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Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Setting
Parametrized parabolic PDE in weak form: Find 𝑢(𝜇) ∈ 𝐿2(0, 𝑇 ; 𝑉 ) s.t.

⟨𝜕𝑡𝑢(𝜇), 𝑣⟩ + 𝑎(𝑢(𝜇), 𝑣; 𝜇) = 𝑙(𝑣; 𝜇), for all 𝑣 ∈ 𝑉 ,
𝑢(0; 𝜇) = 𝑢0(𝜇), for 𝑢0(𝜇) ∈ 𝑉 ,

with coercive bilinear form 𝑎, linear functional 𝑙 and initial condition 𝑢0.

Example later on:
▶ Monte Carlo estimation of a quantity of interest ̄𝑓(𝜇) depending on 𝑢(𝜇).

Need for Model Order Reduction!
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Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Reduced basis (RB) reduced order models

▶ Build reduced space 𝑉𝑁 ⊂ 𝑉ℎ with 𝑁 ≔ dim 𝑉𝑁 ≪ dim 𝑉ℎ
(e.g. using Greedy algorithm, POD, HaPOD,…).

▶ Perform Galerkin projection onto 𝑉𝑁 instead of 𝑉ℎ.
▶ Full offline-online-decomposition under certain assumptions on parameter
dependence of 𝑎 and 𝑙.

▶ Solve small linear system in each time step 𝑡𝑘 for the coefficients 𝑢rb(𝜇; 𝑡𝑘) ∈ ℝ𝑁 with
respect to the basis 𝜑1, … , 𝜑𝑁 of 𝑉𝑁 .

▶ Reconstruct approximate solution by linear combination of 𝜑1, … , 𝜑𝑁 .
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Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Machine learning surrogate models
▶ Learn mapping

𝒫 ∋ 𝜇 ↦ 𝑢rb(𝜇; 𝑡𝑘) ∈ ℝ𝑁

using machine learning, e.g. kernel models or neural networks.

▶ Two different approaches:
▶ Time-“vectorized”: Train Φ ∶ ℝ𝑝 → ℝ𝐾×𝑁 , with 𝑝 ≔ dim 𝒫 and 𝐾 the number of time

steps, to predict the ROM coefficients for all time steps at once.
▶ “Random-access“-in-time: Train Φ ∶ ℝ𝑝+1 → ℝ𝑁 to predict the ROM coefficients at any

point in time. (similar to [Wang/Hesthaven/Ray’19])

▶ Evaluate Φ(𝜇) to obtain DoF-vector 𝑢ml(𝜇; 𝑡𝑘) ∈ ℝ𝑁 and corresponding solution
𝑢ml(𝜇; 𝑡𝑘) ∈ 𝑉𝑁 .
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Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Summary and comparison of the models
Full-order model (FOM)
Pros:

▶ arbitrarily accurate so-
lutions (reference)

Cons:
▶ very slow when
considering fine
discretizations and
many time steps

Reduced model (ROM)
Pros:

▶ faster than FOM
▶ error estimator

Cons:
▶ slow iterative time
stepping

▶ requires solving
dense linear system in
each time step

Machine learning (MLM)
Pros:

▶ faster than ROM
▶ parallel evaluation for
different time
instances possible

Cons:
▶ no certification
available (so far)
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Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Parabolic RB a posteriori error estimator [Grepl/Patera’05]

Offline-online-decomposable error estimate for difference between FOM-solution
𝑢ℎ(𝜇) ∈ 𝑉ℎ and ROM-solution 𝑢rb(𝜇) ∈ 𝑉𝑁 :

‖𝑢ℎ(𝜇) − 𝑢rb(𝜇)‖𝐿2(0,𝑇 ;𝑉ℎ) ≤ 𝐸RB(𝑢rb(𝜇); 𝜇)

≔ 𝛼(𝜇)⏟
coercivity
constant

−1(
𝐾−1
∑
𝑘=1

Δ𝑡‖ 𝑅𝑘(𝑢rb(𝑡𝑘; 𝜇); 𝜇)⏟⏟⏟⏟⏟⏟⏟
residuum in the
𝑘-th time step

‖2
𝑉 ′

ℎ
)

1/2

Idea: Apply error estimator 𝐸RB to machine learning prediction 𝑢ml(𝜇)!
⟹ A posteriori certification of machine learning results!

Bernard Haasdonk, Hendrik Kleikamp, Mario Ohlberger, Felix Schindler, Tizian Wenzel 6



Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Parabolic RB a posteriori error estimator [Grepl/Patera’05]

Offline-online-decomposable error estimate for difference between FOM-solution
𝑢ℎ(𝜇) ∈ 𝑉ℎ and ROM-solution 𝑢rb(𝜇) ∈ 𝑉𝑁 :

‖𝑢ℎ(𝜇) − 𝑢rb(𝜇)‖𝐿2(0,𝑇 ;𝑉ℎ) ≤ 𝐸RB(𝑢rb(𝜇); 𝜇)

≔ 𝛼(𝜇)⏟
coercivity
constant

−1(
𝐾−1
∑
𝑘=1

Δ𝑡‖ 𝑅𝑘(𝑢rb(𝑡𝑘; 𝜇); 𝜇)⏟⏟⏟⏟⏟⏟⏟
residuum in the
𝑘-th time step

‖2
𝑉 ′

ℎ
)

1/2

Idea: Apply error estimator 𝐸RB to machine learning prediction 𝑢ml(𝜇)!
⟹ A posteriori certification of machine learning results!

Bernard Haasdonk, Hendrik Kleikamp, Mario Ohlberger, Felix Schindler, Tizian Wenzel 6



Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Outline

Problem setting and surrogate models

Adaptive model hierarchy

Numerical experiment

Bernard Haasdonk, Hendrik Kleikamp, Mario Ohlberger, Felix Schindler, Tizian Wenzel 7



Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Adaptive model hierarchy [Haasdonk et al’22]

𝜇 MLM → 𝑢ML(𝜇)

𝐸RB(𝑢ML(𝜇); 𝜇)≤ 𝜀 RB-ROM → 𝑢RB(𝜇)

𝐸RB(𝑢RB(𝜇); 𝜇)≤ 𝜀 FOM → 𝑢ℎ(𝜇)

return 𝑢ML(𝜇) return 𝑢RB(𝜇) return 𝑢ℎ(𝜇)

Yes

No

Yes

No

Adaptive Model
with tolerance 𝜀 > 0

gua
ran

teed

acc
ura

cy

very slow
faster, but still too slow

very fastcollect data for
training new MLM

collect data for
creating new RB-ROM
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Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Numerical experiment – Monte Carlo estimation
Parameter-dependent bilinear form 𝑎 and source term 𝑙:

𝑎(𝑢, 𝑣; 𝜇) = ∫
Ω

𝜅(𝜇) ∇𝑢(𝑥) ⋅ ∇𝑣(𝑥) d𝑥, 𝑙(𝑣; 𝜇; 𝑡) = ∫
Ω

𝑣 ℓ(𝜇; 𝑡) d𝑥.

D

Quantity of interest at time 𝑡 ∈ [0, 𝑇 ]:

𝑓(𝜇; 𝑡) ≔ 1
|𝐷| ∫

𝐷
𝑢(𝑡, 𝑥; 𝜇) d𝑥

Average over time interval 𝜏 ⊂ [0, 𝑇 ]:

̄𝑓(𝜇) ≔ 1
|𝜏| ∫

𝜏
𝑓(𝜇; 𝑡) d𝑡
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Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model

Numerical experiment – Monte Carlo estimation
Expectation and variance of ̄𝑓 with respect to density 𝜌 ∶ 𝒫 → [0, ∞):

E[ ̄𝑓] ≔ ∫
𝒫

𝜌(𝜇) ̄𝑓(𝜇) d𝜇, Var[ ̄𝑓] ≔ ∫
𝒫

𝜌(𝜇) ( ̄𝑓(𝜇) − E[ ̄𝑓])2 d𝜇

Monte Carlo estimation of E[ ̄𝑓] and Var[ ̄𝑓]:

E[ ̄𝑓] ≈ ̂𝜃 ̄𝑓 ≔ 1
𝑁mc

∑
𝜇∈𝒫mc

̄𝑓(𝜇),

Var[ ̄𝑓] ≈ 1
𝑁mc − 1 ∑

𝜇∈𝒫mc

( ̄𝑓(𝜇) − ̂𝜃 ̄𝑓)
2

,

where 𝒫mc ⊂ 𝒫 is randomly sampled according to 𝜌.
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Numerical experiment – Surrogate models
Components of the adaptive model:

▶ FOM: Finite Element grid with 𝑁ℎ = 321,206 DoFs, 𝐾 = 1000 time steps

▶ RB-ROM: Hierarchical approximate Proper Orthogonal Decomposition (HaPOD)
[Himpe/Leibner/Rave’18]

POD(𝑣1 ∪ 𝑣2)

𝑣1 = POD(𝑤1 ∪ 𝑤2 ∪ 𝑤3) 𝑣2 = POD(𝑤4 ∪ 𝑤5)

𝑤1 = POD(𝑢1) 𝑤2 = POD(𝑢2) 𝑤3 = POD(𝑢3) 𝑤4 = POD(𝑢4) 𝑤5 = POD(𝑢5)
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Numerical experiment – Surrogate models
Components of the adaptive model:

▶ MLM (option 1): “Random-access”-in-time approach with Deep Neural Network (DNN)
[Wang/Hesthaven/Ray’19]

𝜇
𝑢ml(𝜇)[𝑡] ∈ ℝ𝑁

𝑡
(Training is only performed after 200 new ROM solutions are available.)
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Numerical experiment – Surrogate models
Components of the adaptive model:

▶ MLM (option 2): Time-“vectorized” approach with two-layered Vectorial Kernel
Orthogonal Greedy Algorithm (2L-VKOGA) [Wenzel/Marchetti/Perracchione’23], [Santin/Haasdonk’21]

𝜇 𝑢ml(𝜇) ≔
𝑁
∑
𝑖=1

𝛼𝑖𝑘(𝐴𝜃𝜇, 𝐴𝜃𝜇𝑖) ∈ ℝ𝐾×𝑁

𝐴𝜃𝜇
𝑘(𝐴𝜃𝜇, 𝐴𝜃𝜇𝑖)

𝑖 = 1, … , 𝑁
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Numerical experiment – Monte Carlo using DNN (option 1)
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Numerical experiment – Comparison of DNN and 2L-VKOGA
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Comparison of DNN (left) and 2L-VKOGA (right) used for the RB-ML-ROM.
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Thank you for your attention!

For more details, see:

B. Haasdonk, H. Kleikamp, M. Ohlberger, F. Schindler, T. Wenzel,
A New Certified Hierarchical and Adaptive RB-ML-ROM Surrogate Model for Parametrized PDEs,
SIAM Journal on Scientific Computing, Vol. 45, 3 (2023), DOI: 10.1137/22M1493318

T. Wenzel, B. Haasdonk, H. Kleikamp, M. Ohlberger, F. Schindler,
Application of Deep Kernel Models for Certified and Adaptive RB-ML-ROM Surrogate Modeling,
to appear in: Proceedings of the 14th International Conference on Large-Scale Scientific Computations (2023), https://arxiv.org/abs/2302.14526
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