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1 Introduction

We consider a slab whose material properties are described by a complex val-
ued function f(x). Transducers that can operate as sources and/or receivers
are sitting on the two opposite surfaces of the slab. We want to determine f
from the receiver responses generated by activating one of the sources.

A mathematical model is as follows. The slab S C R",n = 2, 3 is defined by
0 <, < D. The field u is a solution of the boundary value problem

Au+ K1+ flu=0,0<mz, <D, (1.1)

au / / / au / / n—
P (x’O):CI(x_y)’ax (z/,D)=0, 2’ ¢ R" . (1.2)

Here, ¢ is the source activity, typically a é-like function, and (0,%/),3’ € R"*
is the source position. The data is

g(@' ' xn) = (@, z,) , o'y € R (1.3)

where either z, = 0 (reflection mode) or z,, = D (transmission mode).

The difference to the case treated in [1] is that the reflections at the trans-
ducers are taken into account.



2 The Born approximation

Let ug be the solution of (1.1), (1.2) for f = 0 and y' = 0. Then v(x) =
u(z) —up(z’ — ', z,) satisfies

—Av—kv=Fkfu,0<z, <D,
ov
ox,,

=0onzx, =0,D.

The Born approximation is obtained by replacing u by uy on the right hand
side of the differential equation, obtaining

—Av — kv =k fug(2’ —y',z,) , 0 <z, < D,
v
ox,,

=Qonz,=0,D.

Let G(2', x,, 2,) be the Green’s function for this boundary value problem, i.
e.

~AG(2' 2, 2) — K G(2, 200, 2) = 8(2)S (2, — 22)

ainG(ac/,xn,zn) =0, z,=0,D.
Then
D
9@y, x,) = K / /G(a:’ — 2w, 20) [ 2n)ue (2 — o, 2)d2 dzy,. (2.1)
R 10

Doing (n — 1)-dimensional Fourier transforms with respect to x’,y’ we obtain

D
G(€ 1 xy) = (2m) D2 / / G(E 2, 22)e” % f (2, 20)lio(—1), 2n) e d2'd .
R"*lo

The integral with respect to 2’ is an (n — 1)-dimensional Fourier transform.
Carrying it out leads to

D
G wn) = @m) VR [ G, 2) 0+ € 2a)ito (=1, za)dza (22)
0



We need explicit expressions for @y and G. ug satisfies
—AUO—]C2’LL0:0, O<z,<D

0 up(2’,0) = q(z'), 0 up(2,D) =0, 2/ € R"*.

o, oz,
By an (n — 1)-dimensional Fourier transform we obtain
dQ ~ / 2 112\ 7 /

_dil%UO(f 7:CTL) - (k - ‘f | )UO(é 7mn) = 07

J . / o arel J . / _
8InUO(§ ’0) - Q(é' )7 T%u0<§ ) D) = 0.

The solution is
o(€' 1) = ——— 1) cos (a(e)(D - 2) (23)
a(¢’)sin (a(§') D)

a(§') = k> — ']

This makes sense for a(£’)D not a multiple of 7.

Similarly,
da . A
—@G(ﬁ',xn, Zn) - (k2 - |€/’2)G(€,,l’n, Zn) = (27T>_(n_1)/25($n - zn>7
d 4 !
a—an(é  Tpy2n) = 0,2, =0,D.

The Green’s function of this one-dimensional boundary value problem can
be represented as

GA(é.,a Tn, Zn) -

1 { Ulzy,) Vi(zn) 20 < zp (2.4)

2m)=D2W () | V(zn) Ulzn) 70 > 20
where

U(zy,) cos(a({)x,)
Vi(zn) = cos(a(§)(D — zy))

and W is the Wronskian

W () =V'U=U'V = a(¢) sin(a(&) D).
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Inserting (2.3), (2.4) into (2.2) we obtain for z,, =0

9(&'n',0) = A", ) / cos(a(&')(D — z)) cos(a(n) (D — zu)) f (0 + €', 20)dzn,

—k*q(=1)
(2m)"~ta(&)a(n') sin(a(¢) D) sin(a(n’') D)’

Correspondingly, for x,, = D we obtain

A ') =

D
9. D) = A1) [ cos(a(€)za) cos(ali)(D = 20) f o + €, z)dz,
0

Both integrals with respect to z, can be expressed by Fourier transforms,
leading to the final result

a(€'',0) = @m)PAE ) { @O f (0 + € a€) +aln) (25)

Ay

4 el fp e ey — a(if))
— )N F 4 () + aln))

B ez‘(a(g’)fa(n/))Df(n’ + & a(g) —aln)) },

(&', D) = 2m) A )7 {e“ P fr + € aln) —al€))  (2:6)

»-lk\r—‘

n efia(”l) f(77 +& all) —aln)) — w(n/)Df(U/‘Ff/,_a(gl) —a(n))
— P Eo + ¢ a(€) +aln)) }

for reflection and transmission, respectively.

3 Resolution

For each pair £, 7/, the equations (2.5), (2.6) constitute two linear equations
for the 4 unknowns

fio = F(E€ + 0, (=1)a(€) + (=1)a(n)), £, = 0, 1.
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Putting
X = eia(f’)D’ Y — eia(n’)D
B¢ 1 ) = 4(2m) 7 2g(¢ 0 ) JA(E 1)

these equations read
. 1 . Y - X .
XY foo + ﬁfll - Yfm - ?fm = B(¢,1,0), (3.1)

. 1 . A 1 .
=Y foo — ?fll +Y fio+ ?fm = B¢, 1, D). (3.2)

Putting the sources on top leads to another set of equations. This can be
derived by setting up (3.1, 3.2) for the function

[l 2,) = f(2', D — )
and observing that R o
fr(€ &) = eszgnf(g/’ —&n)-
With frgj defined as fgj we obtain
. 1~ . A o4 X . . Y .
Jroo = ﬁfn, frin = XY foo, frio= ?fm, fro1 = }flo'
Thus we obtain the additional equations

f00+f11 +f10+f01 = B, (¢, 1,0) (3.3)

. 1 . 1 . .
Xf00+§f11 +§f10+Xf01 = B,.(¢,n',D) (3.4)

where B, is obtained by replacing f in B by f,. Generically the 4 equations
suffice to determine fy; uniquely. This amounts to determining f in the disk
or ball of radius 2k, see [1].
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