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Diffeomorphic Transformations of a Space-Time Domain

Parametrized hyperbolic conservation laws

We consider equations of the form

𝜕𝑡𝑢𝜇 + ∇𝑥 ⋅ 𝑓(𝑢𝜇; 𝜇) = 0.

Example – Burgers equation

𝜕𝑡𝑢𝜇 + 𝜇
2

𝜕𝑥𝑢2
𝜇 = 0, (𝑡, 𝑥) ∈ [0, 𝑇 ] × Ω,

𝑢𝜇(0) = 𝑢0, 𝑥 ∈ Ω,

𝑢0(𝑥) =
⎧{
⎨{⎩

2, if 𝑥 ≤ 1/4,
1, if 1/4 < 𝑥 ≤ 1/2,
0, if 1/2 < 𝑥. 0 1
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Diffeomorphic Transformations of a Space-Time Domain

Need for nonlinear methods

Main issues:

▶ Slowly decaying Kolmogorov 𝑁-width

(e.g. 𝑁−1/2 for linear transport

[Ohlberger/Rave’16] or the linear wave

equation [Greif/Urban’19])

▶ Complex shock topologies

▶ Interaction of shocks

⟶ Nonlinear transformations of

space-time domains!
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Diffeomorphic Transformations of a Space-Time Domain

Transformations of space-time domains to align shocks and
discontinuities

▶ Shock interaction already incorporated in space-time solutions (no need to treat them

separately).

▶ Diffeomorphic transformations (that can be represented in a reduced space, see

below) of the underlying space-time domain to match snapshots to each other.

▶ Choose a (fixed) reference snapshot that can be transformed into all other solutions.

▶ Apply ideas and concepts from image registration.
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Diffeomorphic Transformations of a Space-Time Domain

Lie groups and Lie algebras

Lie group

A group 𝐺 such that group multiplication and

inversion are smooth maps, i.e. 𝐺 is a manifold.

Lie algebra

The tangent space 𝔤 = 𝑇𝐼𝑑𝐺 to a Lie group 𝐺 at

the identity element 𝐼𝑑 ∈ 𝐺.

𝐺

𝔤

𝛾𝐼𝑑,𝑣

𝐼𝑑
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Diffeomorphic Transformations of a Space-Time Domain

Lie groups and Lie algebras

Geodesic curve

Smooth curve 𝛾𝑝,𝑣 ∶ 𝐼 → 𝐺, 𝐼 an open interval,

𝛾𝑝,𝑣(0) = 𝑝 ∈ 𝐺, 𝛾′
𝑝,𝑣(0) = 𝑣 ∈ 𝑇𝑝𝐺, that (locally)

minimizes lengths.

Exponential map

Maps the Lie algebra into the Lie group, i.e.

exp∶ 𝔤 → 𝐺, by exp(𝑣) = 𝛾𝐼𝑑,𝑣(1).

𝐺

𝔤

𝑣exp(𝑣)

𝛾𝐼𝑑,𝑣

𝐼𝑑
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Diffeomorphic Transformations of a Space-Time Domain

Lie groups and Lie algebras in image registration

▶ Diffeomorphism group 𝐺 on ℝ𝑛 forms a Lie group.

▶ Lie algebra 𝔤 is the space of smooth vector fields.

▶ Diffeomorphism group acts on underlying space by transforming it.

▶ Attention: Diffeomorphism group is infinite dimensional! (Theory is much harder in

general, e.g. exponential map and geodesics do not coincide.)
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Diffeomorphic Transformations of a Space-Time Domain

Diffeomorphisms and vector fields

▶ Diffeomorphism 𝜙𝑡 ∶ Ω → Ω, Ω ⊂ ℝ𝑑, given as flow of (time-dependent) velocity field

𝑣𝑡 ∶ Ω → ℝ𝑑, i.e.
𝜕𝜙𝑡
𝜕𝑡

= 𝑣𝑡 ∘ 𝜙𝑡.

▶ Differential operator 𝐿 = (𝐼𝑑 − 𝛼Δ)𝑠, with inverse 𝐾 = 𝐿−1.
▶ Geodesic evolution of 𝑣𝑡 is given by EPDiff equation

𝜕𝑣𝑡
𝜕𝑡

= −𝐾 [(𝐷𝑣𝑡)𝑇 ⋅ 𝐿𝑣𝑡 + 𝐷(𝐿𝑣𝑡) ⋅ 𝑣𝑡 + 𝐿𝑣𝑡 ⋅ div 𝑣𝑡] .

▶ Knowledge of 𝑣0 sufficient to compute 𝜙1!

⟶ Main idea of geodesic shooting [Miller/Trouvé/Younes’06].

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave 6



Diffeomorphic Transformations of a Space-Time Domain

Diffeomorphisms and vector fields

▶ Diffeomorphism 𝜙𝑡 ∶ Ω → Ω, Ω ⊂ ℝ𝑑, given as flow of (time-dependent) velocity field

𝑣𝑡 ∶ Ω → ℝ𝑑, i.e.
𝜕𝜙𝑡
𝜕𝑡

= 𝑣𝑡 ∘ 𝜙𝑡.

▶ Differential operator 𝐿 = (𝐼𝑑 − 𝛼Δ)𝑠, with inverse 𝐾 = 𝐿−1.
▶ Geodesic evolution of 𝑣𝑡 is given by EPDiff equation

𝜕𝑣𝑡
𝜕𝑡

= −𝐾 [(𝐷𝑣𝑡)𝑇 ⋅ 𝐿𝑣𝑡 + 𝐷(𝐿𝑣𝑡) ⋅ 𝑣𝑡 + 𝐿𝑣𝑡 ⋅ div 𝑣𝑡] .

▶ Knowledge of 𝑣0 sufficient to compute 𝜙1!

⟶ Main idea of geodesic shooting [Miller/Trouvé/Younes’06].

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave 6



Diffeomorphic Transformations of a Space-Time Domain

Diffeomorphisms and vector fields

▶ Diffeomorphism 𝜙𝑡 ∶ Ω → Ω, Ω ⊂ ℝ𝑑, given as flow of (time-dependent) velocity field

𝑣𝑡 ∶ Ω → ℝ𝑑, i.e.
𝜕𝜙𝑡
𝜕𝑡

= 𝑣𝑡 ∘ 𝜙𝑡.

▶ Differential operator 𝐿 = (𝐼𝑑 − 𝛼Δ)𝑠, with inverse 𝐾 = 𝐿−1.
▶ Geodesic evolution of 𝑣𝑡 is given by EPDiff equation

𝜕𝑣𝑡
𝜕𝑡

= −𝐾 [(𝐷𝑣𝑡)𝑇 ⋅ 𝐿𝑣𝑡 + 𝐷(𝐿𝑣𝑡) ⋅ 𝑣𝑡 + 𝐿𝑣𝑡 ⋅ div 𝑣𝑡] .

▶ Knowledge of 𝑣0 sufficient to compute 𝜙1!

⟶ Main idea of geodesic shooting [Miller/Trouvé/Younes’06].

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave 6



Diffeomorphic Transformations of a Space-Time Domain

Diffeomorphisms and vector fields

▶ Diffeomorphism 𝜙𝑡 ∶ Ω → Ω, Ω ⊂ ℝ𝑑, given as flow of (time-dependent) velocity field

𝑣𝑡 ∶ Ω → ℝ𝑑, i.e.
𝜕𝜙𝑡
𝜕𝑡

= 𝑣𝑡 ∘ 𝜙𝑡.

▶ Differential operator 𝐿 = (𝐼𝑑 − 𝛼Δ)𝑠, with inverse 𝐾 = 𝐿−1.
▶ Geodesic evolution of 𝑣𝑡 is given by EPDiff equation

𝜕𝑣𝑡
𝜕𝑡

= −𝐾 [(𝐷𝑣𝑡)𝑇 ⋅ 𝐿𝑣𝑡 + 𝐷(𝐿𝑣𝑡) ⋅ 𝑣𝑡 + 𝐿𝑣𝑡 ⋅ div 𝑣𝑡] .

▶ Knowledge of 𝑣0 sufficient to compute 𝜙1!

⟶ Main idea of geodesic shooting [Miller/Trouvé/Younes’06].

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave 6



Diffeomorphic Transformations of a Space-Time Domain

Ideas and concepts from image registration

How to compute 𝑣0 given a “template image” 𝑢0 ∶ Ω → ℝ and a “target image” 𝑢1 ∶ Ω → ℝ?

Minimize energy

𝐸𝑢0→𝑢1
(𝑣0) ≔ (𝐿𝑣0, 𝑣0)𝐿2(Ω)⏟⏟⏟⏟⏟

Regularization term

+ 1
𝜎2 ‖𝑢0 ∘ 𝜙−1

1 − 𝑢1‖2
𝐿2(Ω)⏟⏟⏟⏟⏟⏟⏟⏟⏟

Mismatch measurement

using descent methods (e.g. L-BFGS).
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Diffeomorphic Transformations of a Space-Time Domain

(Linear) Model order reduction in the Lie algebra

▶ Lie algebra of smooth vector fields 𝔤 forms Hilbert space with inner product

⟨𝑣, 𝑤⟩𝔤 ≔ (𝐿𝑣, 𝑤)𝐿2(Ω) = (𝑣, 𝐿𝑤)𝐿2(Ω).

▶ We can apply well-known linear model order reduction methods in 𝔤, like
POD [Wang/Xing/Kirby/Zhang’19] or Greedy algorithms!

▶ Motivation of the approach: Due to the smoothness of the vector fields in 𝔤, we
expect a faster decay of the Kolmogorov 𝑁-width in the Lie algebra. (Hard to tackle

theoretically though.)

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave 8
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Diffeomorphic Transformations of a Space-Time Domain

Offline procedure

Choose reference

parameter 𝜇ref ∈ 𝒫
Compute (space-time)

reference snapshot 𝑢𝜇ref

Sample parameters

𝜇1, … , 𝜇𝑛 ∈ 𝒫

Compute (space-time)

solution snapshots

𝑢𝜇1
, … , 𝑢𝜇𝑛

Register snapshots

to obtain 𝑣𝜇𝑖
by

minimizing 𝐸𝑢𝜇ref
→𝑢𝜇𝑖

Compute reduced

space of vector

fields using POD

Learn reduced coefficients

of (projected) vector fields,

i.e. the mapping 𝜋∶ 𝒫 → ℝ𝑁

(similar to [Hesthaven/Ubbiali’18] )
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Online procedure

Input parameter 𝜇 ∈ 𝒫
Combine reduced vector

fields accoring to 𝜋(𝜇)
to obtain 𝑣𝜇

Compute geodesic evolution

starting from 𝑣𝜇

Integrate time-dependent

vector field to obtain

diffeomorphism 𝜙𝜇

Return 𝑢̃𝜇 = 𝑢𝜇ref
∘ 𝜙𝜇 ≈ 𝑢𝜇
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Diffeomorphic Transformations of a Space-Time Domain

Numerical results – Burgers’ equation with two shocks

𝜕𝑡𝑢𝜇 + 𝜇𝜕𝑥𝑢2
𝜇 = 0, (𝑡, 𝑥) ∈ [0, 𝑇 ] × Ω,

𝑢𝜇(0) = 𝑢0, 𝑥 ∈ Ω,
𝑢0(𝑥) =

⎧{
⎨{⎩

2, if 𝑥 ≤ 1/4,
1, if 1/4 < 𝑥 ≤ 1/2,
0, if 1/2 < 𝑥.

Parameter domain 𝒫 = [0.25, 1.5]
Discretization 𝑁𝑥 = 𝑁𝑡 = 100

Training parameters 𝑛 = 50
Reference parameter 𝜇ref = 0.25
Reduced dimension 𝑁 = 10

0 1
0

1

𝑥

𝑡

Reference solution 𝑢𝜇ref
= 𝑢0.25

Geodesic shooting implementation: https://github.com/HenKlei/geodesic-shooting
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Numerical results – Burgers’ equation with two shocks

Offline phase

Average relative 𝐿2-error on the 𝑛 training snapshots: 5.1%.

Online phase

Average relative 𝐿2-error for parameter 𝜇 ∈ {0.5, 0.75, 1, 1.25}: 5.5%.
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Numerical results – Burgers’ equation with two shocks

10 20 30 40

10−2

10−1

100

101

102

𝑁

𝜎𝑁

Singular value decay of vector fields and snapshots

Vector fields

Snapshots
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Numerical results – Burgers’ equation with two shocks

0 1
0

1

𝑥

𝑡

Full solution 𝑢0.75

0 1
0

1

𝑥

𝑡

Reduced solution 𝑢̃0.75

0

0.5

1

1.5

2
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Numerical results – Burgers’ equation with two shocks

0 1
0

1

𝑥

𝑡

Difference 𝑢̃0.75 − 𝑢0.75

−1

−0.5

0

0.5

1

0 1
0

1

𝑥

𝑡

Initial vector field for 𝜇 = 0.75
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Thank you for your attention!

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave 16



Diffeomorphic Transformations of a Space-Time Domain

References I

Constantin Greif and Karsten Urban, Decay of the kolmogorov 𝑛-width for wave

problems, Applied Mathematics Letters 96 (2019), 216–222.

J.S. Hesthaven and S. Ubbiali, Non-intrusive reduced order modeling of nonlinear

problems using neural networks, Journal of Computational Physics 363 (2018), 55–78.

Michael Miller, Alain Trouvé, and Laurent Younes, Geodesic shooting for

computational anatomy, Journal of mathematical imaging and vision 24 (2006),

209–228.

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave 17



Diffeomorphic Transformations of a Space-Time Domain

References II

Mario Ohlberger and Stephan Rave, Nonlinear reduced basis approximation of

parameterized evolution equations via the method of freezing, Comptes Rendus

Mathematique 351 (2013), no. 23, 901 – 906.

, Reduced basis methods: Success, limitations and future challenges,

Proceedings of the Conference Algoritmy (2016), 1–12.

Jian Wang, Wei Xing, Robert M. Kirby, and Miaomiao Zhang, Data-driven model order

reduction for diffeomorphic image registration, Information Processing in Medical

Imaging (Cham) (Albert C. S. Chung, James C. Gee, Paul A. Yushkevich, and Siqi Bao,

eds.), Springer International Publishing, 2019, pp. 694–705.

Hendrik Kleikamp, Mario Ohlberger, Stephan Rave 18


