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Geodesic Shooting in the Diffeomorphism Group

Parametrized hyperbolic conservation laws
We consider equations of the form
Oy +V, - f(uysp) = 0.

Example — Burgers equation

duy +pd,UZ =0,  (t,x) €[0,T]xQ, Fu{l solution u,, forp = 1
uu(()) =Uy, X€e0, s
2, ifx<1/4, t 1
Ug(x) =<1, if1/4<¢x=<1/2, 0.5
0, if1/2«<x. OO 0
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Need for nonlinear methods

Uo.s Ug.75 uq
Main issues:
» Slowly decaying Kolmogorov ‘
N-width (e.g. N-1/2 for linear
transport [OR16] or the wave Singular values
equation [GU19]) of space-time snapshots
E T T

P Complex shock topologies
» Interaction of shocks 102
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Need for nonlinear methods

Uo.s Ug.75 uq
Main issues:
» Slowly decaying Kolmogorov ‘
N-width (e.g. N-1/2 for linear
transport [OR16] or the wave Singular values
equation [GU19]) of space-time snapshots
E T T

P Complex shock topologies
P Interaction of shocks 102

— Nonlinear transformations of
space-time domains!
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Transformations of space-time domains to align
shocks and discontinuities

P Shock interaction already incorporated in space-time solutions
(no need to treat them separately).

P Diffeomorphic transformations (that can be represented in a
reduced space, see below) of the underlying space-time domain to
match snapshots to each other.

P Choose a (fixed) reference snapshot that can be transformed into
all other solutions.

P Apply ideas and concepts from image registration.
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Lie groups and Lie algebras

Lie group

A group G such that group
multiplication and inversion are
smooth maps, i.e. G is a manifold.

Lie algebra

The tangent space g = T,,G to a Lie
group G at the identity element /d € G.

Geodesic Shooting in the Diffeomorphism Group
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Lie groups and Lie algebras

Geodesic curve

Smooth curvey, ,: | — G, /an open
interval, y,,(0) = p € G,

Yo (0) =Vv € T,G, that (locally)
minimizes lengths.

Exponential map

Maps the Lie algebra into the Lie group,
i.e.exp: g — G, byexp(v) =y;,(1).
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Lie groups and Lie algebras in image registration

P Diffeomorphism group G on R” forms a Lie group.
P Lie algebra g is the space of smooth vector fields.
P Diffeomorphism group acts on underlying space by transforming it.

P Attention: Diffeomorphism group is infinite dimensional! (Theory is
much harder in general, e.g. exponential map and geodesics do not
coincide.)
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Diffeomorphisms and vector fields

» Diffeomorphism ¢,: Q — Q, Q C RY, given as flow of
(time-dependent) velocity field v,: Q — RY, i.e.

0%,
ot

P Differential operator L = (Id — al)*, with inverse K = L1,
P Geodesic evolution of v, is given by EPDIff equation

= VtO(,‘bt.

% =K [(Dvy)" - Lvi + D(Lv;) - vy + Ly, - divyy].
» Knowledge of v, sufficient to compute ¢, !

— Main idea of geodesic shooting [MTY06].
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Ideas and concepts from image registration

How to compute v, given a “template image” u,: Q — R and a “target
image” u;: Q — R?

Minimize energy

1 _
Eypmu, (Vo) i= (LVgs Vo) 12(q) 2 lug o ¢7" - ulHZZ(Q)

Regularization term Mismatch measurement

using descent methods (e.g. L-BFGS).
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(Linear) Model order reduction in the Lie algebra

P Lie algebra of smooth vector fields g forms Hilbert space with inner
product (v, w), := (Lv,W)2(q) = (V, LW)2(q).

P We can apply well-known linear model order reduction methods
in g, like POD [WXKZ19] or Greedy algorithms!

P Motivation of the approach: Due to the smoothness of the vector
fields in g, we expect a faster decay of the Kolmogorov N-width in
the Lie algebra. (Hard to tackle theoretically though.)
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Offline procedure
Choose reference Compute (space-time)
parameter . € P | | reference snapshotu,

Compute (space-time) Register snapshots
solution snapshots to obtain v, by

minimizing E
uul, 000 Uun 8 Uy Uy

‘Sample parameters
His-slp €P

Learn reduced coefficients Compute reduced
of (projected) vector fields, space of vector
i.e.the mappingm: 2 — RV fields using POD
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Online procedure

Combine reduced vector

/ Input parameter y € P fields accoring to m(u)
to obtain v,

Compute geodesic evolution
starting from v,

Integrate time-dependent
/ Return ﬂu =u, @, =, vector field to obtain
diffeomorphism ¢,
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Numerical results — Burgers’ equation with two shocks

2,
delly, + U5 =0,  (t,x) €[0,T]xQ, Uo() = 4 1,
u,(0) =u,, x€q, 0,

Parameter domain | % = [0.25,1.5]
Discretization N, = N; =100
Training parameters n=>50
Reference parameter e = 0.25

Reduced dimension N =10

Geodesic shooting implementation: https://github.com/HenKlei/geodesic-shooting

ifx<1/4,
ifl1/4<x<1/2,
if1/2<x.

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave
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Numerical results — Burgers’ equation with two shocks

Offline phase

Average relative L%-error on the n training snapshots: 5.1%.

Online phase

Average relative L2-error for parameter y € {0.5,0.75,1,1.25}: 5.5%.
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Numerical results — Burgers’ equation with two shocks

Singular value decay of vector fields and snapshots
= T T I I =

g —— Vector fields ||

102 F — Snapshots |

dy B 1
10%¢
107 ¢
1072 ; ! ! ! ! ;

N

10 20 30 40
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Numerical results — Burgers’ equation with two shocks

Full solution ug ;s Reduced solution &g 55

14
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Numerical results — Burgers’ equation with two shocks

Difference Uy ;5 — Ug 75 Initial vector field for gy = 0.75

1 1
1
0.5
O t
-0.5
0 -1 0
0 X 1

~
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Outlook and further research perspectives

P Theoretical investigation of reduced subspace of the Lie algebra.
P Greedy procedure instead of POD to extract vector fields.

P (Efficient) residual minimization during online phase instead of
learning the coefficients.

P Compute mapping only for a small set of landmarks (e.g. empirical
quadrature points) using Hamiltonian formulation of landmark
matching problem.

P Localize the approach to be able to tackle the evolution of complex
shock fronts in higher dimensions.
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