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Introduction

Optimal transportation problems

The statement of the problem of the theory of Optimal Transportation was
first posed by Monge in 1781 in [36] when he raised the following question:
given two mass distributions f™ and f~, minimize the transport cost

[ o= talr* @) ao

among all transport maps t, i.e. measurable maps such that the mass balance

Lo @[ rw

holds for every Borel set B. The Monge’s approach to this problem is quite

condition

simple to be stated: the unknown of the problem is the map ¢ that tells
that the infinitesimal amount of mass dx located at = will be placed in the
point t(x) at the end of the transportation and that the work done is given
by |z — t(x)|fT(x)dzx. Clearly, instead of two mass distributions f* and
f~ one can consider two probability measures u* and x4~ and minimize the
functional given by
te | o —t(z)| du'(z)
RN

among the transport maps t, i.e. measurable maps such that p=(B) =
pt(t71(B)) for any Borel set B. In spite of the easiness of its formulation
and physical interpretation, the mathematical difficulties are great. In fact,
because of the strong non-linearity in the unknown of the problem, the map
t, in the general case neither the existence of a transport plan nor that of an
optimal one is assured. So, Monge’s formulation did not lead to significant
advances up to 1940, when Kantorovich proposed his own formulation in his
famous papers [30] and [31].



2 Introduction

In modern notation, given two finite positive Borel measures p™ and p~
on RY such that ™ (RY) = u~(RY), Kantorovich was interested to minimize
the functional

o c(x,y) du(z,y)

RN xRN
among all transport plans pu, i.e. positive Borel measures on RY x RY such
that W;;u = u* and Ty = p~, where by # we denoted the push-forward
operator (i.e. hyp(E) = u(h *(E))). The cost function ¢ is a non-negative
lower semicontinuous function defined on RY x RY. It is easy to see that
if ¢ is a transport map between u* = fTLY and = = f~LY, then u; =
(Id xt) zp* is a transport plan and

/RN o)) () = [ elany) dpulay).

RN xRN
So, Kantorovich’s problem is a weak formulation of Monge’s one. The advan-
tages of this approach are evident: the set of transport plans is a non-empty,
convex and weakly compact set, the functional is now linear in the unknown
and, last but not least, the existence of minimizer is implied.

The study of optimal transport problems has received a great attention
after the work by Sudakov on the existence of an optimal transport map (see
[46]) and now the theory has applications in various subjects of research in
Non-linear Partial Differential Equations, Calculus of Variations, Probability,
Economics, Statistical Mechanics, Fluidodynamics and many other fields.
These developments are accounted in various surveys and books such as [2],
[25], [39], [40], and [47].

Plan of the work

This thesis consists in three chapters. The first one deals with the theory
of Optimal Transportation, while in the second a model of urban planning
based on a functional built upon Kantorovich functional is studied. In the
third an alternative approach to transport probability measures is considered
and studied.

Chapter 1, Optimal Transportation Problems

In this chapter we review some basic facts in the theory of Optimal Trans-
portation. First we state Monge and Kantorovich’s Problems in a sufficient
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general setting.

Problem (Monge Problem). Given two finite positive Borel measures p"
and p~ on a metric space X such that pu™(X) = p~(X), the object of the
minimization if the functional

M(t) = /X (. t(x)) du* (2)

among all transport maps t, that is measurable maps ¢t : X — X such
that p=(B) = ut(t"*(B)), that is tyu*t = p~. Here ¢ is a generic cost
function, that is to say a function ¢ : X x X — R non-negative and lower
semicontinuous.

Problem (Kantorovich Problem). Given two finite positive Borel mea-
sures ut and g~ on a metric space X such that pu™(X) = p~(X), the func-
tional to minimize is

K(u)z/x XC(%y) dp(z,y)

among all transport plans pu, i.e. positive Borel measures on X x X such
that ™ (A) = u(A x X) and p~(B) = p(X x B), that is 7, = p* and
Tyl = .

Then, we consider the question of the existence of an optimal transport
map or of an optimal transport plan, showing that, while neither the existence
of a transport map nor that of an optimal one are guaranteed, the existence
of an optimal transport plan is proved (in Polish spaces).

In the sequel some other classic topics are considered, such as cyclical
monotonicity with respect to a cost c.

Definition (c-cyclical monotonicity). A subset S C X x Y is said to
be c-cyclically monotone if for any n € N and for any couples (x;,y;) € S,
1 =1,2,...,n and for any permutation of n elements o € S,, we have that

n

Z (i, yi) < Z (Zo(i), Yi)-
i=1 i=1

The main result is the proof that the support of an optimal transport plan
is c-cyclically monotone (Theorem 1.3.2), the generalized Rockafellar Theo-
rem (Theorem 1.3.8) and the proof of the existence of an optimal transport
plan in the quadratic case (Theorem 1.3.12).
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In Section 1.4 we give the statement and the full proof of Kantorovich
Duality Formula.

Then we go on with the study of the main properties of the p-Wasserstein
distance, i.e. a distance on the set of probability measures.

Definition (Wasserstein distances). Let X be a metric space and d its
distance. Given ut,u~ € P,(X), the Wasserstein distance of order p is
defined by

min{l,%}
Wo(u™, 1™) ;:[ inf / [d(z, y)]” du(z,y) :
HEP(ut.n™) Jxx X

where p ranges in the set of transport plans between p™ and ™.

The main basic properties are investigated, including the equivalence be-
tween the convergence with respect to the p-Wasserstein distance and the
convergence in the duality with bounded continuous functions plus conver-
gence of the momenta of order p.

Finally, we will introduce some tools to deal with displacement convexity
(first introduced and studied in [35] and studied in the general case in [1]),
that is convexity with respect to the displacement interpolation (given p™
and p~ the displacement interpolation, in the case p = 2, is given by u; =
(1 —¢)Id+¢T)xp*, where T is the optimal transport between p* and p7).
In particular, we prove that certain kind of functionals (that arise in the
modelling of an interacting gas, see [35]) are displacement convex (these
results will be useful in Chapter 3).

Chapter 2, Optimal Networks for Mass Transportation
Problems

In this chapter we study the generalization of a an urban planning problem
already stated in [18] and [20]. The result of this chapter can also be found
in [13].

We consider a bounded connected open subset €2 with Lipschitz boundary
of RY (the urban area) with N > 1 and two positive finite measures p™ and
p~ on K := Q (the distributions of working people and of working places).
We assume that ™ and x4~ have the same mass that we normalize both equal
1, that is 4™ and = are probability measures on K.
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The optimization problem for transportation networks considered is this:
to every “urban network” ¥ we associate a suitable “cost function” dyx which
takes into account the geometry of ¥ as well as the costs for customers to
move with their own means and by means of the network. The cost functional
will be then

T(X) = Wag (n" 17),
where Wy, (1, u™) is the “Wasserstein distance” Wi (u™, p~) with respect to
the pseudo-distance dy;, so that the optimization problem we deal with is

min{7(3) : ¥ “admissible network” }.

The main result is to prove that, under suitable and very mild assumptions,
and taking as admissible networks all connected, compact one-dimensional
subsets ¥ of K, the optimization problem we consider admits a solution. The
tools we use to obtain the existence result are a suitable relaxation procedure
to define the function dyx, and a generalization of the classical Gotab Theorem
(Theorem 2.2.2 and Theorem 2.2.3).

In order to introduce the distance ds on the set Q x Q we consider a
function J : [0, +00]®> — [0, +00]. For a given path v in K the parameter a
in J(a,b,c) measures the length of v outside ¥, b measures the length of ~
inside X, while ¢ represents the total length of ¥. The cost J(a,b,c) is then
the cost of a customer who travels for a length a by his own means and for
a length b on the network, being ¢ the length of the latter. For instance we
could take J(a,b,c) = A(a) + B(b) + C(c) and then the function A(t) is the
cost for travelling a length ¢ by one’s own means, B(t) is the price of a ticket
to cover the length ¢ on ¥ and C(t) represents the cost of a network of length
t.

For every closed connected subset ¥ in K, we then define the cost function
ds, as

ds(z,y) :==inf {J (H' (7 \Z),H' (7 N ), H (X)) : v € Cuy} .

where €, , is the class of all closed connected subsets of K containing x and
Y.
The optimization problem we consider is then the minimization for the
functional
X T(8) = Wag (1", 17)
where we take as admissible networks all closed connected subsets Y of K
with H!(2) < 4o0.
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Chapter 3, Path Functionals over Wasserstein Spaces

The problem of transporting a source mass distribution onto a target mass
distribution by keeping together as much mass as possible during the trans-
port, from which tree-shaped configurations arise, has been very much stud-
ied (see, for example, [7], [34] or [48]). In the new approach to this problem
presented in this chapter (and also in [14]) probability measures valued curves
are considered, while the condition of keeping masses together is achieved
considering only measures supported in discrete sets.

Given a source or initial probability measure pg and a target or final
probability measure p; we look for a path v in a Wasserstein space W, (Q2)
that connects o to 1 and minimizes a suitable cost functional J (7). We
consider functionals of the form

T() = / T/ (6)dt

where |7/| is the metric derivative of v in the Wasserstein space W, () and
J is a lower semicontinuous functional defined on measures. Here J may be
easily seen as the coefficient of a degenerate “Riemannian distance” on the
space W,(€2).

We restrict our analysis to the case of J being a local functional over
measures, an important class of functionals extensively studied by Bouchitté
and Buttazzo in [9], [10], and [11]. These functionals are the key tool in
our approach, and among them we can find both functionals which are finite
only on concentrated measures and functionals which are finite only on spread
ones. In fact, a particular point of interest in our approach is the fact that
also different kinds of “Riemannian distances” are allowed (for instance those
which prefer spread measures) by a change of the functional J.

The analysis of existence results as well as the definition of the cost func-
tionals is done in an abstract metric spaces framework, which can be used
for future generalizations and developments.

In particular, we consider the two extreme cases, in which the functional
J is chosen as one of the following:

(0<r<1
400 otherwise

Gr(p) = {ZkeN(ak)r if p= ZkeN kg,
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whose domain is the space of purely atomic measures, or

lultdz  if p=wu-LN
Fy(p) = Ja . (¢>1)
+00 otherwise

whose domain is the space L9(2). We denote respectively by G, the functional
J with J replaced by G, and by F, the same functional with J replaced by
F,.
The first case is the one in which we get a “Riemannian distance” on prob-
abilities which make paths passing through concentrated measures cheaper.
The second case, on the contrary, allows only paths which lie on L%(().
In both cases we analyze the question of the existence of optimal paths
Yopt giving finite value to the functional. When the domain Q C RY is

compact we find for the first case:

e if yip and j; are atomic measures, then an optimal path ~,, providing
finite value to G, always exists;

e if r > 1 —1/N, then the same is true for any pair of measures;

e if r <1—1/N, then there are measures py and p; such that every path
connecting them has an infinite cost.

Similarly, for the second case we find:

o if 440 and iy are in L9(€2), then an optimal path 7,, providing finite
value to F, always exists;

e if ¢ <1+ 1/N, then the same is true for any pair of measures;

e if ¢ > 1+ 1/N, then there are measures py and p; such that every path
connecting them has an infinite cost.

It is not difficult to see that the model proposed is different and in general
provides different solutions with respect to those proposed by Xia in [48] and
by Maddalena, Morel and Solimini in [34]. However, among the different
features our model supplies we may cite its mathematical simplicity and the
possibility of performing standard numerical computations.

From the mathematical point of view, our model recalls the construction
of Riemannian metrics as already pointed out, and the existence results for
optimal paths is easy to prove.
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The comparison with the results obtained by Xia and by Maddalena,
Morel and Solimini will be important for future investigations. For instance,
for the model proposed in [34] conditions to link two prescribed measures
by a finite cost configuration have been studied in [23] (while in Chapter 3
or [14] and in [48] only conditions in order to link arbitrary measures are
provided).



Chapter 1

Optimal Transportation
Problems

In this chapter we discuss some aspects on the classical theory of mass trans-
portation as it was proposed by Monge and subsequently developed by Kan-
torovich.

1.1 Original and relaxed formulation

The problem of Optimal Transportation can be simply set as follows: given
two mass distributions f* and f~, minimize the transport cost

[ o=t @) do

among all transport maps t, i.e. measurable maps such that the mass balance

[ @ae= [ rw

holds for every Borel set B. In particular, taking B = RY, we must have

condition

fra)yde= [ f(y)dy,

that is f* and f~ carry the same mass.

Notation. Let X and Y be measure spaces and let ¢ : X — Y be a measurable
map. For any measure p on X we define ¢4 as the measure on Y given by

ten(B) == p(t™(B)) (1.1.1)

9
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for any measurable set B.

In modern notation the problem of Monge can be set as follows.

Problem 1.1.1 (Monge’s Problem). Given two finite positive Borel mea-
sures 7 and p~ on a metric space X such that pu*(X) = p (X), study the
minimization of

M(p) = /Xc(x,t(x)) dut(x) (1.1.2)

among all transport maps t, that is measurable maps ¢t : X — X such that
p=(B) = pt(t1(B)) for any measurable set B, that is tyut = . Here ¢
is a generic cost function, that is a non-negative and lower semicontinuous
function ¢ : X x X — R. We will denote by M(u™, u~) the set of transport
maps between p* and g, and by My (ut, ™) the subset of optimal ones.

The following proposition gives a quite raw result on the infimum value
of Problem 1.1.1. We will provide better results in the next section.

Proposition 1.1.2. The infimum of Problem 1.1.1 s larger than or equal
to

sup{/Xu d(pt —p~) : u € Lipy(X, c)}
where
Lip;(X,¢) ={u: X = R : |u(z) —u(y)| <c(zr,y) Vr,ye X}

Proof. Since u is 1-Lipschitz with respect to ¢ we have
[ ctot@) dut = [ Juta) = ult(@))] au*
X X
_ + _ +_ -
> [ (ute) = @) an” = [ o) " =),

Then
wt [ cletto) dut 2 sup [ o) de - 0)

u
where the infimum is taken among transport maps between p* and g~ and
the supremum for u € Lip, (X, ¢). O

Because of the strong non-linearity in the unknown transport map ft,
Monge’s formulation did not lead to significant advances up to 1940, when
Kantorovich proposed his own formulation (see [30], [31]). Moreover, Monge’s
formulation shows some intrinsic difficulties as in the following examples.
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Example 1.1.3 (Non-existence of transport maps). While the condi-

tion of equal total mass p*(X) = p~(X) is a necessary condition to the

existence of a transport map between p* and g, it is not sufficient. For ex-
1

ample, consider ™ = §,, and p= = £8,, + 30,, (with yo # y1). No transport

maps can exist since txdz, = O(zy)-
Example 1.1.4 (Non-existence of the minimizer). Let Sy, S, Ss be the
subsets of R? given by

So={(z,0) : 0<z <1}

S1={(z,d) : 0<x<1}

So={(x,—d) : 0<z<1}

and let ut = H'L So,u~ = %HILSl + %Hll_Sz. In this case the class of

transport maps is not empty since the map ¢ : R? — R? defined by
2 fo<z<1i
(0,00 { G0 HOSws,

(22 —-1,-d) if;<2<1

is a transport map. The optimal transport problem with cost ¢(z,y) = |z—y|
has no minima. This can be seen as follows. First of all, the cost of the
optimal transport is at least d by Proposition 1.1.2 (use u(x,y) = —|y|).
Actually, it is exactly d. Consider the sequence of transport maps {t, },en
such that ¢, is linear non-decreasing between the intervals I*¥ and J* if k is
even and is linear non-decreasing between the intervals I* and K if k is odd,

I E k+1
o \2n’ 2n

Jh = (k_/2 k;/2+1)

where

n n’' n

Kk <(k—1)/2 (k+1)/2+1)‘

n Y

n n
It is easy to see that lim,, M(t,) = d.

On the other hand, the minimal value is achieved only if a point and
its image lie on the same vertical line. Let S be the set of points lying on
the same straight line. On one hand, both S; and Sy carry a mass equal to
1/2 each, so we have u~(t(S)) = pu*(S5)/2. On the other hand, p~(¢(S)) =
pt (71 (#(S))) > 1 (S). So we must have 7 (S) = 0, that is the set of points
lying on the same vertical line is negligible and the minimal value of the
transport cannot be achieved.
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The minimizers may not be unique (this may also happen in Kantorovich’s
statement of the problem) as it can be seen in the following example.

Example 1.1.5 (Non-uniqueness of the minimizer). Let us consider
pt = 1600 + 3001y and g~ = 26(1,0) + 2000,1) and ¢(z,y) = |z — y|P. Then
both the vertical transport and the horizontal one are optimal.

Here is another example of non-uniqueness of the optimal transport map.

Example 1.1.6 (Book shifting). Let us fix an integer number n > 1 and
consider as the initial and final measures for the Monge’s problem those given
by put = L'o,n and g~ = L'X1 1. From Proposition 1.1.2 (using as test
function u(t) = —t) it follows that the value of the optimal transportation is
at least n. The transportation cost for the map defined by ¢(x) = =+ 1 is n,
so it is optimal. It can be also seen that the map

t(a:):{ r+n ifte|0,1]

x if t € [1,n],

is optimal for every n, so we can conclude that in the case n > 2 there exist
two distinct optimal transport maps. Actually, in the case n = 1 the map
t(z) = 2 — z is optimal, so even in the case n = 1 we do not have uniqueness
of the optimal transport map.

In order to overcome the main difficulties that arise in the Monge’s ap-
proach to the problem of mass transportation, Kantorovich proposed his own
formulation. Kantorovich’s approach is a generalization of Monge’s Problem,
but can also be viewed as a relaxation of it (as we will prove). In the fol-
lowing 7+ and 7~ will be the projections of X x X on the first and on the
second factor: 7t (x,y) =z, 7 (z,y) = .

A great limitation in Monge’s version of mass transportation problem
is that the mass can be put together, but cannot be split. For example,
as we have seen, no transport maps between a Dirac mass and a convex
combination of Dirac masses can exist.

Problem 1.1.7 (Kantorovich’s Problem). Given two finite positive Borel
measures x4 and g~ on a metric space X such that p™(X) = p (X), study
the minimization of

K= [ ela) dute.) (1.13)
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among all transport plans p, i.e. positive Borel measures on X x X such
that u*(A) = w(A x X) and p~(B) = u(X x B), that is niu = p* and
Tupt = p~. We will denote by P(u", u7) the set of transport plans between
p* and p~, and by Py (pt, 1) the subset of optimal ones.

Thanks to the linearity of K with respect to u, the subset of optimal
plans P,y (', ™) is a convex subset.

It is easy to see that if ¢ is a transport map between put and p~, then
i := (Id xt)zu™ is a transport plan between the same measures and

[ ctot@) dutta) = [ o) o)

b's XxX

So, Kantorovich’s problem is a weak formulation of Monge’s one. Of course,
since not all transport plans are of the kind of y; for a suitable transport
map t it may happen that the optimal value of Problem 1.1.7 is strictly less
than the one of Problem 1.1.1 as in the following example (see also [38]).

Example 1.1.8. Consider again the situation of Example 1.1.4, but with a
different cost function.

o(z,y) = |lr —y| if x — y lies on a vertical line,
Y= 2|r —y| otherwise.

In this case, the infimum of Kantorovich Problem is §, while that of Monge
Problem is 26 since (as we have seen) a map cannot move the mass vertically.

1.2 Existence of an optimal transport plan

In this section and in the following ones we are going to prove some results
in the theory of mass transportation, such as the existence of an optimal
transport plan and the comparison between the infimum of Monge’s Problem
and Kantorovich’s one.

Lemma 1.2.1. Let f be a lower semicontinuous function defined on a metric
space (X, d) with range in [0,+00]. Then the set of functions {g: : t > 0}
defined by

g9¢(x) = inf{f(y) +td(z,y) : y€ X}

satisfies the following properties:
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® G Z 0;'
e g is t-Lipschitz continuous;

o gi(x) /" f(x) for every x € X.

Proof. Obviously, g; > 0. For all y the function = — f(y) + td(z,y) is t-
Lipschitz continuous, so g; is t-Lipschitz continuous too. Let now prove the
third part of the Lemma. Since d is positive, the map ¢t — ¢, is increasing and
gi(x) < f(x) for every x. If sup,>( g:(7) = +o0, then we have f(z) = +o0
and the statement is proved. When sup; g:(7) < 400, let z € X and choose
¢ such that

fzy) +td(z, ) < ge(w) + 27" (1.2.1)

We have from (1.2.1)

td(x, ) < gi(x) = fla) +27
<

gi(z)+ 27" <supgi(z) + 1 =: M(z) < +o0.
>0

We then have d(x,z;) < M(x)/t, so that x; — z. Passing to the limit as
t — +o0o in (1.2.1), the semicontinuity of f yields

f(z) <liminf f(z;) < tllfrn gi(z). O

t——+o00

Corollary 1.2.2. In the same hypotheses of Lemma 1.2.1 there exists a
sequence of continuous bounded non-negative functions hy such that hy(z) /
f(x) for every x € X.

Proof. Just define hy(x) = inf{g,(z),t}. O
This lemma will be useful in the next sections.

Lemma 1.2.3. Let f be an upper semicontinuous function defined on a met-
ric space (X,d). Assume also that f is bounded from above. Then the set of
functions {hy = t >0} defined by

hi(x) = sup{f(y) —td(z,y) : y € X}
satisfies the following properties:

i htzf;
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e h; is t-Lipschitz continuous;
o h(z)\, f(x) for every x € X.
Proof. The proof is very similar to that of Lemma 1.2.1. [

Kantorovich’s Problem (Problem 1.1.7) has a solution: this is the result
of the next Theorem 1.2.5. Before we prove Theorem 1.2.5 we need a lemma
to establish the tightness of the set of transport plans.

Lemma 1.2.4 (Tightness of the set of transport plans). Let ut and u~
be Borel probability measures on a Polish space X. Then the set of transport
plans P(ut, u™) is tight.

Proof. 1t is easy to check that X x X endowed with the product topology
is still a Polish space. Thanks to Theorem A.1.2 (Ulam’s Lemma), for every
€ > 0 there exists a compact subset K. such that:

pHX\K) <e, p (X \K.)<e.
Let p € P(ut, ). Then

p((X X XA (K X KL)) < (XN K2) X X)) + p(Xx (X Ke))
= pT(X\Ko) 4+ p (X \ Ke) < 2e.

Since the compact K. depends only on put and g~ (and e of course), the
proof is achieved. O

Theorem 1.2.5 (Existence of an optimal transportation plan). Let u*
and p~ be Borel probability measures on a Polish space X. Letc: X x X —
@Jr. Then there exists a measure i, such that:

K(p) = inf{K(p) © peP(u’,pu)}

Proof. Thanks to Lemma 1.2.4, the set of transport plans is tight and by
Theorem A.1.4 (Prokhorov’s Theorem) Kantorovich’s functional is continu-
ous when the cost function c¢ is continuous and bounded.

In the general case of a lower semicontinuous cost function ¢ the Kan-
torovich’s functional 1.1.3 is lower semicontinuous. Let us consider the in-
creasing sequence of non-negative bounded continuous functions {c¢;, }nen



16 Chapter 1. Optimal Transportation Problems

given by Corollary 1.2.2. Thanks to the Monotone Convergence Theorem
we have that

Kalp) = [ ealon) du /K = [ cloy) du

XxX XxX

for every transport plan p € P(ut,u~). K is then lower semicontinuous
since it is the supremum of continuous functionals.

The existence of a minimizer is then a standard application of the direct
method of the Calculus of Variations. The only thing we need now to prove
is that the set of transport plans is closed under the weak topology. Let
{1tn}nen be a convergent sequence in P(ut, ) and let us denote by p the
weak limit of {i, }nen, that is g, — p. Then

/ f07r+dun+/ gowdunszdu++/gdu
XxX XxX X X

for every couple of functions f,g € Cp(X). Passing to the limit as p, — p
we obtain:

/ f07r+du+/ gow‘duz/fdu++/gdu‘
XxX XxX X X

[ rawm+ [ gatmm = [ 5+ [ g

that is 7p = p and 70 = ™.

that is

Let {iin}nen be a minimizing sequence. By Theorem A.1.4 a convergent
subsequence can be extracted, so we can suppose pu, — . for some Borel
probability measure. Since the set of transport plans P(u*t, ™) is closed
with respect to the weak topology, we have p, € P(u*, ) and thanks to
the lower semicontinuity of the Kantorovich functional p, is a minimizer. [J

The next theorem gives some conditions in order to assure the equality
of the infima of Monge and Kantorovich’s functionals.

Theorem 1.2.6. Assume that X is a compact subset of RN . If the cost func-
tion ¢ is continuous and real valued and ™ has no atoms, then Kantorovich
functional is the lower semicontinuous envelope of Monge functional. In par-

ticular,

min K = inf M(t).
peP(pt,p—) (M) teM(pt,p) ( )
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Proof. What we need to prove is that given p € P(u*, ) it is possible
to provide a sequence of Borel maps ¢, € M(u™, u~) such that (with the
notation used in the Appendix)

/5wn(x) @put = p

in M(X x X). By Theorem A.3.1 we obtain a Borel map ¢ : X — X such
that pgpt is not atomic and approximates arbitrarily x4~ and [ ) @ pt
approximates arbitrarily x4 (with respect to the weak convergence).
We can suppose that the cost function c is Lipschitz with constant L and
that |z — y| < ¢(z,y) (eventually multiplying ¢ by a positive constant).
Now, let us fix an integer n. We will rename p* with pJ and choose
¢o : X — X such that @oguu is not atomic, Wi (™, poxp) < 27" and

/ e(o(x), ) dul < Wa(u—, ) + 27,
X

where by Wi (u™, 1) we mean infimum value of Kantorovich functional with

respect to the cost c. Then, setting g = poxpd we find ¢, : X — X such

that (1404 has no atom, Wy (u™, prepd) < 270+

/XC(sol(a?),x) dpd < Wi (u, pd) + 27t

Setting pk = 146~ we can then build by induction a Borel function
o+ X — X such that @k has no atom, Wy (u™, grepl) < 270+k)

/X (o), z) dply < Wi, pf) + 278,

Now we set ¢o(z) = z and ¢, = pp_10- -0 for k > 1, so that uf = gruut.
The sequence {¢y }x>0 is a Cauchy sequence in L'(X, u; X). In fact,

S [ 160a(o) = oo a0 = 3 [ lonto) ol o
+o0o

<2 W, ) < +oo.
k=0
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Now, set limy, ¢ = 1b,. We have ¢, xut = = and
| ctono). ) aut (@)
X
k
< /X epu(e).2) (@) + 13 /X 16:(2) — dia(2)] dyrt(2)

k

<Wi(utp)+27" + LZ/X l0i(y) — | dub(y)
=1

< Wh(pt,pm) +27"(1 4 20L).

Passing to the limit as K — 400 we obtain

/X (tbn(a), 2) dprt(x) < Wit o) +27"(1 4 2L),

which is the result. O

1.3 Cyclical monotonicity and regularity of
optimal transport plans

In this section we are going to study some concepts deeply studied in various
papers, such as [27], [4], [32], [43].

In this section we will consider rather general assumptions: X and Y will
be locally compact, o-compact metric spaces. The cost functionc¢: X xY —
R will be a positive function. We will show some results when c is continuous
and real valued, but also in a more general setting allowing ¢ to be only lower
semicontinuous and assuming extended real values.

The notions of cyclical monotonicity and concavity with respect to a cost
¢ we are going to introduce are generalization of those given by Rockafellar
in [41] in the quadratic case and in Euclidean spaces, that is when c(z,y) =

(z,y).

Notation. In this section we will denote by S5, the symmetric group, that is
the set of permutations of a set with cardinality n, n € N.

Definition 1.3.1 (c-cyclical monotonicity). A subset S C X x Y is said
to be c-cyclically monotone if for any n € N and for any couples (z;,y;) € S,
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t=1,2,...,n and for any permutation of n elements o € S, it is true that

n

D clwny) < o, vi)- (1.3.1)
i=1 i=1

Since any o € S, is the product of cycles, inequality (1.3.1) implies
Definition 1.3.1 whenever it is true for any cycle o. Moreover, by suitable
rearrangement of indexes it can be seen that Definition 1.3.1 is equivalent to

n

Z (i, yi) < Z (@it1, Yi) (1.3.2)
i=1 i=1
for any n and any couples (z;,v;) € S, 1 =1,2,...,n, (with 2,41 = x1).
Through c-cyclical monotonicity we can give a characterization of optimal
measures. Recall that

[ 1t = [ g0 (1.3.3)

whenever ¢ : X — Y is a measurable map between the measure space
(X, Tx, 1) and the measurable space (Y, 7y) and f : Y — R is a non-negative
measurable function.

Theorem 1.3.2. Let ¢ : X XY — R be a continuous and non-negative
cost. Suppose that the transport plan . is optimal for Kantorovich’s Prob-
lem (Problem 1.1.7). Moreover, suppose that the infimum of Kantorovich’s
functional (1.1.3) is finite, K(p.) < +oo. Then, the support of . is c-
cyclically monotone.

Proof. Suppose on the contrary that spt  is not c-cyclically monotone. Then,
there exist an integer n, a permutation o, and couples of points (Z;,7;) €
spt s C X xY, i€ {l1,2,...,n}, such that the function

n

fi,y1, . T yn) = Zc(fﬁa(i)ﬂﬁ) — c(zi,vi)

i=1
takes negative value on (1,91, ..., Tn, Un). Since f is continuous, there exist
neighbourhoods U; € X and V; C Y such that f is negative on the set
H?Zl U; x V;. Moreover, we can choose the sets U; and V; to be relatively
compact and disjoint. Let us set

Ar=inf{p(U; x V;) : ie{l,2,...,n}} >0
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(it is a positive number since (Z;, 9;) € spt s for i € {1,2,...,n}) and
ps(B N (U X V;
() = LB 00 )
1+ (Us X V)

that is the normalized restriction to U; x V; of u,. Let us now consider the
product probability space

(Q = HUi x Vj, B(Q), n= ®?1m>

i=1

and projections 73* : 2 — X and 7} : Q — Y defined as
7T@'X($17?J17 ceey T,y yn) = Ty,

ﬂ-iy(xlayla s 7xn7yn) = Yi-
Finally, let 1/ be the non-negative measure defined by:

n

fo= .+ ! Z(Wﬁ-{(i) xm ) — (m < ml )y,

=1

It is easy to check via formula (1.3.3) that
K(u') = K(p) = An_l/gc(ﬁfu)ﬂff) —c(n, @) dny < 0.

That implies K (') < K(p*), in spite of the minimality of /.. O

Not only the support of an optimal transport plan is c-cyclically mono-
tone, but also the union of the supports of all the optimal plans is so. This
is a consequence of the convexity of the set of optimal measures with fixed
marginals.

Corollary 1.3.3. The union of the supports of all the optimal transport plans
15 c-cyclically monotone.

Proof. Let S be the union of the supports of all optimal transport plans. Let
(x;,y;) € S for i € {1,...,n}, and let u; be an optimal measure such that
(x;,y;) € spt ;. It is easy to check that the measure given by

1 n
M:ﬁ;m‘

is still an optimal transport plan between p™ and p~. Since p is an optimal
measure its support is c-cyclically monotone, and by construction (x;,y;) €
spt . This implies that condition (1.3.1) is satisfied. O
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Definition 1.3.4. A function u : X — RU {—o0} is said to be c-concave if
it is of the kind

— inf A
u(w) nf Ac(x,y)+

for some subset A C X x R.

The usual definition of concavity for a function u : R* — RU {—o0} can
be recovered by the one of c-concavity. In fact, it is easy to see that for
the cost functional c(z,y) = %]z — y|* the c-concavity of u reduces to the
concavity of u(z) — 3|z[>. Moreover, if ¢ is a continuous function, then u is
upper semicontinuous.

Before we prove Theorem 1.3.8, we just recall some definitions about the
c-transform which will become useful in the Section 1.4. A deeper account
on these facts and their proofs can be found in [41], [24] or [47].

Definition 1.3.5 (c-transform). Let X and Y be non-empty sets and ¢ :
X xY — R. Given u: X — RU {—o0}, the c-transform of wu is defined by

u(y) = infle(z, y) —u()). (1.3.4)

Of course, a similar definition can be given for functions v : ¥ — RU{—o0}.
The following facts are an easy consequence of Definition 1.3.5.

Theorem 1.3.6 (Generalized Legendre duality). Let X and Y be non-
empty sets and ¢ : X x Y — R. Given a function v : R" — RU {—o0}, we
have

o u(x) +u(y) < clz,y) for every (x,y) € X xY;
° uCC Z u’ uCCC — uc;.

o u“ = if and only if u is c-concave.

Definition 1.3.7 (c-superdifferential). Given a function v : R — R U
{—0o0}, the c-superdifferential 0°u is the set

Ou = {(z,y) € X xY : u(v) <u(x)+c(v,y) — c(z,y) for all v € X}.
(1.3.5)
Moreover, we define 0°u(x) as the set of those y such that (x,y) € 0°u:

Fu(z) ={yeY : uw) <u(z)+c(v,y) —c(z,y) for all v € X}. (1.3.6)
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Theorem 1.3.8 (Rockafellar Theorem for general costs). The follow-
ing statements are equivalent for a subset S C X x Y

1. There ezists a c-concave function u : X — RU{—oo} such that S C
0°u;

2. S s c-cyclically monotone.
Proof.

e 1 = 2. Let us consider (z;,y;) € 0° for ¢ € 1,...n. Since u is ¢-
concave we can assert the existence of a point  such that w is finite at
Z. Thanks to the c-concavity of u

w(@) < u(w;) + (@, y) — c(zi,y)
that is Z; cannot be —oo. Thanks to c-concavity of u again:

(o) — u(zs) < clta, ) — (i y) (13.7)

Summing from ¢ = 1,...,n inequalities (1.3.7) we get

n

O S Z C(xa(i% yz) - Z C(a:i? yl)
=1

i=1
which is Definition 1.3.1.

e 2= 1. Fix (z9,y0) € S and let u be given by (recall the equivalence of
Definition 1.3.1 with inequality (1.3.2)):

u(z) = inf) s (C(%yn) — (@n, Yn) + i (@i, yi) — el yz)]) :

n,(z4,y:) € i—1

where n € N, and (x;,y;) € S for i € {1,...,n}. We now prove that
if (2/,y") € S, then (2/,y) € 0°. By definition, u is c-concave and
u(zo) = 0 (the infimum is attained when n = 1 and (x1,y1) = (20, ¥0))-
By definition of u we also have that for every ¢ > 0

n—1
<C(fc/,yn)— (@, yn) + Y le(@ipr, vi) (%m)]) <u(a’) +e.
=1
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Setting x,,11 = 2’ and y,,4+1 = ¥’ again by definition of u we have
u(z) < <C($7yn+l) — (Tnt1, Yny1) + Z [c(@is1, yi) — el yz)])
i=1

so that
u(r) < e, Yny1) — (Tns1, Yns1) + U(x/) + €.

By the arbitrary choice of ¢ we get
u(z) —u(2’) < c(z,y’) — (=’ y).
Since u(zg) = 0, u(z’) > —oo and y' € 9°u(x’), that is S C 0. O

Remark 1.3.9. Recall that the support of an optimal transport plan and the
union of the supports of all optimal transport plans are c-monotone sets, so
they are contained in the superdifferential of a suitable c-monotone function.

As a consequence of Theorem 1.3.8 we prove the following Corollary,
which is true for continuous costs ¢ which are a distance on X x X.

Corollary 1.3.10. Suppose that the continuous cost ¢ is a distance on X,
and let u € P(X x X) be a transport plan between fized marginals p* and
uw=. Then p is optimal if and only if there exists u : X — R such that

lu(z) —u(y)| < clz,y) for all (x,y) € X x X, (1.3.8)
u(z) — ul(y) = c(z,y) for all (x,y) € spt p.

Moreover, there exists a function u such that equations (1.3.8) and (1.3.9)
holds for any optimal plan p.

Proof.

e Sufficiency. Let p* be an admissible transport plan. Thanks to (1.3.8)
and (1.3.9) we have

K(*) > /X ) = uly) du = /X wdpt - /X wdy
— [ ute) ~ uty) du = K,
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e Necessity. Let S be the union of the supports of all the optimal trans-
port plans. Thanks to Theorem 1.3.8 there exists a c-concave function
u such that S C 0°u. Equation (1.3.8) simply follows from the fact that
the infimum of c-Lipschitz functions is itself c-Lipschitz, while equation
(1.3.9) follows from S C 9°u. We have

u(y) —u(z) < cly,y) — c(x,y) = —c(z,y)
for any (z,y) € spt u because S C 9°(u) and, by equation (1.3.8),
u(z) = u(y) < cz,y)
for any (z,y) € X x X, that is equation (1.3.9). O
A simple consequence of Corollary 1.3.10 is the following result.

Corollary 1.3.11 (Linear case). Suppose that the continuous cost c is a
distance on X. Then, the function in Corollary 1.3.10 is a maximizer of

we [ wdet =)
b's
among 1-Lipschitz maps with respect to the distance c. Moreover, we have

inf{K(p) : peP(X xX)}= max{/Xu dlpt—p7) t ue Lipl(X,c)} .
(1.3.10)

Proof. For every u € Lip, (X, ¢), we have:

[ @ dn= [ )
:/XXXu(x)—u(y d,uﬁ/XXX c(x,y) dp.

We now prove that, when p is an optimal transport plan and v is a Kan-
torovich potential, equality in the previous inequality holds. In fact, we have:

/XXX c(z,y) duZ/spt#C(ﬂf,y) duz/spwu(x)—?ﬁ(y) dp
~ [ @t de= [ wle) du= [ at) an
:/Xu(x) d,u+—/Xu(y) du‘zfxu(w) d(p’ —p),

and equality in equation (1.3.10) must hold. ]
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Another useful consequence of Theorem 1.3.8 is the following corollary.
It was proved first by Brenier in [15] and generalized in [27]. We will prove
it in a slight weaker form we will use in the following when the notion of
displacement convexity will be introduced.

Corollary 1.3.12 (Quadratic case). Let us consider the Kantorovich func-
tional associated to the cost function c(z,y) = 3|z —y|*> and assume that p*
15 absolutely continuous. Then there exists a unique transport plan . More-
over, p 1s induced by an optimal transport map which is the gradient of a
convex function.

Proof. Let 1 : X — R be a c-concave function such that the graph I' of its
superdifferential contains the support of any optimal transport plan p. Since
we are considering the quadratic cost c(x,y) = |x —y|?/2 it can be seen that

(w0,y0) €T <= yo € 0T v(xy)

where v is the concave function given by v(x) = u(x)—|z|>/2. Since a concave
function is almost everywhere differentiable with respect to Lebesgue measure
and hence with respect to u* we get that for pt-a.e. xy € X there exists a
unique point yo such that (zg,yo) (i.e. yo = Vov(zg)). Since sptpu C I, we
have p = (Id xv)xut. O

Corollary 1.3.12 can be generalized following Gangbo and McCann in [27]
or Ambrosio, Gigli and Savaré [1] for the Hilbert space setting.

Theorem 1.3.13 (Stricly convex cost case). Let us consider the Kan-
torovich functional associated to a cost c(x,y) = h(x — y) with h strictly
conver and superlinear. Assume that p* is absolutely continuous and that
the minimum of Kantorovich functional is finite. Then there exists a unique
transport plan . Moreover, 1 is induced by an optimal transport map T
uniquely determined u*-a.e. requiring that

o Typ* =p;

o T'(z) =x—Vc (Ve(z)) for some c-concave function ¢; ¢* is the Leg-
endre Transform of ¢ (see Definition 1.4.3).
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1.4 Kantorovich Duality Formula

In this section we will prove both the general Kantorovich duality and the
particular case when the cost function is itself a distance (which will lead to
the Kantovich-Rubinstein Theorem 1.4.8)

1.4.1 General duality

Kantorovich Problem admits a dual formulation, that is the minimum value
of Kantorovich functional can be related to the supremum of

Ty 1) = /X o(x) dut(z) + /Y () du=(y). (L4.1)

on a suitable subset of L*(X) x LY(Y) (or Cy(X) x Cy(Y') as we will see that
it leads to the same value). Let us denote by ®(u™, =, c) the subset of
LY (X) x LY(Y) given by

O(ut ) = {(p, 1) € LX) x L'(Y) = p"(B[,) =0, p (B,,) =0},

where we set

Byy ={(z,y) € X xY : o(x) +4(y) > c(z,y)},
and
B;,qp = 7T+<B<p,¢)a B;,w =7 (Bpy)-
Finally, we set ®¢, (1, =, ¢) = @(ut, u=,¢) N (Co(X) x Co(Y)).
Before the proof, we state the following simple lemma.
Lemma 1.4.1. Let (p,1)) € O(ut,u,c). Then there exist functions ¢ and

Y such that @ = ¢ and ) = 1 almost everywhere with respect to u* and =
respectively such that ¢ + ¥ < c is point-wise true.

Proof. Let us indicate by xg the indicator function of the set S (defined by
xs(x) = 1,if x € S, and xg(x) = 0, if x ¢ §). Given a couple (p,v) €
(p<u+7/’l/_7 C)7 set

p = (1 - XB:,w)(p’ Y= (1 - XB;’w)w-

By definition ¢ = ¢ and ) = 1) almost everywhere with respect to pu* and
1~ respectively, and the inequality

$(z) +U(y) < c(z,y)

is point-wise true. O
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We now prove Kantorovich Duality Formula.

Theorem 1.4.2 (Kantorovich Duality Formula). Let X andY be Polish
spaces, let pt € P(X) and p~ € P(Y) be probability measures on X and 'Y
respectively. Finally, let ¢ : X xY — Ry U{400} be a lower semicontinuous
function. Then

inf{K(n) : pePp,u)}=sup{J(p,¥) : (p,9) € @(u",u )}
= sup{J(gp,@/}) : (4:07770) € (I)Cb(/ﬁ—’u_vc)}'
(1.4.2)

Proof of Theorem 1.4.2 (Part I). Let ¢ and ¥ be the functions of Lemma
1.4.1. If p € P(pt, u~) we have:

/wdu++/¢du‘—/<ﬁdu++ b dp”
X Y X Y

Since the previous inequality holds for every couple (p, ) € ®(u*, =, ¢) and
every transport plan p € P(u™, u), taking the supremum on the left-hand
side and the infimum on the right-hand side we get

sup{J(, ) : (p,9) € ®(u" 0 0)} <Inf{K () © p€P(u™ pu)}
(1.4.3)
which gives the first desired inequality. The other inequality to be proved,
that is

sup{J(p,¥) 1 (p,9) € ¢, (1", ™, c)} <
sup{J(p,¥) = (o, ) € ®(u", p", )}, (1.4.4)

is trivial. O]

To go on in the proof of Theorem 1.4.2 we need some basic results on
convex analysis. We begin with the definition of Legendre-Fenchel transform.

Definition 1.4.3 (Legendre-Fenchel transform). Let X be a normed
vector space and f : X — R U {400} be a convex function. The Legendre-
Fenchel transform of f is the function f*: X* — R U {+o0} defined on the
topological dual of X by:

f(x) = sup[(a”, x) — f(x)].

zeX
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Theorem 1.4.4 (Fenchel-Rockafellar Duality). Let X be a normed vec-
tor space and let F, G : X — RU{+o0} be convex functionals. Let us suppose
that there exists vy € X such that

o [(z) < 400 and G(xg) < +00;
o I is continuous at xg.

Then,

m12)f([F(x) +G(z)] = ﬁlez}?*[—F (—x*) — G*(z")]. (1.4.5)
Proof. The proof is an application of Hahn-Banach Theorem and can be
found, for example, in [16] or [42]. O

Proof of Theorem 1.4.2 (Part II). We split what remains to be proved in
three parts. In the first one we assume that X and Y are compact metric
spaces and the cost function c¢ is continuous, in the second we will drop
compactness, but ¢ will be uniformly continuous and bounded and in the
third one we will use some approximation arguments to reach the general
case.
Part II-1. Let E = Cy(X x Y) be the set of continuous functions on
X x Y (these functions are all bounded since the product X x Y is compact)
equipped with the || - ||oc norm. Let us define the functionals F' and G on
Cb(X X Y) by
Flu) = {0 if u(z,y) < —c(x,y)

+ oo otherwise
and
gpd/ﬁ—f—/z/}d,u ifues
G(u) = /X Y
+oo ifugs,
where S is the subset of C,(X x Y') given by

S={ueC(X xY) : JpeC(X), ¢ elC(Y), ulz,y) = o(z) +v(y)}

Just before going on in the proof, note that the functional G is well-defined,
that is its value does not depend on the expression of u as the sum of a
function of the variable x and of a function of the variable y. In other words



1.4. Kantorovich Duality Formula 29

if u(z,y) = p(x) +¥(y) = ¢'(x) + ' (y), then p(z) — ¢'(x) = ¥'(y) — Y(y)

must be constant so that

/Xsa(:v) du*+/y¢(y) dﬂ‘z/XsO’(x) du++/yw’(y) A

F and G are obviously convex and it is easy to see that the function F' is
continuous at u(z,y) = 1, so we can use Theorem 1.4.4. Let us now compute
the left-hand side and right-hand side of equation (1.4.5). The left-hand side
is given by

inf{/xso du++/y¢ du™ ¢ o) +9(y) Z—C(x,y)}

Let us now compute the Legendre-Fenchel transform of F' and G. We have:

F*(—p) = sup {—/XWU(%y) du(z,y) = u(z,y) = —c(:v,y)}

uecb(XXY)

(1.4.6)
— { |t du(z,w:u(x,y)smg)}. (1.4.7)
u€Cp(X XY) XxY

If 1 is not a non-negative measure, then we can find a continuous function
u € (X x Y) such that v < 0 and [, , v du > 0. The supremum taken
over the functions given by u = Av with A > 0 is 400, so F*(—pu) = +o0
when g is a non-negative measure. When g is a non-negative measure, it
is easy to see that the supremum is given by fXXy c(x,y) du. Then the
Legendre-Fenchel transform of F' is given by

/ c(z,y) dp if pe Mi(X xY),
F*(—p) = XxY
+ oo else.

Let us now compute the Legendre-Fenchel transform of the functional G. We
have

G =sw | [ uea) au- [ - [ v ac| i

where the supremum is taken on the subset of Cy(X x Y') of functions u € S.
Recall then that, when p is a transport plan between p* and p—,

/X ygo(way) du = /X%‘?(l’) dﬂ“r/yl/}(y) du”, (1.4.9)
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and, viceversa, when (1.4.9) holds for (¢,v) € Co(X) x Cp(Y), then p is a
transport plan between pt and p~. When p is a transport plan between p™*
and p~, then supremum in (1.4.8) is zero. In the other cases, we can find
(@', ") € Cy(X) x Cp(Y) such that

/X><Y #(z) +'y) dp = /X () du” — /wa) du~ # 0.

The supremum of (1.4.8) on the class of functions u given by u(z,y) =
Ap(x) + Mb(y), A € R is then +oo. Thanks to Theorem 1.4.4 we get

inf{K(n) : p€Put,p )} =max{J(p,¥) : (p,9) € D¢, (1", u",0)}.
(1.4.10)
The equality (1.4.10) combined with inequalities (1.4.3) and (1.4.4) proves
Kantorovich Duality in compact metric spaces for continuous costs.

Part II-1I. Let us suppose that the cost function c¢ is bounded and uni-
formly continuous. Let p, be an optimal transport plan given by Theorem
1.2.5. Since pu, is tight, for every 6 > 0 there exists compact sets Xg C X
and Yy C Y such that p* (X \ Xo) < d and p (Y \ Yp) < 0. Then, it is easy
to see that p,((X x YY)\ (Xo x Yp)) < 24. Let us define pu,q as

1« (B N (Xo x Yo))
f(Xo x Yo)

fx0(B) =

[is0 1S a probability measure on Xy x Yy whose marginals on Xy and Yy will
be respectively indicated by pg and gy . Up to the end of the proof we will
consider Kantorovich functional on the space X xY and on the space Xy x Yy
and we will denote them by K and K respectively, that is

K () = /X ) du, Ka) = /X elny) da

where p and po are measures respectively on M(X x YY) and M(Xy x Yp).
Let us consider a measure iy optimal for Kantorovich functional on X x Yy,
that is

Ko(fio) = inf Ko(ko),

where 1y ranges among the set of transport plans between pg and p,. We
now consider the following transport plan between p* and p™:

i = pus(Xo X Yo) o + X (xo0xYo)e Hos-
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Then, from

K (1) = pa(Xo x Yo) Ko(fo) +/ c(z,y) dps < Ko(fio) + 20]|c|o
(XoXYO)C

= inf Koy + 26]|¢|| o,
it easily follows that

inf  K(p) < Ko(fig) + 2||¢||s00-
_pinf  K(n) < Kaljo) + 2l
Let now consider the analogous of functional J, but defined on X x Yy, that
is

Jo(0, tho) = /

o dug + | o dug

Xo Yo

which is defined on LY(X, ug) x L*(Y, pig ). Thanks to Part II-I of the proof,
inf Ky = sup Jy. In particular, there exists admissible functions ¢, ¢y such
that

Jo(Bo, 1ho) = sup Jy — 6.

Thanks to Lemma 1.4.1 we can suppose that Go(z)+vo(y) < ¢(z,y) is point-
wise true. Since Jy(0,0) = 0, we have sup Jy > 0. In particular, if p is any
admissible measure we can write

Jo(Go. o) = / Bo(2) + Toly) duo,

XxY

and then the existence of (zg,yo) such that ¢(xg) + ¥ (yo) > —1 is assured.
Moreover, with a careful choice of the couple (p,1)), we get

Plao) > —5. Tw) >

As a consequence, for every (z,y) € Xy X Yy,

—_

Go(x) < c(z,y0) — o(yo) < clz,yo) +

Y

Doly) < c(w0,y) — @olx0) < c(x0,y) +

2
1
2

Let us now define for every x € X

Polz) = ;g;O[C(% y) — Yo(y)]-
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It can be easily seen that @y < @, on X, and Jo(By, Yo) = Jo(Bo, thy). More-
over, the following estimates are true

@o(x) = nf [e(z,y) — c(x0, y)] —

yeYD

N | =

Po() < c(z,y0) — Yolyo) < ez, o) + %

We now define, for y € Y,

Eo(y) = inf [e(z,y) — 50@)]

zeX
Then, (By, 1) € ®(u™, 1™, €), Jo(Bo, Vo) = Jo(Bo, o) > Jo(Po, o) and
_ 1
boly) 2 inf [e(z,y) - c(z,490)] = 3,

_ . . 1
Yo(y) < (w0, y) — Bo(@o) < (2o, y) — Po(wo) < c(z0,y) + B%
From the inequalities above we get

Po(r) = =llelle =

9

Vo(y) 2> —lello —

N — DN~

Then we have:
J By 1bg) = /X% dp™ + /YEO dp~ = /Xxy[%(x) + o (y)] dpe
(X0 x ¥o) [ [pola) + Fulo)] da

3LJ%@+%@MM

2(1_25)(/ Bo dugd + Eod%)
Xo Yo

= (2llelloe + Dpa((Xo x ¥5)%)

> (1 —28)Jo(Pos ¥o) — 2(2|€l|o + 1)6

> (1 — 26)Jo(Po, Do) — 2(2]el|o + 1)8

> (1 —26)(inf Ko — 6) — 2(2||c||oe + 1)0

> (1 —20)(inf I — (2[|efle + 1)) — 2(2|c][o0 + 1)0.
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Thanks to the arbitrary choice of 9, we finally get sup J = inf K. Note that
the uniform continuity of ¢ implies the uniform continuity of %, and ), then
the supremum of J can be either taken over ®(u™, =, c) or ®¢, (u*, u=,c).

Part II-11I, general case. Let us now drop the uniform continuity of the
cost function ¢. X and Y will be Polish spaces and the cost ¢ will only be lower
semicontinuous and non-negative. Thanks to Corollary 1.2.2; there exists a
non-decreasing sequence of bounded non-negative and uniformly continuous
costs ¢, such that ¢ = sup,, ¢,. Let us define K,, by

K (1) = /X ch dp.
X

Thanks to Part II-II, Kantorovich Duality holds for the cost ¢,. Since in-
equality
inf  K(p) > sup  J(p,¢)

HEP(,p~) (p¥)€Q(pt p™c)
is already proved, the only inequality left to show is the opposite one. This
will be done if we prove first that

inf  K(u) =su inf K, 1.4.11
REP(ut,u™) (,u) np REP(ut,u™) (,u) ( )
sup J(p, ) < sup  J(p,¢) (1.4.12)
(@71/))6@(#4'7#770") (%@Z’)e‘b(#ﬂ/‘*yc)

With these two inequalities, combined with the known part of Kantorovich
Duality for the costs ¢,,, we will get the one we are looking for.

Inequality (1.4.12) is very easy since ®(u™,u=,¢,) € ®(u™, u",¢) and
(I)Cb (,qu, Mo Cn) C (I)Cb (,qu, Moy C)'

cn, < c implies K, < K and inequality

inf K > su inf K,
peP(pt,pm) () 2 np peEP(pt,p) (1)

follows immediately. Let us now prove
inf K <su inf K, (u).
peP(pt,p) () = np pEP(pt,p) (1)
Let p, be an optimal measure for functional K. Thanks to Lemma 1.2.4
and Theorem A.1.4 (Prokhorov Theorem), i, has a convergent subsequence.
Suppose that p,, — p.. If n > m, we have inf K,, = K, (1) > K (ftn)-
Then, passing to the limit with respect to n

sup inf K, > limsup K, (fn) > Ko (ps). (1.4.13)
n Plut,u™) n—-+o0
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By the Monotone Convergence Theorem

Kp(pe) — K(pe) > inf K(p). (1.4.14)

REP (ut,u™)

Gluing together inequalities (1.4.13) and (1.4.14) we finally achieve (1.4.11)
and the proof of Kantorovich Duality is finally complete. m

Remark 1.4.5. As a consequence of the proof of Theorem 1.4.2, we have that,
when the cost function ¢ is bounded, the supremum in equation (1.4.2) can
be taken on pairs (¢, ¢°) with ¢ bounded of conjugate c-concave functions.

1.4.2 Some other results

The following results are due to Ambrosio and Pratelli. They can be found in
[4]. Theorem 1.4.6 adds some necessary and sufficiency optimality conditions.

Theorem 1.4.6. The following facts are true.

1. If p € P(ut,pu™) is optimal and K(u) < 400, then p is concentrated
on a c-monotone Borel subset of X x Y.

2. Assume that c is real-valued, p € P(ut,u~) is concentrated on a c-
cyclically monotone Borel subset I of X XY and

i ({:p €eX : /Yc(x,y) dp(y) < +oo}) > 0, (1.4.15)
v ({y ey : /Xc(x,y) dut(z) < +oo}) > 0. (1.4.16)

Then p is optimal, K(pu) < 400, and there exists a mazimizing pair
(p, 1) where p is a c-concave function and p = ¢°.

Proof. Let (¢n,1,) be a maximizing sequence for the functional J and set
Cn = € — @, — ,. By definition, ¢, > 0 and

/ cn dp — 0.
XxY

So, we can find a sequence ¢,y and a Borel set I on which p is concentrated,
c is finite on I and ¢, — 0 on I'. Let us consider a finite subset of points
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{(%i,vi) }1<i<p € T and a permutation 0. We have:

p p

> el@i Yoy > Z [Pn) () + Yy Wo)] = D [Pnii) () + Yy ()]

— =1
p
- Z [e(@i, yi) = ety (20 9i)] -
=1

The c-cyclical monotonicity of I' follows now as k — +00.

In order to show the second part of the theorem, first make a partition
of I' in subsets I'y such that I' = UI'y and ¢jr, is continuous. We now build
a c-concave Borel function ¢ : X — [—00, +00) such that for uT-a.e. z € X
we have

(") < p(x) + c(a,y) — c(z,y) for every 2’ € X and (z,y) € I'. (1.4.17)

This fact is achieved with a generalized Rockafellar construction as in [43].
Set

o(r) = inf{c(z,y,) — c(rp, Yp) + c(Tp, Yp1) — c(Xp-1,Yp—1) + -+
+ (21, 90) — (o, Y0) },

where (z9,y0) € I'y is fixed and the infimum runs among all integers p and
collections {(x;, i) }1<i<p € I'. ¢ is a Borel function since it can be written
as

= lim lim lim
14 p‘wan%%+a3ke+a3@pm%h

where ¢, ,,,; is defined as the infimum among all finite subsets of p points
{(xi,y:) h<i<p of Ty a8

Opmi(r) = inf{c(@, yp) — c(p, yp) + c1(Tp, Yp—1) — c(Tp—1,Yp-1) + -
+ ¢i(z1, yo) — (o0, ¥o) }

and ¢, is lower semicontinuous. With the same argument of the proof
of Theorem 1.3.8 it can be checked that ¢(z9) = 0 and inequality (1.4.17)
holds. Moreover, choosing 2’ = xy we obtain that ¢ > —oo on 7x(I"). Since
p is concentrated on I', mx (") has full measure with respect to p™, that is
o(x) € R for pt-ae. x.

Now, we have to show that ¢ := ¢ is u~-measurable, real-valued p~-a.e.
and that p+1 = con I'. It is sufficient to study ¢ on 7y (I') since = = mypp
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is concentrated on the Borel set my (I'). Thanks to inequality (1.4.17), for
y € my (') we have

U(y) = c(x,y) — (x) € R, Veel,:={z : (z,y) €T}

Consider now the disintegration of 1 = [y pu, ® p~ of p with respect to y
and observe that j, is concentrated on I'y for p~-a.e. y, therefore

Y(y) = /X[C(xay) —¢(z)] dpy(z), p-ae yey.

Since y +— p, is a Borel measure-valued map we obtain that ¢ is p~-
measurable.

Let us now prove that ¢ and ¢ are integrable with respect to ™ and
p~. By condition (1.4.15) choose x such that

/Y c(z,y) du~(y) < +oo

and ¢(z) € R. Since ¥ (y) < ¢(z,y)+¢ (z), by integration on Y, we obtain
YT e LYY, ). In the same way, we can prove that p € L*(X, u™).
From ¢+ € LY(X, uT) and o™ € LYY, u™) we deduce

/ (¢ +v) dﬂz/ wd/ﬁ/wdu €RU{—co}, VieP(u' ).
XxY X Y

Choosing fi = p and recalling that ¢ + ¢ = ¢ we obtain [, . c(z,y) du <
+00, ¢ € L'(X,p") and ¢ € LY(Y, ™). Moreover,

/XxYCdﬂZ/Xwa—i_w) d'a:/X@d/ﬁ"‘/Yiﬁ dp~
- [ ervran= [erva= [ e

that is p is optimal for K and the pair (¢, ) is optimal for J. O

A Borel function ¢ € LY(X,u") is a mazimal Kantorovich potential if
the pair (g, ¢¢) is a maximizer for the functional J introduced in (1.4.1).
Thanks to Theorem 1.4.6 we can state the optimality of a transport plan via
the optimality of a maximal Kantorovich potential. This is the content of
the next theorem.
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Theorem 1.4.7. Let u* € P(X) and p= € P(Y). Assume that ¢ is real
valued, sup J = inf K < 400 and that conditions (1.4.15) and (1.4.16) are
satisfied. Then there exists a maximizing pair (p,¢°) for the functional J.
Moreover, u € P(u™, u~) is optimal if and only if

o) + ¢°(y) = c(z,y), p-ae in X xY. (1.4.18)

Proof. The existence of a maximizing pair is a consequence of the last part of
the proof of Theorem 1.4.6. Suppose now that u € P(u™, ™) is an optimal
transport plan. From Kantorovich Duality it follows that

| e - o) - Sl =o. (1.419)
XxY
Since the integrand is positive, we must have

p(x) +¢°(y) = c(z,y), pae in X xY.

Viceversa, if equation (1.4.18) holds then also equation (1.4.19) holds. This
means J (¢, ¢°) = K(u), that is p has to be optimal (since (¢, ¢) is optimal).
O]

1.4.3 Duality when the cost function is a distance
Recall that if ¢ € Lip(X), then

lp(r) — o(y)]
[ellLip == sup —————.
Hp TH#Y d(lL‘7y)

Theorem 1.4.8 (Kantorovich-Rubinstein Theorem). Let X be a Polish
space and let d be a lower semicontinuous metric on X. Fix ut, u~ € P(X).
Let us consider the Kantorovich functional associated to the cost function d,
that is

pe ) = [ o) d
Then,
inf{Ky(u) : pePut,u)}

—sup{ [ dla—v) € L0 A L )l < 1)
(1.4.20)

Moreover, the supremum in formula (1.4.20) does not change if we add the
condition of ¢ bounded.
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Proof. Set
d

dp = ———.
1+d/n

d, is again a distance and satisfies d,,(z,y) / d(x,y). Arguing as in Part
II-ITI of Theorem 1.4.2 we reduce to prove Theorem 1.4.8 for d bounded.
Then in the following we replace d by d,, and suppose d bounded. We have
to show that

p o) =swn{ [ o aet =)+ Lol <D}

(e )@ (pt,u~,d)

Thanks to Remark 1.4.5

sup J(p,p) = sup  J(p™, 9.
(pp)e@(pt,u,d) PELY (X ut)

By definition, ¢ is 1-Lipschitz. Since ¢? is 1-Lipschitz, we have

—¢(z) < d(z,y) — ¢ (y) (1.4.21)
and then
—¢'(z) < infld(z,y) - ().

On the other hand, setting x = y in the left-hand side of inequality (1.4.21)

infld(z,y) - o' (y)] < d(z,z) — ¢ (z) = —¢" ().

Then, summing up,

~¢(@) < infld(e,y) - )] < —o(2).

that is, % = —?. Finally,

sup Jp, ) < sup  J(p™, %)

(p)e@(pt,u,d) we L (X ut)

= sup J(—g&d,QOd)S sup  J(p,—p)
peL(X,ut) llellLip<1

< sup J(p, ),
(p)e@(pt,u=,d)

which concludes the proof. n
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1.5 Wasserstein distances

1.5.1 Definition and basic properties

In this section we review some basic concepts and properties about Wasser-
stein distances. In particular we will relate the convergence with respect to
Wasserstein distance to the weak convergence of measures.

Let X be a Polish space and let d be a complete distance which metrizes
X. Given p > 0, we will denote by P,(X) the set of Borel probability
measures with finite momentum of order p, that is all measures p € P(X)
such that

/X[d(xo,x)]p dp(r) < +o00 (1.5.1)

(for p = 0 we define [d(z,y)]° as lim, o+ [d(x, y)]P = X{zzy}) for a given point
zo (actually the finiteness of integral in formula (1.5.1) is independent on the
choice of the point xg). It is clear that when d is bounded (for example when
X is compact) P(X) = P,(X).

Definition 1.5.1 (Wasserstein distances). Given put, u~ € P,(X), the
Wasserstein distance of order p is defined by

rm{l’;} . (152

Wty i= | _nt [ e dute)

(wtp)

Example 1.5.2. Via Theorem 1.4.8 the Wasserstein distance of order p = 1
is given also by

Wi(u*,p™) = sup /wd(ﬁ—u)-
lellip<1 J X

Via Theorem 1.4.8 again it can be proved that the Wasserstein distance of
order p = 0 is just half of the total variation of u™ — u~, that is

_ 1 _
Wo(ut,u) = §||/ﬁ —u .

In the rest of this section we want to prove some useful properties of
this family of distances. But before we start, let us prove that Wasserstein
distances are actually distances.

Theorem 1.5.3. Given pg, 11 € Py(X), we have always W, (po, 1) < +00.
Moreover, given po, f11, 2 € Pp(X)
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o Wy(ko, 11) = 0 if and only if pio = pa;
b WP(M07M1) = Wp(:ulmu’());

o Wy(hos p12) < Wilpo, pa) + Wy(pia, p1z)-

The next step before the proof of Theorem 1.5.3 is the following “gluing
lemma” which we are going to prove in a quite general setting.

Lemma 1.5.4 (Gluing Lemma). Let jui1, pa, i3 be probability measures on
the spaces on X1, Xo, X3 respectively and let pio € Pua, o) and piog €
P(uz, p3). Then there exists a probability measure p € P(X; X Xo x X3)
such that its marginals on X1 X Xo and Xy X X3 are pyo and psz respectively.

Proof. Thanks to Theorem A.2.2, if u is a probability measure on X x YV
with marginal ;o on X there exists a map x € X +— pu, € P(Y) such that
for every u € Cp(X X Y),

/X><Y uldy) dulz, y) = /X {/yu(x’y) dﬂx(y)} dpo(),
or, shortly,
p= /X(5:v ® pe) dpo().

Let us now consider the disintegration of j1o and po3, that is maps Xy —
P(X:) and Xy — P(X3) denoted by zo — pt12,4, and xo — po3 5, respectively
such that

Hi2 = / P12,25 @ Ogy dpta(xa),
X2

fo3 = / Oy ® 93 2, dfta(x2).
X2

The measure p we are seeking is then given by

o= / H12,25 @ Opy & flo3 5, dpta(Ta),
Xo

as it can be easily checked. O

Proof of Theorem 1.5.3. Clearly, W, (jo, to) = 0 since in this case the iden-
tity map is admissible and the transport plan induced by it realizes the
infimum. Let us suppose on the contrary that W,(uo, 1) = 0 and let pu be
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an optimal transport plan between o and pq. Then, the diagonal set in
X x X has to be charged with full measure by p and given ¢ € Cp(X)

[ e@ aule) = [ @) dutay)

XxX

[ e dutw) = [ ol) i)
XxX X
which implies pg = 1.

Note that if 1 is a plan between py and gy, and S : X x X — X x X
is the map given by S(x,y) = (y,x), then Sxp is a plan between p; and fp.
Moreover, thanks to the symmetric properties of d,

e aue = [ ) dsmien),

The symmetric property W, (1o, 1) = Wy (41, f1o) is then straightforward.

Let us now prove the triangular inequality and the finiteness of W, on
Pp(X) x Pp(X). When 0 < p < 1 both easily follows from the fact that
(x+y)P < aP +yP for every x,y > 0, while when p > 1 both are consequences
of the Gluing Lemma 1.5.4. So we skip the proof for the case 0 < p < 1 and
go straight into the one of the case p > 1. Let pop; and pyo be optimal
transport plans between the pairs jig, 1 and gy, pio. Let g € P(X x X x X)
be the measure given by the Gluing Lemma 1.5.4 and g, the image of u
onto the first and third factor of X x X x X. Then we have:

)= (/xm[d@‘)’x?”” dum@o,m))up

) (/Xxxxx[d(%’ )P dpu(zo, 21, x2)> N

1/p
S </ [d(x())'rl) + d(xth)]p dﬂ(fpo,xl,l’g)) .
XxXxX

Thanks to Minkowski inequality

</X><X><X[d(I0, 1) + d(z1, 22)]” dps(zo, 21, %)) 1/p

- </Xxxxx[d(m0’ 1) dp(wo, 21, :m)) N

: </Xxxxx[d(x1’ o) dp(o, 21, :1:2)) N
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) (/XXX [d(o, 20)]” dpaon (o, x1>> N

' (/XXX[d(ml’ 22)|P dpura (1, m)) N
= Wy (10, 1) + Wy (1, p12).

The triangular inequality

Wi (po, 1) < Wlpo, 1) + Wy (pa, p2)

is then proved. Note that this inequality also implies the finiteness of W, on
Pp(X) x Pp(X) since for every p € P(X)

1/p
Wnd0) = ([ de. @ an)
so that when (u*, u™) € Pp(X) x Pp(X)

Wi (o, p1) < Wiy(po, 0g) + Wp(dq, p2)

:Awawmﬁ+/ww@me<+w

X

which concludes the proof. O

Remark 1.5.5 (Equivalence of Wasserstein distances). Note that Jensen’s
inequality implies that W, < W), whenever p < p’. On the other hand it is
easy to check that when d < R we have (W, /R)" < (W,/R)".

1.5.2 Topological properties

In this subsection the main result about Wasserstein spaces is proved. The-
orem 1.5.6 will relate the convergence of probability measures with respect
to the Wasserstein distance to the weak convergence. The convergence with
respect to the Wasserstein distance will be proved to be equivalent to the
weak one in compact spaces.

Theorem 1.5.6 (Wasserstein distances and weak convergence). Let
1 < p < 400, let {n}nen be a sequence of probability measures in Py(X)
and let p € P(X). Then, the following statements are equivalent:

1. Wy, pp) — 0 for n — o0,
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2. i, — W in the weak sense and the following tightness condition is
satisfied

lim Tim sup / (d(zo, 2) dpin(z) = 0 (1.5.3)
X\B(zo,R)

R—+00 ptoo
for some point (and then for any) xo € X;

3. p, — p in weak sense and the p-momenta converge, that is for some
point (and then for any) xo € X

[ ) dun(e) — [ ool dute) (150
X X
forn — +oo;
4. if ¢ € C(X) satisfies the growth condition
lo(z)| < C[1 + d(xg, z)?] (1.5.5)

for some xyg € X and C € R, then

/ o duy, —>/ o du (1.5.6)
X X

forn — +oo.
We split the proof of Theorem 1.5.6 for convenience.

Proof of Theorem 1.5.6, Part I. First, let us reduce the proof of the theorem
to the equivalence of 1 and 3.
3 = 2. We have

lim [inf{d(zo, z), R}]P dug(x) = /X[inf{d(xo,x), R} du(z);

on the other hand, by the Monotone Convergence Theorem,

lim [inf{d(zo, z), R}]P du(z) = / [d(xg, )] du(x).

R—+o00 X X

Combining the previous inequalities with (1.5.4) we get

lim lim d(xg, )’ —inf{[d(xq, z))", RP} duk(x) = 0.

R—400 k—+o0 X
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When d(zg, z) > 2R, d(zg, z)? — RP > (1—27P)d(xo, z)?. It then follows that
(1.5.3) is satisfied.

2 = 4. Consider a function ¢ satisfying the growth condition (1.5.5).
Then we can write

©=¢Yr+Yr
where pr(z) = inf{p(x), C(1 + RP)} and ¢¥r(x) = p(z) — ¢r(z). Note that
wR("E) < Cd(x[)vx)pX{xGX : d(zo,x)>R}-
Then,

/wdﬂk—/wdu‘é /chd(uk—u)‘
X X X

+C d(xg, )P dug(z)

{zeX : d(zo,z)>R}

+ C/ d(xg,z)? du(x).
{zeX : d(zo,z)>R}

Then,

lim sup
k——+o0

/XsO(x) duk—/XsO(ﬂf) d#‘

< Clim sup/ d(xg, 2)Pd (. + 1) ().
k—+oco J{zeX : d(zo,z)>R}

When R — 400 condition (1.5.6) is achieved.
4 = 3. This claim is trivial. O

This shows that what is left to prove is only the equivalence of 1 and
3. We now deal with the case the metric on X is bounded. In this case
the condition of convergence of the momenta is a consequence of the weak
convergence.

Proof of Theorem 1.5.6, Part II. Let us then suppose that the distance is
bounded, d < 1. Recall that by Remark 1.5.5 all Wasserstein distances are
equivalent to Wi, so we just need to prove the theorem for p = 1.

(1) = (3). Let us assume that Wi (u,, ) — 0. Note that by Theorem
1.4.8, this is equivalent to

lim sup /gpd(un—,u) = 0. (1.5.7)
0\ Jlellip<t J X
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From condition (1.5.7) we get

lim o du, = / w du (1.5.8)
b X

n—-+00

for any Lipschitz function ¢. But thanks to Lemma 1.2.1 and Lemma 1.2.3
any ¢ € Cp(X) can be approximated by sequences of Lipschitz and uniformly
bounded functions @, and p,, point-wise increasing and decreasing such that
it easily follows that (1.5.8) is true also for any ¢ € Cy(X).

(3) = (1). Let us assume that u,, — p and fix xg € X. If we prove that

lim sup / ¢ d(pn —p) | =0,

where Lip, , is the set of Lipschitz function vanishing at zy and with a
Lipschitz constant less or equal than 1, we are done since condition (1.5.7)
is implied. From Theorem A.1.4 we obtain a sequence of compact sets K,
such that sup, pr(K,) < 1/n and p(KS) < 1/n. We assume that 2o € K;.
Then, for every n > 1 the set

{oxk, : ¢ €Lip,}

is a subset of Lip, ,, and by Ascoli-Arzela Theorem it is a compact subset of
Co(K,). Via a diagonal argument it can be then proved that for any sequence
of ¢, € Lip,,,(X) we can extract a subsequence uniformly convergent on
each K, to some bounded Lipschitz (because uniform limit of a sequence of
uniformly bounded and uniformly Lipschitz functions) function ¢, defined
on U, K,. We will apply this statement to a family ¢,, such that

1
sup / ¢ d(pn — 1) S/ en d(ptn — p) + —,
@ELip 5 (X) JX X n
finding a convergent subsequence ¢,, (not relabelled) converging uniformly on
each K, to a function ¢, € Lip(U,K,). The function ¢, can be extended
to a function in Lip;(X). We then have that
A

+

/ (Pr = Poo) d(pk — u)’ +

n

(1 — Poo) A — u)‘

/Xsooo d( —M)‘-

/Xsok d(pr —p) <

[
n
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For any n, thanks to the uniform convergence of ¢ to Y,

/K (8 — Poo) d(ptx — 1)

Since the functions ¢, and ¢, are uniformly bounded in &, then

/KC (r — Poo) At — 1) 2C

< CluK5) + plEg) < = -,
then as n approaches +oo the second addendum goes to 0 uniformly with

lim =0.

k—+4o00

respect to k. The third addendum goes to zero because of the weak conver-
gence of pg to p. The proof is then achieved passing to the limit n — +o0
and then k — +oc. O]

Lemma 1.5.7. Let X be a Polish space and d its distance. Given R > 0,
let W, and W, r be Wasserstein distances with respect to the distance d and

dp :=inf{d, R}. Let p, and po be in P,(X). Then,
Wp(:“nnu()) — 0= Wp,R(,uny,uO) — 0.

Proof. Since d > dg from Wy (jiy, p10) — 0 follows that W, g(ftn, o) — 0. To
prove the other claim, let us consider a transport plan between p,, and pg

vm%mm/ (d(, )P dp

XxX

= d(x,y)|P d d(x,y)lP d
tLQJ(w]u+/ d(a, ) du

{d<R}e
< / [d(x,y)]” du
{d<R}

+%F{A;mwaMPm%+4;mwummvm4

SAXM@MWM

+%”{lmeWﬂMPMM+L;mM@mem4,

and passing to the infimum on the transport plan pu we get

w¢wmma§W§aMﬁm+[/ dlz,20) dpa + [ W@mwﬂdm}
{d>R} {d>R}

Recall that, by Part II of the proof of Theorem 1.5.6, the convergence with
respect to W), g is equivalent to the weak convergence. Passing to the limit
as n — +o0o and then to the limit as R — 400 we prove the other claim. [J
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We finally deal with the case of an unbounded distance.

Proof of Theorem 1.5.6, Part I1I. First of all, note that p; — p implies

/X[d(xo,x)]p dp(z) = lim  lim [inf{d(zo, x), R}]P dug(x)

R—+400 k—+o0 X

< lim inf /X (o, 2)]P dps(z).

k—4o00
So, the convergence of the momenta is equivalent to

limsup /X (d(zo, )P dpuy(x) < / [d(z0,2)]? du(x).

k—+o00 X
The proof will be then complete if we prove that the convergence with respect
W, implies the above inequality. Recall that given € > 0 there exists a
constant C. such that for all nonnegative real numbers a, b we have

(a+b)P < (1+4¢)a’ + C.IP.
We then have
d(xg, )" < (1 +¢)[d(wo, y)]” + Ccld(z,y)]".

Now let us consider a sequence py, such that W, (ux, ) — 0 and as sequence
of optimal transport plans m; between uy and p. We then have

/X (d(z0,2)]? dps(z) < (1+2) / d(z0,y)P du(y)

+C€/X Y[d(x,y)]p dmg(z, y).

The second addendum goes to zero being equal to W2 (uu, 1) up to a constant.
The inequality reduces to

lim Sup/ [d('xmx)]p d/‘”ﬂ(x> < (1 + 8)/ [d(l’o, x)]P d/L(I'),

k—+oo JX X

and passing to the limit ¢ — 0 the proof is achieved. O]

1.6 Displacement convexity

In this section we will present some useful results due to McCann (see [35])
and generalized by Ambrosio, Gigli and Savaré (see [1]). The results we are
going to show refers to the case p = 2 even though in Chapter 3 we will use
it in the general case p > 1. The missing proofs can be found [1].
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1.6.1 The case p =2

Given two absolutely continuous (with respect to the Lebesgue measure)
Lo, 1 by Theorem 1.3.12 there exists a unique gradient of a convex function
¢ such that (V¢)xpo = 11 which is optimal for Monge problem. Thanks to
¢ we can build an interpolation curve between py and p; in a particular way
which will be very useful.

Definition 1.6.1 (Displacement interpolation). Given two absolutely
continuous (with respect to the Lebesgue measure) g, f41, let V¢ the function
given by Theorem 1.3.12. The displacement interpolation between pyg, p1 is
defined by

(1o, pale = [(1 = ) Id +tV | pro. (1.6.1)

Remark 1.6.2. Since (1 — ¢)Id+tV¢ = V¢, with ¢, = [(1 — t)] - |?/2 + t¢]
is the gradient of a convex function, it is the optimal map between py and
e == [0, pt1)¢- Then, we have:

W2 (0, 1) = / &~ [(1 - )z + V@) du*(2)

n

=t [ |z — Vo) dut(2) = W3 (ko, ).

R

Then, Wa(uo, ptt) = tWa(po, 11), that is the curve ¢ — p; is a geodesic be-
tween pg and puq.

Proposition 1.6.3 (Basic properties). The following statements are true:
1 [, vl = [v, phie;
2. H/J’a V]t7 [:U’v V]t']s = [:U’a V](l—s)t—&-st’;

3. if p or v are absolutely continuous with respect to the Lebesgue measure,
then also [, v]; is so for every t € (0,1).

Proof. We will recall some properties of convex functions.

1. First, note that V¢* = (V¢)™!, so o = (Vé*)p1. Then we have:

1o, frr)e = [(1 = ) 1A +tV Pl pio = [(1 — 1) Id +tV Pl (V") 4111
(L =6)Vo™ +t1d]ypn = [pr, po]i—-
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2. It follows from a straightforward computation.

3. Our claim is that if B is a Borel set of zero Lebesgue measure, then
(Vo) H(B) = 0. Let us consider the function ¢; defined by ¢.(z) =
(1—t)|z|?/2+td(x). The convexity of ¢ implies the strict convexity of ¢;
so that V¢ must be a single-valued function on its domain. Moreover,
since

IVéi(z) = Vor(y)llx — yl > (Vou(x) — Vr(y), z — )
= (1 —t)|z -y +t(Ve(x) — Vo(y),z — y).

This shows that (V¢;) ™! is (1—¢)!-Lipschitz, so by standard geometric
measure results (Ve,)~!(B) = 0 for every Borel set B of null Lebesgue
measure.

The proof is then concluded. ]

Remark 1.6.4. An alternative way to define the displacement interpolation
would be to consider the optimal transport plan p of Kantorovich Problem
(the uniqueness of the optimal transport plan is guaranteed by Theorem
1.3.12 in the case of an absolutely continuous pair of measures) and then
define the displacement interpolation as

ko, p]e == (Do) 1, (1.6.2)

where (®;)4 is the map defined by ®(z,y) = (1 — t)x + ty. Of course, in
this case the displacement interpolation between them may not be unique.
This alternative notion will be useful in the generalization to the case p > 1
in Section 1.6.3. We will go deeper in the next section.

We now go on with the notion of convexity we are interested in, that is
displacement convexity.

Definition 1.6.5 (Displacement convex sets). Let us denote by P,.(RY)
the subset of P(RY) which are absolutely continuous with respect to the
Lebesgue measure. A subset of P C P, (RY) is said to be displacement
convez if for all pg, u1 € P the displacement interpolation satisfies [pg, p1]; €

P.

Note that PaC(RN ) is a displacement convex set.
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Definition 1.6.6 (Displacement convex functionals). Let P C P,. a
displacement convex set and F' : P — RU{+o0}. F issaid to be displacement
convez on P if for every ug, 1 € P the function

t = F([po, )
is convex on the interval [0, 1].

Remark 1.6.7. In view of the alternative definition of displacement interpo-
lation given by formula (1.6.2), Definition 1.6.5 and Definition 1.6.6 can be
generalized requiring that the characterizing condition holds for at least one
displacement interpolation (recall that the uniqueness is no more assured).

Definition 1.6.8 (Displacement convexity, again). A functional F' de-
fined on a displacement convex subset P C P,. is said to be strictly dis-
placement convez if for every couple pug, i1 € Pae(RY) such that py # pp the
function

t— F([po, p1a]e)

is strictly convex on [0, 1]. It is said to be A\-uniformly displacement convex
for some A € R, if given pg, ;11 we have

—5 F (1o, inle) > AW3 (po, )

It is said to be displacement semiconvez if for some constant C' > 0 we have

—5F([po, inle) > —=CW3 (0, ).

In the next part we will study some functionals which will come out to
be displacement convex. These results have been developed by McCann in
[35].

1.6.2 Displacement convex functionals, case p = 2

The functionals we are going to consider are of three types.
The first type is the internal energy functional U and is defined as U (p) :=
+00 on p € Pa(RY) \ Pue(RY) and as

U(p) = /RN U(p(z))dz (1.6.3)
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if 4 = pLY is an absolutely continuous measure given by the density p. The
function U is called internal energy density and will be a measurable function
U: Ry — Ry U{+o0} such that U(0) = 0 and U not identically +oo on
R\ {0}.

The second kind is the potential energy functional V which is defined as
V(p) := 400 on p € Py(RY) \ Pue(RY) and as

V(p) = /RN V(z)p(x)dz (1.6.4)

if 4 = pLY is an absolutely continuous measure and its density is given by
p. The function V will be a measurable function RY — R U {+o0c0} bounded
from below.
The last kind is then the interaction energy functional VW defined by
W(p) := 400 on P,(RY) \ Pue(RY) and by
1

Wi(n) =5 - Wz = y)p(x)p(y)dzdy (1.6.5)

if 4 = pL" is an absolutely continuous measure with respect to the Lebesgue
measure with density p. The function W will be a measurable function
RY — R U {+oc} bounded from below.

The next three theorems are main results due to McCann in [35].

Theorem 1.6.9 (Displacement convexity of internal energy). Let P
be a displacement convex subset of Pu(RY). Then, if U satisfies U(0) = 0
and the map

7 h(r) = rNU@Y)
is convexr non-increasing on |0, +oo[, then U is displacement convex on P.

Theorem 1.6.10 (Displacement convexity of potential energy). Let
P be a displacement convexr subset of Py(RYN). Convexity, strict conve-
ity, A-uniform convexity, semiconvexity of constant C' of V imply respec-
tively the displacement convexity, strict displacement convexity, \-uniform
displacement convexity, displacement semiconvexity of constant C' of V.

Theorem 1.6.11 (Displacement convexity of interaction energy). Let
P be a displacement convex subset of Po(RY). Convezity, semiconvezity of
constant C of W imply respectively the displacement convexity, displacement
semiconvezity of constant C' of W. Strict convexity, A-uniform convezilty of
W respectively imply strict displacement convexity and \-uniform convexity
of W on the subspace P,, of P of measures having a given m € RN as mean.
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Notation. Let po and py be probability measures, py and p; their densities.
In the following we will write the displacement interpolation as

pe = (Id =16) 10,

with § = Id =V and ¢ convex.

Proof of Theorem 1.6.9, internal energy. As a consequence of Theorem 4.4
of [35], we have

Ulp) = /RN U (detad fiw(x))) det(Id —tV(z)) dz (1.6.6)

Note that the integrand in equation (1.6.6) is the composition of t — A\ =
det(Id —tS)YN and A — U(r/AM)AN, where r = p(z) and S = Vé(z) is a
symmetric matrix and S < Id. The convexity of the integrand of equation
(1.6.6) and of the whole integral will be established if we prove the concavity
of the map t +— det(Id —tS)/". This will follow from Lemma 1.6.12. O

Lemma 1.6.12 (Arithmetic-geometric inequality). The following state-
ments are true.

1. Let {x;}1<i<n and {\i}1<i<n be real numbers satisfying x; > 0,\; >
0,> " N\ =1. Then,

i=1 i=1
2. Let A and B be two nonnegative symmetric matrices and A € [0,1].

Then

det(AA + (1 = \)B)YYN > A(det A)YY + (1 — \)(det B)'/N.  (1.6.8)

3. Let A and B be two nonnegative symmetric matrices and A € [0,1].
Then
det(AA + (1 — \)B) > (det A)*(det B)' . (1.6.9)

Proof. For sake of completeness we give a full proof of these inequalities.

1. It is an immediate consequence of the concavity of the logarithmic
function.



1.6. Displacement convexity 53

2. First, it is sufficient to prove
det(A + B)YN > (det A)YN + (det B)YN

Thanks to a density argument, we may also suppose that A is invertible.
So, we must prove that

det(Id +C)'N > det(Id)"N 4 (det )N = 1 4 (det C)/V,

with C' symmetric and nonnegative. C can be diagonalized and if
¢, 1 <i < N are its eigenvalues, then our inequality reduces to

N N 1/N
o2 1e (1)
i=1 i=1

which is a consequence of the arithmetic-geometric inequality (1.6.7).

3. Consider inequality (1.6.8) and apply the well known inequality
A+ (1= Ny > oty

(inequality (1.6.7) with n = 2). Setting z = (det A)'/N and y =
(det B)'/N. We then have

det(AA + (1 = \)B)YN > X(det A)YN + (1 — A)(det B)'/N
> (det A)MN (det B)I—M/A

We achieve the third claim raising to the N-th power.

This concludes the proof. O

For sake of completeness we will prove Theorems 1.6.10 and 1.6.11, even
though we will not use these results later.

Proof of Theorem 1.6.10, potential energy. This is the easiest case. We have:

V(pi) = / Vi(z) du(a) = / V(e — t6(z)) dpuolx), (1.6.10)
RN RN

so, the convexity of V' implies that of V. All the other convexity properties

(strict displacement convexity, A-uniform displacement convexity, displace-

ment semiconvexity) follow easily from equation (1.6.10).
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If V is strictly convex, the function ¢ — V(p;) is not strictly convex only
if 0(z) =0 for p-a.e. x € RN, that is g = ;.
If V' is A-uniformly convex, then

oV(pi,) + (1 =)V (pr,) = V(potrt(1-0)12) =
= /RN oV (z —t10(x)) + (1 — o)V (z — t20(x))

CV{ole— t0(@)) + (1 — 0)(e — 10(2))] dyao(a)
>0 [ o= 100 (&~ (@) dn(o)

o(l1—o0)

2D o da(o)] (0 -

Since [|0(x)|* du(xz) = Wi(po, 1), the map ¢ — V() is displacement
convex of constant . O

Proof of Theorem 1.6.11, interaction energy. First of all, note that we may
replace W with its symmetric part, W5(z) = (W(z) + W(—2))/2. Let us
write

1

Wip) = 3 - W([z —y] — t[0(x) — 0(y)]) po(z) po(y)dzdy.

So W is convex as soon as W is convex.

If W is strictly convex, then the function ¢ — W(p,) may be not strictly
convex in the only case for some 6 we have 0(z) = 6, for p-a.e. x € RY. This
means that po and p; are obtained one from the other through a translation
(which is excluded by the fact that the center of mass is fixed).

If W is A-uniformly convex, we can write:

UW(ptl) + (1 - U)W(pt2> - W(p0t1+(1—0)t2>

(
% M |:/RNXRN |9($) — 9(y)|2p0(x)p0(y)d$dy (tl - t2)2.

>
- 2

A

Since the center of mass is fixed, we have

[ 1@ = 6P dpo(a)dint) =2 [ 18P dpo(e) = 2005 o, ).
RN xRN RN
Indeed, since (Id —6)4p0 = 1, we have

[ 060 an@ = [y

RN
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Since po and p; have the same center of mass, we obtain

/R () dao(w) = 0.

Finally,

/RN . 10(z) — 0(y)[? dpo () o (y) =

JRCET

and the proof is concluded. O

2 / 1B dr) 2 —o / 10 duo(r),

1.6.3 The case p >1

The ideas developed by McCann in [35] have been generalized by Ambrosio,
Gigli and Savaré in [1]. In this section we will make just a sketch of the results
without going into details, trying to highlight the differences introduced in
this more general approach.

In the following we will consider a separable Hilbert space X. Recall that
P,(X) is the space of probability measures on X such that the p-momentum
is finite.

Definition 1.6.13. A curve t — p; from [0, 1] to P(X) is a constant speed
geodesic if

Wie = (t = 8) Wi s -
Let N >21<4,5,k<N,te[0,1],and u € P(X") be given. We define the
maps 7. 7 : XV — X, 77 XN — X? and the curves t — pl 7 € P(X),
t— " e P(X?) as

and
Ni_}j — (Fi_)j)#ﬁh (1.6.13)
ILL;_U’IC — (71_;_’]7]")#M7 (1614)

where 7; : X — X is the projection onto the i-th factor and 7, : XV — X?
is the projection onto the j-th and k-th factors.
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It will be useful to recover the alternative definition of displacement con-
vexity we already introduced in Definition (1.6.2).

Definition 1.6.14 (A-convexity along geodesics). Let X be a separable
Hilbert space and F' : Py(X) — (—o0,+00]. Given A € R, F' is said to
be A-geodesically convex in P,(X) if for every couple u', u? € P,(X) there
exists an optimal plan g between p!' and p? such that

F(ui=) < (1) P () +F(5) = SH1-0W2 " 4?) ¥t € [0,1], (16.15)

where p} 7% = (7} 7?)4p (as in (1.6.13)).

We now go on introducing the notion of generalized geodesic. We will
dgnote by P(u', pu?, 11°) the set of measures p € P(X?) such that 7lpu =
i = 1,2,3 (the proof of the existence of such a measure is the so called
Gluing Lemma, Lemma 1.5.4).

Definition 1.6.15 (Generalized geodesics). Let X be a separable Hilbert
space. A generalized geodesic joining u?, u* € P,(X) with base 1 € P,(X)
is a curve whose expression can be given by

W= (w2 te 0,1, (1.6.16)

where p € P(ut, u?, u®) and 7'(;22/1, W#?)/L are optimal plans between u!, p? and
ut, 12 respectively.

Remark 1.6.16. Recall that when pu! is absolutely continuous it can be proved
that there exists a unique generalized geodesic joining u? and p® with base
p' (via Theorem 1.3.13 and the fact that the plan u satisfying the conditions
of W#Qu,wy’,u being optimal is unique). If ¢, and t3 are the optimal maps
between p' and pi,i = 2,3 respectively, then p is given by the formula
p=(Id xtg X t3)upu’.

Definition 1.6.17 (A-convexity along generalized geodesics). Given
A € R, F is said to be A-convex along generalized geodesics if for any
pt, p?, p® € Dom(F) there exists a generalized geodesic p?~® induced by

a plan u € P(ut, u?, u®) such that
- A
F(i) < (L= P(2)+F (1) = 21— OW22, ) ¥ € [0.1], (16.17)

where

Wi (u®, 1) == /

5 |.772 - $3‘2 d:u(th%x?)) > WZQ(:UQmMS)
X
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1.6.4 Displacement convex functionals, case p > 1
Internal energy

Let U : [0,+00) — (—00,00] be a proper, lower semicontinuous convex
function such that

U(0) =0, liminf Uts) > —oo for some a > (1.6.18)

s—0t 8% N+p

The functional we are interested in is, as usual, U : P,(RY) — (—o0, +o0]
defined by

U(j) = / Ulp(e)) d,

if 4 = pL is an absolutely continuous with respect to the Lebesgue measure
given by the density p and by U(u) := +oo otherwise. Note that equation
(1.6.18) implies that U~ is integrable. It can be shown (see [3], [17], [9], [29])
that U coincides with its lower semicontinuous envelope U* on the subset of
P,(RY) of absolutely continuous measures and on the whole P,(RY) if U has
superlinear growth.

Theorem 1.6.18 (Displacement convexity of internal energy). If the
map
7 h(r) = rNU @Y

is conver non-increasing on |0,4o00|, then U is convex along geodesics in
P,(RN) (Definition 1.6.14) and along generalized geodesics when p = 2 (Def-
inition 1.6.17).

Sketch of the proof. We will skip the proof of generalized geodesic convexity
and we will prove only the convexity along geodesics; all details can be found
in [1]. First, it is sufficient to check the geodesic convexity of U. So, let us
suppose that ! = p'LN p? = p?LY € Dom(U) and that r is the optimal
transport map between !, u? for the p-Kantorovich functional (such a map
exists thanks to Theorem 1.3.13). It can be shown that r is approximately dif-
ferentiable p'-a.e., Vr is diagonalizable and its eigenvalues are non-negative.
Since ;2 is absolutely continuous, it follows that det Vr(x) > 0 for p'-a.e.
r € RY; as a consequence r; = (1 — t) Id +tr is diagonalizable with positive

eigenvalues. The measure pj % = (r;)gu' is absolutely continuous and its

_ =
pu(rel)) = det Vr(z)

density p; is given by
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for pl-a.e. € RN, Then, it follows that

s = [ UGt = |

RN

p'(x) -
U (W) det Vry(x) dz. (1.6.19)

Since it can be viewed as the composition of the convex non-increasing map
s = sNF(py(z)/s"Y) and of the concave map t — det((1 — t)Id +tVr(z)),
the integrand of equation (1.6.19) is convex in ¢ and then the integral is
convex. [l

Potential energy

Let V : X — (—o0,+0o0] be a proper, lower semicontinuous function such
that for some constants A, B € R

V(z) > —-A— Blz]P VxeX. (1.6.20)

The functional we are interested in is then
Vi) = [ V(@) dulo)
X

The functional V is finite on Dirac masses, so it is proper. Moreover, thanks
to inequality (1.6.20) we gain the lower semicontinuity.

Theorem 1.6.19 (Displacement convexity of potential energy). If V
18 A-convez, i.e. for every xi,xs € X

A
V(1 =t)xy +tog) < (1 =)V (xy) + tV (22) — §t(1 — )|z, — xo)?, (1.6.21)
then for every u*, u?> € Dom(V) and p € P(ut, u?) we have

V(%) < (l—t)V(M1)+tV(M2)—%t(l—t)/ |21 — 20| dpa(y, 2). (1.6.22)

X2

As a consequence, if p = 2 the functional V is \-conver on generalized
geodesics (Definition 1.6.17). Finally, if p < 2,X > 0 orp > 2,A <0,
then V is A-geodesically convex in P,(X) (Definition 1.6.14).

We now go on with the proof which is quite similar to that of Theorem
1.6.10.
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Proof. Thanks to inequality (1.6.20) the function V is well-defined on P,(X).
Fix a transport plan u € P(u!, p?) with p', u*> € Dom(V). We then have:

V) = [ V(= i) dufor, o)
< /}(2(1 LV () + £V () — %t(l )y — 2f? dpa(an, 3)

= (1= V() + V)~ 5= 0) [ o = ol du(on, ),

X2
which is the convexity along generalized geodesics, when p = 2. If p # 2,
choose an optimal p € P(ut, u?): if p > 2 we use the fact that the inequality

[ o=l dutenz) < Wi )

is true, while if p < 2 we use the opposite one. O]

Interaction energy

Fix an integer k& > 1 and a lower semicontinuous function W : X* —
(—o0, +00] such that W~ satisfies

W(x) > —A— Bl|z]P VzrelX, (1.6.23)
for some A, B € R and all z € RY. Consider the functional
Wi(p) = W (z1, @2, ... ) dp® (1, @2, ..., 2).
Xk

Theorem 1.6.20 (Displacement convexity of interaction energy). If
W is convex, then the functional Wi is convex along any interpolating curve
pi—% = (w72 e with p transport plan (not necessarily optimal) between p*
and 2.

Proof. Recall that if f; : X; — Y, are measurable maps and p; are measures
on X; for 1 <i <k, then

®i‘€:1(fi#ﬂz‘) = (®?:1Mi)#(®§:1fi)7

where (®;fi)(z1,...,2k) = (fi(z1), ..., fe(xr)). Let us now consider a trans-
port plan p between p' and p? and the curve puf—? = (7} 72) 4. Then,
Wt = [ W A=) )

= / W((]' - t)xl + tyl) ey (1 - t)xk + tyk) d/i@k(fl,yly ey Ty yk)
(X xX)k
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Now it is clear that the convexity properties of W will reflect on W. n



Chapter 2

Optimal Networks for Mass
Transportation Problems

In this chapter we study the network problem proposed in [18] and inves-
tigated from a qualitative point of view in [20]. Here a more general cost
functional is considered. The results of this chapter can also be found in
[13].

2.1 The Optimal Network Problem

We consider a bounded connected open subset 2 with Lipschitz boundary of
RY (the urban area) with N > 1 and two positive finite measures u™ and p~
on K := Q (the distributions of working people and of working places). We
assume that ™ and g~ have the same mass that we normalize both equal 1,
that is u* and p~ are probability measures on K.

The optimization problem for transportation networks is the following:
to every “urban network” 3 we associate a suitable “cost function” dy which
takes into account the geometry of ¥ as well as the costs for customers to
move with their own means and by means of the network. The cost functional
will be then

T(Z) = Wdz (M+7 ,u_),

where Wy (', ) is the Wasserstein distance Wi (u™t, u~) with respect to
the pseudo-distance dy;, so that the optimization problem we deal with is

min{7'(¥) : ¥ “admissible network” }. (2.1.1)

61
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The main result is the proof that, under suitable and very mild assumptions,
and taking as admissible networks all connected, compact one-dimensional
subsets ¥ of K, the optimization problem (2.1.1) admits a solution. The tools
we use to obtain the existence result are a suitable relaxation procedure to
define the function dy (Theorem 2.3.2) and a generalization of the Gotab
Theorem (Theorem 2.2.3), also obtained by Dal Maso and Toader in [21].

In order to introduce the distance ds on the set Q x Q we consider a
function J : [0, +0c]® — [0, 4+00]. For a given path v in K the parameter a
in J(a,b,c) measures the length of v outside X, b measures the length of v
inside ¥, while ¢ represents the total length of ¥. The cost J(a,b,c) is then
the cost of a customer who travels for a length a by his own means and for
a length b on the network, being ¢ the length of the latter. For instance we
could take J(a,b,c) = A(a) + B(b) + C(c) and then the function A(t) is the
cost for travelling a length ¢ by one’s own means, B(t) is the price of a ticket
to cover the length ¢ on ¥ and C/(t) represents the cost of a network of length
t.

For every closed connected subset X in K, we define the cost function dy
as

ds(z,y) :=inf {J (H'(y\Z),H' (YN D), H' (X)) : 7€ Coy} .

where €, is the class of all closed connected subsets of K containing « and
y. The optimization problem we consider is then (2.1.1) where we take as
admissible networks all closed connected subsets X of K with H!(X) < +oc.
We also define, for every closed connected subset v of K

Le(y) = J (H'(y\ ), H! (v N 2), H' (X)) .
We assume that J satisfies the following conditions:
e J is lower semicontinuous,
e J is non-decreasing, i.e.

a; < ag,by < by, 1 < g = J(ay,b1,c1) < J(ag,bs, ),

e J(a,b,c) > G(c) with G(¢) — +oo when ¢ — +o0,

e J is continuous in its first variable.
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A curve joining two points x,y € K is an element of the set
G,y = {7 closed connected, {z,y} C~v C K}
while an element of € will be, by definition, a closed connected set in K:
¢ := {7 closed connected, v C K}.

We associate to every admissible network > € & the cost function
ds(z,y) = mf{Lx(y) : 7 € Gy}
We are interested in the functional 7" given by
5 T(S) i= W (5 17)

which is defined on the class €.

Finally by f;’y we denote the lower semicontinuous envelope of Ly, with
respect to the Hausdorff convergence on %, (see Section 2.2 for the main
definitions). In other words, for every v € €, , we set

zx,y(’y) _ min {iminf, Ly (v,) 9% — 7, € €uy} if v € G,y
¥ +00 if v & Gy,

where we fix the condition z,y € . Moreover, we define Ly, as

Lx(vy) = min {lim}rnf Ls(Vn) Y — 7,7 € CK} ,
that is to say, the lower semicontinuous envelope of Ly with respect to the
Hausdorff convergence on the class of closed connected sets of K.

2.2 The Golab Theorem and its extensions

In this section X will be a set endowed with a distance function d, i.e. (X, d)
is a metric space. We assume for simplicity X to be compact. By € (X) we
indicate the class of all closed subsets of X.

Given two closed subsets C' and D, the Hausdorff distance between them
is defined by

dy(C,D) :=1Ninf{r € [0,400[: C C D,,D CC,}
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where

Cr.i={reX : dzC) <r}.

It is easy to see that dy is a distance on €(X), so (¢ (X),dy) is a metric
space. We remark the following well-known facts (see for example [5]):

e (X,d) compact = (¢'(X), dy) compact,
e (X,d) complete = (¢'(X), dy) complete.

In the rest of the chapter we will use the notation C,, — C' to indicate
the convergence of a sequence {C, }nen to C' with respect to the distance dy.

Proposition 2.2.1. Let {C,, },en be a sequence of compact connected subsets
in X such that C,, — C' for some compact subset C. Then C 1is connected.

Proof. Suppose, on the contrary, that there exist two closed non-void sepa-
rated subsets F} and F5 such that C' = F}UF5. Since F; and F5 are compact,
d(Fy,F;) = d > 0. Let us choose ¢ = d/4. By the definition of Hausdorff

convergence, there exists a positive integer N such that
n>N=C, C(C), CC(Cyh)e.

Since Cy is connected, we must have either Cy C (F}). or Cy C (Fy)..
Let us suppose, for example, that Cy C (F}).. On one side by the Hausdorff
convergence it is F5 C (Cy)e, on the other by the choice of € we have (Cy).N
I, = @, a contradiction. O

The Hausdorff 1-dimensional measure in (X, d) of a Borel set B is defined
by
H'(B) := lim H“°(B),

6—0t

where

H'(B) := inf {Z diam B,, : diam B,, < 0, B C U Bl} :

neN neN

The measure H! is Borel regular and if (X, d) is the 1-dimensional Euclidean
space, then H! is just the Lebesgue measure £!.

The Gotab classical Theorem states that in a metric space, the measure
H! is sequentially lower semicontinuous with respect to the Hausdorff con-
vergence over the class of all compact connected subsets of X.
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Theorem 2.2.2 (Golab). Let X be a metric space. If {C),}nen is a sequence
of compact connected subsets of X and C,, — C' for some compact connected
subset C', then

HY(C) < liminf H(C,). (2.2.1)

n—-4o0o

Actually, this result can be strengthened.

Theorem 2.2.3. Let X be a metric space, {T,}neny and {3, }nen be two se-
quences of compact subsets such that I', — T' and X, — X for some compact
subsets I' and . Let us also suppose that '), is connected for all n € N.
Then

HYT\ ¥) < liminf HY(T, \ Z,). (2.2.2)

n—-+o0o

A proof of this result has been given by Dal Maso and Toader in [21]; for
sake of completeness, we include the proof here below. It is in fact based on
the following two rectifiability theorems whose proof can be found in [5].

Theorem 2.2.4. Let X be a metric space and C' a closed connected subset
of finite length, i.e. H'Y(C) < +oo. Then C is compact and connected by
injective rectifiable curves.

Theorem 2.2.5. Let C' be a closed connected subset in a metric space X
such that H'(C') < +oo. Then there exists a sequence of Lipschitz curves
{Vn}tnen, Yo :[0,1] — C, such that

HY(C\ [ ([0, 1])) = 0.

neN

The first step in the proof of Theorem 2.2.3 is a localized form of the
classical Gotab Theorem. To this aim we need the following lemma.

Lemma 2.2.6. Let C be a closed connected subset of X and let x € C. If
r € [0, diam C], then
HY(C N B, (z)) >

Proof. See for instance Lemma 4.4.2 of [5] or Lemma 3.4 of [26]. O

Remark 2.2.7. Lemma 2.2.6 yields the following estimate from below for the
upper density:
— HY(C N B,(x))

1
0(C,x) :=li > -
Gy =i =)
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We recall that for every measure p the upper density is defined by

_ B,
O(p, x) = limsup M
r—0+ 2r
We also recall that 0(u, z) > t for all z € X implies u(B) > tH!(B) for every

Borel set B (see Theorem 2.4.1 in [5]).

We are now in a position to obtain the localized version of the Gotab
Theorem.

Theorem 2.2.8. Let X be a metric space. If {C,}nen is a sequence of com-
pact connected subsets of X such that C,, — C' for some compact connected
subset C', then for every open subset U of X

HY(C NU) < liminf HY(C,, N T).

n—-+o0o

Proof. We can suppose that L := lim,, H!(C,,NU) exists, is finite and H' (C,,N
U) < L+ 1. Let d, = diam(C,, N U). We can suppose up to a subsequence
that d,, — d > 0. Let us consider the sequence of Borel measures defined by

tin(B) == HYBNC,NU)

for every Borel set B. Up to a subsequence we can assume that p,, —* u for
a suitable p. We choose z € CNU and v’ < r < diam(C NU)/2. Then, by
Lemma 2.2.6,

W(B(2)) > p(Br(x)) > limsup (B ()

n—-+o0o

= limsup H'(C, N B (x) NU) > 7',

n—-+00

Since r’ was chosen arbitrarily we get

p(By(x)) = r
for every x € CNU and r < diam(C NU)/2. This implies 6(C,z) > 1/2. By
Remark 2.2.7
HYC NU) < 2u(X) < 2liminf g, (X) = 2liminf H'(C,, N U) = 2L.

n—-—+o00 n—-+00

By Theorem 2.2.5 for H'-almost all 2o € C'NU there exists a Lipschitz curve
v whose range is in C' N U such that xo = v(ty) and to €]0, 1[. We can also

suppose that
lim d(v(to + h),y(to — h))

=1.
h—0Tt 2|h|
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We choose arbitrarily o €]0, 1[. If & is small, then
d(~(to + ),y (to — h)) > (2 = o) |h]
and
(1 —o)[h] < d(v(to £ h),7(to)) < (14 0)[h].
Let us also suppose that |h| < o/(1 + o) and put
Y = ’Y(to - h)7 z = 7(750 + h)7 ri= max{d(y,xo), d(Zer)}'
We get
2—o0
240

Let ' := (1 4+ o)r. Since C,, — C, then (see Proposition 4.4.3 in [5]) there
exist subsequences {y, }nen and {z, }nen such that y,, 2, € C, NU, y, — y

r<(l+o)hl <o, dyz)>(2-0)hl > r.

and z, — z. One must have y,, z, € B,v(zg) for n large enough and
pin(Bro(2)) = HY(Cp N Bo(2) NU) > d(2,yn)-

Taking the limsup

(B () > limsup H'(C,, N By (x) NU) > limsup d(z, y,,)
n—-+00 n—-+00
2 — 2 —
= d(z,y) > Ty = A
240 2+ 0)(1+0)

Since ¢ was arbitrary, we get 6(u,zo) > 1 for H'-almost all 2o € C N U.
Then, by Remark 2.2.7

HY(CNU) < u(X) < liminf ji,(X) = liminf HY(C,, N U). O

n—-+00 n—-+o00

Proof of Theorem 2.2.3. Let A =1 N Y. Thanks to the equality

Ur\A) =T\%

e>0

we have

lim HY T\ A) = HY T\ %).

e—0t

Recalling that the following inclusion of sets holds for large values of n
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by the localized form of Golab Theorem (Theorem 2.2.8) we deduce

HYT\ A.) < liminf HY(T, \ A.) < liminf HY(T, \ 2,,).

n—-4o0o n—-+o0o

Taking the limit as € — 07, we obtain

HYT\ X) < liminf HY(T, \ %,). O

n—-+o0o

Remark 2.2.9. 1t is easy to see that if the number of connected components
of C), is bounded from above by a positive integer independent on n, then
the localized form of Gotab Theorem is still valid. All details can be found
in [21].

2.3 Relaxation of the cost function

We can give an explicit expression for the lower semicontinuous envelopes Ly,
and Ly.” in terms of .J. In order to achieve this result it is useful to introduce
the function:

J(a,b,c) =inf{J(a+t,b—1t,c) : 0<t<b}.
The following lemma is an important step to establish Theorem 2.3.2.

Lemma 2.3.1. Let v and X be closed connected subsets of K. Let also
suppose that 2 has a finite length. Then for every t € [0, H'(y N'X)] we can
find a sequence {7V, tnen in € such that

® Y =7,
o lim, H'(7.) = H'(7),
e H'(n,NY) /S H}(yNX) —t.
Moreover, if ,y € 7 then the sequence {7V, }nen can be chosen in €, ,,.

Proof. The set v N X is closed and with a finite length. By the second
rectifiability result (Theorem 2.2.5) it follows the existence of a sequence of
curves o, € Lip([0, 1], K') such that

M ((702)\ U aa(l0. 1])> = 0.

neN
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We can also suppose that the subsets 0,([0, 1]) are disjoint up to subsets of
negligible length. Fix a sufficiently small 6 > 0 and choose a sequence of
intervals I,, = [ay, b,] such that

> HY (0u (L)) =t + 6.

neN

For every sequence v = {vy, }nen of unit vectors of RY such that v, is not
tangent to v N Y in o,(a,) and o,(b,), and every sequence £ = {e, }nen of
positive real numbers, let us consider

N

ve = U ([0, an] U [by, 1),

(on(an) + e, Vo),

R

I}

Il
C i

3
m
Z

2
)

I
C

(Un + 0n(1n)),

3
m
Z

(0n(bn) + e, Vi)

S

I8}

I
1 C

Yve = (’Y \ Z) U Ay,g U By,g U Cg@ U Dy,é

where V,, = {tv, : t €[0,1]} (see Figure 2.1).

Since ¥ is closed and with a finite length, the class of v, . that have not
H!-negligible intersection with Y is at most countable. Out of that set we
can choose sequences d,, \, 0, and {7, . }men such that ||g,,|| \, 0, where

by ||g]| we denote the quantity )" e,. The sequence {7, . fiLN is the one
we were looking for. O
Theorem 2.3.2. For every closed connected subset v € €, we have
Ls’(7) = J(H' (v \ B), H! (v N %), K (D))
Moreover, if v € €, then
L' (y) = Ls(v).

Proof. Let vy be a fixed curve in 4, ,. First we establish that

L (7) = J(H' (v \ B), H' (v N ), HY(D)).
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Figure 2.1: The approximating curves ,.

It is enough to show that for every sequence {7, }nen in €, , converging to
v with respect to the Hausdorff metric, there exists ¢t € [0, H*(y N )] such
that

J(H A\ Z) +t, H (yNE) — t, HY(E)) < liminf Ly (7).

n—-+00

Up to a subsequence we can suppose the following equalities hold true:

liminf Ly (y,) = lm Lx(y),

lim inf 7' (y,) = lim H'(7,),

lim inf 7' (7, \ 2) = lim H' (7, \ ).
Moreover, by Golab Theorems (Theorem 2.2.2 and Theorem 2.2.3)
H'(y) < lim H' (),

H(Y\D) < Tim H (3 \ %),
Choose t = lim,, H' (7, \3) —H*(v\X). Then H'(7\ )+t = lim,, H' (7, \ 2).
We have

H! (%L) = Hl('yn \ E) + H' (fYn N E)
= [H' (3 \B) = t] + [H' (7. N ) +¢].
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Taking the limit as n — 400 gives

M) < lim M) = M\ ) +1]+ lim 73, 1%)

n—-+oo
so that
H'(yNE)—t< lim H'(y, ND).

n—-+00

It follows by the semicontinuity and monotonicity of J in the first two vari-
ables

J(H'Y\D)+t,H' (ynD) —t, H (X))
<liminf J (H' (7, \ 2), H' (1. N Z), H'(Z)) .

n—-+o0o

Now, we have to establish the opposite inequality:
L'(7) < T (H' (v \ 2), H (v N Z), HI(R)) -

In the same way as before, it is enough to show that for every t € [0, H(yNX)]
we can find a sequence {7, }nen in €, which converges to v such that

liminf Ly (y,) < J (H' (Y \ ) + t, H'(vNZ) — t, H' (D)) .

n—-+o0o

Given t, let {7, }nen be the sequence given by Lemma 2.3.1. Then we get

lim H'(7, \X) =H'(y) —H' (yNXE) +t=H'(y\Z) + .

n—-+o00

Thanks to H'(y, N X) < HY(yNX) — ¢, we have
J (Hl(’yn \ X)), H (4, N Z),Hl(E)) <J (’Hl(% \ X)), HY (v N Z),Hl(E))
and by the continuity of J in the first variable

liminf J (K (7, \ £), H! (7, N 2), HY(E))

n—-+0o00

<J(H' (Y \D) +t, H (vyNX) —t, H' (D))

which implies the inequality we looked for. The proof of the second statement
of the Theorem is analogous and hence omitted. O

The next proposition is a consequence of Theorem 2.3.2.
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Proposition 2.3.3. For every x,y € K we have
ds(z,y) = inf{Ls(y) : v € Coy}

Proof. By a general result of relaxation theory (see for instance [17]), the
infimum of a function is the same as the infimum of its lower semicontinuous
envelope, so

ds:(v,y) = inf{r;yw) DY E Cuyt
It is then enough to prove that
mf{z;y(')/) DY E Gyt = inf{fg (v) 7 € Gyl

which is a consequence of Theorem 2.3.2. O

It is more convenient to introduce the function whose variables a, b, c now
represent the length H!(vy\ ) covered by one’s own means, the path length
H!(7), and the length of the network H!(3):

O(a,b,c) = J(a,b— a,c).
Obviously, O satisfies
O(H (v\ %), H' (7)., H' (X)) = J(H (v \ ¥), H! (v N X), H'(X)).
We now study some properties of ©.

Proposition 2.3.4. © is monotone, non-decreasing with respect to each of
its variables.

Proof. The monotonicity in the third variable is straightforward. The one in
the first variable can be obtained observing that

O(a,b,c) = inbe(s, b—s,c) (2.3.1)

a<s<

and that the right-hand side of (2.3.1) is a non-decreasing function of a. The
monotonicity in the second variable is obtained in a similar way, still relying
on (2.3.1) and paying attention to the sets where the infimum is taken. [

Proposition 2.3.5. © is lower semicontinuous.
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Proof. We have to show that

O©(a,b,c) < liminf O(ay,, by, ¢,)

n—-4oo

when a,, — a, b, — b and ¢, — c. Let us consider for every real positive
number ¢ and for every positive integer n a real number s, such that a, <
Sn < b, and

J(Spy b — Spycn) < O(an, by, cn) + €.

Up to a subsequence, we can suppose that

liminf ©(ay,, by, ¢,) = lim O(ay, by, ¢,).

n—-+o00 n—-+00

We can also suppose that s,, — s, where a < s < b. Thanks to the semicon-
tinuity of J

O(a,b,c) < J(s,b—s,c) < liminf J(s,, b, — $p, ¢,) < liminf ©(a,, b,, c,) +¢.

n—-+o0o n—-+o0o

Letting ¢ — 07 yields the desired inequality. O

2.4 Existence theorem

In this section we continue to develop the tools we will use to prove Theorem
2.4.5.

Proposition 2.4.1. Let {z,}nen and {y,tnen be sequences in K such that
T, — x and y, — y. If {X, }nen is a sequence of closed connected sets such
that X3, — X, then

dy,(z,y) < liminf ds, (2, yn). (2.4.1)

n—-+o00

Proof. First, up to a subsequence, we can suppose that

liminfdgn(xn,yn) = liIJlrrl ds.,, (T, Yn).-

Given ¢ > 0, we choose a sequence {7, },en such that v, € €, ,, and

O(H (7 \ Xn), H' (1), H' () < ds, (20, ya) + <.
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Up to a subsequence we can suppose that 7, — v (it is easy to check that
x, — x and y,, — y imply v € 6,,) and

H (v \ B) < lmH (7 \ ),
H(7) < limH (),
HY(D) < lim HY(S,).

Using the semicontinuity and monotonicity of © (Propositions 2.3.4 and
2.3.5), we obtain

ds(z,y) <O (H'(v\ ), H'(7), H (%))

S)
@( lim H'(y, \ Zn), lim H'(y,), lim Hl(En))

n—-—4oo n—-4oo

IA

<liminf © (H' (3 \ Zn), H (1), HY(Z0))

n—-+4oo
< liminf dy, (Tn, yn) + €.
The arbitrary choice of £ gives then inequality (2.4.1). O
As a consequence of Proposition 2.4.1 we have the following Corollary.

Corollary 2.4.2. Let {x,}nen and {yn}nen be sequences in K such that
Tn — x and y, — y. If X is a closed connected set, then

dy,(z,y) < liminf ds(z,, y,).

n—-+00

In other words, ds, is a lower semicontinuous function on K x K.

Proposition 2.4.4 will play a crucial role in the proof of our main existence
result. We split its proof in the next two lemmas for convenience.

Lemma 2.4.3. Let X be a compact metric space, {fn}tnen a sequence of
positive real valued functions defined on X. Let also g be a continuous pos-
itive real valued function defined on X. Then, the following statements are
equivalent:

1.Ve>03N : Yn>NVee X g(z) < f.(z)+e,
2. Vr € X Vo, »x g(x) <liminf, f,(z,).

Proof.
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e Let x, — 2. Then
9(n) = faln) + (9(2n) = fu(2n)) < folzn) +
By the continuity of g, taking the lower limit we achieve
g(z) < lér_r}igj Jo(zy) + . (2.4.2)
Then (1) = (2) is established when ¢ — 07.

e Let us now prove that (2) = (1). Suppose on the contrary that there
exists a positive € and an increasing sequence of positive integers {ny }
such that

9(Tn,) = fu(Tn,) +¢ (2.4.3)
for a suitable z,, . Thanks to the compactness of X we can suppose up
to a subsequence that z,, — z. Define

Ty, it n = mny for some k
T, = )
T otherwise

Then z,, — z, and ¢g(z) < liminf, f,(x,). From (2.4.3) it follows,
9(w) = liminf fo, () +& = liminf fo () + ¢ = g(2) + &
which is false. O

Proposition 2.4.4. Let {f,}nen and f be non-negative lower semicontinu-
ous functions, all defined on a compact metric space (X,d). Let { i, }nen be
a sequence of nonnegative measures on X such that j, —* p. Suppose that

Vee X Vo, -z f(x) < liminf fo(zn).
Then
/ fdu < liminf/ fn dptn.
X n—too Jx

Proof. Let ¥ be a continuous function with compact support such that 0 <
1 < 1. Let g; be the function of Lemma 1.2.1; since g, satisfies the hypothesis
of Lemma 2.4.3 with g = g;, we have g; < f,, + ¢ for n large enough and then

/gtw dpy = lim /gtlp dye, §liminf/ S dpty.
X n—+oo [y n—+oo [

Taking the supremum in ¢ and v, we obtain

/ fdu< liminf/ fn dp. O
X n—+too Jx
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We may now state and prove our existence result.

Theorem 2.4.5. The problem
min{7T'(X) : ¥ e %}
admits a solution.

Proof. First, let us prove that for every [ > 0 the class
P :={2 : Y€, H\(X) <1}

is a compact subset of the metric space (¢ (K),dy). Since (€(K),dy) is a
compact space, it is enough to show that & is closed. We already know that
the Hausdorff limit of a sequence of closed connected set is a closed connected
set. If {3, }nen is a sequence of closed connected sets such that H(X,) <1
¥, — Y= H{(%) < 1im+me1(zn) <1
by Gotab Theorem (Theorem 2.2.2).
Second, by our assumption on the function J

ds(z,y) > G(H'(2))

so that
T(%) > GH' (D).

Then, if {3, },en 1S a minimizing sequence, the sequence of 1-dimensional
Hausdorff measures {H!(X,)},en must be bounded, i.e. H'(X,) < [, for
some [ > 0.

If we prove that the functional ¥ +— T(X) is sequentially lower semi-
continuous on the class &, then then existence of an optimal ¥ will be a
consequence of the fact that a sequentially lower semicontinuous function
takes a minimum on a compact metric space. Let {¥,},en be a sequence
in 2, such that ¥, — X. Let {p, }nen be an optimal transport plan for the
transport problem

min {/ ds, (x,y)du : ﬂ';,u, — ,u+,7T;FL,LL = ,u_}.
KxK

Up to a subsequence we can suppose u,, —* u for a suitable p. It is easy to
see that u is a transport plan between u* and u~.



2.4. Existence theorem 77

Since by Proposition 2.4.1 dx(z,y) < liminf, dy, (x,,y,) for all z, — =
and ¥y, — y, by Lemma 2.4.4 we have

n——4oo

/ ds(z,y) dp < lim inf/ dy, (z,y) dpin. (2.4.4)
KxK KxK

Then by (2.4.4) we have

T(X) < / ds(z,y) dpu < lim inf/ ds, (z,y) dp, = iminf 7'(%,). O
KxK KxK

n—-+o0o n—-+4oo

We end with the following remark.

Remark 2.4.6. Note that if 3, is a minimizing sequence, then the measure p
obtained in the proof of Theorem 2.4.5 is an optimal transport plan for the
transport problem

min{/ ds(z,y) dp : 77;“ — ,u*,%@,u = ,u}.
KxK






Chapter 3

Path Functionals over
Wasserstein Spaces

3.1 Introduction

The problem of transporting a source mass distribution onto a target mass
distribution by keeping together as much mass as possible during the trans-
port, from which tree-shaped configurations arise, has been very much stud-
ied, for instance in [6], [7], [34], and [48]. In the approach to this problem
proposed in this chapter and in [14] probability measures valued curves are
considered, while the condition of keeping masses together is achieved con-
sidering only measures supported in discrete sets.

Given a source or initial probability measure py and a target or final
probability measure jp; we look for a path v in a Wasserstein space W,({2)
that connects g to py and minimizes a suitable cost functional J (). We
consider functionals of the form

T() = / T/ (6t (3.1.1)

where |y/| is the metric derivative of v in the Wasserstein space W,(2) and
J is a lower semicontinuous functional defined on measures. Here J may be
easily seen as the coefficient of a degenerate “Riemannian distance” on the
space W, ().

We restrict our analysis to the case of J being a local functional over
measures, an important class of functionals extensively studied by Bouchitté
and Buttazzo in [9], [10], and [11]. These functionals are the key tool in

79
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our approach, and among them we can find both functionals which are finite
only on concentrated measures (we can see an application of them in [19]
and [44]) and functionals which are finite only on spread ones. In fact, a
particular point of interest in our approach is the fact that also different
kinds of “Riemannian distances” are allowed (for instance those which prefer
spread measures) by a change of the functional J.

In particular, we consider the two extreme cases, in which the functional
J is chosen as one of the following:

Gr(p) = {ZkeN(ak)r if p= ZkeN kg,

(0<r<1)
400 otherwise

whose domain is the space of purely atomic measures, or

lultde  if p=u-LN
Fyf) = {fQ

q (¢>1)

+00 otherwise

whose domain is the space L9(£2). We denote respectively by G, the functional
in (3.1.1) with J replaced by G, and by F, the same functional with J
replaced by Fj.

The first case is the one in which we get a “Riemannian distance” on prob-
abilities which make paths passing through concentrated measures cheaper.
The second case, on the contrary, allows only paths which lie on L%(£2).

In both cases we analyze the question of the existence of optimal paths
Yopt giving finite value to the functional. When the domain Q C RY is
compact we find for the first case:

- if pp and p; are atomic measures, then an optimal path ~,,; providing
finite value to G, always exists;

- if r > 1 —1/N, then the same is true for any pair of measures;

- if r < 1—1/N, then there are measures po and u; such that every path
connecting them has an infinite cost.

Similarly, for the second case we have:

- if o and py are in L9(Q2), then an optimal path v, providing finite
value to F, always exists;

- if ¢ < 14 1/N, then the same is true for any pair of measures;
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- if ¢ > 14+ 1/N, then there are measures o and uq such that every path
connecting them has an infinite cost.

In subsection 3.3.2 we also discuss the case of unbounded domains such as
Q=R

The analysis of existence results as well as the definition of the cost func-
tionals is made in Section 3.2 in an abstract metric spaces framework, which
can be used for future generalizations and developments.

In relation to the papers already mentioned it is not difficult to see that
the model proposed is different and in general provides different solutions.
However, among the different features our model supplies we may cite its
mathematical simplicity and the possibility of performing standard numerical
computations.

From the mathematical point of view, our model recalls the construction
of Riemannian metrics as already pointed out, and the existence results for
optimal paths are quite easy to prove.

As far as numerics is concerned, when discretizing the metric derivative
the cost functional becomes a weighted sum of Wasserstein distances among
couples of atomic probability measures which can be evaluated by well-known
algorithms such as the simplex method.

Taking into account the comparison with the results presented by Xia in
[48] and by Maddalena, Morel and Solimini in [34] will be important for future
investigations. For instance, for the model proposed in [34] conditions to link
two prescribed measures by a finite cost configuration have been studied in
[23] (while here and in [48] only conditions in order to link arbitrary measures
are provided): we do not know if similar conditions can be achieved in our
case.

3.2 The Metric Framework

In this section a generic metric space X with distance d is considered. Under
the assumption that closed bounded subsets of X are compact, we will prove
an existence result (Theorem 3.2.1) for variational problems with functionals
of the type

Tiy) = / T dt
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where 7 : [0, 1] — X ranges among all Lipschitz curves such that v(0) = z
and (1) = ;. We will refer to the value of J in ~ as the energy of 7. By
|7/|(t) we denote the metric derivative of  at the point ¢ € (0, 1), i.e.

As a consequence of Rademacher Theorem it can be seen (see [5]) that for
any Lipschitz curve the metric derivative exists in almost every point (with
respect to Lebesgue measure). Another useful result is that the variation of
~ can be written in terms of the metric derivative in integral form:

vmwzﬂwwmt

By this formula it follows easily that |7/| < M if and only if 7 is M-Lipschitz,
since when s < t

t
420 7(s) < Vax(y, [, 8) = [ 1I(r) dr < M o],
the converse implication being immediate.

Theorem 3.2.1. Let X be a metric space such that any closed bounded subset
of X is compact and J : X — [0, +00] be a lower semicontinuous function
and xq, x1 arbitrary points in X. Then the functional

szlemmmw

achieves a minimum value among all Lipschitz curves v : [0,1] — X such
that v(0) = xo and (1) = x1, provided the following two assumptions are
satisfied:

(H1): there ezists a curve vy such that J () < +00;

(H2): it holds
/ inf J dr = +oc.
0

B, (Ct())

The proof of Theorem 3.2.1 relies on the following reparametrization
lemma whose proof can be found for example in [5].
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Lemma 3.2.2. Let v € Lip([0,1], X) and L = Var(y) be its total variation.
Then there exists a Lipschitz curve 4 € Lip([0, L], X) such that |3'| = 1
almost everywhere in [0, L] and 7 is a parametrization of .

Proof of Theorem 3.2.1. Let {7, }nen be a minimizing sequence and set L,, =
Var(v,). Then the sequence {J(v,)}nen is bounded by a finite number
M. By Lemma 3.2.2 there exists a sequence of curves 7, : [0,L,] — X
parametrized with unit velocity, reparametrizing the given curves. We have:

L, Ly,
M > J(y) = / J(Gu(t)) dt > / < inf J) d.
0 0 Bt (o)

Then {L, }nen is bounded otherwise, by assumption H2, the right hand side
would be unbounded. We can reparametrize each curve -, at constant speed
L, thus obtaining a new sequence {7, }nen in Lip([0, 1], X'), which is still a
minimizing sequence, thanks to the equality J(v,) = J (7»). Being {L, }nen
bounded, we get that this new minimizing sequence is uniformly bounded
and uniformly Lipschitz. By Ascoli-Arzela Theorem we can suppose up to
a subsequence that 4, — 4 uniformly for some L-Lipschitz curve 4 where
we have taken L = liminf, L,. By recalling the link between Lipschitz
conditions and metric derivative we have

1¥'|(t) < L for ae. t €0,1].

Now by using the lower semicontinuity of the functional J, we obtain

1

I(4) = / TGO dt < L / lim inf J (5, (£)) dt

n—-+00

1

< liminf L, / TGa(®)) dt =l nf T (3,),
n—roo 0 n—-+0oo

that is the lower semicontinuity of J on the considered sequence, which

achieves the proof. ]

Remark 3.2.3. Notice that the integral assumption H2 is always true if J > ¢
for a suitable strictly positive constant. Moreover Theorem 3.2.1 still holds if
condition H2 is replaced by the weaker assumption that there exists a curve
Yo such that

+0o0
J () < / inf Jdr.
0

B(zo,r)
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We give here a slightly refined version of Theorem 3.2.1, which will be
useful in the last section. The goal here is to weaken the compactness as-
sumption on bounded subsets of X.

Theorem 3.2.4. Let (X,d,d') be a metric space endowed with two different
distances, such that:

(K1): d' <d;
(K2): all d—bounded sets in X are relatively compact with respect to d';

(K3): the mapping d : X x X — RT is a lower semicontinuous function with
respect to the distance d' x d'.

Let J : X — [0,+00] be lower semicontinuous with respect to d'. Consider
the functional, defined on the set of d— Lipschitz curves «y : [0,1] — X, given

by
T() = / T/ () la(t)dt,

where |y |a(t) stands for the metric derivative of v with respect to d. Then,
with the same hypotheses H1 and H2 (where B,.(xo) are in the d-sense) of
Theorem 3.2.1, there exists a minimum for J .

Proof. We can take a minimizing sequence {v,}, and, as in Theorem 3.2.1,
reparametrize it to obtain a sequence {9, },, in which every curve has constant
speed L,,. Hypothesis H2 gives us the boundedness of L,,. Hence the sequence
{An }n is composed by d—equicontinuous functions from [0, 1] to a d—bounded
subset of X. If we endow X with the distance d’ we have an equicontinuous
(thanks to assumption K1) sequence of functions whose images are contained
in a compact set. We can consequently use Ascoli-Arzela Theorem to choose
a subsequence (not relabelled), such that 4, — -, for a suitable curve =
(uniformly in the d’'—sense).

The lower semicontinuity of J with respect to d' allows us to use Fatou
Lemma and shows that 4 minimizes J, as far as we can show that ~ is
d—Lipschitz with a Lipschitz constant not exceeding liminf,, L,,. To do this
we use assumption K3. Taken two points s,¢ we have in fact:

d(v(s),v(t)) < liminf d(3,(s), 3, (t)) < liminf L,|s — ¢],

which shows the required Lipschitz property. O
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3.3 The Case of Wasserstein Spaces

In this section we consider a compact metric space €2 equipped with a distance
function ¢ and a positive finite non-atomic Borel measure m. We consider
the p- Wasserstein metric space W,(2). As we have seen in Section 1.5, this
is the space of Borel probability measures p on 2 with finite momentum of
order p with respect to a point xg

/c(x,xo)p dp < +o0,
Q

equipped with the p- Wasserstein distance

1/p
W) = int ([ ety Ao an))
QxQ

where the infimum is taken on all transport plans A between p; and puo, that
is on all probability measures A\ on €2 x 2 whose marginals 77;)\ and 7Ty
coincide with py and po respectively.

Notice that, since the distance ¢ is bounded, the space W,(£2) consists
of all probability measures. We consider functions J on W,(€2) that can be
represented in the following form:

s = [ f(i—i) an+ [ N ( oﬁﬁ;) A+ [ glu(o) o)

m

where
e du/dm is Radon-Nikodym derivative of p with respect to m,

e f:R — [0,400] is convex, lower semicontinuous and proper (i.e. not
identically +o0),

e 1° is the singular part of p with respect to m according to the Radon-
Nikodym decomposition theorem;

o [ is the recession function

sor n 1 f(s0+ts)
fRs) = lim ==

(the limit is independent of the choice of sy in the domain of f, i.e. the
set of points where f is finite),
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o A, is the set of atoms of y, i.e. the points such that p(x) := p({z}) > 0,

e g: R — [0,400] is a lower semicontinuous subadditive function such
that g(0) =0

e # is the counting measure.

Note that our functional can be written in a simpler form since in our case
dp/d|p| = 1 for |u®|-a.e. of x, being u a positive measure:
dp %0 (1)[14°
)= f{ o) dm+ fZO| QN A + [ gu(z)) det(z).
Q dm Ay

By the results that can be found in [9] and [10], these functionals are lower
semicontinuous for the weak-* convergence of measures (and represent all
local functionals with this semicontinuity property) whenever

g(st
go(s) := sup (5t
>0 t

= [=(s).

Theorem 3.3.1. Suppose that f(s) > 0 for s > 0 and g(1) > 0. Then
we have J > ¢ > 0. In particular, the functional J defined on the set of
Lipschitz curves v : [0,1] — W,(2) with given starting and ending point
achieves a minimum, provided that there exists a curve with finite cost.

Proof. Let us fix some notation. By p® we mean the absolutely continuous
part of p with respect to the measure m, and by u*, u#, u¢ respectively the
singular part, the atomic part and the singular diffused part of . Then we
have ji = p® + p® = pu®+ p¢+ p#. Since f is convex, by Jensen inequality we
have

Jor (o) =
m(Q) f (ﬁ/ﬂ(% dm) = m(Q)f (’;8) (3.3.1)

Since p is a positive measure and f*° is 1—homogeneous

du®
(85) an-
/Q\AH d| 8| a

QN A1) = m(Q)f* (

pe(§2)
m(§)

> . (3.32)
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Since g is a subadditive function

/A g(u(x)) d#t(x) =

Yo 9u@) zg | Y ul) | =9 (Q). (33.3)

€A, €A,

For the recession function f* it holds

fe(x) > flx+y)— fy) for all z,y € R,

and so the sum of the first two terms, i.e. those given by (3.3.1) and (3.3.2),
can be estimated from below by

o ()

Therefore summing up (3.3.1), (3.3.2) and (3.3.3) we obtain

) z mig (IR g

We set a = p#(Q) and 1 —a = p2(Q) + p4(Q). Since the function a
m(Q)f((1 —a)/m(2)) + g(a) is lower semicontinuous, it attains a minimum
in the interval [0,1]. Thanks to our hypothesis this sum is always positive,
and so we have

) 1—a
Oglgglm(ﬁ)f (m) +9(a) =c>0,
that is, we have J(u) > ¢ > 0. O

3.3.1 Bounded domains

We now study some special cases of the functional we defined above. In the
rest of this section Q will be a compact convex subset of RY and the measure
m will be the Lebesgue measure £V on it.
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First case: f =400, g(z) =|2]" (0<r <1).

In this case we will denote the functional J by G, and the corresponding
functional J on Lipschitz paths will be called G,. This is the case when G,
is finite only on purely atomic measures.

We are now going to consider the question whether there exists a curve
connecting two given measures keeping finite our functional. First we prove
that if both the initial and the final measure are atomic the answer is positive.
Then we prove that for r in a suitable subinterval of [0, 1] every measure can
be connected to a Dirac mass, hence every measure can be connected to every
other measure by a path of finite energy. Finally we show that this is not
possible in general for every r € [0, 1].

Theorem 3.3.2. Let pp and py be convexr combinations of Dirac masses,

1.€.,
Mo = Z ak5zk, M1 = Z bz5yl
k=1 I=1

with a, by > 0, >, a, = Y by = 1. Then, there exists a Lipschitz curve
v [0, 1] — W,(Q) such that v(0) = po, (1) = 11 and

Go(7) = / G, (+()](t) dt < +oo.

Proof. 1t is sufficient to prove the theorem when a; = 1, i.e. pg = 9y
since in the general case one connects the first measure p to a Dirac mass
supported in an arbitrary point, then one connects that Dirac mass to the
final measure p,. If one can keep finite the functional in both steps, then the
result is proved in the general case.

We now prove that the curve v : [0, 1] — W, () given by:

V() = by ay—)-
=1

is W,-Lipschitz and G,(y) < +o00. Let t; and ¢, be time instants such that
t; < ty. Then, the transport plan between the probability measures given
by > 00y 4t (y—wy) A0 Y, Di0g, 40(y—ar) induced by the map T'(z1 + 1 (y; —
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x1)) = x1 + tao(y — x1) gives:

W0t (0) < ([ o= TP dwu))l/p

1/p n 1/p
= <Z bilta — t1|P|yr — $1‘p> = |ty — 14 (Z bilyr — xl’p> .
=1 =1

Hence the metric derivative with the respect to the Wasserstein p-distance is
given by:

1/p
1/'1(#) (Z bilyi —m1|p> = Wp(po, p1).-

On the other hand we have:

Gr(,U«) :{ ZmeAu

plx)|" i pt=pc=0

400 otherwise.
Then
1 ift=20
Gr t)) = n .
() { S by it > 0,
Hence

/G DY) dt <
n n 1/1’
> bl <Zbl|yl—x1|p> < 4o0. O
=1 =1

Remark 3.3.3. By repeating the proof of Theorem 3.3.2 one obtains that the
statement still holds for infinite sums of Dirac masses (i.e. m = n = +00)
provided G, (j0) and G, (p1) are finite, that is ), aj, < +o0and ), b] < +o0.

The proof of the next theorem is related to the one of Proposition 3.1 of

[48].

Theorem 3.3.4. Let 1 — 1/N < r < 1. Then given two arbitrary po and
p1 in W, (), there exists a curve joining them such that the functional G, is
finite.

Proof. 1t is sufficient to prove that every measure can be joined to a Dirac
mass in an arbitrary point. We prove first the statement for Q = [0, 1]V
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Figure 3.1: Approximation at step k = 3.

The dyadic subdivision of order k of Q = [0,1]" is given by the family of
closed N-dimensional cubes {QF}cr, where I, = {1,2,3,...,2"}" obtained
by @ dividing each edge into 2% pieces of equal length. We will refer to the
elements of {Qf }yer, as k-cubes. To every Borel regular finite measure u we
associate the following sequence of measures:

e = Z b%yh

hEIk

where b, = p(QF) and y;, is the center of QF. Tt is straightforward to see
that upy —* p as k — +o0.

The idea is now simple (see Figure 3.1): first join py to pgy1 with an arc
length parametrization 7y, second put together all these curves to obtain a
path from a Dirac mass to the measure p. At every step a k-cube is divided in
2N parts which are (k+1)-cubes. To bring the Dirac mass in the centre of the
k-cube to the 2 centres of the (k + 1)-cubes with the right weights at each
centre one splits the centre of the k-cube into 2V parts moving towards the
centres of the adjacent (k+1)-cubes in such a way that each point moves with
unitary speed. At each step (see Figure 3.1 where the first three steps are
represented) we obtain a curve -y, defined on an interval of length (1/2)*d/2
(d is the diagonal of @) such that |v;|(t) = 1 for all ¢.

Let us now compute the value of the functional on the curve v made by
joining all curves 7 above. Since the function f(zy,...,z,) = Y., @} with
the constraint > . x; = 1 reaches its maximum at point (1/n,...,1/n) we
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have:

G.(7) = z(deb’“ ) Z(%zik 2Nk<2f1%>r>'

hely,

Since 1 — 1/N < r <1 the sum considered above is convergent.
In the case of a general €2 it is sufficient to consider a large cube containing
the support of the measure i such that the centre is contained in (2. O

The bound given by r > 1 — 1/N is sharp. We have in fact the following
result.

Theorem 3.3.5. Suppose r < 1 — 1/N. Then there exists a probability
measure (1 on §) such that every non-constant W,-Lipschitz path vy such that
v(0) = w is such that G,.(v) = +oo.

Proof. Let Q be the cube [0, 1] and p the Lebesgue measure on it. We want
to estimate from below

inf (G, (v) | Wy(s,v) < 1}

and we will show it to be larger than ¢t~ N(="). Therefore, if v is a W,-
Lipschitz path with constant speed which originates from p, the integral
defining G, diverges. We can simply consider ¢t = 27%. To estimate G,(v),
when v is such that W,,(u, v) <t, consider a partition of © by small cubes of
side €. Let k be the number of those cubes @); such that v(Q;) < u(Q;)/2 =
eV /2. In all these cubes we have a zone in which the optimal transport map
s between p and v must take values outside the cube; this zone, given by
Q;\s71(Q;), has a measure of at least £V /2. We want to estimate from below
the contribute of this zone to the total transport cost between p and v. For
this contribute we may write

(e/2)P

[ dwourar = [@\ Q) 0 (w000 > 1) far
Qi\s~H(Q;

0

> /0<e/2)p (% — [ {d(x,0Q;)" < 7} |) &
/OBPEP (% — [{d(z,0Q;) < Be} |> dr

> clepgN,

Vv
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where B is sufficiently small and ¢; is a positive constant. By recalling that
the total transport cost (i.e. the p—th power of the distance W),) is less than
t?, we have

ke et < P, (3.3.4)

On the other hand, the value of GG, can be estimated from below by means
of the other cubes and we have

Gr(v) > (7N — k)™

Let us now choose ¢ = mt with m an integer such that ¢;m? > 1 and, by
using (3.3.4), we have

GT(”) Z tiN(miN - miNip/Cl)CQTTLNTtNT = Cgth(lfr)’

where the constant c3 is positive.

For general €2 we can simply use a cube contained in {2 and show that
the Lebesgue measure on it, rescaled to a probability measure, cannot be
reached keeping finite the value of the integral. n

Example 3.3.6 (Y-shaped paths versus V-shaped paths). Consider
the example in Figure 3.2, where we suppose that [ and h are fixed. We
define for 0 <t <,

x(t) = (¢,0)

and for Iy <t <ly+ +/I? + h?
t— 1 t— 1o
() = (1o +1 h
1(0) (0 NCENE \/l%+h2>

t— 1 t—1
zo(t) = [ 1o+ 1 —h .
2(1) (0 1\/l%+h2 \/l%+h2>

Let us consider the curve v : [0,lo + /17 + h?] — W,(Q) defined by

if 0 <
")/(t):{éz(t) if0<t<ly

It easy to see that |7/[(¢) = 1 and that

G (7) =lo+ 27"/ (1 —1y)? + h2.
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1

Figure 3.2: A Y-shaped path for r = 1/2.

Then the minimum is achieved for

In particular, when r = 1/2 we have a Y-shaped path (similar to the one of
Figure 3.2) when [ > h, while the path is V-shaped when [ < h.

Remark 3.3.7. The result given by Theorem 3.3.4 can clearly be improved
for particular choices of pg and p;. For instance, we can connect a Dirac
mass to the k-dimensional Hausdorff measure on a smooth k-surface for all
r € [1—1/k,1] (see also [34]).

Second case: f(z)=z]? (¢ > 1),g9 = +oo.

We follow the same structure of the previous section. In this case we will
denote the functional J by Fj, and J by F,.

We start by proving that when F,(uo) and F,(u1) are finite, that is ug
and p; are measures with L7()) densities, the optimal path problem admits
a solution with finite energy.

Theorem 3.3.8. Assume that g = uo- LY, uy = uy- LY with ug, uy € L1().
Then g and py can be joined by a finite energy path.

The proof of this result relies on the notion of displacement convexity
which has been introduced in Chapter 1, Section 1.6. Recall that given py
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and gy absolutely continuous probability measures on 2 and T : 2 — Q
optimal transport map (unique if p > 1) between 1 and p; with respect to
the cost function |z — y|P, the map v7 : [0, 1] — W,(Q) given by

t (1) i= [(1 — t)Id + tT) w0 (3.3.5)

is called a displacement interpolation.

Remark 3.3.9. It is well-known (see [1] or Remark 1.6.2 for the case p = 2)
that the curve defined in (3.3.5) is a geodesic in W, (€2), parametrized in such
a way that

1(YTY](t) = W, (po, p11) for ace. t.

A functional F' defined on all absolutely continuous measures (with re-
spect to the Lebesgue measure) of W,(2) is said to be displacement convex
if for every choice of ug, py absolutely continuous measures there exists an
optimal transport map 7" such that

t— F(y'(t))
is convex on [0, 1].

Proof of Theorem 3.3.8. By Theorem 1.6.9 and Theorem 1.6.18 the func-
tional F} is displacement convex, so that

Fy(y' (1) < (1= 1) Fy(po) + tFy(ma).

/0 () (7Y |(0) dt <
Wylpousn) [ 101 = DF (o) + 47, )] e =

%(Fq(uo) + Fy (1)) Wo(po; 1)

Since F,(110) and F,(uy) are finite, we have that the path ¢ — ~7(¢) provides
a finite value for the energy functional F,. O

Next step will be the existence of an admissible path for arbitrary ex-
tremal measures, if ¢ satisfies some additional constraints.
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Recall that if 1o and uy are probability measures given by L' densities (ug
and u; respectively) and 7' is a transport map between them with sufficient
regularity we have:

ur(y) = uo(T™(y))Idet DT (y)].

Lemma 3.3.10. Let ¢ < 1+ 1/N. Let also pp = u - LY with v € LY(Q) and
V= Z§:1 b;oy, with Zle bj = 1. Then there exists a path between p and v
with finite energy.

Proof. Let T' be an optimal transport map between p and v. Let B; :=
T'(y;). We now show that the path 4”7 has a finite energy. Let us set T, =
(1—t)Id+tT. If x € B;, then Ty(z) = (1—t)x+ty; and det DT} (z) = (1—¢)N
Let u; be the density of the measure (7})xpu, that is to say:

u(y) = u(T; ' (y))| det DT, (y)].

We then have:

Moreover, thanks to Remark 3.3.9, the metric derivative |y/|(¢) is constantly
equal to the Wasserstein distance W, (1, v). Then,

1
o) =Wotp) [ [l ay e = FAE0 g a
which is finite since ¢ < 1+ 1/N. O

Theorem 3.3.11. Let g < 1+ 1/N. Then every couple of measures can be
joined by a path with finite energy.

Proof. 1t is enough to link any measure v to a fixed L? measure p (for in-
stance, the normalized Lebesgue measure) with a finite energy path. Let
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{vr}ren be a sequence of atomic measures approximating v in the Wasser-
stein distance W,. By Lemma 3.3.10, for every k there is a path v, with
energy

Fo(k) = CWp(p, vi)

where C' is a constant which only depends on N, ¢, (and of course pu).
Extracting a convergent subsequence of {~;}ren provides a path ~ such that,
by repeating the lower semicontinuity argument of Theorem 3.2.1, gives

Fo(y) < liminf F () = kEIJPoo CWy(p, vi) = CWy(p, v).

k—+o00

Since 7y connects p to v, then v connects 1 to v and the result is established.

]

As in the previous section, we show that the previous result is sharp, as
it can be seen from the following statement which is valid in a more general
setting. In fact, we prove an estimate which holds for every W,-Lipschitz
curve not only valued in P(2), but also in P(RY).

Theorem 3.3.12. Suppose ¢ > 1+ 1/N. Then there exists 1 € W,(§2) such
that every non-constant W,-Lipschitz path v with v(0) = p gives F,(y) =
+00.

Proof. Let us choose u = g (supposing, up to a translation, that 0 € Q). It
is sufficient to prove that

inf {F,(v)|v € P(Q), W,(p,v) <t} > Ct= N, (3.3.6)

with C' > 0. In fact, by reparametrization, it is sufficient to prove that the
functional is infinite on constant speed paths. Taken such a path v, with
constant speed L > 0, we then have

Fo(y) =L /O R o)t > L /0 Ot MVl = oo,

where the integral diverges thanks to the assumption on g. To prove (3.3.6)
we can suppose that Q = RY, which is the worst case. This shows that the
result does depend neither on the compactness nor on the convexity of €2.
By considering the map that associates to every probability measure p the
measure v = (my)xp, where m;(z) = tx, one has a one-to-one correspondence
between the probabilities whose Wasserstein distance from 9y is less than 1
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and those whose distance is less than ¢t. It is easy to see that v is L7 if
and only if the same happens for p and that the density of v is the function
x — t~Nu(x/t), where u is the density of p. Therefore

Fy(v) = / uqt(]i{t) dzr = /uq(y)t_thNdy = Fq(p)t—N(q—l).

Consequently, it is now sufficient to evaluate the infimum in (3.3.6) when
t = 1, and this number will be the constant C' we are looking for. We
will show that this infimum is in fact a minimum, thus obtaining that it is
strictly positive. This problem is quite similar to those studied in [44]. To
get the existence of a minimum we recall that the functional F} is sequen-
tially lower semicontinuous with respect to weak-* topology on probability
measures, while the set {v € P(R™)|W,(do,v) < 1} is sequentially compact
with respect to the same topology (in fact every sequence in it turns out to
be tight). O

Remark 3.3.13. Asin the previous case, it is possible that two measures could
be connected by a finite energy path even when ¢ is greater than 1 + 1/N.
For instance, with N = 2, the path given by

1

() = 4_t]1[71,1]><[7t,t} - L

is a Lipschitz path in W,([—1,1] x [~1,1]) joining 7o = 1/2H'L[-1,1] to
v = 1/4L2 (it is in fact a Wasserstein geodesic between them). The energy

/1 il dt < +
o (4t)e o

This condition is fulfilled when 1 — ¢ > —1, i.e. when ¢ < 2, instead of the
condition ¢ < 14 1/2 found in Theorem 3.3.11.

is finite as far as

3.3.2 Unbounded domains

The existence results of the previous section were based on two important
facts: the compactness of Wasserstein spaces W, (€2) when € itself is compact
and 1 < p < 400, and the estimate like /', > ¢ > 0, proven in Theorem 3.3.1,
that can be obtained when |2| < +oo. Both the facts do not hold when
Q) = RY, for instance. This is the reason why we developed in Section 3.1
some tools giving the existence of optimal paths under weaker assumption,
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even in the abstract metric setting. To replace the compactness of 2 we
need to use Theorem 3.2.4, while to deal with the fact that we do not have
F,(v) > ¢ > 0 in the case where v runs over all W,(RY) we can use the
weaker assumption given by hypothesis H2.

In this section we only deal with the case of F,-like functionals studied
in the compact case in Section 3.3.1; the case of atomic measures and G,-
like functionals of Section 3.3.1 still present some extra difficulties when 2
is unbounded. We stress the fact that most of the techniques we use can
be adapted to deal with several different cases, i.e. {2 unbounded but not
necessarily the whole space, or the space W4 (€2) (where the distance is given
by transport costs computed in a supremal way instead of an integral one).
Notice that the use of Theorem 3.2.4 is necessary because in general, if
is not compact, the corresponding Wasserstein spaces are not even locally
compact (and the same happens when we take {2 compact but we choose to
consider the space Wy (£2)), thus we cannot have the compactness of closed
balls.

First, we show some lemmas in order to use Theorem 3.2.4.

Lemma 3.3.14. The weak topology (i.e. the one induced by the duality with
the space Cy(Q2) of bounded continuous functions on 1) on the space W,(€2)
can be metrized by a distance d' such that d' < Wy < W,.

Proof. The usual distance metrizing the weak topology is given by

d(p,v)=> 27" /%d(u —v)

where (¢)r is a dense sequence in the unit ball of C,(£2). We can choose

Y

these functions to be Lipschitz continuous and let, for every index k, ¢ be
the Lipschitz constant of ¢;. Then

RN
#0) =3 | [ ovttn =)

is a distance which metrizes the same topology. Being ¢ /(1 + ¢x) a 1—Lip-

schitz function, thanks to the dual formulation of Monge’s problem, we have
Pk
1+c¢

d(p —v)

< Wl(l% V)7

and so, by summing up on k, we get d’ < W, as required. O
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The following two lemmas are well known.

Lemma 3.3.15. The distance W, is lower semicontinuous on W,(§) x
W, () endowed with the weak x weak convergence.

Proof. Take p,, — p and v, — v. Let 7, be an optimal transport plan for
the cost |z — y|P between pu, and v,: the sequence of this plans turns out to
be tight thanks to tightness of the sequence of the marginal measures, and so
we may suppose v, — . We can now see that ~ is a transport plan between
i and v and so it holds

Wy(u,v) < (/ |z — y!pdv) "

1/p
< liminf (/ |z — y|pd’yn) = liminf Wy (pn, vy). O
Lemma 3.3.16. All bounded sets in W,(RY) are relatively compact with
respect to weak topology.

Proof. Just notice that, in a bounded set, every sequence of probability mea-
sures turns out to be tight. The limits up to subsequences (that exist in the
weak sense) still belong to the space W,(RY) as a consequence of the lower
semicontinuity of the functional p +— W,(p,dp) (which is nothing but the
p—th momentum of the measure). [

We can give now our result.

Theorem 3.3.17. Let F, and F, be defined as in Section 3.3.1 respectively
on W,(RY) and on the set of Lipschitz path in W,(RY) joining two measures
po and py. Then

e ifq<1+1/N for every o and py there exists a path giving finite and
minimal value to F,;

e if ¢ > 14 1/N there exist measures jio such that F, = +oo on every
non-constant path starting from pi.

Proof. Let us start by the case ¢ < 1+ 1/N: thanks to Lemma 3.3.15 and
3.3.16 we can use Theorem 3.2.4 and so we just need to verify the two as-
sumptions H1 and H2. The existence of a finite-energy path can be achieved
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in the same way as in Theorem 3.3.11, by passing through a fixed L4 probabil-
ity measure. Notice that, in order to have the convergence of a subsequence
and the lower semicontinuity in the approximation by atomic measures, we
will argue as in the proof of Theorem 3.2.4 instead of Theorem 3.2.1.

In order to estimate the integral in H2 we will use the same estimate
given in Theorem 3.3.12, to achieve

inf {Fq(l/) v e P(9), Wp(/% v) <t} > Ct*N(qfl)’

so that the integral diverges as far as ¢ <14 1/N.

By repeating the arguments of Theorem 3.3.12, we can then prove also
the second part of our result, because ;1 = dy cannot be joined to any other
probability measure by a finite energy path. O]

Remark 3.3.18. In the previous theorem we did not mention the possibility
to link, for arbitrary ¢ > 1, two measures pg,p; € LI(RY). It is easy to
check that the same construction used in Theorem 3.3.8 can be used in this
setting too. We get in such a way the existence of a path providing a finite
value to F,, but some problems arise when we look for a minimal one. In
fact, for arbitrary ¢, condition H2 is no longer fulfilled and this prevents us
from applying the general existence results.

To conclude this section, we highlight the difference between the case we
dealt with (about the functional F,) and the other important case, repre-
sented by the functional G,. In this latter case it is not necessary to pass
through the divergence of the integral in assumption H2, because we actually
have GG, > 1, as already shown.

On the other hand, some difficulties arise in verifying assumption H1. In
fact the construction we made to build a finite energy path linking dy to a
probability measure p strongly uses the compactness of the support of p. In
order to get a similar construction for the case Q = R" we would need an
estimate like

inf{W, (1, v) | #spt(v) < k} < C(u)k~ /",

where C'(u) is a finite constant depending on the measure p. It is easy to
get a similar estimate when g has compact support, but the constant may
depend on the diameter of its support. The existence of a similar estimate
for arbitrary measures y is linked to the asymptotics of the rescaled location
problem in RV,
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A theory on this asymptotic problem has been explicitly developed (for
instance in [12]) only in the case of compact support. However, it leads
to a condition like u™¥/(N*P) ¢ L1 which is always fulfilled for p compactly
supported, while it may fail for general probability measures in W,(RY).
A positive answer to this estimate would easily imply a theorem similar to
Theorem 3.3.17 for the case of G,., but we cannot say this to be necessary.

3.4 An alternative model for tree structures

Path functionals are not the only alternative model of optimal transportation.
In the past few years two models (formulated in a mathematical different way
which turns out to be the same) have been proposed in various papers. The
first one deals with transport paths and was proposed by Xia in [48]. The
second one deals with irrigation trees and traffic plans and appeared in [34]
and [7].

Interesting papers concerning the possibility of computing the optima of
these two models can be found in [28], [33] and [50]. In particular in [28§]
a construction with ruler and compass for the nodes of an optimal graph is
provided, while in [50] an algorithm to optimize a graph with a given topology
is presented.

These model came out from the study of drainage networks, plants, trees
and their root systems, bronchial and cardiovascular systems. These models
seem also to be suitable to study the formation of a tree leaf (see [49]) or the
shaping of a land due to the flow of its rivers (see [45]).

In the next few pages we will describe the main properties of these two
models.

3.4.1 Xia’s transport paths

The first thing we want to define is how atomic two probability measures are
transported. So, we fix a compact subset 2 C R and consider as initial and
final measures ™ and p~ convex combinations of Dirac measures in

pt = Z Wi0z;  p = ijéyj’
i=1 j=1

with ai,bj > 07 27;1 a; = Zn bj =1

Jj=1
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Let us consider a graph G (we respectively indicate the set of vertexes
and the set of the edges of G by V(G) and E(G)) such that each edge is
oriented and is carried by a positive real number (i.e. a weight function
w : E(G) —]0,+o0o[ is given). For such a graph to be a transport path
between put and p~ we require that:

o ;€ V(G)foralll <i<m,y; € V(G) forall 1 <j <n;

e for each initial vertex x; the sum of the weights of the edges coming
out from z; is equal to a;, the mass carried by z;. Denoting by e* the
starting point of the oriented edge e € E(G), we must have

a; = Z w(e);

e€E(Q),
et=x;
e for each final vertex y; the sum of the weights of the edges coming in
y; is equal to b;, the mass carried by y;. Denoting by e~ the ending
point of the oriented edge e € F(G), we must have

bi= > wle);

c€E(G),
e =yj

e for any interior vertex v € V(G)\{z1,...,Zm, Y1 ..., yn} the Kirchoft’s
Z w(e) = Z w(e).

e€E(G), e€E(G),

eT=v e =v

Law must hold:

The idea under the transport paths is very simple. At the beginning we
have the initial measure p*. Then the mass starts to flow inside the edges
of the graph G until it comes to the final measure p~. The conditions above
simply guarantee that no mass is created or disappears when it is split in
two or more edges.

The point is now to provide to each transport path GG a suitable cost that
makes keeping the mass together cheaper. The right cost function is then

MYG) =Y [w(e)]"l(e), (3.4.1)
e€E(Q)

where [(e) is the length of the edge e and 0 < a <1 is fixed. This cost takes
advantage of the subadditivity of the function ¢ +— t* in order to make more
economic the tree-shaped graphs.



3.4. An alternative model for tree structures 103

X

Figure 3.3: Y shape versus V shape.

Figure 3.4: A more general tree.

Example 3.4.1. Let ut = md,, + (1 — m)d,, and u~ = d,,. Thanks to the
subadditivity of ¢ — ¢ it may happen (depending on the mass m carried by
x1, the value of the parameter o and the positions of the points x1, xo and
y1) that a Y-shaped graph will be more efficient that a V-shaped one in the
case of Figure 3.3. In the general case, an optimal graph will look like that
of Figure 3.4.

To deal with the case of general initial and final measures (i.e. Borel
probability measures) we must write the four conditions defining a transport
path in simplified and more compact form. The only fact we have to note is
that to each oriented edge e of a graph we can associate the vector measure
given by u, = (H'Le)é (é is the unit vector with the same orientation as e)
and that

div Me = 5e+ — 5@*
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in distributional sense. In this way, instead a weighted directed graph we
can consider the vectorial measure given by

G = e
e€E(Q)

and the four conditions are summarized simply requiring that divG = u™ —
p~. In this case it is easy to see that M (G) = ||G||(X).

In the general case a transport path between measures put and = is a
vectorial measure 7" such that:

e there exists a sequence of atomic probability measures {u; };>; such
that ;7 — p*;

e there exists a sequence of atomic probability measures {y; }i>1 such
that p; — p~;

e there exists a sequence of transport paths {7;};>; between pj and pu;
such that T, — T.

The M® cost for a generalized transport path is then defined as the lower
semicontinuous envelope of M as defined on graphs in Definition 3.4.1:

M*(T) = inf liminf M(T;), (3.4.2)
{Ti}iz1 i—too
where {7;};>1 ranges in the set of transport paths satisfying the three con-
ditions above.

The main result regarding the existence of an optimal transport path is
quite analogous to Theorem 3.3.4. In fact it can be shown that if 1 —1/N <
a < 1, then the existence of an optimal transport path is assured whatever
the initial and final measures are. Conditions to link arbitrary measures
have been found in [23]. Moreover, many questions about the regularity of
an optimal transport path are open.

Remark 3.4.2. Let pt = md,, + (1 —m)d,, and p~ = J,,. With a simple
minimization of a function of two real variables it is easy to see that the
position z of the node of an optimal Y-shaped graph between p™ and p~ is
given by:

oL — X1

m*———+ (1 —m)®
|z — a1 ( )

T — T2 r—11

|I—$2’ |$—?/1|

— 0. (3.4.3)




3.4. An alternative model for tree structures 105

Consider now the same problem for the path functional G, (note that the
parameter r corresponds exactly to «). With another simple minimization
it is easy to see that if we consider an optimal curve between pt and p~ the
masses will join in a point x satisfying (in the case p = 1, but a formula can
be easily obtained for a general p > 1)

(" + (1 —m)'] <m—+(1—m) “"_‘U:’)+ T 0, (3.4.4)

Equalities (3.4.3) and (3.4.4) do not provide in general the same point, so in
the general case the minimizers will “look” different.

3.4.2 Maddalena, Morel, Solimini’s irrigation trees

The following approach is based on a kind of fluidodynamics approach. The
idea is to consider a set () and a set “fibres” coming out from a given point
S. The set of fibres will be obtained associating to each w € Q a curve
Xw & [0,+00] — € such that x,(0) = S. Since all the fibres start from
the same point S in this model the initial measure cannot be other than dg.
Then, as time passes, the fibres separate one from each other until they reach
the final measure.

To be more clear, let (2, M, ) be a probability space representing the
reference configuration of a fluid incompressible material body. Let S € RY
be a given point of the Euclidean space of dimension N.

Definition 3.4.3 (Set of fibres). A set of fibres of Q with source S is a

mapping
x: QxR - RY

such that:
e for p-a.e. w € (), the curve given by x,,
E xult) = x(w, )
is Lipschitz continuous and Lip(x,,) < 1;
e for p-almost-every w € Q, x,(0) = S.

We will denote by Cg(£2) the set of such functions.
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Definition 3.4.4 (x-vessels at time t¢). Given ¢t € R, the y-vessels at
time t will be the equivalence classes of the equivalence relation defined by:

W1 4 Wo <= Xuw; = Xuws, ON [0, 2]

In simpler words, a y-vessel at a certain time instant ¢ identifies all the
flux lines which build a certain tube at time t. As time goes on, the fibres
separate and the number of y-vessels increases.

Definition 3.4.5 (Absorption time). Given y € Cg(2), the function
oy : 2 — Ry given by

oy(w) :=inf{t € Ry : x, constant on [t,4o0]}

is the absorption time. A point w € Q is absorbed if o(w) < 400, while it is
absorbed at time t if o(w) < t. We will denote by A;(x) the set of absorbed
points at time t:

Ai(x) ={w e Q : oy(w) <t}

and by M,(x) its complementary:
Mi(x) =Q\ Ai(x) ={w e : o,(w) >t}

The irrigation measure induced by the set of fibres x is the measure
[y = Gypft, Where i, is defined by i, (w) := x(w, o (w)). This is the measures
that is reached from dg through the set of fibres y.

Definition 3.4.6 (MMS functional). Let a € [0, 1]. The MMS functional
is defined by

suseo= [ Il )|

In [34] it is proved that in a suitable subset of Cg(€2) functionals of the
type
X = MMS(x) + F(px),

where F' is a lower semicontinuous functional defined on positive measures,
admit a minimizer. A case of particular interest is then that of a functional
F' finite on a certain measure p~ and infinity elsewhere. In this case a
comparison between the model of Xia can be made, and the two models
come out to be the same (see [34]).
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3.4.3 Bernot, Caselles and Morel’s traffic plans

Let X be a compact subset of RY. Consider the space K := Lip, (R, X) of
1-Lipschitz maps 7 : R, — X endowed by the distance

1
d(%ﬁz) ‘= Ssup EH% - '72||L°°[0,k}
k>1

It is easy to check that, via Ascoli-Arzela Theorem, K = Lip,;(R,, X) is a
compact metric space. The metric d endows K with a topology, so we can
consider the Borel o-algebra B on K.

One point is to define the stopping time of a curve of the set K. It will
be the last time instant before the curve becomes constant.

Definition 3.4.7 (Stopping time of a curve 7). Given a curve v € K =
Lip, (R, X), its stopping time T is defined by

T(y) :=inf{t € Ry : 7|y 4oo[ is constant}. (3.4.5)

The function 7" given in Definition 3.4.7 is lower semicontinuous (and, in
particular, measurable).

Definition 3.4.8 (Traffic plans). A traffic plan is a probability measure
on the space (K = Lip, (R, X), B) such that

/KT(v) du(y) < +oc. (3.4.6)

The set of traffic plans on X will be denoted by T'P(X).

In other words, the integral appearing in Definition 3.4.8 is the trans-
portation time which is requested not to be infinite.

Definition 3.4.9 (Transport plan associated to a traffic plan). Given
a traffic plan u, the transport plan associated to it is the measure acting on
the functions ¢ € C(X x X) as

(o 6) = /K 6(1(0),1(T(1))) du().

The subset of TP(X) of traffic plans p such that 7w, = 7, 7 given, is denoted
by TP(X,).



108 Chapter 3. Path Functionals over Wasserstein Spaces

Since, formally,

(T XaxB) = B Xaxp(7(0), Y (T (7)) du(v)

=u({y e K : v(0) € A,4(T(v)) € B}),

mu(A x B) is the amount of mass which is moved from A to B.

Definition 3.4.10 (Irrigating and irrigated measure). If u is a traffic
plan, we define the irrigating measure u* and the irrigated measure = as

<:U’+7¢1> = <7T,u,7¢1 O7T+>7 <,LL7,(252> = <7T,U«7¢2 O7T7>-

where ¢1, ¢ € C(X). The set of traffic plans with prescribed irrigating and
irrigated measure (say v* and v~) will be denoted by TP(v*,v7).

In the next definition we consider the measure space (2 = [0, 1], B(Q2), A =
L'0,1]).

Definition 3.4.11 (Parametrization of a traffic plan). Let x be a prob-
ability measure on K. A parametrization of p is a measurable application
X : 2 — K such that xxz\ = p.

Definition 3.4.12 (Multiplicity and path class). Let p be a traffic plan.
We call multiplicity of p at a point z € RY the number

7]y = p({y + It € Ry A() =2}).

Given a parametrization of i, we define the path class of z € RV as the set
[z]y =={w : Ft e R, x(w)(t) =z}

Since xxA = u, we have that |[z],| = |z],.

Given a parametrization y of u, the energy E(u) of a traffic plan p will
be given by Definition 3.4.13.

Definition 3.4.13 (BCM functional). BCM functional is defined by

BeM() = |

Q

{ [ o) e due, (3.4.7)
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The idea of traffic plan comes out from the necessity to track the move-
ment of the mass. In fact, a traffic plan is a measure on a set of curves along
which the mass moves. Roughly speaking, the way through the mass moves
is then established by the traffic plan: if no mass is carried on a certain set of
curves, then the mass will not go along that set of curves. The next theorem
proves the existence of a minimum for the BCM functional 3.4.7 whenever
we fix the irrigating and irrigated measure (i.e. we need to transport two
given distribution of masses vt and v7), or a transport plan 7 is given (i.e.
we need to transport two given distribution of masses, but we already know
that an amount of mass given by m(A x B) of the initial mass placed in a
certain set A will have to be placed in a certain set B).

Proposition 3.4.14 (Existence of minimizers). The following facts are
true:

e given an irrigating measure v+ and an irrigated measures v~ , the func-
tional BCM admits a minimizer in TP(vt,v™);

e giwen a transport plan 7w, the functional BCM admits a minimizer in
TP(r).

Definition 3.4.15 (Loop free traffic plan). A traffic plan p is loop free
if there is a parametrization y of u such that for almost all w € ), the curve
x(w) is injective.

Definition 3.4.16 (Geometric embedding of a traffic plan). Let u be
a traffic plan. We define the geometric embedding as

G, ={reQ : |z|, #0}.

Proposition 3.4.17. Let p be a traffic plan such that E(u) < +o0o. Then,
there exists a loop free traffic plan fi such that G C G, and m; = 7.

The following theorem relates the two functional 3.4.6 and 3.4.13.

Theorem 3.4.18 (MMS-BCM comparison). Let x be a parametriza-
tion of a non triwial traffic plan p with finite energy. Then, BCM/(x) >
MMS(x); moreover, BCM (x) = MMS(x), if x is loop free.






Appendix A

Polish spaces and measure
theory

A.1 Polish spaces

The aim of this appendix is just to recall some results on measure theory and
Polish spaces and to give some references on these subjects for the interested
reader.

Let X be a topological space. A Borel probability measure on X is a
positive measure of unitary total mass defined on the Borel o-algebra, that
is the smallest o-algebra which contains all open sets of X. A Polish space is
a separable topological space such that its topology is induced by a complete
metric. It is easy to see that if X and Y are Polish spaces, then X x Y is a
Polish space.

A useful result is that Borel probability measures on a Polish space are
always regular.

Proposition A.1.1. Let pu be a Borel probability measures on a Polish space
X. Then u is reqular, that is for any Borel set B the following equalities are
true:
w(B) =sup{u(K) : K compact, K C A},
w(B) =inf{u(U) : U open, ACU}.
The next result is known as Ulam’s Lemma.
Theorem A.1.2 (Ulam’s Lemma). A probability measure p on a Polish

space is concentrated on a o-compact subset, that is there exist countably
many compact subsets K,, n € N, such that u(U,K,) = 1.

111
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In other words, the content of Ulam’s Lemma is that a Borel probability
measure on a Polish space is tight, that is for every ¢ > 0 there exists a
compact subset K. such that pu(X \ K.) < e.

Another useful property of Polish spaces is the following theorem (known
as Prokhorov’s Theorem).

Definition A.1.3 (Tight set of Borel probability measures). A set S
of Borel probability measures on a topological space X is tight if for every
€ > 0 there exists a compact subset K. such that

sup (X \ K.) < e.

nes
Theorem A.1.4 (Prokhorov’s Theorem). Let S be a tight set of Borel
probability measures on a Polish space X. Then S is relatively sequentially
compact with respect to the weak convergence, that is given a sequence of
{tin}nen in S there exists a Borel probability measure p such that for a suitable
subsequence p,, we have

li djty, = d
Jm [ A, /Xsou

for every ¢ € Cp(X).

A.2 Disintegration of measures

Let X and Y be locally compact and separable metric spaces. Let us consider
amap Y — [M(X)]™ which we will denote by y — \,. By definition, y — A,
is a Borel map if for any open subset A of X the map ¥ — R™ given by
y — Ay(A) is a Borel map in the usual sense.

Recall that, given a set X, a Dynkin class D is a class of subsets of X
such that X € D, D is closed under the union of an increasing sequence,
A\ B € D whenever A,B € D and B C A. According to Dynkin Lemma
(whose proof can be found in [8] or [37]), if D contains a class closed under
finite intersection, then it contains the o-algebra generated by it. Recall also
that a vector space V of real functions defined on a measurable space is said to
be a monotone vector space if the point-wise limit of a sequence of functions
in ¥V bounded by above by a function in V is still in V. Again, according
to [8] and [37], a monotone vector space containing all constant functions
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and characteristic functions of the sets in a basis (a basis is a subset which
generates the o-algebra and is closed under finite intersection) contains all
bounded measurable functions.

Then, the following result is true.

Proposition A.2.1. Let X and Y be locally compact and separable metric
spaces. Let us consider a map Y — [M(X)]™ which we will denote by
y — Ny. Then, y — A\, is Borel if and only if y — A\, (A) is Borel (in the
usual sense) for every Borel set A. Moreover, the map

T / o(x,y) dA,(x)
X
is Borel for any bounded Borel function ¢ : X xY — R.

Proof. For the first statement it is sufficient to apply Dynkin Lemma to the
class of Borel sets A C X such that y — A (A) is a Borel function and to
note that the class of open subsets is closed under finite intersection. For the
second it is sufficient to consider the monotone vector space of the functions
@ such that

waé¢wwd@m

is Borel and to note that it contains constant functions and characteristics
of Borel rectangles. ]

The proof of the following result can be found on [22]

Theorem A.2.2 (Disintegration of measures). Let X and Y be locally
compact and separable metric spaces and let m : X — Y be a Borel map.
Let X € [M(X)]™ and p = my|N| € M(Y). Then, there exists a family of
measures A, € [M(X)|™ such that:

o y— X\, is a Borel map and |\,| is a probability measure in X for p-a.e.
yeyY;

o M= [, A\, ®p, that is for every A € B(X)
AA) = [ A(4) duty)

o [\J|(X\7 ' (y)) =0 for pu-a.e. yeY.
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Theorem A.2.2 will be useful in the following form.

Corollary A.2.3 (Disintegration of measures). Let X and Y be locally
compact and separable metric spaces and let m: X XY — Y be a Borel map.
Let A € [M(X xY)]™ and pp = mx|A| € M (Y). Then, there exists a family
of measures A\, € [M(X x Y)|"™ such that:

o y— N\, is a Borel map and |\,| is a probability measure in X x Y for
p-a.e. y €Y

o A= [, A\, ® pu, that is for every A € B(X xY)
AA) = / Ay(A) dp(y);
Y

o |\,| is concentrated on the set X x {y} for p-a.e. y €Y.

Theorem A.2.4 (Uniqueness of the disintegration). Let X,Y,n be as
in Theorem A.2.2. Suppose that N € M (X),up € M (Y). Suppose that
y — 1, be a Borel function Y — M (X) such that

o \= [, 1, ® u, that is
n(A) = /Y m(4) du(y);

e 1), is concentrated on w(y) for p-a.e. y €Y.

Then the map y — n, is uniquely determined up to a set negligible with
respect to .

A.3 Young measures

Assume that v, : X — Y is a sequence of Borel maps between the compact
metric spaces X,Y. We now consider the measures given by

fop,, = (Id X0y, ) o = /5wn(x) dpo(z).

Assume also that 1, — p. Since moupy, = o, we have also that moyp = po.
According to Theorem A.2.2, the measure i can then be written as

u=/%®m
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for a suitable Borel map of probability measures x +— g, (which is referred
to as the Young limit of the sequence ).
We will use the following result.

Theorem A.3.1. Let pp € M (X xY) and set g = mogp. Let pp = p, @ po
be its disintegration. Then, if pu is not atomic we can find a sequence of Borel
maps Y, : X — Y such that

o= fy @ pig = 1im 0y, (2) @ p.

n—-4o00

Moreover, the functions 1, can be chosen is such a way Vp4p s not atomic.
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