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A certified and adaptive RB-ML-ROM surrogate approach for parametrized PDEs

Motivation and setting
Parametrized parabolic PDE in weak form: Find u(u) € L2(0,T;V) s.t.

(Oyu(p), v) + alu(p),v; p) = l(v; p), forallv e V,
u(0; p) = ug(p), forug(n) €V,

with coercive bilinear form a, linear functional / and initial condition w,,.
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Motivation and setting
Parametrized parabolic PDE in weak form: Find u(u) € L2(0,T;V) s.t.

(Oyu(p), v) + alu(p),v; p) = l(v; p), forallv e V,
u(0; p) = ug(p), forug(n) €V,

with coercive bilinear form a, linear functional / and initial condition w,,.
Applications:

P Many-query scenarios, i.e. solve for many parameters p € 2.
P Real-time solution, i.e. solve in real-time for new parameter p € 2.
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Motivation and setting
Parametrized parabolic PDE in weak form: Find u(u) € L2(0,T;V) s.t.

(Oyu(p), v) + alu(p),v; p) = l(v; p), forallv e V,
u(0; p) = ug(p), forug(n) €V,

with coercive bilinear form a, linear functional / and initial condition w,,.

Applications:
P Many-query scenarios, i.e. solve for many parameters p € 2.
P Real-time solution, i.e. solve in real-time for new parameter p € 2.

Need for Model Order Reduction!
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Reduced basis (RB) reduced order models

» Build reduced space V) C V,, with N := dim Vy < dim V),
(e.g. using Greedy algorithm, POD, HaPOD,...).
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P Perform Galerkin projection onto V) instead of V.
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Reduced basis (RB) reduced order models

» Build reduced space V) C V,, with N := dim Vy < dim V),
(e.g. using Greedy algorithm, POD, HaPOD,...).

P Perform Galerkin projection onto V) instead of V.

P Full offline-online-decomposition under certain assumptions on
parameter dependence of ¢ and I.
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Reduced basis (RB) reduced order models

» Build reduced space V) C V,, with N := dim Vy < dim V),
(e.g. using Greedy algorithm, POD, HaPOD,...).

P Perform Galerkin projection onto V) instead of V.
P Full offline-online-decomposition under certain assumptions on
parameter dependence of a and [.

P Solve small linear system in each time step ¢, for the coefficients
g (113 t1,) € RN with respect to the basis ¢, ..., ¢y of Vy.
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Reduced basis (RB) reduced order models

» Build reduced space V) C V,, with N := dim Vy < dim V),
(e.g. using Greedy algorithm, POD, HaPOD,...).

P Perform Galerkin projection onto V) instead of V.

P Full offline-online-decomposition under certain assumptions on
parameter dependence of ¢ and I.

P Solve small linear system in each time step ¢, for the coefficients
g (113 t1,) € RN with respect to the basis ¢, ..., ¢y of Vy.

P Reconstruct approximate solution by linear combination
of p1,..., 0N

Bernard Haasdonk, Hendrik Kleikamp, Mario Ohlberger, Felix Schindler, Tizian Wenzel 2



—"— wwu

MONSTER

A certified and adaptive RB-ML-ROM surrogate approach for parametrized PDEs

Machine learning surrogate models

P Learn map from parameter p € P to coefficients upg (11;t),) € RY
using machine learning, e.g. kernel models or neural networks.
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Machine learning surrogate models

P Learn map from parameter p € P to coefficients upg (11;t),) € RY
using machine learning, e.g. kernel models or neural networks.

P Two different approaches:

1. Time-“vectorized”: Train &: RP — RE*N with p := dim 2 and K the
number of time steps, to predict the ROM coefficients for all time

steps at once.
2. “Random-access“-in-time: Train @: RP*1 — R to predict the ROM

coefficients at any point in time.
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Machine learning surrogate models

P Learn map from parameter p € P to coefficients upg (11;t),) € RY
using machine learning, e.g. kernel models or neural networks.

P Two different approaches:

1. Time-“vectorized”: Train &: RP — RE*N with p := dim 2 and K the
number of time steps, to predict the ROM coefficients for all time
steps at once.

2. “Random-access“-in-time: Train @: RP*1 — R to predict the ROM
coefficients at any point in time.

P Obtain DoF-vector u,, (1; ;) € RN and corresponding solution
uy (15 t,) € Vy by evaluating @ for parameter u € 2.
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Comparison of the models
Full-order/high-

fidelity model (FOM)

P arbitrarily accu-
rate solutions

Cons:

P very slow when
considering fine
discretizations
and many time
steps
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Comparison of the models

Full-order/high- Reduced order
fidelity model (FOM) l§ model (ROM)

» arbitrarily accu- P faster than FOM
rate solutions P error estimator
Cons: Cons:
P very slow when P slow iterative
considering fine time stepping

discretizations
and many time
steps

P solve dense
linear system in
each time step
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Comparison of the models
Full-order/high-

Reduced order Machine learning
model (ROM) model (MLM)

fidelity model (FOM)
D arbitrarily accu- P faster than FOM P faster than ROM
rate solutions P error estimator P parallel
Cons: Cons: evaluation for
> very slow when P slow iterative different time
ConSideringﬁne time stepping Instances
discretizations > calve deree Cons:
and many time “near System in > no Cert|f|cati0n
steps each time step available (so far)
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Parabolic RB a posteriori error estimator

Offline-online-decomposable error estimate for difference between
FOM-solution u;, (1) € V}, and ROM-solution ugg (1) € Viy:

lleag, () — uRB(M)”LQ(O,T;Vh) < E(“RB(M); M)

. K—-1 ) 1/2
= o) (X At Reuao by 1) 1)
coercivity k=1 residuum in the
constant k-th time step
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Parabolic RB a posteriori error estimator

Offline-online-decomposable error estimate for difference between
FOM-solution u;, (1) € V}, and ROM-solution ugg (1) € Viy:

lleag, () — uRB(M)”LQ(O,T;Vh) < E(“RB(M); M)

. K—-1 ) 1/2
= o) (X At Reuao by 1) 1)
coercivity k=1 residuum in the
constant k-th time step

Idea: Apply error estimator £ to machine learning prediction w,, (x)!

— A posteriori certification of machine learning results!
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Adaptive model hierarchy
0 MLM — up ()

>

/

(um(m); ) <e '&’@B'ROM - URB(MD
L T
~ .
y < E(upg(p); ) < € —">(FOM = w (u)
ES] ) -
Yesl
return wy, (u) return ugg (1) return uy, ()
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Adaptive model hierarchy
0 MLM — up ()

>

_
E(up(p);p)<e '&’@B'ROM - URB(MD

S
E(ugg(n); p) < & —N0>(FOM — uy, (1)
_

.................................... Yes]
A <A
return wy, (u) return ugg (1) return uy, ()
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Adaptive model hierarchy
0 MLM — up ()

very slow
Elupy (p)ip)<e L@B'ROM - URB(ND K
19 ) <
Yes (URB (/J’)a :u’) SE
Yesl
return wy, (u) return ugg (1)
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Adaptive model hierarchy

faster, but still too slow
o MLM — wupy (1) :

I i

E(ugg (1); 1) < & +M>(FOM — uy, (1)

return wy, (u) return ugg (1)

Yesl |
) return uy, (1)
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Adaptive model hierarchy

.-~ 777>~ very fast

-,

©
=
=
1
£
=

Eluy (p)ip)<e "N—o’@B'ROM - URB(ND

| i !
E Yes E E(ugg(p);p)<e _No _‘Fom — up (1)

Ye sl

return ugg (1) return uy, ()
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Adaptive model hierarchy

collect data for
training new MLM

- . No _ ‘
E(up (p); p) < RB-ROM — g (pt) J<--o...
NG collect data for
l creating new RB-ROM
y B(ugg(p); p) < & —>(FOM — uy, (1)
es g
Yes|
return wy, (u) return ugg (1) return uy, ()
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Numerical experiments | — PDE-constr. optimization
Advection-diffusion-reaction with ;o= (Da, Pe) € 7 =[0.01, 10] x [9, 11]:
Oyu(p) =V (kVu(p))+Pe V- (Tu(p))+Daxg, u(p) =0 inQ x (0,7),
(kVu(p)) ngg=0 on gy,
u(p)=xr, On ANy,
u(t =0;pu)=xr, inQ

0=9.uQ, channel
1—‘in % Qc \ 1—‘out

Qw ]

washcoat
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Numerical experiments | — PDE-constr. optimization
[0.01,10] x [9, 11]:

Advection-diffusion-reaction with = (Da, Pe) € =

Oyul) — V- (kVu(u))+Pe V- (Fu(u))+Daxg,u(w)=0  inQx (0,T),
(HVU(N»'TLBQ:O on 1—‘outa
U(N):XFM on OO\,
u(t =0;pu)=xr, inQ
Break-through curve as output functional:
1 Q- UQ channel
ftiw = [ uttmas AU

[Coutl Jo = r
PDE-constrained optimization problem: D
washcoat

Ilfllng =||fn — Fadapt ()] Lo j0,77)

out
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Numerical experiments | — PDE-constr. optimization

a1l Trajectory in parameter space Raw objective and running mean (width=6)
c 10-2 1%, «+ objective
4 10 X running mean
1073
90 2 4 6 8 10
—4
Da 10
10~°
10—6
0.005 0.01 0.015 0.02 0.025
0 20 40 60 80 100 120 140
Time spent in model evaluation and building Complexity of submodels
104 FOM eval. 140
RB-ROM eval.
~ 108 ~— RB-ROM train. 120
2 2 ~—— ML-ROM eval. 100
o 10 J— - M in.
g a ML-ROM train 80 + FOM: #evals so far
£ 10 60 -~ RB-ROM: |RB|
2 100 10{— « ML-ROM: |used data|
101 20
. o s e
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
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Numerical experiments Il - Monte Carlo

Parameter-dependent bilinear form a and source term I:
au,vip) = [ K(1) Vu(a) - Vo(a) .
Q

Uv; pst) = /Qvf(u;t) d.

1. 2. 3. 4. 5.

1|

i~

8|

o

10|

12. 11.
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Numerical experiments Il - Monte Carlo

Parameter-dependent bilinear form a and source term I:

au,vip) = [ K(1) Vu(a) - Vo(a) .

Q
Uv; pst) = /vf(u;t) d.
Q

Quantity of interest at time ¢ € [0, T7]:

: t 1|
flust D|/ z;p)d .

8|

Average over time interval 7 C [O,T]; §—7l

_ 1 10
f(:u) = H /Tf<ﬂvt) dt 12, 11,
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Numerical experiments Il - Monte Carlo

Expectation and variance of f with respect to density p: 2 — [0, 00):

2

E[f] ==/j}p(u)f<u) dp,  Var[f] ’:/g>p(u) (f(w) —E[f])” du
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Numerical experiments Il - Monte Carlo

Expectation and variance of f with respect to density p: 2 — [0, 00):

E[f] := /?p(u)ﬂu) dp,  Var[f] = /w(u) (F() — L) dp

Monte Carlo estimation of E[f] and Var[f]:

Blf] ~ ;= — 3 F(u),

ME LEP .

Varlf] » s > (F—0y)",

mc 1) WEP

where P . C P is randomly sampled according to p.
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Numerical experiments Il - Monte Carlo

QoI and statistics of distribution

10— 1 0.025
0.02{p
10—2 0.015 r
0.01
0 500 1,000 1,500 2,000
10—3 + quantity of interest
— estimated expectation .10—5
- estimated variance 7
10— 4 6
i 5 Kb
10-° 4
0 2,000 4,000 6,000 8,000 10,000 0 500 1,000 1,500 2,000
Time spent in model evaluation and building
104 FOM eval.
RB-ROM eval.
@ 103 RB-ROM train.
< ML-ROM eval.
E ML-ROM train.
2
g 10
=]
Z
10t
LA .
0 2,000 4,000 6,000 8,000 10,000 0 500 1,000 1,500 2,000

number of queried parameter number of queried parameter
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