn, — Um) < 0. (5.4)

n,m—00

Then (u,v) € B.

Proof. We have

lm  (up — U, Uy — Up) =0
n,m—00

since B is monotone.
Let (un,,vn;) be a subsequence of (uyp,v,) such that (u,,,v,,) — L. The first fact

together with (5.4)) yield

0= lim < lm (up, — un,,vn, — vnk>>

n;—00 \ Np—r00

= lim (um, ’Uni> - <um,v> - <U,Uni> +L
Nn;—00

=2L—2(u,v).
Thus L = (u,v) and (uy,v,) — (u,v). From this we can deduce that

(x —u,y —v) >0V (z,y) € B. This implies that (u,v) € B by the maximal monotonic-
ity of B. O

19



6. Multi-Bang Control Problem

This chapter is based on the ideas of Clason and Kunisch [7].

As mentioned in the introduction a bang-bang control is a control variable that attains
its control constrains u; and us almost everywhere. In analogy to this we want to
introduce a multi-bang control. This is as already stated before a control that takes
on almost everywhere values from a discrete set of given control states u; [cf. Clason
and Kunisch [7], Introduction]. Therefore, we want to find a solution for the following
optimal control problem:

. a
min Sy~ s+ Jullfe + [ dnuta) do.
uyeL? (QR?) 2 J (6.1)
s.t. Ay = u,

for a given open and bounded subset  of R? and a given target z € L?*(Q,R?).

B 1 1 -1 -1 2 2 -2 -2
S\ 0\=1)001 )\ =1)0\2)\=2)7\ 2 )7\ -2
= {Ul,UQ,"‘ 7u8}‘
Here dp is the indicator function of B given by

0 ifteB,
op(t) = {

oo  otherwise.

A: Hf — (HY)*, Ay = u is the state equation and is assumed to be the linearised
elasticity equation with homogeneous Neumann conditions on I'y

—2pdive(y) — Agraddivy = u in Q,
y =0 on Iy, (6.2)
Vy-n=0onTY,

where Vy is the deformation gradient
gﬁ gﬂ
VU=10n op
Or1 Oxo

and Id is the identity on R?*2. We recall the definition of the symmetrized gradient
e(y) = %(Vy + VyT). T'g and I'; are parts of the boundary of  as defined in figure
We think back to the definition of Hll that is given in section

H} = {ve HY(Q)?: v(z) =0 for z € To}.
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6. Multi-Bang Control Problem

In this section we also verified that our state equation has a unique solution for all given
controls u, such that we can write y = A~ u.

We are able to split our cost functional in two parts. One part is the distance between
our state and the target

F:iL(QRY) =R, ue o [[Au—z7,.

This functional is easy to deal with, since it is Fréchet differentiable. The other part
takes care of the form of our control u:

@L%QR%%R,UH|w;+/ﬁmm@mx
Q

G is challenging since it is neither lower semi-continuous nor convex. Thus, we are going
to look at the convex relaxation G of G, which is given by

G: L*(,R?*) =R, uw— /max(]uHoo,l)dx—i—éy(u),
Q

where §y denotes the indicator function of the admissible set
U:={ueL*9):|ul, <2}.

As we are going to see later we can find conditions under which the control of the problem
with G instead of G also fulfils the requirement that it takes only values from B.
Hence, we are going to analyse the following optimal control problem:

. Q
min S ly= 2l + [ max(jule.1)d,
Q

u,y€L2(Q,R? (6.3)
st. Ay =u, ||ull, < 2.
With the given definitions of F and G we can rewrite our system as
muin F(u) + G(u). (6.4)

With the definitions of the Fenchel conjugate [£.1] and the subdifferential [.3] we can state
the primal-dual optimality system.

Theorem 6.1. The necessary optimality conditions for (6.4) are:

p=—F(u),
{uE@Q@) (6.5)
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6. Multi-Bang Control Problem

Proof. The necessary optimality condition is 0 € F'(u) + 0G(u). We set p = — F'(u)
since F is Fréchet differentiable. As a result we get the optimality system

p =—F(u),

p €9G(u).

By theorem we get that the second term is equivalent to @ € 9G*(p). O

0G* is convex and lower semi-continuous according to theorem Hence, the primal-
dual optimality system is well-defined. Therefore, we can claim the formal optimality

system for (6.3)).

6.1. Formal Optimality System
We remember our functions:

FL*(Q) - R, uH%HA”u—zHiz,
B (6.6)
G:L*(Q) =R, uw~— / max(||ul|,, , 1) dz + oy (u).
Q

In consonance with (6.5) we have to calculate the Fréchet derivative of F and the sub-
differential of the Fenchel conjugate of G.

6.1.1. Fenchel Conjugate and Subdifferential

By definition [4.1] it is

G*(p)= sup (u,p)r2 — G(u).
u€L2(,R?)

Since G is the integral of the function
g: R? 5 R, v+ max(max(|vy|,|ve]),1) + 5”1,”009(2))

we can compute the Fenchel conjugate pointwise as stated in theorem

G*(p) = /Qg*(p(af)) dz.

We need to confirm the requirements of g is clearly non-negative. Ergo, it remains
to verify that ¢ is a normal integrand. The function is convex and therefore it is lower
semi-continuous. Furthermore, g is a Borel function itself since the inverse image of
every closed subset of R is a Borel set. Consequently, g is a normal integrand as stated
in Thus, we can apply theorem and have to calculate the Fenchel conjugate of

g.

For this we assume that the supremum for given ¢ is attained at v. We have to
distinguish the following two cases:
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6. Multi-Bang Control Problem

(i) 0 < ||7||,, < 1. Then g(v) =1 and therefore

g1(q) = llgllp — 1.

(ii) 1 < |9l < 2. Then g(v) = ||9]|, and hence

g*(q) = sup q1 - v1 + g2 - v2 —max(|vi|, |va]).
1< o1, |v2]<2

We can assume without restriction of generality that |vi| > |va|. It follows that
92(q) = lv1| (lglln = 1)

_ ) lalln =1 if flgllp <1,
2(llqllp = 1) if [lgllp > 1.
We have to decide which of these cases gives the biggest value according to ¢, since

9*(a) = max{91(q), 931(), 932(0)}- For [lgfp < 1 it is g7(q) = g3:(q) and for [lg|jn =1
the maximal value is g3,(¢q). From this it follows:

“q) = { lalls =1 i falla < 1,

: (6.7)
2llgllp — 1) i (gl > 1.

We are going to verify that the Fenchel conjugate g* is locally Lipschitz continuous, so
that we can use theorem [£.8] to calculate the subdifferential.

It is clear that ¢* is Lipschitz continuous for ||¢||,» < 1 and for |¢|[, > 1. Because of
this we have to look only at a neighbourhood U of ||g|| = 1. Let qi,¢2 € U such that
la1llp <1 and |lg2[[n > 1. We get

9" (1) — 9" (@) = [laallp +1 = 2]lg2l |
=2llgallp = llaallp =1
<2llle2llp = llarllp | < 2[lqr — gallp -
Hence, g* is locally Lipschitz continuous and we can calculate the Clarke subdifferential
instead of the convex subdifferential according to theorem[4.8] In addition g is a function

on R%. Thus, we can use theorem E to derive the Clarke subdifferential.
We start with the case ||¢||, < 1. We have to take care of four different cases. The

gradient for ¢; # 0 and g2 # 0 is
* Sgn(Ql))
\Y = .
9°(a) <SgH(Q2)

If g1 =0 and ¢2 € (—1,1),g2 # 0, Clarke’s generalized gradient is by definition (4.11))
the convex hull of (—1,sgn(gz))” and (1,sgn(g2))’:

Vo' (q) = (Sg;(lqz)> 4 @ aef0,1].
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6. Multi-Bang Control Problem

Analogously we get for ¢; € (—1,1),¢1 #0 and g2 =0

Vg*(q) = (Sgrl({h)> + A (g) , Ae[0,1].

The convex hull of the last two cases is Clarke’s generalized gradient for ¢ = ¢o =0
Vg*(q) = [-1,1] x [-1,1].

For the second case we have to discriminate three further cases to calculate the Clarke’s
generalized gradient.

Vg*(q) = <§ iigg;;) , if g1 # 0 and ¢ # 0.

By theorem the Clarke’s generalized gradient is given by the convex hull of both
gradients if one component of ¢ is zero:

" -2 4 .
Vg*(q) = <2sgn(qg)> +A <O> , A€ [0,1] if ¢ =0 and g2 € (—o0,—1) U (1,00),

Vg*(q) = <2 sg_néql)> + A <2> , A€ [0,1] if g € (—o0,—1) U (1,00) and g2 = 0.
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6. Multi-Bang Control Problem

The subdifferential is by (4.8 and

99" (q) = eo({Vgi(a)} U{Vgz(a)})

sgn )
gn(q1) if |lg|jx <1 and ¢1,¢2 # 0,
sgn(ge)
-1 2 .
+ A ,A € [0,1] if g1 =0 and |g2| € (0, 1),
sgn(ge) 0
sgn(q1) 0 )
+ A 9 ,)\6[0,1] if |QI|E(O71) and ¢z = 0,
[_171] X [_171] if @ =q =0,
2s8gn .
gn(q1) if |lg|j,x > 1 and ¢1,¢2 # 0,
2sgn(q2)
- 92 4 ,
+ A ,A € [0,1] if ¢1 =0 and |g2| € (1, 00),
2sgn(q2) 0
2 0
Sgné(h) + A A ,A€10,1] if |q1| € (1,00) and g2 = 0,
@— (BN} \ e it qlly =1 and q1,q2 # 0,
sgn(qz)
(2—=0)u :
,0€ 10,1, pe[-1,1] if g =0 and |g2| =1,
(2 —6) sgn(ge)
2—-96
2= 0)san(@)) 5 o1 pe [~1,1] if jgr] = 1 and g =0.
(2—-0)u

The different cases of the subdifferential are visualised in figure [6.1

6.1.2. Fréchet Derivative
We already computed 0G*, so it remains according to (6.5)) to compute the Fréchet

derivative of F(u) = & [|A7u — zHiQ. We can eliminate the state variable y since we

have shown in section that there exists a solution of the linearised elasticity equation
(6.2]) for every given control u. In line with Clason [5] the Gateaux derivative is given
by

d d
— Flu+to)|,_, = T (% A7 (u+tg) — z”i‘ﬂ) =0

dt
-4 /Q A (u+16) — 22 )],
a
T2
=« <A_1u — 2z, A_1¢>L2
= <ozA_*(A_1u —2),9)

/ 247 uAT ¢+ 26(A79)? — 247 gz dal,_,
Q
Lz
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254

llall>1,q,<0,9,>0 q,=[0,9,>1 llall>1,a4,0,>0

d; €(-1,0), 4, €(0,1), llqll.= 1
154 917
a4.0,€0, 1) llall =1

a4, =0,|a, €(0,1)
llall<1..q,/€(0,1)/a,€(-1.0) Ildli<1fay.a, €(0.1)
g,=%,9,=0 ;51,0950
0.5
94 € (1,0 a, 50 a,/€ 0.)]a,=0
T T T T 0 T T T T
-3 -25 2 -1.5 f -05 0 05 15 25 3
a; <-1fa,=0 oAl a; >4/, =0
£0.5
llall < 1,4,.a, €(-1.0) llall<1, Ayg(0.1); 9,€(-1,0)

g, =0,[a, €(-1,0)
a4 €(0.1),[a, €(-1,0), llall =1

4. 3 €61,0), llalk=1

llall>1, a4,, <0 q,=[0, 9, <1 lall> 1, g, >0, q, <0

Figure 6.1.: The subdifferential dg*.

Thus, the Gateaux derivative of our functional reads
D F(u) = aA (A 'y — 2).
It holds additionally
| Fu+¢) = F(u) = (D F(u), 9) |

11l 2
la (A u— 2, A7) + § (A7 9, A71¢) —a (A u— 2, A719) |

1|2
A ¢
= S1{amton o)
G147, i)
Cauchy—Schwarz 1 e ll6ll;,2—0
S P

By section 2.2 of Clason’s lecture notes [5] F is Fréchet differentiable and the Fréchet

derivative is
F'(u) = aA (A u — 2). (6.9)

6.2. Existence and Stability of the Solution

In this section we are going to prove that the formal optimality system (6.5 has a unique
solution (@, p). First we introduce sets Q;’s, S, P;;’s and L;;’s to give the subdifferential

26
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a more compact expression.

({QER2|(]1,(]2>0/\(]2+Q2<1} i=1,
{q€R2’%>0,q2<0/\q1—qz<1} i=2,
{geR |1 <0,¢2>0N—q1 + 2 <1} i=3,
Qi = {q€R2]q1,q2 <OAN—q — @2 < 1} i=4, (6.10)
{q€R2|q1,q2>O/\q1—|—q2>1} i=25,
{q€R2’6h>O,q2<0/\q1—qz>1} i=6,
{qeRQIQ1<O,q2>0/\—q1+qz>1} i=7,
{¢eR?|q1,q0 <ON—q1 — g2 > 1} i=3,

and A
S=(a (6.11)
=1

The P;;’s are defined as follows:

J_(Qrn i=1,3,j = i+1
-Pij :{ k=i (Qk Qk+4) 1 95 J 1+1, (612)

Ni—o Qitar i=1,2,j = i+2.

From here we agree that P;; = Pj; since each combination of indices exists only once.
This agreement makes the definition of the L;;’s easier:

(QinQ;) \ (SUPy) i=13j=i+1landi=12,j=i+2,
Ly = (@m@) \ Pi_gj—a i=57j=i+1landi=5,6,j=i+2, (6.13)
(QiNQ;)\ (P, UPj,) i=1..4,j=1i+4,j1 =2 j,=3fori
=1l4andj; =1, jo=4fori=23.

In figure [6.2] the different sets are illustrated.
We can rewrite (6.5)) using the Fréchet derivative of F as

—p= aA_*(A_lu —2)

ic oG (), (6.14)

where the subdifferential 0 G* is given by theorem pointwise almost everywhere as

Uj; 1fp($)€@1,1§2§8,
%{ui,u]} ifp(:c) S Lij,l <i<,
0G"(p)(x) = 89" (plx) = { _ . 221=8 0 (61s)
co {u1, ug, uz, us} if p(z) = S,
E{uivuj>u7§+47U‘j+4} 1fp($) = PZjal <i< 37
2<j<4

Theorem 6.2. There exists a unique solution (i, p) to (6.14) in L*(Q,R?) x L*(Q, R?).
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6. Multi-Bang Control Problem

Figure 6.2.: Domains for the definition of dg*.

Proof. We can eliminate p from (6.14]) by inserting the first equation into the second:
i€ DG (A (2 — A7 ).

Also we aim to eliminate @ from this equation. So we introduce § = z — A~ % and get
the reduced optimality condition

z€ g+ ATAG (aATHY). (6.16)

We want to show that Id +A710 G*(aA~*:) is maximally monotone, since we can deduce
from this that our operator is surjective.

We have proven in theorem that G* is lower semi-continuous and convex. Therefore,
theorem yields that 9 G* is a maximally monotone operator. Now we have to verify
that A=19 G*(aA™*:) fulfils the hypotheses of theorem so that we can conclude that
A719G*(«A™*) is maximally monotone.

A and therefore A* are isomorphisms. It follows that A™* is a bounded operator. Since
we have shown in section that the linearised elasticity equation has a solution for all
u € (H})* the domain of A= is (H})*. Tt holds that L2(£2, R?) is compactly embedded in
(H})*. It remains to prove that cone(ran A™* — dom d G*) = span(ran A~* — dom 9 G*).

cone(ran A~ —domd G*) = U A(ran A™* —dom 0 G*) = L*(Q,R?),
A>0

since tan A™* = H} < L?(Q,R?) because of the fact that A~ is an isomorphism
and domdG* = L*(Q,R?). Clearly span(ran A™* — domdG*) = L*(Q,R?) and thus,
A719G*(aA™*.) is maximally monotone by theorem Obviously Id is maximally
monotone and dom Id = L?(Q, R?). Because of this it holds that dom(A~19 G*(aA™*:))N
int(domId) # () and therefore we get from theoremthat Id+A~10G*(aA™*") is max-

imally monotone.
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As mentioned above A719 G*(aA™*-) is maximally monotone and it follows by definition

(. that

<v,3A_18 G (@A ") — A71o g*(aA_*O)>L2 >0
for all v € L2(Q, R?).
(y+AT0G (@A™ y),y) o = llyll7e + (AT'OG (@A ™"y), y)
> |lyllz> + (A0 G (@ A™0),y) 12

llyll 2 =00
<

Thus, Id +0A™10 G*(aA™*") is coercive and with theorem the operator is surjectiv.
So for all z € L2(,R?) there exists a § € L?(Q, R?) such that (6.16) is satisfied. We
can reformulate (6.16)) for the solution g as follows:

Az — ) € 0G" (aA™"Y).
So the solution (u,p) can be defined by
W= Az — §) € 0G"(7),
pi=aA g =aA " (z — A7 q).
We can deduce from this that p is even an element of Hy.

Our last step is to prove the uniqueness of the solution. Assume that g1, %2 € L?(€, RQ)
are two solutions of (6.16]). Then

z€h +AT0G (@A™ ) and z € o + ATLOGF (AT ).

Subtracting these equations and making use of the fact that Id +A~10 G*(aA™*") is
maximally monotone yields

0€ g1 +ATIG (@A™ ) — o — ATIOG (@A™ pa)
=0€ (J1+ATIG (@A™ 1) — o — AT'OG (@A™ ), 51 — Y2) 10
= |51 — D2l132 + (A710G (@A™ 1) — AT G (aA™* %), 71 — 2) o

>0 by monotonicity of 0 G*

2
> |51 — B2llz2
and therefore ; = 7. Now we have to verify that it follows that the pair (@, p) is unique.
It holds u = A(z — y) and p = A~ *y, A is an isomorphism and ¢ is unique. Hence, the
pair (@, p) is also unique. O

Later we need the solution of % in order to remember that for a pair (u, p) that satisfies
@ € 0G*(p) we have pointwise for almost all =

Uj ifp(x) €Qi,1<i<8,

a(z) € ?{Uivuj} ?fp(x) €Lij;1<i<7,2<5<8, (6.17)
co {uy, ug, us, ug} if p(z) =S5,
co {uj, uj, uiya,ujrat ifplz) =PF;,1<i<3,2<5 <4
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6. Multi-Bang Control Problem

We are going to show that our solution triple (@, y,p) depends continuously on our
target function z € L2(Q, R?).

Theorem 6.3. Let z € L*(Q,R?) and (i, §,D-) be the corresponding solution to (6.14).
The following three statements hold:
a) There exists a constant K > 0 such that

1021 = Teoll 2 + 1Pz — Pl < K |l21 — 22l 2
for all z1, 20 € L*(Q,R?).

b) For a sequence (zp)n € L*(Q,R?) with 2, — 2 it holds (us,,yz,) — (us,y.) weakly in
(HE)* x HE and p,, — p, strongly in Hp.

¢) For z € L*(Q,R?), let W be a compact subset of U§:1 Q;. A is an isomorphism
from H*(Q) N HE(Q) to L2(Q,R?) and Q C R? thus we can find a neighbourhood
U, C L*(Q,R?) and a constant Ky such that

Hué - quHQ(QW) < Kw Hg — ZHL2 Vz e U(Z),
where Qu = {z|p(x) € W}.

Proof. a) For given 21,2y € L*(Q,R?) let y1,92 be the solution to (6.16)) respectively.
Then it holds

21— 2 €y — Yo+ ATH(OG (@A Y)) — AT (O G (@A ).
From this we get

(21 — 22,91 — y2>Lz
={y1 —y2 + A7HOG (@A™ y1)) — AT (O G (@A™ y2)), 51 — ¥2) 12
= |y — g7

+((0G* (@A™ 1)) — (0G* (@A™ y2)), A y1 — A y2) ;s

>0, since 8G* is monotone

> |lyr — yall72 -

So we have

Hyl - y2\|%2 < <Z1 — 22,1 — y2>L2 < HZ1 - Z2HL2 Hy1 - y2HL2 .

The last estimation holds by Cauchy-Schwarz’s inequality.

= llyr — y2llz2 < ll21 — 2allpe
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6. Multi-Bang Control Problem

We can obtain from (6.14]) and from the definition of y that y = A*p.

1 1
lor = 22llp2 2 5 llyr = w2llze + 5 lyr — w2l
1 1, .
= 5l —walls + 3 1A% — )l

1 1, .
2 5l = v2llpe + 5 A7 lp1 = p2ll gy

(11
win (.5 14°1) (hoa = el + o el )

Y

1
K
The claim of a) follows.

For this part of the proof we set (4., , ¥z, Pz,) = (Un,Yn,Pn) to simplify the nota-
tion. The first part of this theorem yields that (pn)nen is bounded in H% By the
Rellich-Kondrachov compactness theorem [see [9], Thm. 5.1] H} is compactly em-
bedded in L?(€2, R?). So (pn)nen is precompact in L?(Q, R?) and hence there exists a
subsequence py,, such that p,, — p:= p, almost everywhere in 2. Since ||u, ||, < 2
the sequence (u, )nen is bounded in L?(Q, R?) and because of this there again exists
a subsequence (uy, ) such that u,, — @ weakly for some @ € L?(Q, R?). The Q,’s are
open and as shown above p,, — p almost everywhere, so it follows from that

8
U, — U almost everywhere on {x € Qlp(zx) € U Ql} .
i=1

Since u, — % and u, is constant on (); and these sets are open, we conclude that
U = 1U.

It remains to consider the sets S, P;j, Li; as defined in (6.11), (6.12) and (6.13).
As shown above u,, — @ weakly for some % € L?(Q2,R?) independent of p(x). Using
Mazur’s theorem [see Yosida [15], Theorem V.1.2 for a proof] we obtain that for every
€ > 0 there exist coefficients vj = 0 with Z;"zl 7 =1 and indices nj € n,n+1,...
such that

ln
Uy = Z ¥j Un,, — U strongly.

j=1
Hence we can take another subsequence ,, of u, such that ,, — u almost every-
where. Now our aim is to verify that 4 is in 0 G*(p) on the union of the L;;’s, P;;’s
and S. All 4,’s are in the closed convex hull of some u;’s by . Therefore, @
must also be an element of this closed convex hull. This yields that @ € 9 G*(p) for
almost all z € Q. Hence, (u,y,p) satisfies . Since we have proven uniqueness
of the solution of in the previous theorem this implies that @ = wu.

Let the sets @; belong to the solution (u,¥,,p,) of (6.14). Since we can restrict A
to an isomorphism form H?(Q) N HE(Q) to L2(Q,R?) and our Q is a subset of R?
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we get from part b) of this theorem that p; — p, as Z — z. Because of this there
exists a neighbourhood U, of z such that {z € Q|p, € WNQ;} C {z € Qlp: € Qi}
for 1 <4 < 8. It follows that

Uy =1uz=u; on {x €Qp, e WNQ;}.

Therefore, we know that the distance between u, and us is zero for all x € Qyy. So
the claim follows.
O

6.3. Structure of the Solution

In this section we want to deal with the structure of our solution u. We recall that our
aim was to get a multi-bang control, i.e. @ = u; almost everywhere. So we want to find
conditions under which we can fulfil this.

We observe that we can divide € in 9 different sets:

8
Q= U {z € Qu(r) =u;} U{z € Qlu(z) ¢ {u1,...,us}}
i=1

8
= JAUS.
i=1

A= U§:1 A; is called the multi-bang arc and S the singular arc.

Clason and Kunisch [7, Prop. 2.3] were able to characterize the structure of the
solution for scalar functions as follows:

8
Q= U {z € Qu(r) = u;} U{x € Qy(z) = 2(2)},
i=1

under the assumption that A is a second order elliptic partial differential operator of the
form

Ay == 00,(aij0,y) + > O, (bit)
=1

ij=1
with a; ; € WH(Q),b; € L>(Q2) and that A fulfils
ATHLA() c W2HQ).

This is not possible for vector-valued functions as the following example shows.
The distance between the state y and the target z is given by the first equation of the
optimality system (/6.14) as

1
—A'p=y— 2z (6.18)
a
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Our aim is to construct an example were y — z # 0 on the singular arc. We can construct
a triple (u,y,p) that fulfils the optimality system (6.14)) and from this we can deduce a
target z which does not fulfil the condition of Calson and Kunisch.

We take © = [0,1]? and choose A = —A with homogeneous Dirichlet boundary condi-
tions on I'o = {0} x [0,1] U {1} x [0, 1] and inhomogeneous Dirichlet conditions on the
other part of 92. We know that the Laplace operator is self-adjoint. Therefore, we need
according to a p with —Ap # 0. Our choice is

p(z,y) = <x20+ x) :

This p has homogeneous boundary conditions on I'g and p(z,0) = p(x,1) = —2? + z on
o0\ To.

We observe that p(z) € L1z = {q € R?|q € (0,1) x {0}} for all z €  and therefore 2 is
the singular arc.

From the definition of Lq2 (6.8)) we get that u must be in the following set if we want to
fulfil the second equation the optimality system :

w(z,y) € (_11> A <g> e o],

We choose u(z,y) = (é) . We calculate the solution of the PDE numerically. A linear

finite element approach is used. {2 is uniformly triangulated with N, = 256 x 256 nodes.
The code for the mass and the stiffness matrix can be found in appendix [A]
Furthermore, we choose oo = 100.

Figure shows ||z —yl|, at each point of the triangulation. As one can observe in

figure that y(z) # z(z) for all
p(x) € Lig = {x € Q|p(z) € (0,1) x 0} = Q.

So the characterisation of the singular arc given by Calson and Kunisch is not applicable
for vector-valued functions.
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6. Multi-Bang Control Problem

Figure 6.3.: Norm of the residual of the state y and the target z

34



7. Numerics

We want to compute a solution for our primal-dual optimality system (6.5). This can
be written with the introduction of the optimal state § = A~ u as follows

A =4,
Lap=y, (7.1)
«

u€ oG (p).

The subdifferential is set-valued and this causes problems for the numerical computation
of a solution. Consequently, we are going to regularize the subdifferential. We use the
Moreau-Yosida regularization since this regularization is single-valued as we will see
later.

7.1. Moreau-Yosida Regularization

At first we want to give the definition of the infimal convolution. From this we can
derive the definition of the Moreau envelope. We need this definition to define the
Moreau-Yosida regularization. The following definitions are taken form Bauschke and
Combettes [1].

Definition 7.1 (Infimal convolution). Let H be a real Hilbert space, f,g: H — (—o00, +00].
The infimal convolution of f and g is given by

fOg: H—=R, x Hyigg(f(y) +g(x —y)). (7.2)

fOg is exact at x € H if the infimum is attained, i.e. (fOg)(x) = mingey f(y)+g(z—y).

The Moreau envelope of a function f is the infimal convolution of f with a function g
that depends on a parameter ~.

Definition 7.2 (Moreau envelope). Again let H be a real Hilbert space, f a function
from H to (—oo,+00] and v € (0, 00).

fy =10 (217 r-||2> , e fy(z) = inf (f(y) + 217 Iz —y|I%) (7.3)

yeH
is the Moreau envelope of f of parameter .

We want to mention several properties of the Moreau envelope.
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Theorem 7.3. Let f be a proper convex function from a Hilbert space H to (—oo, +00].

The Moreau envelope of f is convezx, real-valued and ezxact.
Proof. By assumption f is convex and % H||2 is supercoercive, hence convex. Thus,
we get that the Moreau envelope is convex [for a proof that the infimal convolution

of two convex functions is convex see Bauschke and Combettes [1] Prop. 12.11]. The
supercoercivity yields also that fO <% HH2> is exact [see again [1] Prop. 12.14 for a

more detailed proof]. The Moreau envelope is real-valued because of the fact that f, is
bounded from above on every ball in H [see [1] Prop. 12.9]. O

Our next step is to define the proximal mapping of f and list the interplay between
the proximal mapping and the Moreau envelope.

Definition 7.4 (Proximal mapping). Let f be a proper lower semi-continuous and con-
vex function from H to (—oo,+0o0]. proxf(:v) is the unique point in H for which the
minimum in the definition of f1 is attained, i.e.

7o) = i () + 5 o= oI ) = Foroxy)) + 3 oz o) = ol

proxs: H — H is called prozimal mapping.
Theorem 7.5. We can write the Moreau envelope with the definition of the prozimal
mapping in the following way:

fy(x) = f(prox,¢(z)) + 217 Hproxwf(a:) — xH2 i (7.4)

Proof. The first step is to verify that (vf)1 = v(f,).

. 1 2y . 1 N
(v =min(vf () + 5 = = ") = 7(min f(y) + o lz = yll") =7/
From this we get in a second step

Fy =~ = 2 (ufro, @) + 5 o = pro, @)

1
v
As a result, we get our claim. O

We want to mention that we can also write the proximal mapping in the following
way

. 1
prox. (x) = argmin,cq, f(y) + % |l — |- (7.5)

Since we now know about the Moreau envelope of a function we want to define the
Yosida approximation of a set-valued operator.
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Definition 7.6 (Yosida approximation). Let A: H — 2% be a set-valued operator on a
Hilbert space H and let v € (0,00). The resolvent of A is given by

Ja=Id+A)"1 (7.6)
Ay = ~(1d=T,4) (.1

is called Yosida approxrimation of A of index .

Our next theorem shows the connection between the resolvent of 0 f and the proximal
mapping.
Theorem 7.7. Let H be a Hilbert space and f: H — (—oo, +0o0] be proper and conver.
Then proximal mapping of vf equals the resolvent of vOf, i.e.

prox. ; = Jyor = (Id+70f) . (7.8)

Proof. Let y € H be an arbitrary point and set p = prox. ¢(x). For all a € (0,1) we
define p, = ay + (1 — a)p. From the definition of the proximal mapping we get

1) <7 a) + 5 1z~ pal = 5 1z~ ol
a2
< a(v)y) + A - a)(r)p) - alz,y) +alz,p) + - (4, y)
2

+a(y,p) —a®{y,p) —a(p,p) + % (p,p)
Oé2

=N+ A =)0 H)p) —ale—py—p + 5 -ry-p.

The second inequality yields because of the convexity of f. We obtain from this inequality
through dividing by «

(y—pyx—p)+7f(p) <vfly) + % ly —pl>.

For « — 0 we get (y —p,z —p) + vf(p) < vf(y) and since y € H was arbitrary we
achieve with the definition of the subdifferential [£.3] that

z—p€eOf(p) & pe (Id+y9f) ().

For the other inclusion let p = (Id +v9f)~!(z). This is obviously equivalent to x — p €
~vOf(p). Again with the definition of the subdifferential it holds

(y—p,x—p) +7f(p) <vfly)Vy € H
1 1 1
@rf )+ 5 lle—pl* <vf @) + 5 e =l +w—pp =) + 5 lp -yl Yy € H
1 1
<vf(p) + 5 lz —p))* < vf(y) + 3 o —y||*Vy € H.

This yields that the minimum is attained at p and therefore we have p = prox, f(a;)
Finally we have prox. ; = (Id +y0f)~L O
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Now we are able to define the Moreau-Yosida regularization.

Definition 7.8 (Moreau-Yosida regularization). Let H be a Hilbert space and f: H —
(—00,400) be a proper convex function. Then

(0)(p) = i (p — prox, (1)) (7.9)

is the Moreau-Yosida reqularization of Of.

In the following theorem we want to list several properties of prox,,; and (Of)~. This
theorem is recited from Clason, Ito and Kunisch [6, Prop. 2.3].

Theorem 7.9. Let f be a proper convex function from a Hilbert space H to (—oo, +00).
Then

a) (0f)y = (1),

b) (0f) is single-valued, mazimally monotone and Lipschitz continuous with Lipschitz
constant %,

¢) 1(0f)(@)|| < infoeopy gl for all z € H,
d) f(prox,s(z)) < fy(x) < f(z) for ally >0 and v € H.

Proof. a) Let z,y € H with x # y. Then set p = prox. ;(x) and ¢ = prox,,(y). By
theorem [7.5 we get

1
)~ f@ = @)= fe) g (vl -l -l
> 2 {q—p,x—p) by Thm. [I7]
1
>5 (ly—al e —plP + 200 —p.2—p))

L
=5

—2l|e = pl* +2(y — g,z —p) +2(g—p.v — 1))

(ly = al? =20y — g2 = p) + |}z — |

1
=2 (Hy—q—x+p!!2+2<y—x,y—p>)

1
>—(y—x,y—p).
¥

Analogous we get f,(x) — fy(y) > %(x — v,y —q). Adding these two inequalities
yields
1
0< ;(<y—:r,y—(J> —(y—=z,2—p))
1
:;(<y—x7(y—q)—(w‘—p)>)-
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An operator T: D — H, where D is a subset of a Hilbert space H, is called firmly
nonexpansive if ¥ z,y € D | Tz — Ty||* 4+ |(1d =T)z — (Id =T)y||* < || — y||*. The
proximal mapping is firmly nonexpansive [see Bauschke and Combettes [1], Prop.
12.27 for a proof]. Thus, we get that

ogi«y—x,(y—q)—(x—pm

~(ly =l = la ol - g =pw =) = (o =)

>0, pI‘OX,Yf firmly nonexpansive

IN

IN

1 2
—lly—=l”.
Y
() (g~ (o
hw) fw(w)Hy<_yx”xﬁ =) _ 0 and therefore f, is Fréchet differ-

entiable with derivative %(Id — Prox, f). The Fréchet derivative equals the Moreau-
Yosida approximation of df.

Therefore, lim,_,,

The Lipschitz continuity follows directly from the fact that prox,,; and therefore
Id — prox, ; are firmly nonexpansive and thus both operators are Lipschitz continuous
with constant 1. Hence, %(Id — prox, f) is Lipschitz continuous with constant %

Since we verified in theorem that prox,; = (Id+~0 )7, (Id+~0f)~! and also
Id —(Id +~ydf)~! are firmly nonexpansive. This yields the maximally monotonicity of
those two operators. From the maximally monotonicity of Id —(Id +v9f)~! we can
deduce that (0f) is y-coercive and thus maximally monotone. The Moreau-Yosida
regularization is single-valued because the proximal mapping is unique.

Let y = (0f)y(x) and ¢ € Of (). Then

y= (01 (@) &y =~ (=107 (2)

& (Id+70f)H(x) =z —y
S yedflz—y)
< (z —vy,y) € graph df.

We have proven in theorem that f is maximally monotone and accordingly we
get

0< i (&= (=)0 —y) = (0 —v) < lldll llyll = lly]I*,
where the last inequality holds due to Cauchy-Schwarz. Thus, we have
1@ F)y ()] < llall Vg € Of ().
Consequently, this is also true for the infimum.
From the definition of the proximal mapping it is clear that f(prox, ((x)) < f,(z). We

can derive the second inequality directly from the definition of the Moreau envelope.
O
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Now we are able to define the regularized system. For brevity we set H, := (0 G"),.

Ayy = uy
1 *
aA Py =2 =Yy (7-10)
Uy = H(py)

Since H, is maximally monotone and the other prerequisites are not changed we can
deduce that has a unique solution (uy, y, py) with the same arguments as in the
proof of theorem We need to think about the convergence of our regularised system.
The poof of this theorem is in line with Clason, Ito and Kunisch [6].

Theorem 7.10. The sequence {(u., yv,p,y)}7>0 converges weakly to the solution (u,Y,p)

of (7.1) as vy — 0.

Proof. Our first step is to prove that we can find a subsequence of {(u, y-, pv)}7>0 that
converges weakly as v — 0 to the solution (u,y,p). Therefore, observe that we can
bound (G7)*(0) in the following way:

go*(0) = su —gr = inf Gf < inf  G*(p).

(G5)7(0) . ~(p) e 2y +(p) e oy (P)
Here we have used the definition of the Fenchel conjugate and theorem c). Since
U, is optimal for any given v > 0 we get

Fluy) < Fluy) +(G5) (uy) < F(0) 4+ (65)7(0) < F(0) + nf G*(p)
pEL?(Q,R?)

according to the facts that (G%)* is non-negative and the estimation above. This yields
that {F(u,)}, ., is bounded. Now we are going to show that the boundedness of
{7 (uy)},~ implies boundedness of {f’(uﬁ,)}vw.
IF )l 2 = fleA™ (A7 g = 2)| o < @ AT | AT 0y = 2| o < €,

because A™* is an isomorphism and therefore its operator norm is bounded. The ||-|| ;-
norm is bounded since {F(uy)}, -, is bounded.

It follows from the boundedness of {F'(u4)}._, that

>0
{pw}wo = {]:l(uv)}wo

is bounded. Our next goal is to verify that {u,}. is also bounded. We have

e ~
[uyll g2 = 1Hy ()l 2 < qeag*(m||f1”L2 <

The last inequality holds true since our 9 G* is bounded. {y,}.., = {A_1u7}7>0 is also

>0
bounded because of the fact that A~! is an isomorphism.
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Thus {(uy, yy, py)}7>0 is bounded and hence contains a weakly convergent subsequence.
[See Bauschke and Combettes [1], Lemma 2.37 for a proof of this fact.] Let u,, —
i,y — § and p,, — p.

We want to prove that the graph of F' is weakly closed: Let (uy,,g,) be a sequence in
graph 7’ that converges weakly to (u,g). We get that

gn = AT (A, — 2).
As u, —u
A (A, — 2) = AT (AT — 2) = g.

As a result (u, g) is an element of graph ' and thus the claim follows.
Accordingly to the weak closedness of graph F’ we get

p=—F ().
Using that F’ is monotone by theorem and the relations of (7.10) yields

<H71 (pw) — Hy, (pvz)va —p72> = - <UV1 - U'yzv]:/(uvl) - -7:/(“72)> <0

for any 71,72 > 0. This implies that

lim sup <H’Yn (p’Yn) - H,, (pvm)ap'yn - p’Ym) <0.

n,Mm—00

The maximal monotonicity of H, and the fact that H,(p,) € 0G*(p,) give that we can
apply theorem to the graph of 9 G*. According to this theorem (p, ) € graph d G*.
Since A is an isomorphism it holds Aj = 4. Altogether (4,3, p) is a solution of .
Now we aim to verify that the whole sequence converges to the solution (u,y,p):
Assume that there exists a subsequence (@, ,¥y,,Py,) Of (uy,yy,py) that converges
weakly to (u,y,p) # (4, y,p). With the same arguments as before we get that (u, 7, p)
is also a solution of . System has a unique solution as mentioned before and
therefore (u,q,p) = (4,9, p). This is a contradiction to our assumption and this implies
u, 7,

that (u’Y7y’yap’Y) - ( I p) D
7.1.1. Proximal Mapping of g*

We need to derive the proximal mapping of vg*. Therefore, we use that prox,,.(v) =
(Id +79g*)~(v) and that the following equivalence holds

w = (Id +79¢™) "H(v) & v € (Id +7dg*)(w) = w + ydg* (w). (7.11)
To calculate the proximal mapping we go along with the cases in the subdifferential.

1
i) w6Q1:Inthiscasewehavev:w+7<

1). Solving this relation for w we get

w=v—7y <1> The definition of @)1 yields that wy,we > 0 and w; +we < 1. Using

all conditions we get that

v1,v2 >y and v] +vo < 1+ 2.
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For the Moreau-Yosida regularization we have

ww»w»—i@—pmamwn—i(p—p+VG)>_<D.

We can calculate the Q]’s for i = 2,3,4 in the same way. For all these Q;’s the
proximal mapping is p — yu; and therefore the Moreau-Yosida regularization equals
u;. The sets for the definition of (9g*), are the Q;’s shifted with yu;.

. 1 . . . .
w € Qs5: In this case we have v = w+ 7y 1). Solving this equation for w and using
the definition of Qs, i.e. w1, wq > 0 and w1 + wq > 1, we get
v1,v9 > 2y and vy +vg > 1+ 4.

The Moreau-Yosida regularization is again u; since the subdifferential of ¢g* is single-
valued on all Q;’s. For i =5,6,7,8 Q] equals Q; shifted with yu;.

w € S: In this case w; = wy = 0 and from we get that v) € [wy — v, w1 + 7]
and vy € [wy — 7, wa + 7). Hence, we have

v € [=7,7] X [=7,7]-

The Moreau-Yosida regularization reads the following:

i =2(2)- ()2

1 (2-9)
0) and we have v € w+ <(2 5)#) for § € [0, 1] and

w € [—1,1]. This yields v1 =14 (2 — ) and vy = (v; — 1)p. Altogether we have

w € Pjo: In this case w = < __
vi € [1+7,14+27] and vg € [1 —v1,v1 — 1].

For the Moreau-Yosida regularization we can insert our point Pja

@)= (- (5))-

We can proceed in the same way for the other P;;’s.
11> +A (g)) for A € [0,1]. Additionally, we

w € Liz: In this case v € w + v <<_
have 0 < wy; < 1 and wy = 0 from the definition of Li5. Thus, we get

v1 € (7,147) and vy € [—7,7].

Since we = 0 we have 0 = v9 + v — 2Ay and we can determine A = % + % From

the definition of vy we see that it holds A € [0, 1].
1 1 pe 1\ (0\\] /1
oo =3 rren () (5 03) ()] = (2)
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We can do the same calculation for Loy, L34 and Ly3. The sets for the regularization
are neighbourhoods of 2v in one direction and 1 in the other direction of the axes.
The Moreau-Yosida regularization is constant in the component that is not 0 and

in the other component it is the component divided by ~.

22> + A (2)) for A € [0,1]. We have again

wg = 0 and wy > 1 from the definition of Lsg. Hence, using both conditions

w € Lsg: In this case v € w—i—’y((

vy > 142y and vy € [—27,29].

We can compute A as in the case before since wy = 0 again. Here we get A = X—% + %
and by the definition of vy A is again in [0, 1] and therefore it is well-defined. As the
Moreau-Yosida regularization we have

=3 pren((3)+ (2D ) - ()

As in the case before we can calculate the sets and regularizations in the same way
for Lgg, L7g and Lg7. The sets are 4 hoses around the axes and for the regularization
we have the same as in case v).

w € Lis: In this case we have ||[w| s =1, wi,we >0 and v € w4+ y(2 — A) (}) for

A € [0,1]. From these restrictions on w we get for v
v—1<wve<vi+land 1+2y<wv +ve <1+ 4.

With the equation w; + wo = 1 we can determine A\ as 2 — . From this we

get the following Moreau-Yosida regularization:

0010 = [p-pr (-2 22N (D] = L[ (22) - ()]

We can proceed analogously for Log, L4g and Lsy.

v1tva—1
2y

In figure one can see the different sets for the definition of the regularization. To
sum up all our definitions we want to state first the sets and then the regularization.
The regularized version of Q); is

{eeR? g, 2>y A g1+ @2 <1427} 1=1,
{¢eR* |1 > 7,2 < vy A1 — g2 < 1+2v} i=2,
{eR g < v @>7A—-qa+@<l+2y} i=3,
o7 = {eeR? g, 2 < —vA—q1 — g2 < 1+27} i=4, (7.12)
‘ {eeR? 1,20 > 2y Aqn + @2 > 1+ 47y} i=5,
{¢eR | >2v,(a< -2y Aqu—q2 > 1+47}  i=6,
{4eR |1 < -2y, @2 > 29 A —q1 + > 1+ 47} i=17,
{aeR? a1, q2 < -2y A —q1 — g2 > 1 + 47} i=38,
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Figure 7.1.: Subdomains for the definition of (0g*).

and the one of S
§7={qeR?*|g € [-7,7] x [-7,7]} - (7.13)

The regularized sets of the P;;’s and L;;’s are

{eeR|pel+rv1+20A@el—q,q—1]} i=1,j=2,
v {(JEIR2|(11e 1+Q2,—1—Q2,]/\QZ[—1—2’Y,—1—’)’]} 1=2,J=4a

[

= [ ) i (7.14)
[-1-2y,-1-4]Ag@el+q,-1-q]} i=3,j=4,
[

K {¢eR?|q €
{geR g el —ge—1Ag@el+y,1+29]} i=1,j=3,
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({aeRPy<a<l+yA—7<@ <7} i=1j=2
{geR|—y<q<yA-1-y<g<-7v} i=2j=4,
{¢eR?|-1-y<qp <A< g <7} i=3j=4,
{deR | —vy<a <Ay <@ <l+v} i=1j=3,
{eeR g1 > 142y A =2y < g2 < 2v} i=5]j=6,
{geR*| -2y <q1 <29Aga < —1 -2} i=6,j=28,
{¢eR? g1 < —1—2yA 2y < g2 < 2} i=7j=8,
o JaER =2y < a1 <2y A > 1+ 29} i=5j="71,
Voo {geR g - 1< <@ +1AL+2y < g4 go < 1+47})
i=1,j=5,
{geR|—q—1<@<-q+1A1+2y<q — @ <1+4v}
i=2j=6,
{qeR|g —1<g<qa+1A1+2y< —q —q < 1+4y}
i=4,j=8,
[§eR | =1 —1<ga<—q+1A1+27< —q1 + @2 < 1 + 47}
i=3j=".
The Moreau-Yosida regularization reads the following:
u; if g € Q7,
%p if g e 57,
2 (p—Py) if ¢ € P,
(sgr;ipﬁ) ifge L], Vqe L,
o
gl ifge Ly, Vqe L,
Sgn(pz)>

(997)4(q) = E2Sgn(p1)
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if ge LYV qe L,

v ifge Ly Vqe L,

1
p1tp2 > _ 1 (Sgn(pl)) lfq c L'1y5 Vqe LZg,

- 1 1 [ sen(p1) .
wo _1>_2W< ) if g€ LV qe L,

(7.15)
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7.2. Semismooth Newton Method

Now we want to compute a solution of our regularized system ([7.10)) with a semismooth
Newton method. We can reduce our regularized system via elimination of u, to the
state and the dual variable

ZA'p. = 2 —
o Py =2 = Yy,
A?J“f = Hw(pw)-

First we want to give the definition of semismoothness. It is recited from [11], Def 2.1.

(7.17)

Definition 7.11. Let X,Y be Banach spaces and G: X — Y be a continuous operator.
Additionally let 0* G be a generalized differential of G, e.g. the subdifferential if G is
convez or the Clarke differential. Then G is called semismooth at x € X if

sup  [|G(z +d) — G(z) — Md|ly = o(||d||,) for ||d]|, — O. (7.18)
Med* G(z+d)

A Newton method aims to solve the problem:
For a given operator G: X — Y, find £ € X such that G(z) = 0.

(cf. [10], p. 3)
For a semismooth operator a Newton method is defined via the following algorithm
according to [11] chapter 2.4.5.

Algorithm 1 Semismooth Newton method

Choose an initial point 2° € X (sufficiently close to the solution )
for k =1,2, ... do

Choose My, € 9* G(z¥).

Solve Myéxk = — G(z*) for 6.

Set 2Ft1 = 2k 4 sz,
end for

Consequently, we are interested in the solution of the following problem:

1 g%
y—z+ A p> <O>
F(y,p):= o = . 7.19
= (" o) = (6 (7.19)
Our next goal is to verify that F' is semismooth. Therefore, we want to list two properties
of semismoothness. This theorem is also in line with chapter two of |11].

Theorem 7.12. Let X,Y,Y;,i = 1,2 be Banach spaces.
i) If the operators G;: X — Y;,i = 1,2 are semismooth at x, then the operator
G = (G1,G2): X - Y1 x Yy, z — (Gi(z),G2(x)) is also semismooth at x. Here
(0% G1,0" Ga) is defined as the direct product of the generalized differentials of the
components, i.e. for M € (0*G1,0"Ga)(z) we have Mv = (Mjv, Mav), where
M, € 0* gl(l') and M, € O* gz(l‘)
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ii) If the operators G;: X — Y,i = 1,2 are semismooth at x, then the operator G :
Gi1+Ga:x = Y, © — Gi(x) + Go(x) is also semismooth at x. Here 0* G =
0" G1 +0" Ga.

Proof. i) For all M € 0*G(x + d) there exist by definition M; € 90*G;(z + d),i =
1,2 such that Mv = (Myv, My). We want to use the following norm on Y7 x Ya:
H‘|’Y1><Y2 = HHYl + H||Y2

sup  [|G(z +d) — G(x) — Mdlly, .y,
M€ G(a-+d)

= sup [(G1(x + d), G2(z + d)) — (G1(z), G2(x)) — (M1d, Mad)||y, .y,
(My1,M2)€0* G(z+d)
= sup 1G1(z +d) — G1(z) — Mid|ly, +[|G2(x + d) — Ga(z) — Mad||y,
(M1,M2)€0* G(z+4d)
< sup 1G1(z + d) — Gi1(x) — Madlly,
M1€0* G (a+d)
+ sup [Ga(x + d) — Ga(x) — Madl|y,
M€0* Ga(z+d)

= o([|dl|,,) for |d]|, — 0,

since both terms are of o(||d||,) for ||d||,, — 0.
i)
swp g% e+ ) - G*(o) - M,
Med* Gt (z+d)
= sup 1G1(z +d) + Ga(z + d) — G1(x) — Ga(x) — Mid — Madl|y
(M1+M2)€0* GT (z+d)

< sup 1G1(x + d) — Gi1(x) — Myd|ly
M1€0* Gy (z+d)

+ sup |Ga(x + d) — Ga(x) — Mad|ly
Mo€d* Go(z+d)

= o(||dl|,,) for |d]|, — 0,
O

Part i) of this theorem yields that we need to prove that F; and F» are semismooth.
Fy is continuously differentiable in y and p and because of this it is semismooth. Fj is
also continuously differentiable in y, but not in p. So it remains to verify that H, is
semismooth. We recall the definition of Hy(p):

H,(p)(z) = hy(p(z)) := (09"),(p(z)),

i.e. H, is the superposition operator of h,. By theorem h~ is Lipschitz continuous
with constant % This yields that h. is almost everywhere directional differentiable by

Rademacher’s theorem. Furthermore, h, is by its definition (7.16|) piecewise differen-
tiable. Thus, it holds for the directional derivative

1
/ . R -
h.(g;0q) == %Hno ; (hy(q+tdq) — hy(q))
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at ¢ in direction ¢ that

1
lim

dim < 111 g + 8a569) - i (g: 69) | = 0.

Therefore, h, is semismooth. [See [14], Prop. 2.7 for a proof that the condition for
the directional derivative is equivalent to in finite dimensions.] According to
Ulbrich [14] Thm. 3.49 the restriction of the superposition H., from H}: < LP(Q,R?) to
L?(Q, R?) for any p > 2 is semismooth and hence Newton differentiable.

At this point we have verified that F' defined in is semismooth. To apply a
semismooth Newton method we need to calculate 0*F. The challenging part is the
derivative of H,.

Using the definition that is given by Clason, Ito and Kunisch in [6] the Newton derivative
DnH,: Hll — L%(Q,R?) at p in direction of dp is given pointwise almost everywhere by

[DnH(p)dp] (x) € Oohy(p(x))dp(x).

Here 9, denotes the Clarke derivative as defined in
Consequently, for our h. stated in (7.16) the Newton derivative at p in direction dp is
defined pointwise almost everywhere by

0 8) if p(z) € Q7,

if p(z) € STV p(x) € P,

2= O
=3
=
—~
8
~—

op(x) if p(x) € Ly V p(x) € Ly,

o R O

SD‘._\g‘,_.OQ\wO o O O ocurw O
]
= B o ~— N o R

[N}
=)
v
=g
!
—~
8
~—

dp(x) if p(z) € L3, Vp(x) € L5,

o

[Dn Hy(p)op] (z) = (7.20)

op(x) if p(z) € L1V p(x) € L,
dp(z) if p(z) € Ll V p(x) € LY,

if p(z) € L]; Vp(x) € L,

1
2y 2y

Ve

e Ve Y Y e Y Y YR

1 _ 1
2y f”) op(z) if p(x) € Ly V p(z) € LI,

For a semismooth Newton step according to [I| we need to obtain (dy, dp) by solving
Id 1 g+ oy z—yk — LAxpk
ook = kI (nk (7.21)
A —DnH,(p")) \0p —Ay" + Hy (p")

48



7. Numerics

for given (y*,p*) and set y**! = y* + 6y and p**+! = pF + 6p.

The last goal of this section is to prove that this iteration converges superlinearly. To
reach this goal we need to show uniform solvability of the Newton system . The
proof of this theorem is in line with Clason, Ito and Kunisch [6] and Clason and Kunisch
[7].

Theorem 7.13. For any p € Hy and any (wi,wa) € (H))* x (HJ))* there exists a
solution (dy,dp) € H,}X € H,} of the system

(7.22)

oy + éA*(Sp = wy,
Ady — DnHy(p)op = wa,

which satisfies
16yl g1 + 110pll g1 < CUllwall g1 + [lw2l 1)

Proof. First observe that ||[[DyHy(p)]dpl|;. < % |0p|l ;2 almost everywhere by its defi-

nition ((7.20). Inserting dp = A~*(a(w; — dy)) into the second equation of ((7.22]) and
applying A~! implies that (7.22) is equivalent to

5y + A DNy H,(p)A™*6y = A" wg + A" Dy H, (p) A *wy. (7.23)

The next step is to verify that Dy H, is maximally monotone.
By theorem b) h~ is maximally monotone. Hence for all ¢ > 0, all 6¢g and almost all
q it holds

S

0 < (hy(q +t0q) — hy(q)) - (g + tdq — q) = < (hy(q + t6q) — hy(q)) - (£*6q).

This is equivalent to
0<

| =

(hy(q +1tdq) — ha(q)) - oq

and as t — 0 we get for the limit
h.,(q;dq) - 6q > 0.

We need to look at

(D H,(1)69,59) 2 = [ (D H, ()01 (0) - 6p(o) d
Q
— [ Hyo(a)sdp(a)) - opta) do > 0
Q

by the estimation above.

Therefore, Dy H., is maximally monotone. Since A~! and A™* are isomorphisms the op-
erator A_IDNHWA_1 is maximally monotone according to theorem The arguments
are the same as in the proof of Minty’s theorem yields that
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ran(Id+A~'DyH,A™') = H} and this implies the existence of a solution dy of
and thus the existence of a solution dp.

Now we take the inner product of with dy and use that A=! and A~* are iso-
morphisms from (H{)* to HY and that the embedding H} — L%*(Q,R?) — (HE)* is
continuous

1891172 < 16172 + (@D Hy (p)A™ "6y, A™"6y) .,
c.s. 1 —x
< HA w2HL2 oyl 2 + HO‘DNH“/(p)A leLQ HA 5yHL2
2
< [l s o D0yl e + = 147 | 1470
< Clwnllg + llwallg) 182

A* is an isomorphism and hence coercive. This implies together with the first equation

of (7:22)
198l s < 114%6pl -1 < ol g + 16yl g1 < Cr(llwnl g1 + 16yl 2).

The second equation together with the boundedness of Dy H,, yields

16yl g < A0yl g1 < Nwallg—1 + 1PN HA (p)0p]l 1 < Col[lwallg—1 + [I6pll2)-
Combining the last three estimations we get
169111 + 0Pl 1 < Crlllwill -+ + 10yl 22) + Colllwall -1 + 10p]l 2)
< C(lwillg-1 + llwall g-1) -
O

The boundedness of the inverse Newton matrix together with the Newton differentia-
bility of H, leads according to Hinze, Pinnau, Ulbrich and Ulbrich |11, Thm. 2.12 | to
the following result:

Theorem 7.14. The semismooth Newton method (7.21]) converges locally superlinearly
in H} x H}.

We need to define a stopping criterion for our Newton iteration. Therefore, we intro-

duce active sets:
Al(p) = {z € Qlp(z) € Q]},
Ag(p) = {z € Qp(z) € S},

.A']YDij(p) = {SE € Qlp(x) € PZ';} ’
AL’j(P) = {x € Qp(x) € LZJ}

We terminate the iteration if all active sets coincide for p* and p**!. At this point the
regularized control can be derived by uf*! = H. (pk*1). Thus, our semismooth Newton
method reads the following;:
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Algorithm 2 Semismooth Newton method for the regularized system
Start with 4 = 1 and (%, p%) = (0,0).
while ™ > 10710 and there are nodes in the regularized active sets and
# iterations < max;; and # iterations > 1 do
while Not all active sets coincide do
Solve the regularized optimality system via the semismooth Newton itera-
tion .
end while
Set ,merl — %,ym.
end while

We observed the same problem that is mentioned by Clason, Ito and Kunisch [6].
In our example the strategy from above failed to provide a sufficient initial guess for
the next Newton step. Therefore, we implemented also a backtracking line search in
addition to the Newton iteration. Due to this extra routine we need to change our
stopping criterion to all active sets coincide and the norm of the residual < 1076.

7.3. Numerical Examples

Now we are going to show the structure of the optimal control for 2 = [0, 1]2 and A the
linearised elasticity equation with homogeneous Dirichlet conditions on 'y = A (1, O)T
for A € [0,1] and homogeneous Neumann conditions on I'; = 90\ T'y.

We take a combination of the code of Clason, Ito and Kunisch [6] and of Clason
and Kunisch [7]. Therefore, we take a uniform triangulation 7; of the domain Q with
Np = 128 x 128 nodes. The state y and the adjoint state p are discretized with piecewise
linear finite elements. As done in the two papers listed above we approximate the
integration over the piecewise defined functions H.(pp) and Dy H~(py)dpp, in the weak
formulation of by multiplication of the mass matrix with a vector of nodal points.
The space of piecewise linear finite elements based on the interior points {x; }jV:hl of T,

is denoted by V4. Furthermore, let v € RV be defined by vj = vp(z;) for 1 < j < N,
zj € T, and vy, € Vi,. Hy(p) € R™ and DH,(p) € R™* are defined via

(H’y(p))j = h’y(p(xj))v (DH"/(p))j = DNﬂv(ph)(xj), 1 <5 < Ny
Then the variational formulation of second equation of (7.21)) reads

241 (€(6yn), €(vn)) 2 + A (div Syn, divon) 2 — (DnHy (pE)Sph, va) L2
= —2u(e(yf), e(vn)) 2 — Mdivys, divop) 2 + (H, (pF), on) 2 ¥V vp € Vi,

This variational formulation is approximated by

20K,0y + ALpdy — My(DH,(p) o 6p) = —2uKpy* — ALpy* + My H, (p"),
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where Ay = 2uKj, + ALy, is the stiffness matrix of the linearised elasticity equation and
My, is the mass matrix corresponding to V}, and o denotes the pointwise product of two
matrices. The code that was used for the examples can be found in appendix [A]

We want to illustrate two effects of the weight . Therefore, we take the eight control
states given in the introduction of chapter [f]

() (G0 G)6)-(5)- () G

Observe that the homogeneous Dirichlet conditions on I'g yield that we can not get a
true multi-bang control as a solution since the nodes in I'g have to be in S7. Thus, the
termination criterion for the continuation is every time the bound of «y or the convergence
of the Newton iteration in one step. This boundary condition is visualised in all plots
of the control u,. Furthermore, we agree that our control is a true multi-bang control if
the solution is in the set of control states at all nodes besides the N boundary nodes in
To.

For the first examples the first component of the target is a scaled with % version of
Matlab’s peaks function

z1(21, 2) = 3 (4 — 621)% e~ (621-3)"~(622-2)

10
1
- <5(6£L'1 o 3) o (le o 3)3 _ (6.’/62 o 3)5> e—(6x1—3)2_(6x2—3)2
_ L 6m-2?—(6m2-3)?
30

and for the second component zo(x1, z2) we take the Matrix of the discrete version of z;
rotated counterclockwise by 90 degrees, i.e. zo(x1,z2) = rot90(z1 (1, z2)), see figure[7.2}
This function has in the whole domain values that between -1 and 1 in both components.

For o = 5-10% we find 149 nodes at which the control is unequal all control states
u;. If we disregard the boundary nodes where u, has to be zero, there are 21 nodes that
does not fulfil our assumption. Hence we do not have a true multi-bang solution. This
result is reached for v = 10719 and the corresponding partition of the domain is shown
in figure [7.3|(a). The blue area indicates the singular arc and the green area the nodes
where u, attains on of control states of smaller magnitude, i.e. u, of the green nodes is

() () GG

and the red area the nodes where ., attains the control states with larger magnitude.
For o = 50 we have disregarding the mentioned boundary nodes only 10 nodes at which
U, is not one of the control states and thus u, is again not a true multi-bang control.
In figure[7.3|(b) one can see the partition of the domain. The continuation is terminated
because the bound of v = 10710 is reached. Since « is the weight for the distance be-
tween the state and the target this is the result we expected.
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Figure 7.2.: Discrete version of the target z
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Figure 7.3.: Effect of « on the nodes in regularized sets (blue = singular arc, green =
part of multi-bang arc with smaller magnitude, red = multi-bang arc with
larger magnitude)
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7. Numerics

We want to mention that we can not choose av < 10~* in this setting because in this
case the Newton iteration in the second continuation step is terminated after the first
iteration and therefore the whole continuation is terminated after the second step. Fur-
thermore, we are not able to get a true multi-bang control for this setting.

For the second effect of a we choose again a scaled version of Matlab’s peaks function
for the first component and the rotated array for the second component. This time our
scale factor is 10, thus the first component of the target is

21(21, ) = 30 (4 — 6ap)? e~ (671 -3)" —(62-2)°
1

_ 10 —(6m1-2*~(622-3)?
: .

The minimal value of this function in our domain is -65.48 and the maximal value is
81.05. We do not give a plot of this target since one can not see that the vectors are
longer than the ones in figure due to the scaling of the plot routine.

For a = 51072 the continuation terminated at v = 10~ and the solution Uy is a true
multi-bang control, see figure[7.4(a). Here we find again that all arrows have the length
/2. This is shown in figure )

The continuation terminated at v = 10~7 for & = 5-10~!. The solution is also a true
multi-bang control, but in this case all control states are attained, see (b) The control
u, is visualized by figure [7.4|(b).

A true multi-bang solution can also be found for & = 1. The continuation is terminated
at v = 1075, Again all control states are attained, but as we can see in figure (c) there
are less nodes where the smaller u;’s are attained. The control for this set of parameters
is shown in [7.4c).

We do not get a true multi-bang control for a = 50, there is one node beside the boundary
nodes in one of the regularized sets. See figure (d) for the plot of the control. We
observe in figure (d) that this control has only values within the control states with

a0

This set of example shows that a larger value of « causes that the control states with
larger magnitude are attained.

Our next step is to take a look at the convergence of the continuation and of the
Newton iteration.
Table [7.1] shows the number of Newton iterations and the number of nodes in the reg-
ularized sets for each v and different values of . One can see the interplay of v and «
in table [T.I] The smaller @ the smaller v to get the optimal solution. We also want to
mention that the continuation fails to converge if we have a solution that is not a true
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a =50 a=1 a=0.5 a = 0.005
v It n(y) | It n(y) It n(y) | It n(v)
1 7 804 6 12508 5 15991 | 2 16384
le-1 2 189 3 2256 4 3675 2 16384
le-2 3 135 3 402 3 604 4 12576
le-3 | 3 130 3 149 3 174 3 2358
le-4 3 129 3 130 2 133 3 436
le-5 2 129 2 128 2 129 2 169
le-6 2 129 1 128 2 128 3 132
le-7 2 129 1 128 2 129
le-8 2 129 2 128
le-9 2 129 1 128
le-10 | 2 129

Table 7.1.: Convergence history of continuation for different o (It are the number of
Newton iterations and n(y) are in the number of nodes that are in one of the
regularized sets at the end of the Newton iteration)
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Figure 7.5.: Effect of a on the control states that are attained (blue = singular arc, green
= part of multi-bang arc with smaller magnitude, red = part multi-bang arc
with larger magnitude)
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7. Numerics

Iteration 1 2 3 4 5 6
=10 16384 25920 10236 510 4 0
v=10"1 23846 602 0

v=10"2 4432 22 0

v=10"% 558 12 0

y=10"* 50 2 0

y=10"° 4 0

y=10"6 0

Table 7.2.: Convergence history of the Newton iteration for example in figure (c)
(shown are the number of nodes that change the active set after each itera-
tion)

multi-bang control, see column 2 of

Furthermore, we want to take a look at the convergence of the Newton iteration.
We picked example [7.4{c). The convergence history looks similar for all cases where a
true multi-bang solution is attained. In table we can see the typical convergence
of a semismooth Newton method. At the beginning there are some steps with very
small or even without decrease. Then we reach the superlinear phase in which the al-
gorithm converges in a few steps. Thus, in the next step of the continuation we start
in the superlinear phase and therefore the Newton iteration converges within a few steps.

At a last step we want to plot the states for both given targets, each for one value of
alpha since they look very similar. See figure for the plots with a = 50. This figure
visualises the target’s influence on the state.

The last figure shows the distance between the target z and the state y. All plots look

similar, they are only scaled with different factors. Figure shows the residual for the
second version of the target and o = 1.
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8. Conclusion

The goal of this thesis was to provide a vector-valued version of Clason’s and Kunisch’s
multi-bang control of elliptic systems [7]. Before we were able to state our multi-bang
control problem, we needed to list some basics.

Our choice for the elliptic PDE was the linearised elasticity equation, since in this
PDE the two components are linked. We started with the definition of this equation,
motivated by the deformation problem that can be modelled with this equation. Af-
terwards we derived the weak formulation and proved that the weak formulation has a
unique solution for all given right-hand sides.

The next step was to give a short introduction to optimal control theory. We motivated
this introduction with the stationary heating of a solid object.

In advance of the main part of this thesis we collected several definitions and theo-
rems from convex analysis and monotone operator theory. We introduced our multi-bang
control problem with the linearised elasticity equation as the constraint and fixed set of
control states in chapter [} Then we explained how we derived the primal-dual optimal-
ity system for our problem. This included the calculation of a Fenchel conjugate and its
subdifferential and the calculation of the Fréchet derivative. In the following we were
able to prove the existence of a unique solution of this optimality system. The stability
of this solution was also part of this section. In the last section we took a look on the
structure of our solution. Clason and Kunisch were able to give a better classification of
the structure of the solution. We found an example that proves that this is not possible
for the vector-valued problem.

The last part aims to give an explanation for a numerical solution of the primal-dual
optimality system. Since one of the equations of the system is set-valued, we needed to
introduce the Moreau-Yosida regularization of the optimality system. We also proved
that the solution of the regularized system converges weakly to the real solution. After-
wards we defined semismoothness and verified that our regularized system is semismooth.
With this knowledge we could define a semismooth Newton method. A next step was
to show that the semismooth Newton method converges locally superlinear. As a last
point we listed an algorithm that is a combination of the semismooth Newton method
and a backtracking. Finally, we gave some numerical examples that illustrate our theory.

A further research topic could be the generalization of our vector-valued multi-bang

problem in the sense of arbitrary control states. It should not be too difficult to prove
all our theorems for eight arbitrary control states that are the vertices of two different
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8. Conclusion

squares centred in the origin and parallel to the axes. It is more complex to give the
generalization of our problem to an arbitrary number of control states.

Clason, Ito and Kunisch were able to find similar results for optimal control with switch-
ing structure and a parabolic PDE as the constraint [6]. Thus, it would be interesting
to see if one can find similar results to ours for multi-bang problems with non-elliptic
PDEs as constraints.
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A. Matlab Code

function multibang2d
%$This function solves the multibang control problem
min alpha/2 \|y-yd\| 2 + \int \max (\max (|ul|, |u2]),1)

s.t. -\div(2\mu \epsilon(y) + \lambda \tr (\epsilon(y))Id)= u,

\max (|ul (x) ], |u2(x)]|) <= 2
using the approach described in my masterthesis.
The code is a combination of the code from Calson, Ito and Kunisch
regarding the paper 'A Convex Analysis Approach to Optimal Control with
Switching Structure for Partial Differential Equations' and the code of
Clason and Kunisch that belongs to the paper 'Multi-Bang Control of
Elliptic Systems'.

o° o o° o° o° o° o° o° o°

clear all
close all

% setup
problem parameters
= 128;
maxit = 300;
alpha = 5e3;
tmin = 1le-10;
ub = [11-1-122 -2 -2;...
1 -11-12-22 -2];

o° o

=z

number of nodes per dimension

max number of Newton steps

control cost parameter (L"2)
minimal step length for line search

o° o° o o

matrix of control states

o° oo

d = length(ub); number of control states
$material parameters

E =1, % elastic modulus
nu = 0.3; % Poisson's ratio
mu =E / (2%(1 + nu)); % Lamé constant
lambda = E * nu / ((1 + nu)x(1 - 2xnu)); % Lamé constant

% setup grid, assemble stiffness and mass matrix
[K,L,M,xx,yy] = assemble2dFEM(N) ;
A = 2 % mux K + lambda * L;

% setup target

z1 = peaks (N)/10;

z2 = rot90(zl);

% extract every tenth node for the plots
i = 1:10:N;

xx1
vyl

xx(i,1);
yy (i,1);
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z11l = z1(i,1);
z21 z2(i,1);

% plot every 10th point of target
figure (1)

quiver (xx1,yyl,z11l,z21);
title('target');

x1lim([-0.1 1.17]);

ylim([-0.1 1.17);

axis equal;

z = [z1(:) ; z2(:)]1;

% precompute some terms
Mz = M#*z (:); AT = A'; N2 = NxN; al = 1/alpha;

% compute control
initialize iterates

o0 o

y = zeros(N2,2); % state variable

p = zeros(N2,2); % dual variable

as = zeros (2xd+3,N2); % active sets

% continuation: start with gamma”0 = 1

gamma = 1;

while gamma > 1le-10
it = 1; nold = 1e99; tau = 1; tflag = '"';
fprintf ('\nCompute solution for gamma = %1.3e:\n', gamma);

while true
update active sets and compute from them Hg
and the diagonals of DHg

oe

o

as_.old = as;

% Q_1"gamma
(1,:) = (p(:,1) > gamma & p(:,2) > gamma &...
sum(abs(p),2) < 1 + 2 % gamma);

(p(:,1) > gamma & p(:,2) < - gamma &
sum(abs(p),2) < 1 + 2 % gamma);

as(3,:) = (p(:,1) < - gamma p(:,2) > gamma &...

sum(abs (p),2) < + 2 % gamma) ;

as(4,:) = (p(:,1) < - gamma p(:,2) < - gamma &

sum(abs (p),2) < + 2 x gamma) ;
as(5,:) = (p(:,1) > 2 » gamma & p(:,2) > 2 % gamma &
sum(abs(p),2) > 1 + 4 % gamma);
&
+

o)}
19}
N
~
-
I

&
1
&
1

as(6,:) = (p(:,1) > 2 x gamma p(:,2) < - 2 x gamma &
sum(abs(p),2) > 1 4 x gamma) ;

as(7,:) = (p(:,1) < - 2 % gamma & p(:,2) > 2 % gamma &
sum(abs(p),2) > 1 + 4 % gamma);

as(8,:) = (p(:,1) < - 2 » gamma & p(:,2) < — 2 * gamma &...
sum(abs(p),2) > 1 + 4 % gamma);

Hg = as(l:d,:) "xub';
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% S"gamma

as(d+l,:) = ( —gamma <= p(:,1) & p(:,1) <= gamma &
—gamma <= p(:,2) & p(:,2) <= gamma) ;

Hg = Hg + (1/gamma * p) .x repmat (as(d+1,:)',1,2);

% P_i, j"gamma
as(d+2,:) = (1 + gamma <= p(:,1) & p(:,1) <=1 + 2xgamma &
1 -p(:,1) <=p(:,2) & p(:,2) <=p(:,1) - 1);

Hg = Hg +
(1/gamma » [(p(:,1) — 1) p(:,2)]).* repmat(as(d+2,:)',1,2);
as(d+3,:) = (1 + p(:,2) <=p(:,1) & p(:,1) <=-1 - p(:,2) &...
-1 - 2xgamma <= p(:,2) & p(:,2) <= -1 - gamma);
Hg = Hg +

(1/gamma * [p(:,1) (p(:,2) + 1)]1).* repmat(as(d+3,:)',1,2);

as(d+4,:) = ( -1 - 2%xgamma <= p(:,1) & p(:,1) <= -1 - gamma &

1 +p(:,1) <=p(:,2) & p(:,2) <= -1 - p(:,1));
Hg = Hg + ...
(1/gamma * [(p(:,1) + 1) p(:,2)]) . repmat(as(d+4,:)"',1,2);

as(d+5,:) = (1 - p(:,2) <=p(:,1) &« p(:,1) <=p(:,2) -1 &...
1 + gamma <= p(:,2) & p(:,2) <=1 + 2xgamma) ;
Hg = Hg + ...
(1/gamma * [p(:,1) (p(:,2) - 1)]).x repmat (as(d+5,:)"',1,2);

% L_.i, j gamma
as(d+6,:) = ((gamma < p(:,1) & p(:,1) < 1 + gamma) |
(-1 - gamma < p(:,1) & p(:,1) < —gamma)) &
(—gamma <= p(:,2) & p(:,2) <= gamma);
Hg = Hg + [sign(p(:,1)), (p(:,2)/gamma)].* repmat (as(d+6,:)"',1,2);

as(d+7,:) = (—gamma <= p(:,1) & p(:,1) <= gamma) &
((gamma < p(:,2) & p(:,2) < 1 + gamma) |
(-1 - gamma < p(:,2) & p(:,2) < —gamma)) ;
Hg = Hg + [(p(:,1)/gamma), sign(p(:,2))].* repmat (as(d+7,:)"',1,2);
as(d+8,:) = (1 + 2xgamma < p(:,1) | p(:,1) < -1 - 2xgamma) &...
(=2xgamma <= p(:,2) & p(:,2) <= 2xgamma) ;
Hg = Hg +

[(2*%sign(p(:,1))) (p(:,2)/gamma)].x repmat (as(d+8,:)"',1,2);
DHg22 = sum(as([d+1:d+6,d+8], :)'/gamma, 2) ;

as(d+9,:) = (-2+xgamma <= p(:,1) & p(:,1) <= 2xgamma) & .
(1 + 2+«gamma < p(:,2) | p(:,2) < - 1 - 2xgamma);
Hg = Hg +
[(p(:,1)/gamma) (2+sign(p(:,2)))].x repmat (as(d+9,:)"',1,2);
DHgll = sum(as([d+1:d+5,d+7,d+9],:)'/gamma, 2) ;

as(d+10,:) = (p(:,1) - 1 < p(:,2) & p(:,2) <p(:,1) + 1 &
1 + 2xgamma <= sum(abs(p),2) &
sum(abs(p),2) <= 1 + 4xgamma) ;

Hg = Hg + (repmat ((p(:,1) + p(:,2))/(2gamma),1,2) -
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,2) < -p(:,1) +1 &...

[sign(p(:,1)) sign(p(:,2))]/(2xgamma)) ...
.*x repmat (as (d+10,:)"',1,2);
DHgl2 = as(d+10,:)"' /(2xgamma) ;
DHg21 = as(d+10,:)' /(2xgamma) ;
as (d+11,:) = (-p(:,1) - 1 < p(:,2) & p(:
1 + 2xgamma <= sum(abs(p),2) &
sum(abs(p),2) <= 1 + 4xgamma) ;
Hg = Hg + (([(p(:,1) = p(:,2)), (-p(:,1)

[sign(p(:,1)),

DHgll

DHgl2
DHg21
DHg22

repmat (as (d+11,:)"',1,2);

DHgll
DHgl2
DHg21
DHg22

+

+

sum (as ([d+10
as (d+11, :)"'
as (d+11, :)"'

, d+1171,:)
/ (2*gamma) ;
/ (2*gamma) ;

+ p(:,2))] -

sign(p(:,2))1)/ (2«gamma)) ...

'/ (2 x gamma),2);

sum(as ([d+10,d+11],:) "'/ (2gamma), 2) ;

% build up the full Matrix DHg

DHg =

% system matrix,

Q

rhs
nr =

[spdiags (DHgll,0,N2,N2),
spdiags (DHg21,0,N2,N2),

right hand

[M al+xAT; A -MxDHg];
[Mz-Mxy (:)—al«ATxp(:);
norm(rhs(:));

% line search

if nr >= nold

o° o

side

spdiags (DHgl2,0,N2,N2);
spdiags (DHg22,0,N2,N2)];

—-Axy (:) + MxHg(:)];

if no decrease: backtrack
(never on first iteration)

tau = tau/2;

y(:) = y(:) - tauxdx(1l:2xN2);

p(:) = p(:) — tauxdx (1+2%N2:end) ;

if tau < tmin % accept non-monotone step
tflag = 'n';

else % bypass rest of while loop;
continue;

end

end

o)

updat

e

% terinate Newton?

= nnz((as—as.old));
fprintf ('It# %i: update = %i,\t residual =
it,update, nr,tau);

if update == && nr < le-6
break;

elseif it == maxit
break;

end

% semismooth Newton step
C\rhs;

dx =
(:)
p(:)

<

= y(:)+dx(1:2xN2);

p(:)+dx (2*N2+1:end);

o)

% failure,
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% otherwise update information, continue
it = it+1; nold = nr; tau = 1; tflag = '';
end %$newton
% check convergence
if it < maxit % converged: accept iterate
u = Hg;
regnodes = nnz(as(d+l:end, :)); number of nodes in

o° oo

regularized active sets

fprintf ('Solution has %i node(s) in regularized active sets\n',...

regnodes) ;

if regnodes == 0 || it == % solution optimal: terminate
break;
else % reduce gamma, continue
gamma = gamma/10;
end
else % not converged: reject, terminate
fprintf ('Iterate rejected, returning u_.gamma for gamma = %1.3e\n', ...

gamma=*10) ;
break;
end

end

o

% calculate distance of x and z

resyz = sqrt (sum(reshape(y(:)-z,N2,2).72,2));
ul = reshape(u(:,1),N,N);
u2 = reshape(u(:,2),N,N);
yl = reshape(y(:,1),N,N);
y2 = reshape(y(:,2),N,N);

)

% extrac every 10th points to be able to plot the state and the control

ull = ul(i,1i);
u2l = u2(i,i);
yll = y1(i,1);
y2l = y2(i,1);

o

% plot control

figure (2)

quiver (xx1,yyl,ull,u2l);
title('control');
x1lim([-0.1 1.17);
ylim([-0.1 1.17);

axis equal;
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% Build color matrix to see the different domains:

multi-bang arc

fb zeros (N2,1);
for i 1:N2
if sum(as(1:4,1)
fb(i) = 1;
end
if sum(as(5:8,1)
fb(i) = 2;
end

= 1) =1

— 1) ==1

end
figure (3)
% plot partition of domain
linspace(0,1,N);

imagesc (%, x, flipud(reshape (fb,N,N)))
caxis ([0,2]);

X

)

% plot state

figure (4)

quiver (xx1,yyl,yll,y21);
title('state');
x1lim([-0.1 1.17]);
ylim([-0.1 1.1]1);

axis equal;

% plot residual of y and z
figure (5)

imagesc (x, x, reshape (resyz,N,N)) ;
title('residual');

end

function [K,L,M,xx,yy] = assemble2dFEM(n)

a = 0; b = 1; % computational domain
nel = 2% (n-1)"2; % number of nodes

h2 = ((b-a)/(n-1))"2; % Jacobi determinant of
n2 = n x n;

% nodes

[xx,yy] = meshgrid(linspace(0,1,n));

% triangulation

tri = zeros(nel, 3);
ind = 1;
for i = 1:n-1
for j = 1:n-1
node (i-1) »n+3J+1;
tri(ind, :) = [node node-1 node+n];
tri(ind+1, :) = [node+n-1 node+n node-1];
ind = ind+2;
end
end

)

% Mass and stiffness matrices
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Llle = 1/2
Ll2e = 1/2
L22e = 1/2
Me = h2/24

1'; % elemental block matrices
% div u * div v

* % % X

1" % elemental mass matrix

9%nel;
row zeros (ent, 1) ;
col = zeros(ent,1l);
valM = zeros (ent,1);
valLll = zeros(ent,1)
vallLl2 = zeros(ent,1);
vallL22 = zeros(ent,1);
valKll = zeros(ent,1)
( )
( )

ent

’

’

’

valKl2 = zeros(ent,1
ent, 1

valK22 = zeros ;

ind = 1;
for el=l:nel
11 = ind: (ind+8);
gl = tri(el, :);
row(ll) = gl([1;1;1],:); rg = gl';
col(ll) = rg(:,[1 1 11);
valKl1l (11l) = Llle + 1/2 *x L22e;
valK12(11l) = 1/2 * Ll2e;
valK22 (11l) = L22e + 1/2 x Llle;
valLll(1ll) = Llle;
valLl2 (11l) = Ll2e;
(11)
1) =

local node indices
global node indices

o
°
o
]

1
1
1
1
1
1

vall22 (1 = L22e;

valM(1l) Me;

ind = ind+9;
end

M1l = sparse(row,col,valM);

M = [ Ml, sparse(n2,n2); sparse(n2,n2), M1l];
L1l = sparse(row,col,vallll);

L12 = sparse(row,col,valll2);

122 = sparse(row,col,vall22);

L =1 Ll11 , L12; L12', L22]1;

K11 = sparse(row,col,valKll);
K12 = sparse(row,col,valKl2);
K22 = sparse(row,col,valK22)
K = [K11l, K12; K12' , K22];

’

)

% modify matrices for homogenenous Dirichlet conditions on Gamma_0
bdnodd = find(abs(yy-a) < eps); %nodes for Dirichlet condition

M([bdnodd; bdnodd + n2],:) 0;
K([bdnodd; bdnodd + n2],:) = 0; K(:, [bdnodd; bdnodd + n2]) = 0;
L ([bdnodd; bdnodd + n2],:) = 0; L(:, [bdnodd; bdnodd + n2]) = 0;

for j = [bdnodd; bdnodd + n2]
K(j,3) = 1;
L(3,3) 1;

end

end
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This function is used to build the stiffness- and the massmatrix to solve
the problem —\Delta y = u.

The code is a variation of the code from Clason and Kunisch that belongs
to the paper 'Multi-Bang Control of Elliptic Systems'.

o° o° o oo

function [K,M, xx,vy,bdnod0,bdnodD] = assembleFEMLaplace2d(n)

a = 0; b = 1; % computational domain [a,b] "2

nel = 2x(n-1)"2; % number of nodes

h2 = ((b-a)/(n-1))"2; % Jacobi determinant of transformation (2xarea(T))
n2 = n+nj;

% nodes

[xx,yy] = meshgrid(linspace(0,1,n));

% triangulation

tri = zeros (nel, 3);
ind = 1;
for 1 = 1:n-1
for 3 = 1l:n-1
node = (i-1)*n+j+1; % two triangles at node
tri(ind, :) = [node node-1 node+n]; % triangle 1 (lower left)
tri(ind+1l,:) = [node+n-1 node+n node-1]; % triangle 2 (upper right)
ind = ind+2;
end
end

o

% Mass and stiffness matrices
Ke = 1/2 = [2 -1 -1 -1 1 0 -101]";
Me = h2/24 « [2 111 21112]";

elemental stiffness matrix
elemental mass matrix

o
°
o
°

ent 9+«nel;

row zeros (ent, 1) ;
col zeros (ent, 1)
valk = zeros (ent,

valm = zeros (ent,

)i
).

e 1
e 1);
ind = 1;
for el=1l:nel
11 = ind: (ind+8) ;
gl = tri(el,:);
row(1ll) = gl([1;1;1],:);
rg = gl';
col(ll) = rg(:,[1 1 11);
valk (11) = Ke;
valm(1l1l) Me;
ind = ind+9;

local node indices

o o

global node indices

end

M1l = sparse (row,col,valm);

M = [Ml1 , sparse(n2,n2); sparse(n2,n2), M1l];
K1 = sparse(row,col,valk);

K = [Kl , sparse(n2,n2); sparse(n2,n2), K1l];
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A. Matlab Code

)

bdnod0 = [find (abs(xx—-a) < eps);
bdnodD = [find(abs(yy-a) < eps);

M([bdnod0; bdnod0 + n2],:) = 0;

K([bdnod0; bdnod0 + n2],:) = 0;

for j = [bdnod0; bdnod0 + n2]'
K(j,J) = 1; S$#0k<SPRIX>
M(3,3) = 1;

end

end

K(:, [bdnod0;
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% modify matrices for homogenenous Dirichlet conditions
find (abs (xx-b) < eps)];
find(abs (yy-b) < eps)];

o° o° o

bdnod0 + n2])

find 0 nodes
find other

0;

bdnods
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