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Abstract

This paper is concerned with a global-in-time well-posedness analysis for the Wigner-
Poisson-Fokker-Planck system, a kinetic evolution equation for an open quantum system
with a non-linear Hartree potential. The purely kinetic L?-analysis here presented, allows a
unified treatment of the elliptic and hypoelliptic cases. The crucial novel tool of the analysis
is to exploit in the quantum framework the dispersive effects of the free transport equation.
It yields an a-priori estimate on the electric field for all time which allows a new nonlocal-
in-time definition of the self-consistent potential and field. Thus, one can circumvent the
lacking v-integrability of the Wigner function, which is a central problem in quantum kinetic
theory. Due to the (degenerate) parabolic character of this system, the C*°—regularity of the
Wigner function, its macroscopic density, and the field are established for positive times.



1 Introduction

In this paper we present a new strategy for the well-posedness analysis of quantum kinetic
problems that include a Hartree-type nonlinearity. We will focus here on the 3-dimensional
Wigner-Poisson-Fokker-Planck (WPFP) system, but we expect this new approach to be
suitable for a broad range of quantum kinetic problems.
The Wigner function w = w(z,v,t) is one of several equivalent formalisms to describe the
state of a physical quantum system (cf. [Wi]). It is a real-valued quasi-distribution function
in the position-velocity (z,v) phase space at time ¢. In collision-free regimes, the quantum
equivalent of the Liouville equation of classical kinetic theory governs the time evolution of
w. It reads

ow+v-Vew—0O[V]jw = 0, t>0, (z,v)€cRE (1.1)

where the (real-valued) potential V' = V(x) enters through the pseudo-differential operator
©[V] defined by

(OV]w)(z,v.t) = W [ Ve e )

i (v—v)-
= e /]R3 - 8V (z, nw(z, v, t)e V=) dv dn. (1.2)

Here, 6V (z,n) := V(z + 3) — V(z — 3), and F, ., w denotes the Fourier transform of w
with respect to v. The Cauchy problem for Wigner equations like (1.1) is augmented by the
initial condition w(z,v,t = 0) = wo(z,v), (z,v) € IR®. Observe that we set, for simplicity,
all physical constants equal to 1. In order to describe the non-reversible interaction of a
quantum system with its environment, a possible modification of (1.1) consists in introducing
a Fokker-Planck type operator on the right hand side (cf. [CL, CEFM] for a derivation):

w4+ v-Vyw—0O[V]w = pdivy(vw) + cAyw + 2vdivy (Vyw) + aAzw, ¢ >0.  (1.3)

Here, 6 > 0 is the friction parameter and the coefficients «, ¥ > 0, ¢ > 0 constitute the phase-
space diffusion matrix of the system. In the Fokker-Planck equation of classical mechanics
(cf. [Ri, CSV]) one would have o = v = 0. For the Wigner-Fokker-Planck (WFP) equation
(1.3), the so-called Lindblad condition

a  y+18 > 0
Y- o -

has to hold: it guarantees that the evolution of the system is “quantum mechanically cor-
rect” (i.e., it corresponds to a positive density matrix, cf. [Di, ALMS]). For the mathematical
analysis, however, it suffices that (1.3) is parabolic or degenerate parabolic. Thus, we shall
only assume ao > 72 henceforth.

Both the Wigner (1.1) and the WEFP (1.3) equations constitute valuable models for simu-
lations in semiconductor device theory (cf. [GGKS, MRS, RA] and references therein), for
quantum Brownian motion and quantum optics (cf. [CL, Di, De, Va, Val]).

We consider the case when V' = V(z,¢) models the mean-field interaction in the quantum
system: how to define rigorously the Hartree-potential in a quantum kinetic framework is
indeed one of the crucial points in this paper. We start with the following version that is the
standard definition in classical kinetic theory, but is purely formal in the quantum context.
In the next section we will formulate a more appropriate definition.



Definition 1.1 (Standard definition of mean-field quantities) To a Wigner function
w(t) is associated

e the position density
n = n(z,t) = /Sw(:n,v,t)dv, reR? t>0, (1.4)
R

e the potential

which solves the Poisson equation
—AV(t) = n(t), zeR3 t>0, (1.6)
e and the field E(z,t) :== V,V(x,t).

In classical kinetic theory the phase space density typically satisfies f(.,.,t) € L'(IR%) which
yields a position density n(-,t) = [ fdv € L'(IR®). In quantum kinetic theory, however, the
natural framework is w(.,.,t) € L2(IR®), which makes (1.4) meaningless and hence also
the above definition of the mean-field potential. Solving or circumventing this problem is
one of the key points for analyzing self-consistent quantum kinetic models. Accordingly, in
order to establish well-posedness of the system (1.1), (1.6) or (1.3), (1.6), two strategies have
been used so far. The first possibility is to reformulate the WP or WPFP systems either in
terms of Schrédinger wave-function sequences (cf. [BM, Cal]) or in terms of density matrices
(cf. [Ar, AS]). In such a framework, all physical quantities are well-defined, in particular
n(t) € L}F(IRE}) and the physical conservation laws for mass and energy play a crucial role in
the analysis for large time. Alternatively, one can keep to the kinetic formulation and to the
use of kinetic tools, with the perspective of later tackling boundary-value problems, which
are more reasonable models for real simulations.

The literature related to the latter approach can be split into two groups: in several articles
(cf. [AR, ACD, Ma, ADM]), a L2-setting is chosen for w(t), such that w(t) satisfies at
least the necessary condition to describe a quantum system (cf. [MRS, LiPa]). Then, v-
weights are introduced in order to enforce integrability in the wv-variable, so to give sense
o (1.4). In other articles (cf. [ALMS, CLN]), instead, a L!-setting is chosen with the same
motivation. In order to prove global-in-time results for nonlinear quantum kinetic models,
one might want to exploit the physical conservation laws. However, in neither of the two
above approaches they can be exploited directly, since both the mass [[wdzdv and the
kinetic energy 3 [[|v|>w dzdv are not positive functionals under the assumptions made at
the kinetic level. This is the second crucial point in the quantum kinetic analysis.

A third aspect that differentiates quantum from classical kinetic theory, is the lack of a
maximum principle for the Wigner function under time evolution. Indeed, [[w(t)||p2(gs) is
the only conserved norm of (1.1). Due to the described differences, the analytic approach
used for classical kinetic models like Vlasov-Poisson (VP) or Vlasov-Poisson-Fokker-Planck
(VPFP) can not be adapted to quantum kinetic problems and a novel strategy is required.
In order to achieve a global-in-time result for the WPFP system (1.3)-(1.6), the authors of
[ADM] exploit dispersive effects of the free-streaming operator jointly with the parabolic
regularization of the Fokker-Planck term, since this yields a-priori estimates for the solu-
tion w(t) in a weighted L2-space. Such dispersive techniques for kinetic equations were first
developed for the VP system (cf. [LiPe, Pe]) and then adapted to the VPFP equation (cf.



[Bol, Ca2]). In [ADM] these tools were extended to quantum kinetic theory.

In the present article, we will achieve as well a global-in-time well-posedness result for the
WPFP system in the space L?(IR®), but without introducing weights. This is possible thanks
to an alternative strategy that relies first of all on an a-priori estimate for the field V,V (¢) in
terms of [|w(t)| 2 (e only. This estimate was derived in [ADM] using dispersive effects of the
free-streaming operator. It allows a novel definition of the macroscopic quantities (namely,
the self-consistent field, the potential, and the density), which, in contrast to the Definition
1.1, is now non-local in time. This way, no v-integrability of w is needed, and hence no
moments in v either. Secondly, we shall use the (degenerate) parabolic regularization of the
Fokker-Planck term in order to construct (by a fixed point map) a global-in-time solution.
These techniques allow to overcome the described analytical difficulties and they yield —a-
posteriori— some LP-estimates on the density.

In conclusion, our purely kinetic L?-analysis solves both main problems of quantum kinetic
theory, namely the definition of the density (due to the missing v-integrability of w) and the
lack of usable a-priori estimates on w (due to its non-definite sign). Finally, we point out
that we expect that this approach could also be a crucial step towards developing a kinetic
analysis for the Wigner-Poisson system (1.3),(1.6), which has been an open problem for 15
years.

This paper is organized as follows: In §2 we motivate the new, non-local redefinition of the
self-consistent field, and present the main results of this article. In §3 we derive a-priori
estimates on the potential and the field which are the crucial ingredients for the global well-
posedness analysis of §4. In the two different versions of the WPFP system, namely the
elliptic (o > 0) and hypoelliptic (o = 0) cases, the solution exhibits a different asymptotic
behaviour close to the initial time, and hence different analytical strategies will have to be
applied. In §5 we establish —a-posteriori- the C*°-regularity of the solution, and in §6 decay
estimates on the particle density.

2 Strategy and main results

We shall prove existence and uniqueness of a mild solution w(t) € L?(IR®) = L?(IR®; dz dv)
to the WPFP problem (1.3)-(1.6) on the time interval [0, T], with 7' > 0 arbitrary, but fixed
for the sequel. Accordingly, the solution has to satisfy, for all ¢ € [0, T, the integral equation

w(z,v,t) = //G(t, x — X0, v, v9) wo(xo, Vo) dxo dvg (2.1)

t
+///G(s,az — 0, v,v9)(O[V]w)(xg, vo,t — ) dxg dvg ds.
0
Here, the Green’s function G is the weak solution of the linear equation

ow = Aw, t>0,
Aw = —v-Vyw+ pdivy(vw) + o Ayw + 2ydiv, (Vw) + al,w (2.2)

with the initial condition
%iII(l) G(t,z — xg,v,v9) = 8(x — 29, v — vg), V (z0,v0) € IRE.
The Green’s function reads (cf. [SCDM])

G(t,z — xzo,v,v0) = ePg(t, X_y(x,v) — 20, X_t(2,v) — vp), (2.3)



with

_ 1 P £ MO+ ()
9T 0] = ) — () p{ IAOw(t) — 12(t) } 24

The characteristic flow ®;(z,v) = (X;(x,v), X;(z,v)) of the first order part of (2.2), is given
for 5 > 0 by

Xi(z,v) =2 +v (1‘%7&) ;o X(x,v) =ve ™,
and for g =0 by

Xi(z,v) =z + vt, Xi(z,v) = .

The functions A(t), v(t), u(t) in (2.4) are given for 5 > 0 by
M) = at+o (U587 4 Lt) +4 (3t - 2™ - 1),
vit) = o 62[;;_1,
plt) = o (S57) 4 205,

In case 8 = 0 they respectively read

3
At) = at+ a% — ot v(t) = ot, w(t) = ot® —29t.

The main difficulty in analyzing the WPFP system consists in defining the density n(t)
and the potential V' (¢). As mentioned before, the standard, local-in-time definition (1.4) is
unfeasible for a Wigner function w(t) € L?(IR%). We will show that it is possible to by-pass
the definition of n(t) by defining the potential V[w] corresponding to a Wigner trajectory
w € C([0,T]; L*(IR%)). This non-local in time definition of V[w] relies on dispersive effects
of kinetic equations and it is inspired by a-priori estimates on the self-consistent field V.V
derived in [ADM].

To motivate our alternative definition of V'[w] we first recall from [ADM] how to reformulate
the pseudo-differential operator ©[V] in terms of V,V. We have

O[V]w(z,v) = Fl (z 5V(:U,77)‘7:U_)77w(95777)),

n—v
where
z+n/2 1/2
Vi) = [ VoV de = [0 VV@-mdr = g WV @), (25)
z—n/2 -1/2

with the vector-valued function W/.| defined by

1/2
WV V](z,n) = /VxV(m—rn)dr, VY (z,n) € R®. (2.6)
~1/2



By introducing a new vector-valued operator

LV, Vu(z,v) = F ! (W[VJCV](a;,n)fv_)nu(w,n)), (2.7)

n—v

we formally obtain

OVu(z,v) = div, (C[V.V]u) (z,v). (2.8)

For the conditions under which this redefinition of ©[V] holds rigorously the reader is referred
to Section 4.1 in [ADM].

Moreover, we shall exploit that

/]R3 Gt,x — xg,v,v0)dv = R(t)™N (I—ng—(f)(t)UQ>7 (2.9)
with
—3/2 |z
N(@) = 2n) 3 exp -5 | (2.10)
1—e B
9(t) = —5 = O(t), fort—0; ) = t, if =0, (2.11)
R(t) = 2at+o <4e—ﬂt _ @—;l;t + 23t — 3) + 4y (%) . (2.12)

The parameter @ (more precisely, « > 0 or a = 0) determines the asymptotic behaviour at
t = 0 of the function R(¢), and hence the singularity of the convolution kernel (2.9) at ¢ = 0.
Since this convolution represents the parabolic regularization of the quantum Fokker-Planck
operator, we have to distinguish the following two cases for the subsequent analysis:

ac > 4% and a > 0 = R() = O(t), fort—0, (I)

a=~v=0, >0 and ¢ > 0 = R({t) = O, fort—0. (I1)

We now obtain the following expression for the density n by formally integrating equation
(2.1) in v and using the redefinition (2.8):

n(x,t) = / w(z,v,t)dv

R3
_ 1 Tr — Xy — ’19(15)2}0
- W //N ( \/m > wg(xo,vo) dzo dvg
1 =20~ ()0 ) .
+/O W//N ( \/m ) divy, (F[VIOV]M) (zo,v0,t — s) dzo dvg ds

= R(tl)g,/z//f\f (3%) wo(zo — Y(t)vo, vo) dxo dvg

L Y(s) z — 20 — 9(s)vg
Jr/0 R(S)Q//(va) < JR() ) “(L[Va Vw) (zo,v0,t — s) dzo dvg ds.




Following common practice for the VP (cf. [LiPe]) and VPFP systems (cf. [Bol]), next we
split the density into two terms: n = ng + ni, where

1 T
no(z,t) = R(t)3/2N< 0]

and

) o nd (2,1) nd(x,t) == /wo(x — ¥(t)v,v) dv, (2.13)

= /(:R?S??ﬂ j\/‘( ;(S)> kg divy /(F[E]w) (x —Y9(s)v,v,t — s)dvds. (2.14)

Analogously, we can split the self-consistent field into £ = Ey + Eq, where

Eo(wt) = A ‘7”’3 s 10 (2, 1), (2.15)
Ei(x,t) = |””’“°’3 s 11 (2, 1), (2.16)
with A = L. (2.14) now allows to rewrite £y as
(B (w,t) = AZ 3xjac;|€;’—5 il *I[fR?Sgﬂ N( ;(S)> x2 Fi[w](z, ¢, 5) ds,
(2.17)
with  Fyuw](z,t,s) = /(Fk[E0+E1]w) (& — 9(s)v, 0, — s) dv. (2.18)

This is a linear Volterra integral equation of the second kind for the self-consistent field Ej.
Note that all coefficients in the r.h.s. of (2.17) only depend on wy and w (and not on n).
The advantage of the reformulation (2.8) of the pseudo-differential operator is precisely to
obtain a closed equation for Fy, if wy and w are given. Starting with w € C([0, T]; L?(IR9)),
we shall prove that this integral equation has a unique solution. We remark that (2.14),
instead, is not a closed equation for n; (for wy and w given); its r.h.s. also depends on the
self-consistent field £. These motivations lead to our new definition of the Hartree-potential:

Definition 2.1 (New definition of mean-field quantities) To a Wigner trajectory w €
C([0,T]; L*(IR%)) we associate

o the field Ew] := Ey + E1[w], with Ey given by (2.15), and E1[w] the unique solution of
(2.17),

e the potential V{w| := Vy + Vi[w] with

Vo(z,t) = ,\Z !w\3 (Eo);(z,1), (2.19)
Vijw](z,t) = )\Z ]m\3 (Eq[w)]),(z,t), (2.20)
e and the position density njw] := —divE[w] (at least in a distributional sense).

In contrast to the standard definitions (1.4)-(1.6), these new definitions are non-local in time.
Also, the map w — V]w] is now non-linear. For a given Wigner-trajectory these two def-
initions clearly differ in general. However, they coincide if w is the solution of the WPFP



system. These new definitions of the self-consistent field and potential have the advantage
that they only require w € C([0,T]; L?(IR%)) and not w(z,.,t) € L*(IR?). If w(t = 0) only
lies in L2(1R6), the corresponding field and the potential will consequently only be defined
for t > 0.

We shall now describe in detail our strategy to prove well-posedness of the WPFP system
w; = Aw+OV[w|jw, te (0,T); w(t=0) = wye L*(R®). (2.21)

(2.21) will be solved by a contractive fixed point map that is based on the linear equation
. = Au+OVulla, te€ (0, T]; a(t=0) = wp. (2.22)

While such an approach is standard for nonlinear PDEs, the key point is here the non-local
definition of V[u] via Definition 2.1. We will proceed as follows:

(i) the iteration will be considered in the set Bg, the ball of radius R in C([0, T]; L?(IR%)),
centered in the origin. Due to the a-priori estimate (4.4), we shall choose R :=
e |lw| 2.

(ii) We will assume wg € L%(IR®) and satisfying (A) or (B) (see below). This will provide
LP-estimates on the field Ey, defined in (2.15). Accordingly, for v € Bpr, Definition 2.1
will yield a unique potential V'u].

(iii) The estimates on V]u| from (ii) will allow to prove existence and uniqueness of a mild
solution for (2.22) that will satisfy @ € Bp.

(iv) We will finally define the non-linear map M : B — Bgr by Mu := @. Its unique fixed
point will be the mild solution w € C([0, T]; L?(IR%)) of the WPFP system (1.3)-(1.6),
in the sense of (2.1).

We shall now specify the assumptions on the initial data wg that are mentioned in point
(ii). We shall make two different assumptions on wp, which will lead, however, to similar
estimates on F[u] and consequently on Vu| (cf. Section 3).

In Section 4 we shall first prove existence and uniqueness of a mild solution of problem
(1.3)-(1.6) under the assumption

wy € L*(R®)  and ||ng(t)HLe(R:;) < Cpt™*?, for some wy >0, Vt € (0,7]. (A)

For example, such an estimate for the “shifted” density ny (cf. (2.13)) can be concluded by
the Strichartz estimate for the (free) kinetic equation [CP]

Ing Dl omsy < CtDlwollpy(rey, Vi€ (0,T], (2.23)

with wg() := 3(1 — 1/6). At least in case (I) this typical example is always included in our
main result, Theorem 4.1.

Here we introduce the constants determining the decay of ng that will be admitted in the
subsequent analysis (cf. Thm. 4.1, e.g.).

1,8, case (I), 2— 3. case (I),
yen {[956] (M o) { i M
(5,z2), case (II), 4 — 55, case (II).
Alternatively to assumption (A) we shall also consider initial data that satisfy:
6
wo € L*(R®) N LYR3;LY(IR2)), for some 6 € [1,5] : (B)



Considering estimate (2.23), this second assumption is complementary to the first one in the
sense that the z— and v—integrability of wg are interchanged. As we shall see, the well-
posedness analysis performed under the assumption (A) will immediately extend to initial
data satisfying (B).

The main result of this paper is

Theorem 4.1 Let either (A) hold for some 6 € Iy and 0 < wy < k(8), or let (B) hold for
some 0 € Ig. Then, there exists a unique mild solution w € C([0,00); L?(IR®)) of the WPFP
problem (1.8)-(1.6). In case (I), we also get Vw] € C((0,00); L°(IR?)).

A-posteriori, we shall obtain the following regularity result for the solution:

Theorem 5.1 Let (A) hold for some 6 € Iy and 0 < wy < k(0), or let (B) hold for some
0 € Ig (in the latter case set wy :=0). Then, the unique mild solution w € C([0,00); L?(IR%))
of the WPFP problem (1.3)-(1.6) satisfies

w € C((0,00); CF (IRY)),
with the estimate
IDL D w )| 2oy < C (T lwlleqosrz2arey » No) B

for all T >0, and all multiindices I, m € IN3, with || = L, |m| = M € INy.
Moreover, E[w] € C((0,00); C¥(IR?)), satisfying for all T > 0:

M

t=2, VYte (0,7,

M|l

3(L_1y_L-1 _ .
| DLE[)() 2rey < C (T Iwlleqoryzaqmeyy » No) R0~ 470, Wi e (0,7],

where DL, E[w] represents the derivative with multiindex | of each component of the field Efw).
Accordingly (cf. Def. 2.1), the density njw] = —divE[w] € C((0,00);C3(IR3)) satisfies in
particular

3(1_1\ _
Infwl®ll sy < C(Twlegomzzmey - No) BE)2G-8)e=, wie (0,7

The self-consistent potential V[w] € C((0,00); C¥(IR*)) and its Fourier transform V[w](t)
satisfy the estimates

VW] peomzy < C(T, lwlleqo,ry;22 o)) aNG) R(t)'"2t~0, Vite (0,T),

A

~ 3w
VOl < C(TIwllegorycamey » No) R “20¢70, ¥t e (0,7].

Analogous regularity results on the classical VPFP equation were obtained in [Bo2] (Holder
regularity of the density and field) and rather recently in [OS] (w,n, E € C* for positive
time). Under the assumption (B), we shall also show for WPFP that w € C([0, 00); L1(L%)).
Hence, the solution w(t) remains in the space of the initial condition wg (cf. (B)). This
allows to define the position density n[w] in the standard sense (cf. Def. 1.1) and to derive
an additional decay estimates for the density:

Theorem 6.1 Let (B) hold for some 6 € Iy. Then, the solution of the WPFP problem
(1.3)-(1.6) satisfies

(i) w e C([0,00); Ly (L7)),
(i) the density n(t) satisfies for all T >0 and § < p < 2:

e
—~
S

D
SN—

<C
o~
m
—
=
=

1_1
In®llzorsy < C(T. lwlleqomzaaey » Iwollzyzey) R ,



3 A-priori estimates for the self-consistent poten-
tial

In this section we shall derive a-priori estimates for the previously defined fields Ey, F1[w]
and the potentials V, Vi[w]. Such estimates rely on dispersive effects of the free-streaming
operator and on the parabolic regularization of the quantum Fokker-Planck operator. Since
the regularization is different in the two cases (I) and (II), the corresponding estimates will
also differ. The following a-priori estimates generalize the results in Section 4.2 of [ADM] to

the hypoelliptic case (IT). To make this paper self-contained we shall include a sketch of the
proofs.

We start with an estimate on the field Ey, defined in (2.15) (cf. Lemma 4.13 in [ADM)]):

Proposition 3.1 Let (A) hold for some 1 < 0 < 6/5. Then, for all p > 2, the estimate
IBo(®)lomsy < Cr R0 3, wie (0,1] (3.
holds.

PRrROOF. The estimate is obtained by applying first the generalized Young inequality with
1/¢ =1/p+1/3, and then the Young inequality with 1/¢g=1/r+1/6 — 1 to (2.15)

1Bl < €7 N( ;(t)>*xn3<x,t>

q

1 x
< | (o) v

The assumed restriction on € is necessary for the case p = 2. 0

Let us denote

Ny = No(T) := sup {s|[nf(s)[l0} < o,
s€(0,T

29, case (I),

Tg case (II).
[0,T
J:

797
For a given Wigner-trajectory u € C( L?*(IR%)) we now consider the inhomogeneous

integral equation for the field E; = Ej[u

_ —3xjzp + Ok |z]? t9(s) x
(Ev);( = /\Z 2F J x/o R(8)3/2N<\/m> s, Fr[u](x,t,s)ds,

(3.2)

with  Fylu|(x,t,s) = /(Fk[Eo + EqJu) (z — Y(s)v,v,t — s) dv,

and the vector valued operator I'[Ep + E1] defined in (2.6)-(2.7).

10



5 and

Proposition 3.2 Let u € C([0,T]; L>(IR%)) and (A) hold for some 1 < 6 < 6/
= FEifu] €

0 < wg < w(B). Then, the integral equation (3.2) has a unique solution E;
C((0,T]; LP(IR2)), which satisfies

3(L_1)y41 1
V)l orsy < C (T lulleqompearey - No) ROPETD 55— vie (0,17), (33)
for
o< 6, case (I), (3.4)
< = .
=Psn 2 case (II).

Hence, Elu] = Ey + E1[u] satisfies
%(l*é)+% —We
IE pmzy < C (T, lulleqo,r):c2(mey) ,Ng) R(t)2\r ™, vte (0,7, (3.5)
for2 <p<p.
PROOF. By Lemma 4.6 in [ADM] it holds for T'> ¢ > s > 0:
1FRu] (ot 8)ll 2z < CO(s)™*21(Bo + Bt — )| pamaylult = 5)ll p2ms)- - (3:6)

Proceeding as in the proof of Lemma 4.13 in [ADM] one can show the existence and unique-
ness of the solution F; = Fjfu] of (3.2) by a Banach fixed point argument in the space

{E € C((0,T]; L*(IR?))

sup 02 R(1)20 1| E(t)|| 12 < 00 b
0<t<T

Moreover, we get as in Proposition 4.15 of [ADM] the following estimate for the solution of
(3.2). Using classical properties of the convolution with ﬁ (cf. [St]) yields:

1 T
HEl[u}(t)HLP(IRi) S 0/19 ‘ 8)3/2 ( R(S)> *p F[’U/](.’E,t,s) Lp(mi) dS
<C/ﬁ \ ! z | Flu) (. t, )|l 2y d
ul(z,t,s s
< 8)3/2 R(s) ) |l ame) 0 2L (IRS)
3 3
< 5675

Cluleomyaeimey ) e (1ot = s)la + 13 [ul = o)) ds
(3.7)

with 1/2+1/p = 1/q. For the integrability of the function ||Eo(t)|[,2(g3) in (0,T7] (cf. Propo-
sition 3.1), we need wy < p(6). The assertion for p = 2 follows from Gronwall’s Lemma for
(3.7). Then, we get (3.3) for p > 2 by using (3.7), provided condition (3.4) holds. O

Via (2.19)-(2.20), the above estimates on the field Efu] = Ey + Ei[u] immediately yield
estimates for the potential V{u] := Vo + Vi[u]:

Corollary 3.3 Let u € C([0,T); L>(IR®)) and (A) hold for some 1 <6 < 6/5 and 0 < wp <
1(0). Then, the potential Vu] € C((0,T]; LP(IR2)) satisfies Vt € (0,T):

Vo®l, < CrR@)zG8)+mw, (3.8)
3(1_1 1,

Vil < C (T, lulleqoyzzaneyy  No) R 578) 5w, (3.9)

W@l < C (T Julleqommazaey » No) R(t)2G8) w0 (3.10)
p ) C([0,T];L2(IR%)) » )

for 6 < p < oo in the case (I) or 6 < p < 18 in the case (II).
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PRrROOF. The admissible p-intervals follow immediately from condition (3.4) on FEj. 0

Remark 3.4 We note that a-posteriori reqularity of the solution w(t) will imply for the
self-consistent potential, V[w](t) € L=®(IR3), t > 0 also in case (II) (cf. Theorem 5.1).

To close this section we shall now derive the analogous a-priori estimates under the assump-
tion (B). For T' > 0 fixed, we consider the density

no(z,t) = //G(t,m,v,vo) £0 wo(, v0) dvg dv, Yt € [0,T]; (3.11)
cf. (2.13) for a different representation of ng. The following decay estimate for the (clas-
sical) Vlasov-FP equation (cf. Lemma 2 in [Car]) carries over to the Green’s function G

(cf. [SCDM]) for the WEFP equation:

H/G(t,:c,v,vo)*zwo(:n,vo)dvoHLg(L%) < CR®OG |woll gy ey, ¥p>0, ¥te (0,7

(3.12)
Hence, if we assume
wy € L2(RS) N LR LY(R3)), for some 0 € [1?} , (B)
then (3.12) implies
Ino(®)lzz < CROG ) lwollype), Vo206, Vie (0,T). (3.13)

Thus, we can handle the affine term Ejy analogously to Proposition 3.1:

Corollary 3.5 Let (B) hold for some 1 < 6 < 6/5. Then, we have for all p > 2 and
te (0,7:

Njw

(

1 1
G woll 1y 10)- (3.15)

= =
S

IN

1
1oz < CROZGTTE w10, (3.14)

Mo@lle < CR(2)

Njw

Proor. This follows from (2.15), (2.19) with the generalized Young inequality and (3.13).

Remark 3.6 Note that these decay rates of Ey and Vi correspond exactly to case (A) with
wp =0 (cf. (3.1), (3.8)). Hence, all results of Proposition 3.2 and Corollary 3.3 carry over to
case (B) when setting wg = 0. In the subsequent well-posedness analysis for WPFP, the only
relevant information on wq is the rate of singularity at t =0 (and hence the integrability on
(0,T]) of Ey and Vy. In this respect, the analysis of the WPEP problem under assumption
(B) appears just as a special case of the situation under assumption (A). Therefore, the
existence and uniqueness result of Theorem 4.1 for case (A) directly implies an analogous
result for case (B).

4 Existence and uniqueness of a global solution

The goal of this section is to prove the following

Theorem 4.1 Let either (A) hold for some 0 € Iy and 0 < wy < k(0), or let (B) hold for
some 0 € Iy. Then, there exists a unique mild solution w € C(]0,00); L>(IR%)) of the WPFP
problem (1.8)-(1.6). In case (I), we also get V € C((0,00); L°(IR?)).

12



We will follow the strategy outlined in Section 2. Theorem 4.1 will follow from a sequence
of auxiliary results that we derive first. In this section we shall only discuss the analysis
according to the assumption (A). Due to Remark 3.6, however, all results of this section
apply verbatim (with wy = 0) to case (B).

Let 7' > 0 be arbitrary but fixed, wo € L2(IR%), and set R := e%ﬂTHong. Let us denote with
Bp, the ball of radius R centered in the origin of C([0,T]; L*(IR%)) and let u belong to Bg.
Then, we consider the linear equation

@ = Ai+O[Vua, te(0,T), (4.1)

with the initial value

u(t=0) = wo.
In case (I), we have V{[u](t) € L®(IR3) for t > 0 (cf. (3.10)) and hence O[V[u](t)] is a
bounded linear operator on L2(IR®), which satisfies

_3_.
1OVIul(Ollgr2mey < C<T=||UHC([O,T];L2(]R6))aN6') 7 Vi e (0,T). (4.2)

Moreover, if wg < x(#), then O[V[u](-)] € L' ((0,T); B(L*(IR%))).

In case (II), however, we lack an a-priori bound for ||V [u](t)||ec. Thus, O[V]u(t)]] will not be
a bounded operator on L?(IR%). Instead, we shall exploit the a-priori bound for ||V [u](t)]|s,
jointly with the regularization of the semigroup e*4. This is the key-idea of the following

Proposition 4.2 Let (A) hold for some 0 € Iy and 0 < wy < k(0). Also assume that
u € Br. Then, the equation (4.1) has a unique mild solution @ € C([0,T); L*(R®)), which
satisfies

ﬂ(l’,v,t) = /G(t,ZE,U,’UO) *x wO(m7U0) dUU

v /0 t / Gls, 2,0, 00) %2 (O[Vu]]i)(x, v0, £ — ) duo ds (4.3)

and ,
@)l < e2™|lwolla, Ve [0,T]. (4.4)

PROOF. In case (I), A— % BI generates a C semigroup of contractions on L?(IR%) (see Section
2.2 in [ADM] for the details) and ©[V[u](.)] is a bounded perturbation, integrable in time.
The assertion then follows from standard semigroup theory (cf. Thm. 6.1.2 in [Pa]).

In case (IT), we define the affine map P for all Z € C([0, T]; L*(IR®)):
Pz(z,v,t) = /G(t,:n,v,vo) o wo(x, vg) dvg
¢
n //G(s,x, v,00) %2 (O[V[u]))(x, vo, t — ) dvg ds. (4.5)
0

We will show that it has a unique fixed point @ € C([0,7T]; L?(IR%)). The crucial step is to
prove that P maps into C([0, T]; L?(IR%)).

To this end we first state the following estimate on the z-derivatives (with multiindex /) of
the Green’s function g (cf. (2.4)) that can be proved directly by calculating the integral. It
reflects the regularization of the semigroup e??.

IDLg®);, < CrR()™2, Vt<T,|l|=L, L>0. (4.6)
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Thus, by the Sobolev embedding W%I(Ri) < LS/5(IR2) and interpolation in (4.6) between
L=0and L =1, we get

_1
19l o5, < CrRI)S, VE<T. (47)

Next we note that G does not act in (4.5) as a convolution in the v-variable. However, it is

a convolution in the characteristic variables Z := x + v (1,5&) , 0= wvelt (cf. (2.3)):

[ [ 6tta = 0,0,00)0(@0,v0) daodun = ¥ (g(t) %10 6) (3. 9). (+8)
By using the Jacobian of the transformation, % = e_%ﬁt, it follows for all p, ¢ such that

1,1 _ 3.
p+q 2"

3
= eaﬁtHg(t) *z,v ¢||L§,U

3
< AMgOlpsan ez, Yo e ALY (49)

In addition, it can be checked by duality that

H/G(t, T,v,00) *z &(x,v0) d'U()‘

L3

U

IOV Iu]]2)(t - s) < 2|VIul(t = s)lleellZ(t = s)llz - (4.10)

HL%(Li”)

Now we estimate the L2-norm of (4.5) by applying the results (4.6)-(4.10) and the a-priori
bound (3.10) with p = 6. We finally get

3

35 - t s 9 (L—1)4+3—wp
< e wollrz ,+ C<T7||UHC([O,T];L2(]R6))’N9) ||Z||C([0,T];L2(RG))/O sTa(t—s)2\670 ds.
(4.11)

The condition wy < k() guarantees that the last integral is in C[0, T.

Concerning the contractivity of P, we obtain analogously for all 71, % € C([0, T]; L*(IR®)) by
induction:

1P 5 — Pra)(t)lz, < C(T. Jullegomyraaney - No)

b 2(3-3)+3-w n—1+ n—1
></ s 3 (t— 5)3 (5830 (PPl — PP LS (b — s)|| 2 ds
0 T,v

n ~ B t 8(n—2)(1—a—b)—a
< C<T, llulleo.ry;z2mey) 7N0) Cr—llz1 — 22|IC([0,T];L§JJ)/O Wd&

for n € IN and some a,b > 0 with a + b < 1. Further,

t «(n—2)(1—a—b)—a
/  ds = t("fl)(lf"*b)B(l —b(n—2)1—a—0b)+1— a),
0

(t—s)
and
n-1 ‘ P1-b""'T(1-a)
Cosr = [IBO-bjl—a-b)+1-a) = (T ESR



where B denotes the Beta function and I' the Gamma function. Clearly,

—2)(1—a=b)—a
( s ulle [OT]LQ(]RG)):NQ) Cn— 1/ t——s)bds < 1

for n large enough. Thus, the map P™ is contractive and admits a unique fixed point in Bpg.

Formally, the L?-bound (4.4) follows from the dissipativity of the operator A — % B in L?(IR)
and the skew-symmetry of ©[V[u]]. This can be justified as follows:

Applying |V,|'/? to (4.3) yields by using (4.6):

Vel 2at)2, < CO)[1Va]"29(0)

L lwollrz ,

o) [[19a20)

o @Vl = )]z, ds.

< OO Hwollre,
t s _
+CT) [ STHIVIC = )lag It = )y oy dss (112)
where |||l g2 = [|[[V|"/2.]|z> denotes the H'/?-seminorm on IR®. Applying the Gronwall

Lemma to (4.12) then yields t1a € c((0,]; L2(HY?)) and hence (using (3.10) with p = 6)
f = O[V[ul]la € ¢((0,T); L2(R%)) N L*((0,T); LQ(IRG)). Now (4.1) can be written as

@ = Ad+ f(t), te(0,T), a(t=0) = wp, (4.13)

and the L?-estimate on @ can finally be obtained by a standard approximation of @ by clas-
sical solutions of (4.13) (cf. Thm. 4.2.7 in [Pa], Lemma 4.2 of [ADM] for the details). 0

We now consider the non-linear map M : Bgr — Bp defined as
Mu = a, (4.14)

which is well-defined by the previous proposition. The next goal is to prove that the map
M admits a unique fixed point in B C C([0,T]; L?(IR®)), which will be the mild solution of
our WPFP problem. To this end we need the following result.

Lemma 4.3 Let (A) hold for some 1 <6 <6/5 and 0 < wy < u(@). Then, for ui,us € Bp,
5.8 .1,
[Vilud] () = Viluo] (@)l Lomsy < C(T, R, No) R(t)a20¢2% luy — uz|l¢(o.9,2(mey)  (4-15)
holds for all t € (0,T]. In the case (I), it also holds
[Vi[ud](t) — VI[U2](75)||L00(1R§) < C(T,R, NG) T un — U2Hc(0t ;L2(IRY))s (4.16)
for all t € (0,T7.

PRrOOF.

(Er[w] = Erfug]); (2,t) =

~Bajay + Olal? [t 9(s) x
- )‘Z Tg:|5 : *f”/o R(S)3/2N<\/m> *g (Fglur, w1] — Filug, us]) (2,1, s) ds,
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with
Fylu,al(z,t,s) = /(Fk[Eo + Ei[u]]a) (x — ¥(s)v,v,t — s) dv.

By classical properties of the convolution with ﬁ (cf. [St]) and the Young inequality, we get

[ E1[ur](t) — Erfug] )]z < C/Otﬁ(S)H (Fglur, w] — Filug, ua]) (¢, s)|2 ds.

We write Fy[u1,u1] — Filug, ug] = Fi[ur, u1] — Filu1, ug] + Filu1, ug] — Filug, us].
By (3.6) (cf. Lemma 4.6 in [ADM]) we have for ¢ > s > 0:

1y fur, w2l (t, 9) | pagray < CO(s) ™ 2[(Bo + Exfwn])(t = 5)l| ams) lua(t = )| 2y

Then, we get

[ £1[ua](t) — Erfug](t || Eo + Erur])(t — s)ll2fl(u1 — u2)(t — s)|l2

e < / \/—
+ [[(Erfur] — Exfua])(t — s)l2flua(t — 8)||2) ds. (4.17)

By (3.5) we obtain

[E1[ua](t) — Erfug](t)[]2 <

< CjﬁzMﬁ/vﬁ t— )T (¢ — 8) 70| (w1 — ua)(t — 5)[|2 ds
*“ﬂﬂ@@wawwdmmw—$mm (4.18)

By Gronwall’s Lemma we get for t € (0,77 :

[ E1[ua](t) — Erfuz](t)]]2

CTRtW// 7)3—%(5 —T7)dr ds)
\/7
5.3 1
< C (T, R, N@) HUl — uQHC([O,t];LQ(]RG))R(t)4 204270, (419)

With
Vi[ua](t) = Vilue]()lle < CllE1[ud](t) — Exlug](t)ll2
the assertion (4.15) follows.

To prove (4.16) in case (I) we proceed analogously and obtain by using Young’s inequality

[E1[ua](t) — B uz()||4 <

gcyv e (R@>MyﬂWmd—ﬂMmﬂ@$M@
~3/8
< C/ H E0+E1[u1])(t—8)\|2H(U1—U2)(t—8)H2
+ H(E1 [Ul] — Enfug])(t — s)||2[lua(t — 3)||2) ds. (4.20)
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By applying the estimates (3.5) and (4.19), we then get

11

u_s_
[E1[u1](t) — Erlug)()|[parsy < C (T, No, R) U5 7207 lug — ualleo g, r2(msy)- (421

The second assertion (4.16) then follows from the Gagliardo—Nirenberg inequality using es-
timates (4.15) and (4.21). 0

Proposition 4.4 Let (A) hold for some 0 € Iy and 0 < wy < k(0). Then, the map M,
defined by (4.14), has a unique fixed point in Bp.

PRrROOF. We give the proof only for the case (II); case (I) is easier due to the boundedness
of ©[Vu]] (cf. (4.2) and (4.16)).

For uj,us € Br we start from equation (4.3). Estimating like in the proof of Proposition 4.2
and with (4.15), we obtain

[Mus(6) = Mus(®) |z, <
1]
)
t
!
0

t
< O RN [ 57195 s = el aaqmey ds

ds

IN

/G(s, x,0,00) *z (O[V[u1] — Vug]| Mug) (z,vo,t — s) dvg L

T,v

/G(s, x,0,00) *z (O[V[u1]] (Muy — Mug)) (z,v9,t — s) dvg

ds
L2

x,v

15

t
+C(T,R, NQ)/ sTI(t— 8) %7200 ||(Muy — Mus)(t — s)|z2 ds.
0 x,v
By applying Gronwall’s Lemma we get

t
IMus(t) = Mua(t)] 2, < C (T, R, Np) /0 sTH(t— )T 2 uy — w2l o ggip2(me) 9

9

t
+ C (T, R, Ne)/ sGm3w) 0 — )Ty — u2|| ¢ (j0,5); 12 (RE)) 45
0 b b

Then, the result follows by a contraction argument like in Proposition 4.2: The map M" is
contractive for n large enough. Thus, M admits a unique fixed point in Bg. 0

The above auxiliary results directly yield the

ProOOF OF THEOREM 4.1.
The fixed point of the map M satisfies the equation (2.1) for all 7" > 0. Thus, it is the unique
global-in-time mild solution of problem (1.3)-(1.6), in the sense of (2.1). O

5 Regularity of the solution

In this section we shall establish the C*°-regularity of the unique, global, mild solution
(w,n,V, E = Eg+ Eq) of the WPFP-system (1.3)—(1.6). Based on a bootstrapping argument,
our main result is

Theorem 5.1 Let (A) hold for some 6 € Iy and 0 < wy < k(0), or let (B) hold for some
0 € Iy (in the latter case set wg :=0). Then, the unique mild solution w € C([0,00); L?(IR%))
of the WPFP problem (1.3)-(1.6) satisfies

w € C((0,00); CF(RY)),
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with the estimate

_L M
2

IDLDTw(®) | 2oy < C(T lwlleqomzarey - No) RE) "2t 2, ¥te(0,7],  (5.1)

for all T >0, and all multiindices 1, m € N3, with |I| = L, |m| = M € INy.
Moreover, E,V € C((0,00); C¥(IR%)), satisfying for all T > 0:

3(1_1y_L1
||DlIE(t)||L2(R3) = C(TaHwHC([O,T];L?(]RG)):NG) Rt} o) e vie (0,77, (5.2)

where DLE represents the derivative with multiindex | of each component of the field E.
Accordingly, the density n = —divE € C((0,00); C¥(IR?)) satisfies

3(1_1Yy, _,
Il 2wy < C(Tlwlleqoyiamey » No) ROE"2) =0, e 0,7  (5.3)

The self-consistent potential V (t) and its Fourier transform TA/(t) satisfy the estimates

IN

R
VOl oo (m3) C(T, lwllegom;c2amsy) 7N0) R(t)' "2t Vte (0,7, (5.4)

. 3
VOl wsy < C<T>HwHC([O,T];L2(1R6))>N9> R(t)'"2wt™0, Vi (0,T]. (5.5)

VAN

PRrROOF. A calculation as in Proposition 3.1 gives

ol

IDLE(t)| 2y < CrR(1):G8) 55170 vie (0,7). (5.6)

In the sequel we shall use the estimate (4.6) for the z-derivatives of the Green’s function g
and

IDIg(t)ls. < Crt™2, Vt<T, |m| =M, M>0, (5.7)
which again can be proved directly by calculating the integrals.

Step 1:

By induction on L = |I| we shall first prove the estimates for the z-derivatives, i.e. (5.1) for
m = 0 and (5.2). We fix some multiindex | = (I1,ls,[3) with L = |l| > 1 and suppose that
the inequalities (5.1), (5.2) hold for all multiindices I with 0 < |I| < L.

We apply D, to (2.1) and use (4.9) with p = 1 for the first summand and p = 2 for the
second one:

3 t s,
Dt < 1Dk 0y, ol + | B 1Dy g IOV = ),

l l I3\ (42 34, L K
+ > (é) (é) (é)/o e ||9(5)||L%(Lg/5)||(9[D;lv “vID; w)(t =)l 122 ds,

o<ik<i;
J J
j=1,2,3

(5.8)
where ¥ = (l’f, lé“, l'§) Here we had to split the time integral and apply Dé, respectively, to

the first and second convolution factor. Without this procedure the resulting integrals would
diverge either at s = 0 or at s = ¢. Using the estimates (4.6), (4.7), (4.10), and (3.10) we
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obtain:

2L+1

t
L
IDLw(t)]2 < CTR(t)‘2||wo||2+CT/t/2R( [V (t = s)l6[lw(t — s)[[2ds
/2 Ly i1k Ik
+0r X [TRETHDE V- )l DE w(t — )] ds
o<ik<i; 0
7 J
7=1,2,3

IA
—
~
=
Q

(=]
!
h
V)
=
2
<
N—
L—
)
—~
N—
N
+
2y
—~
SN—
o[t~
+
wlw
—~
[SIe
|
D=
~—
+
N
~
T
€
<

t/2
+Cr Y[R THIDS B = 8) o DY w(t )2 ds

ogz;?gzj, j=1,2,3

1k£0, 1k£1
t/2 g

+CT/0 R(s)"1||DLE(t — )|l2]|w(t — 5)[| ds
t/2

+Cr | R(s )AIE( = 5)| 2 [ Dhw(t — 5)|2 ds.
By considering the range of wy, using (3.5), (5.6), (5.1), and (5.2) for |I| < L we obtain

IDbw®lz < O(T Jwlleqoyzaamey  No)

X [R(t)é + LilR(t)—%%(%—%)—“k’lR(t)"tl wo 1 R(t)s(3-8) 2 ¢l-wo
k=1
+ Orllwllqomyasmey | RO)HIDLB (@~ 5)lads
+ (T lwlleqo ry;z2qre)) - No) /0 2R<s>—%R<t —5)2(370)% 5 (¢ — )70 | DLa(t - 5) 2 ds
< C<Tv||wHC([O,T];L2(]R6 [R % +J, R( )4 DLE(t — )2 ds
+/t/2 TR(t— )3G-9) (1 — 5)“0 | DL (t—s)Hgds]. (5.9)

Since this inequality for || D.w(t)]||2 is not closed, we have to consider in parallel the derivatives
of the field. As before, we apply D. to (3.2) and use (3.5), (3.6),(3.7) together with (5.6),
(5.1) and (5.2) for |I| < L:
1 ¢ L t/2 1
IDLEr(#)]l2 < C/t/Qﬁ(S)R(S)2\\F[w}(t78)||2 ds+ C | O(s)| D Fwl(t, s)ll2ds

SN G
< Clwleqoyzeme) / s R(s) B (t = )2 ds

_1 k k
+0 % [To6 D B DYt~ s)lads
0<z’€<z
j= 1,2,3

IN

B(1_1y_L-1 1
C<T7||wHC([O,T];L2(IR6))7N9> <R(t)2<2 1) e

w\zs-

+ Y RIS R %‘w”/ 9(s)"3 | DLEx(t - 5)o ds
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| 00s) 2R - )2 R (- ) Dhw <t—s>ll2d8)

S(L-1)Loi1y, t/2 10
= C<T’Hch([o,T];L?(mﬁ))vNO) R()s(m9) =T 13w ; V(s)" 2| DL EA(t — s)l[2ds

+/“2 ER(t—9)2 (30 (- )7 Dl <t—s>u2ds)- (5.10)

By applying Gronwall’s Lemma to the coupled system (5.9)-(5.10), the estimates (5.1) for
m = 0 and (5.2) follow.

Step 2:

Next we consider the v-derivatives of the solution w(t) for some fixed multiindex m € IN3
with |m| = M > 1. As in Step 1, we assume that (5.1) holds for all multiindices 7 with
0 <|m| <M —1and ! =0. By interpolation with the result of Step 1, the estimate (5.1)
then also holds for all mixed derivatives D! D™ w(t) with 0 < || < M — 2 and | € IN}.

We apply D] to (2.1), introduce the characteristic coordinates @ = x—i—v (1_§ﬁt) oy = velt

(and, analogously, s, ¥s), and use (4.8).
its limit —t if 8 = 0. This yields

Dj'w(z,v,t) = /[DmG(t,:B,v,vo)] . wo(x, vo) dvg

+//Dm(; s,1,0,00)] %z (O[V]w)(x, v, t — ) dvy ds

3Bt [eﬁtDv + 3 Dzl (g(t) k.0 wo)(ﬂﬁt,ﬁt)
t
+ 63,83 ( e
t/2
—efs ™
+/t/2€3,@s (g(s) %0 [eﬁsDU + 1-e Dx] (O[V]w)(t - 5)) (T, s) ds.
0 B

Since ||.||;2 = egﬁtH.HL% ,» we then obtain by estimating like in (4.10)-(4.11), using DMOV]w
= O[V]D™w and (5.1):

Dx] g(s) x50 (O[V]w)(t — 5)) (Zs,0s)ds

36t Bt 1_eﬂt "
Dy w(t)||2 < ez | |e™ Dy + 3 Dy| g(t) [[woll2 (5.11)
L}
o3 1— ebs "
+ [ e2Ps|||eP*D, + Dl g(s) [(OV]w)(t = )|, 2,372 ds
t/2/ s _ 1\l P
I >HL1<L6/5 ©IVIDEDE~"w)(t = 5)]3,2 ds
m,m— mE]Ng
M Bt k _1
ePt —1 3(1_1y_ k-3 _ _ M-k
+C(T,HU)HC([O’T};LQ(]RG)),Ne) Z( IB ) R(t)2(2 9) 2t 6+1t 2
k=2

In the last integral we only kept the v-derivatives of the order M and M — 1, as the estimates
of mixed lower order v-derivatives of w are already known. For the second factor of the last
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integral we use (4.10) and the following interpolation (if |m| = 1):

oBs _ 1\Im o
() HOWIDEDE )t = ) (5.12)

Bs _1
<OV = 9)llzg (( 5

| M| Me.
)" e - s, + 3 108 <t—s>uL;v),

7j=1

where e; denote the unit vectors in IN. Since (5.11), (5.12) would not yield a closed inequality
for || Dyw(t)||2, we sum (5.11) over all multiindices with |m| = M. Using the estimates (5.7),
(4.6), (4.7), and (3.10) we get

M t M
> IDTwt)ll2 < CTt_ﬂ\onerCT/ R(s) ™55~ ||V (t = )| gllw(t = s)[|2 ds
lm|=M

\M
ror X [T —4||Vt—s>||6<( ) ||D;”w<t—s>||2+||D;”w<t—s>|2>ds

[m[=M

Mot —1\F g(;_;)_ﬁ wpt1,— M=k
C(T, \|wHC([07T];L2(R6)) ,Ng) ];2 ( /8 ) R(t)Q 2 0 t t

M 3 M—-2

< C(Tv”w||C([O,T];L2(]R6))7N9) [t2+R(7§)g(é_é)+4t 7

M-, Bt _1\F -1 _
+ Z(@ ; 1) R(t)3 (5 8) 55 oty M5t
k=2

+ 3[R R = 9 = ) Dt - 5) 2 ds|.

By applying Gronwall’s Lemma and considering the range of wg we finally obtain the estimate
(5.1) for I = 0.
Further, (5.4) follows by using the Gagliardo—Nirenberg inequality

1/2 1/2 .
V)l pmmsy < CUV O ot IDEEDI sy with 1] =1,

and the estimates (3.10), (5.2).
For (5.5) we use the Fourier transformed version of (2.19), (2.20), i.e

~ E
€]
the estimate (5.2) with L = 0, L = 1, and the Hélder inequality. 0

6 A-posteriori estimates on the particle density

In this section we present some additional decay results for the particle density that hold
only under assumption (B). They are complementary to §5, since we recover estimates for
[n()|| o (m2y with p < 2. Since we have V(t) € LY(IR?) for t > 0 (cf. (5.5)), the following
(rigorous) reformulation of the pseudo-differential operator ©[V] holds (cf. [ALMS]):

16

NCEE Re(ie?™V (£, 20)) %, u(z, v). (6.1)

OV ()lu(z,v)
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Hence, by Young’s inequality and (5.5)

OV OO lazazy < eV Ol

_3
C<T7 lwlleqo,m;2me)) » ||wo||L,g(Lg)) R(t)" 2, Vte (0,T].(6.2)

IN

The main result is

Theorem 6.1 Let (B) hold for some 0 € Iy. Then, the solution of the WPFP problem
(1.3)-(1.6) satisfies:

(i) w € C([0,00); Ly(LF))-
(ii) The density n(t) satisfies for all T >0 and § <p < 2:

3(1_1
IOl < C(T: lwleqommzaey - lwollzyee) ROPET), vie 0,11 (6.3)

PROOF.
(i) We estimate (2.1) by using (4.8) and (6.2):

IN

Crllg®lzy , llwollLy(ze) +CT/ lg(s)ll L1 N(OVIw)(E = )l Ly re) ds
< Crllwollpize) +C (T7 lwlleqo,);2me)) » ”wUHL},(Lg))

t
x/ lw(t — )|y 2oy R(t — )75 ds.
0 v x

w1 Loy

N

Then, Gronwall’s Lemma yields the assertion.
(7i) The estimate (6.3) follows by interpolation between (5.3) and the estimate

In@®llzogrsy < lw®)lLyws)-
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